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MILD SOLUTIONS FOR SEMILINEAR FRACTIONAL
DIFFERENTIAL EQUATIONS
GIS E LE M . MOPHOU , GASTON M . N’ GU E R E KATA
ABSTRACT . This paper concerns the existence of mild solutions for fractional
semilinear differential equation with non local conditions in the — norm . We
prove existence and uniqueness , assuming that the linear part generates an
analytic compact bounded semigroup , and the nonlinear part is a Lipschitz
continuous function with respect to the fractional power norm of the linear
part .
1. INTRODUCTION
During the past decades , fractional differential equations have attracted many
authors ( see for instance [16,17,18,19,21,22,24,26,27] and references
therein ) .
This , mostly because it efficiently describes many phenomena arising in Engineer - ing
, Physics , Economy , and Science .
Our aim in this paper is to discuss the existence and the uniqueness of the mild
solution for fractional semilinear differential equation with nonlocal conditions :

Dia(t) = —Az(ty o) f+ (8D =By (1), ¢ €[0,T], (1.1)

where T' > 0,0 < ¢ < 1, — A generates an analytic compact semigroup (S(t))t > 0 of
uniformly bounded linear operators on a Banach space X.  The term Bz (t) which may
be interpreted as a control on the system is defined by :

- /0 K (L s)e(s)ds

where K € C(D,R™"), the set of all positive function continuous on D := {(t, s) €
R?:0<s<t<T}and

B* = sup/Ktsds<oo (1.2)
EtOT
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The derivative D? is understood here in the Riemann -
Liouville sense . The non lo cal condition

p

g@) = era(ty),
k=1

where ¢, k = 1,2,...p, are given constants and
0 < t1 < t < -+ < t, <
T. Let us recall that such lo cal conditions were first used by Dengin [4]. In his
paper , Deng indicated that using the nonlocal condition x(0) 4+ g(z) = z¢ to describe
for instance , the diffusion phenomenon of a small amount of gas in a
transparent tube can give better result than using the usual lo cal Cauchy Problem
2(0) = x9. Let’ s observe also that since Deng ’ s paper , such problem has
also attracted several authors including Aizicovici , Byszewski , Ezzinbi , Fan , Liu ,
Liang , Lin , Xiao , Hern ¢ ndez , Lee , etc . . ( see for instance [1,2,3,4,13,11
,6,12,22 19] and the references therein ) .

However , among the previous research on nonlocal cauchy problems , few are con
- cerned with mild solutions of fractional semilinear differential equations . Recently ,
in [14], the authors prove the existence and uniqueness of a mild solution for the
semilinear initial value problem of non - integer order when the linear part generates
a strongly continuous semigroup . In [ 20 | , we considered the fractional semilinear
differential equation with nonlocal conditions

DIz(t) = Ax(t) + t" £ 0yo= ()P gy t€[0,T), nezZt (1.3)

x gl

where T is a positive real ,0 < ¢ < 1, A is the generator of a Cy— semigroup (S(¢))t > 0

on a Banach space X, Bz(t) := fg K(t,s)z(s)ds, K € C(D,R") with D :={(t,s) €

t
RQ:OSSStST}andB*: sup /K(t,s)ds<oo,f:RxX><X—>Xis
€:(0,77/0

a nonlinear function ,g : C([0,T],X) — D(A) is continuous and 0 < ¢ < 1. The
derivative D? is understood here in the Riemann - Liouville sense .

We used the Krasnoselkii and the contraction mapping principle to show the exis-
tence and uniqueness of a mild solution for a fractional semilinear differential equation
with non lo cal conditions .

In this paper , motivated by [ 8 , 1 3 ] , we investigate the existence and the unique
ness of a mild solution for the fractional semilinear differential equation (1. 1), as -
suming that f is defined on [0,7] x X, x X,, where X, = D(A%), for some 0 < a < 1,
the domain of the fractional power of A.

The rest of this paper is organized as follows . In section 2 we give some known
preliminary results on the fractional powers of the generator of an analytic compact
semigroup . In Section 3 , we study the existence and the uniqueness of the mild
solution for the fractional semilinear differential equation (1. 1) .

2. PRELIMINARIES
For the rest of this article , we set I = [0,7]. We denote by X a Banach space
with norm | - || and —A: D(A) — X is the infinitesimal generator of a compact
analytic semigroup of uniformly bounded linear operators (S(¢))t > 0.  This means
that there exists M > 1 such that
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We assume without loss of generality that 0 € p(A). This allows us to define the
fractional power A* for 0 < av < 1, as a closed linear operator on its domain D(A®)

a
with inverse A™%( see [ 8 ] ) . We have the following basic properties A Theorem
2.1 ([23,pp.69—-75]). (1) X, = D(Aa) is a Banach space with the

norm ||z || a:=| A% || forx € D(A®).
(2) S(t): X = X, foreacht > 0.

(3) A*S(t)x = S(t)A%x for each x € D(A®) and t > 0.
(4) Forevery t>0,AaS(t) is bounded on X and th ere exist My > 0 and
0 > 0 such that

M,
A < ot 2.2
| A*S@) || < S (2:2)

(5) A — « is a bounded linear operator in X with D(Aa) =Im (A — «).

(6) If0<a<p,thenD(A?) — D(Aa).

Remark 2 . 2. Observe as in [ 1 3 ] that by Theorem 2 . 1 (ii ) and (iii) , the
restriction S, (t) of S(t) to X, is exactly the part of S(¢) in X,. Let = € X,. Since

[ SOz lla= [A*SEz || =[S®A% < [[SEO) I A% =[S [z |la
and as t decreases to 0

| Stz —z || a=| A%S(t)x — A% || =| St)A% — A% || — 0,

for all x € X,, it follows that (S(¢))t > 0 is a family of strongly continuous semigroup
on X, and || So(t) |<|| S(t) || for all ¢ > 0.

We have the the following result from [ 1 3 ] . Lemma 2.3. (S,(¢))t > 0 is an
immediately compact s emigroup in X, and h ence it

18 immediately norm - continuous .

Definition 2 . 4 ([14]) . A continuous function z : I — X satisfying the
equation

1 t
x(t) = S(t)(xo — g(x)) + @/ (t—s)171S(t = s)(f(s,2(s), Ba(s))ds  (2.3)
0
for ¢ € [0,T] is called a mild solution of the equation (1. 1)
In the sequel , we will also use || f ||, to denote the LP norm of f whenever f €
LP(0,T) for some p with 1 <p < oo. We will set @ € (0,1) and we will denote by C,,
the Banach space C([0,T],X,) endowed with the supnorm given by

|z | co:=sup || x|, forzecC.
tel

3. MAIN RESULTS
We assume the following conditions : (H 1) The function f: I x X, x X, — X is
continuous , and there exists a positive
function p € L (I,R*) such that

loc



Itz y) 1< ), (3.1)

(H2) geC(Cy X,) is completely continuous and there exist A,y > 0 such that

I 9(z) la< Al 2 || 0o+ 7.
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Suppose that assumptions (H 1), (H2) hold . If zyeX, and

1
MA < 5 (3:2)
then (1. 1) has a mild s o lution on [0,T]. Proof . We define the function

F:Cy,— Cy by

(Fa)(t) = S(8)(zo — g(x)) + / (t — )7 S(t — 8)f (s 2(s), Ba(s))ds,

['(q)

and we choose r such that

> 2(7MaTqia
r

- (-9
Let B, = {z € Cy :||  ||co< r}. Then we proceed in three steps . Step 1 .  We show
that F'B, C B,. Let x € B,.. Then for ¢t € I, we have

161l Lioe (1, R ) + M (|| @ fla +7))-

I (Fz)() o

< 1S (0 — 9(2) [la +ﬁ || / (t— 57715 (t — 5) (5, 2(s), Ba(s))ds ||
<) &) Il 70— g() || o + ﬁ / | (t— )11 A°S(t — 5)f (s, 2(s), Bx(s)) | ds
< S 1 (Il 20 lla +A | 2 lloo +7) + ?(—q) / | A°S(t — ) || £(s2(s), Ba(s)) | ds,

which according to (2.1),(2.2),(3.1)and (3.2) gives

I (Fz)() o
T

q—1 pt
<[ S@ I (I zo la +A [ % loo +7) + / Mo (t — )% p(s)ds
L(q) Jo

< 1S | (2o @+ ]zl ootn)+ % / (t— )" p(s)ds

I(q
M,T9~¢
<Ml 2o la X | 2 [loo +7) + ————— || p || L ([, Ry) <7
(Il o |l ||l ) A—a)(g il Lige (1, Ry)
for t € I. Hence , we deduce || Fx ||o< 7. Step 2 . We prove that F' is continuous

Let (z,,) be a sequence of B, such that

z, — xinB,.Then
f(s,zn(s), Beyp(s)) = f(s,z(s), Bx(s)), n— o0

because the function f is continuous on I x X, x X,. Now , for ¢t € I, we have

| Fx,, — Fx ||
< [ S®(g(zn) — 9()) [la

! / (t— )71t — )(f (5,20 (5), Ban(s)) — f(s,2(s), Ba(s)))dso
0

e



which in view of (2. 1) and (2. 2) gives

| Fx,, — Fz ||
< SO Ng(zn) —9(@) lla
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Tq—l t N
+W/O | A%S(t—s) || | f(s,zn(s), Bxn(s)) — f(s,x(s), Bx(s)) || ds

<M g(an) = 9(2) [l

M, Tt Y R S
W/o (t—38)" | f(s,2n(8), Bxn(s)) — f(s,2(s), Bx(s)) || d

<M | g(zn) = 9(2) [|a
M Tt gt Y R S
W/o (t—s)"% || f(s,2n(s), Bxn(s)) — f(s,z(s), Bx(s)) || d

for t € I. Therefore , using on the one hand the fact that

| f(s,2n(s), Bxn(s)) — f(s,x(s), Bx(s)) || < 2u(s) forsel,

and for each t € I since f satisfies ( H 1 ) and on the other hand the fact that the
function s — 2u(s)(t — s)~% is integrable on I, by means of the Lebesgue Dominated
Convergence Theorem one proves that

/0 (t— ) || f(s,@0(s), Bra(s)) — (s,2(s), Be(s)) || ds — 0.

Hence , since g(x,) — g(x) as n — oo because ¢ is completely continuous on C,, it can
easily been shown that

lim || Fz, — Fz ||.o=0, asn — oo.
n—oo

In other words F' is continuous .

Step 3. We show that F' is compact .  To this end , we use the Ascoli -
Arzela ’ s theorem . We first prove that {(Fz)(t) : © € B,} is relatively compact in
Xy, for all t € I. Obviously ,{(Fz)(0) : € B, } is compact . Let ¢ € (0,T]. For each
h € (0,t) and = € B,, we define the operator F}, by

(Fn)(t) = S(t)(xo — g(2)) + ﬁ/o (= S ) (s, 2(s), Ba(s))ds

t—h
= S(t)(zo — g(x)) + ?‘EZ)) /0 (t—8)T1S(t — h — s)f(s,2(s), Bx(s))ds.

Then the sets {(Frx)(t) : € B,} are relatively compact in X,, since by Lemma

2 . 3, the operators S, (t),t > 0 are compact on X,. Moreover , using ( H 1 ) and ( 2
. 2), we have

1 -1
| F)0) = (Fa)(0) o= g7 [ (=9 5= 9)f(5.2(5). Ba(e)) |1 ds
Ta-1
I'(q)
7910, L ¢ Cu
<t e et [ (=)o
79 Ma | | L (1R )

- (1—a)l(q)

<

/HL I A%S(t = s) Il f(s,2(s), Ba(s)) || ds

hlfa




Therefore , we deduce that {(Fz)(t) : * € B,} is relatively compact in X, for all
t € (0,7] and since it is compact at t = 0 we have the relatively compactness in X, for
all t € I. Now , let us prove that F'(B,) is equicontinuous . By the compactness
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can prove that the functions Fz,x € B, are equicontinuous a
t=0. For 0 <ty <t; <T, we have

I (Fz)(t1) = (Fz)(t2) ||
<[ (S(t1) = S5(t2))(z0 = 9(2)) [l

7 | / (t — )T (S(tr — 5) — S(ta — 8)) f (5, 2(5), B(5))ds [

L " — )0t (4, — g)7 ! —5)f(s,z(s), Bx(s))ds
s | (0 =97 = = 7S (e = ) (s.(5) Ba()ds [

I = o0 = )15, Ba)ds

<h+L+13+ 14

L1
I'(q)
Where

L= (S(t) = S(t2))(z0 — 9(2)) [la

L= / (11— )7 (St — 8) — Stz — ) (s, a(s), Ba(s))ds ||
0
fsz% || / (t1— )91 — (ta — )7 1Stz — 5) (5. 2(s), Bx(s))ds |1
0
7 | / (tr — )1 S (81 — 5)f (s, 2(s), Br(s))ds [l

Actually , I, Is, I3 and I4 tend to 0 independently of x € B, when t5 — t1. Indeed , let
r € B, and G = sup,ec, || 9(2) ||« - We have

I =[] (S(t) = 5(t2))(z0 — 9(2)) |l
<|I Saltr) = Salta) || || 2o — g(2) [l
< [ Sa(ti) = Salta) lla (I 2o la +G)

from which we deduce that lim;, .+, [1 = 0 since by Lemma 2 . 3 the function ¢ —
| Sa(t) ||« is continuous for ¢t € (0,T].

I
I 2
<5 / I (12 = 5748t — 5) — (1 — ) (s 2(5), Ba(s)) o ds
<% / Lo gt g o o), Ba(s) s
2 2 2
q—l-o t1 —to tlfs) t27$)
Sr(q)llullLloC(IRH/ [ T e Y

Therefore , the continuity of the function ¢t — || S(¢) | forte (0,7) allows us
to conclude that lim, ¢, Io = 0.

1 b2 q—1 q—1
h< g / I (b2 = )7 — (1 — 8)7)S(ts — ) (s, 2(5), Be(5)) [l ds

= L/ e ) = (=) A°S (2 — 5) [ £(s.2(s), Ba(s)) || ds
0
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1 t2
< _ q—1 _ _ q—1 _ —«
< |l = = e =) ()
<ty Nl et ko) [ s — 87— (1 — ) s
= F(q) loc\+» 0
T q
< Li (I,LRy) |t —t
= qr(q) || 1% || loc( +) | 1 2 I
Hence lim I3 = 0.
to—t1
1 [(h
g [ =870 - 9)f(s,(5), Ba(s) [ ds
F(Q) to
Ta-1 t1
< A%S(t1 — s s,x(s), Bx(s ds
<t L 1ATSe - S et Br(e) |
M1t [t
e t1 —s) “u(s)ds
< | -
MaTq_l 1 11—«
fm”ﬂ” Lige(I,Ry) [ t1 —t2 |77

Since 1 — a > 0, we deduce that limy, 4, Iy = 0.
In summary , we have proven that F(B,) is relatively compact , for t € I, {Fx :
x € B} is a family of equicontinuous functions . Hence by the Arzela - Ascoli Theo -
rem , F' is compact . By Schauder fixed point theorem F has a fixed point = € B,..
Consequently , ( 1. 1) has a mild solution . O
Now we make the following assumptions .
(H1') f : IxX,xX, — Xiscontinuous and there exist functions
pul,u2 €

Li,.(I,RT)suchthat
1 f(tz,u) = fy,0) || <pd(®) o=yl at+p2) [ v—2la,
forallt € I, x,y,u,v € X,.

(H27) g:Cy— X, is continuous and there exists a constant b such that

[9(@) =9 a<bllz—ylo, forallz,yeCq.
(H3) The function Qy4: 1 — Ry,0 < o, ¢ < 1 defined by

T~ M 1~
(1 —a)l(g)
satisfies 0 < Qqq <7 < 1, for all ¢t € I. Theorem 3 . 2. Assume that (H 1)

(H2),(H3) hold . If ©oeXy then (1.1) hasa

unique mild s o lutio n x € C,.
Proof . Define the function F : C, — C, by

Qa’q = Mb+ (H Ml || L110c<I7R+) + B* || /1’2 || Llloc(l7 RJr))

i

(Fr)(t) = S(8)(zo — g(a)) + ﬁ / (t — )7 S(t — 8)f (s 2(s), Ba(s))ds.

Note that I is well defined on C,. Now take t € I and z,y € C,. We have

| (Fz)(t) = F(y) @) |l
< [5®9(x) = 9®) lla
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+F(1q)/0 (t—s)7 || S(t — 5)(f(s,2(s), Bx(s)) — f(s,y(s), By(s))) ||la ds
< SOOI g(z)—9®) lla

qul t
T(q) /0 | A*SE—s) | | f(s,z(s), Bx(s)) — f(s,y(s), By(s)) || ds

which according to (2.1),(2.2),(H1’),(H2’)and (1. 2) gives

+

I (Fz)(t) = F(y) (@) [l

<Mb |z —y oo +% / (t = 5)7ul(s) || 2(s) — y(5) || ds

T9'M, [ 3 )
+4T?54ﬂé(t_s) #2(s) || Be(s) = By(s)) lla ds

<Mb|z—y

T M, ¢ Y
o | (LR ([ (= 5)7ds) [ 2(5) = () [
(9) 0
T M, [* _ s
+7/ (t—s) “u2(s)[/ K(s,0) | A%(z(0) —y(0)) || do]ds
I'(q) 0 0
T~ Mutt—2
< (Mb+ ——2— || pl || Lo (IR T =Y [loo
R e Rl KR
T M, B* '~
— | p2 || L (LRY) | 2 — ¥ o
(1—a)F(q) ||:u’ || loc( +) H yH
qulM tlfa
< Mb+ ——— (|| pl || Lige (I, Ry) + B* || p2 || Ly (I, R =Y [loo
[ A=)l (I w1 [ Lyge (I, Ry) |62 || Lige (LR [ 2 =y |l
< Qayg(®) 2=y lloo -
So we get

I (Fz)(t) = F(y) (@) [| 00 < Qag(®) | 2 =¥ [loo -

Therefore , assumption ( H 3 ) allows us to conclude in view of the contraction map -
ping principe that , F' has a unique fixed point in C,, and

£(t) = 5(t) (w0 — g(z)) + ﬁ / (t— $)7715(t — 5) (s 2(s), Ba(s))ds
which is the mild solution of (1.1). O
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