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\centerline{EXISTENCE \quad OF \quad SOLUTIONS \quad FOR QUASILINEAR DELAY }

\centerline{INTEGRODIFFERENTIAL EQUATIONS WITH NONLOCAL }

\centerline{CONDITIONS }

\centerline{KRISHNAN BALACHANDRAN , FRANCIS PAUL SAMUEL }

\centerline{Abstract . \quad We prove the e x i s t e n c e and uniqueness o f mild and c l a s s i c a l s o lu − }

\centerline{ t ion to a q u a s i l i n e a r de lay i n t e g r o d i f f e r e n t i a l equat ion with non loca l cond i t i on . }

\centerline{The r e s u l t s are obta ined by us ing $ C { 0 } − $ semigroup and the Banach f i x e d po int }

\centerline{ theorem . }

\centerline {1 . \quad In t roduc t i on }

The e x i s t e n c e o f s o l u t i o n to evo lu t i on equat ions with non loca l c o n d i t i o n s in
Banach space was s tud i ed f i r s t by Byszewski \quad [ 6 ] . \quad In that paper , \quad he e s t a b l i s h e d
the e x i s t e n c e and uniqueness o f mild , s t rong and c l a s s i c a l s o l u t i o n s o f the non loca l
Cauchy problem

\begin { a l i g n ∗}
u ˆ{ \prime } ( t ) + Au ( t ) = f ( t , u ( t )

) , t \ in ( 0 , a ] \ tag ∗{$ ( 1 . 1 ) $}\\ u ( 0 )
+ g ( t { 1 } , t { 2 } , . . . , t { p } , u ( t { 1 }
) , u ( t { 2 } ) . . . , u ( t { p } ) = u { 0 } , \ tag ∗{$ (
1 . 2 ) $}
\end{ a l i g n ∗}

\noindent where $ 0 < t { 1 } < \cdot \cdot \cdot < t { p } \ leq
a , − A $ i s the i n f i n i t e s i m a l genera tor o f a $ C { 0 } − $ semigroup

in a Banach space $ X , u { 0 } \ in X $ and $ f : [ 0 , a ]
\times X \rightarrow X , g : [ 0 , a ] ˆ{ p } \times X ˆ{ p }
\rightarrow X $ are

g iven f u n c t i o n s . The symbol $ g ( t { 1 } , . . . , t { p } ,
u ( \cdot ) ) $ i s used in the sense that in the p lace

o f \quad ‘ ‘ $ \cdot $ ’ ’ we can s u b s t i t u t e only e lements o f the s e t $ ( t { 1 }
, . . . , t { p } ) . $ For example

\ [ g ( t { 1 } , . . . , t { p } , u ( \cdot ) ) =
C { 1 } u ( t { 1 } ) + \cdot \cdot \cdot + C { p } u ( t { p }
) , \ ]

\noindent where $ C { i } ( i = 1 , 2 . . . , p ) $ are g iven cons tant s . Subsequently many authors extended
the work to var i ous kind o f non l in ea r evo lu t i on equat ions [ 3 , 4 , 7 , 8 ] .

S eve ra l authors have s tud i ed the e x i s t e n c e o f s o l u t i o n s o f ab s t r a c t q u a s i l i n e a r
evo lu t i on equat ions in Banach space [ 1 , 5 , 1 0 , 1 8 ] . Bahuguna [ 2 ] , Oka [ 1 5 ] and Oka
and Tanaka [ 1 6 ] d i s cu s s e d the e x i s t e n c e o f s o l u t i o n s o f q u a s i l i n e a r i n t e g r o d i f f e r e n −
t i a l equat ions in Banach spaces . \quad Kato [ 1 2 ] s tud i ed the nonhomogeneous evo lu t i on
equat ions and Chandrasekaran \quad [ 9 ] \quad proved the e x i s t e n c e o f mild s o l u t i o n s o f the
non loca l Cauchy problem f o r a non l i n ea r i n t e g r o d i f f e r e n t i a l equat ion . Dhakne and
Pachpatte [ 1 1 ] e s t a b l i s h e d the e x i s t e n c e o f a unique s t rong s o l u t i o n o f a q u a s i l i n e a r
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EXISTENCE OF SOLUTIONS FOR QUASILINEAR DELAY
INTEGRODIFFERENTIAL EQUATIONS WITH NONLOCAL

CONDITIONS
KRISHNAN BALACHANDRAN , FRANCIS PAUL SAMUEL

Abstract . We prove the existence and uniqueness of mild and classical solu -

t ion to a quasilinear delay integrodifferential equation with nonlocal condition .

The results are obtained by using C0− semigroup and the Banach fixed point

theorem .

1 . Introduction
The existence of solution to evolution equations with nonlocal conditions in Banach

space was studied first by Byszewski [ 6 ] . In that paper , he established the
existence and uniqueness of mild , strong and classical solutions of the nonlocal Cauchy
problem

u′(t) +Au(t) = f(t, u(t)), t ∈ (0, a] (1.1)

u(0) + g(t1, t2, ..., tp, u(t1), u(t2)..., u(tp) = u0, (1.2)

where 0 < t1 < · · · < tp ≤ a,−A is the infinitesimal generator of a C0− semigroup
in a Banach space X,u0 ∈ X and f : [0, a] × X → X, g : [0, a]p × Xp → X are given
functions . The symbol g(t1, ..., tp, u(·)) is used in the sense that in the place of “ · ”
we can substitute only elements of the set (t1, ..., tp). For example

g(t1, ..., tp, u(·)) = C1u(t1) + · · ·+ Cpu(tp),

where Ci(i = 1, 2..., p) are given constants . Subsequently many authors extended the
work to various kind of nonlinear evolution equations [ 3 , 4 , 7 , 8 ] .

Several authors have studied the existence of solutions of abstract quasilinear evo-
lution equations in Banach space [ 1 , 5 , 1 0 , 1 8 ] . Bahuguna [ 2 ] , Oka [ 1 5 ] and
Oka and Tanaka [ 1 6 ] discussed the existence of solutions of quasilinear integrodifferen
- tial equations in Banach spaces . Kato [ 1 2 ] studied the nonhomogeneous evolu-
tion equations and Chandrasekaran [ 9 ] proved the existence of mild solutions of
the nonlocal Cauchy problem for a nonlinear integrodifferential equation . Dhakne and
Pachpatte [ 1 1 ] established the existence of a unique strong solution of a quasilinear
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\noindent 2 \quad K . BALACHANDRAN , F . P . SAMUEL \quad EJDE − 2 9 / 0 6
abs t r a c t f u n c t i o n a l i n t e g r o d i f f e r e n t i a l equat ion in Banach spaces . \quad An equat ion o f

\noindent t h i s type o ccur s in a non l in ea r conve r sa t i on law with memory

\begin { a l i g n ∗}
u ( t , x ) + \Psi ( u ( t , x ) ) { x } = \ int ˆ{ t } { 0 }

b ( t − s ) \Psi ( u ( t , x ) ) { x } ds + f (
t , x ) , t \ in [ 0 , a ] , \ tag ∗{$ ( 1 . 3 ) $}\\ u
( 0 , x ) = \phi ( x ) , x \ in R . \ tag ∗{$ ( 1 .
4 ) $}
\end{ a l i g n ∗}

\noindent I t i s c l e a r that i f non loca l cond i t i on ( 1 . 2 ) i s int roduced to ( 1 . 3 ) , then i t w i l l a l s o

\noindent have b e t t e r e f f e c t than the c l a s s i c a l cond i t i on $ u ( 0 , x )
= \phi ( x ) . $ \ h f i l l There fore , we would

\noindent l i k e to extend the r e s u l t s f o r ( 1 . 1 ) − ( 1 . 2 ) to a c l a s s o f i n t e g r o d i f f e r e n t i a l equat ions in

\noindent Banach spaces .

The aim o f t h i s paper i s to prove the e x i s t e n c e and uniqueness o f mild and
c l a s s i c a l s o l u t i o n s o f q u a s i l i n e a r de lay i n t e g r o d i f f e r e n t i a l equat ion with non loca l
c o n d i t i o n s o f the form

\begin { a l i g n ∗}
u ˆ{ \prime } ( t ) + A ( t , u ) u ( t ) = f (

t , u ( t ) , u ( \alpha ( t ) ) ) + \ int ˆ{ t } { 0 }
k ( t , s , u ( s ) , u ( \beta ( s ) ) ) ds
, \ tag ∗{$ ( 1 . 5 ) $}\\ u ( 0 ) + g ( u ) = u { 0 }
, \ tag ∗{$ ( 1 . 6 ) $}
\end{ a l i g n ∗}

\noindent where $ t \ in [ 0 , a ] , A ( t , u ) $ i s the i n f i n i t e s i m a l genera tor o f a
$ C { 0 } − $ semigroup in a Banach

\ [ space X , u { 0 } \ in X , f : I \times X \times X \rightarrow
X , k : \Delta \times X \times X \rightarrow X , g : C
( I : X ) \rightarrow X , \ ]

\noindent $ \alpha , \beta : I \rightarrow I $ are g iven f u n c t i o n s . \quad Here
$ I = [ 0 , a ] $ and $ \Delta = \{ ( t , s ) : 0
\ leq s \ leq t \ leq a \} . $

The r e s u l t s obta ined in t h i s paper are g e n e r a l i z a t i o n s o f the r e s u l t s g iven by Pazy
[ 1 7 ] , Kato [ 1 3 , 1 4 ] and Balachandran and Uchiyama [ 5 ] .

\centerline {2 . \quad P r e l i m i n a r i e s }

Let $ X $ and $ Y $ be two Banach spaces such that $ Y $ i s dense ly and cont inuous ly
embedded in $ X . $ \quad For any Banach spaces $ Z $ the norm o f $ Z $ i s denoted by \quad

$ \paral le l \cdot \paral le l $ or
$ \paral le l \cdot \paral le l Z . $ The space o f a l l bounded l i n e a r ope ra to r s from

$ X $ to $ Y $ i s denoted by $ B ( X , Y ) $
and $ B ( X , X ) $ i s wr i t t en as $ B ( X ) . $ We r e c a l l some d e f i n i t i o n s and known f a c t s from

\noindent Pazy [ 1 7 ] .

\noindent D e f i n i t i o n 2 . 1 . \quad Let $ S $ be a l i n e a r operator in $ X $ and l e t
$ Y $ be a subspace o f $ X . $

The operator $ \ t i lde {S} $ de f ined by $ D ( ˆ{ \ t i lde {S} } ) = \{ x
\ in D ( S ) \cap Y : Sx \ in Y \} $ and $ \ t i lde {S} { x }
= Sx $ f o r

$ x \ in D ( ˆ{ \ t i lde {S} } ) $ i s c a l l e d the part o f $ S $ in $ Y . $

\noindent D e f i n i t i o n 2 . 2 . \quad Let $ B $ be a subset o f $ X $ and f o r every
$ 0 \ leq t \ leq a $ and $ b \ in B , $ l e t

$ A ( t , b ) $ be the i n f i n i t e s i m a l generato r o f a $ C { 0 }$ semigroup
$ S { t } , b ( s ) , s \geq 0 , $ on $ X . $ \quad The

\noindent f ami ly o f ope ra to r s $ \{ A ( t , b ) \} , ( t ,
b ) \ in I \times B , $ i s s t a b l e i f the re are cons tant s $ M \geq
1 $

and $ \omega $ such that

\ [\ begin { a l i gned } \rho ( A ( t , b ) ) \supset ( \omega ,
\ infty ) f o r ( t , b ) \ in I \times B , \\

k \\
\paral le l \prod R ( \lambda : A ( t { j } , b { j } ) )

\paral le l \ leq M ( \lambda − \omega ) ˆ{ − k }\\
j = 1 \end{ a l i gned }\ ]

\noindent f o r $ \lambda > \omega $ every f i n i t e sequences $ 0 \ leq t { 1 }
\ leq t { 2 } \ leq \cdot \cdot \cdot \ leq t { k } \ leq a , b { j }
\ in B , 1 \ leq j \ leq k . $

The s t a b i l i t y o f $ \{ A ( t , b ) \} , ( t , b ) \ in
I \times B $ i m p l i e s ( s e e [ 1 7 ] ) that

\ [\ begin { a l i gned } k k \\
\paral le l \prod S { t { j } , b { j }} ( s { j } ) \paral le l \ leq

M \exp \{ \omega \sum s { j } \} { , } s { j } \geq 0 \\
j = 1 j = 1 \end{ a l i gned }\ ]

\noindent and any f i n i t e sequences $ 0 \ leq t { 1 } \ leq t { 2 } \ leq
\cdot \cdot \cdot \ leq t { k } \ leq a , b { j } \ in B , 1
\ leq j \ leq k . k = 1 , 2 , . . . $
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integral sub 0 to the power of t b open parenthesis t minus s closing parenthesis Capital Psi open parenthesis u
open parenthesis t comma x closing parenthesis closing parenthesis sub x ds plus f open parenthesis t comma x
closing parenthesis comma t in open square bracket 0 comma a closing square bracket comma Equation: open
parenthesis 1 period 4 closing parenthesis .. u open parenthesis 0 comma x closing parenthesis = phi open
parenthesis x closing parenthesis comma x in R period
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2 K . BALACHANDRAN , F . P . SAMUEL EJDE - 2 9 / 0 6 abstract functional integrod-
ifferential equation in Banach spaces . An equation of
this type o ccurs in a nonlinear conversation law with memory

u(t, x) + Ψ(u(t, x))x =

∫ t

0

b(t− s)Ψ(u(t, x))xds+ f(t, x), t ∈ [0, a], (1.3)

u(0, x) = φ(x), x ∈ R. (1.4)

It is clear that if nonlocal condition ( 1 . 2 ) is introduced to ( 1 . 3 ) , then it will also
have better effect than the classical condition u(0, x) = φ(x). Therefore , we would
like to extend the results for ( 1 . 1 ) - ( 1 . 2 ) to a class of integrodifferential equations
in
Banach spaces .

The aim of this paper is to prove the existence and uniqueness of mild and classical
solutions of quasilinear delay integrodifferential equation with nonlocal conditions of
the form

u′(t) +A(t, u)u(t) = f(t, u(t), u(α(t))) +

∫ t

0

k(t, s, u(s), u(β(s)))ds, (1.5)

u(0) + g(u) = u0, (1.6)

where t ∈ [0, a], A(t, u) is the infinitesimal generator of a C0− semigroup in a Banach

spaceX,u0 ∈ X, f : I ×X ×X → X, k : ∆×X ×X → X, g : C(I : X)→ X,

α, β : I → I are given functions . Here I = [0, a] and ∆ = {(t, s) : 0 ≤ s ≤ t ≤ a}.
The results obtained in this paper are generalizations of the results given by Pazy [ 1 7
] , Kato [ 1 3 , 1 4 ] and Balachandran and Uchiyama [ 5 ] .

2 . Preliminaries
Let X and Y be two Banach spaces such that Y is densely and continuously em-

bedded in X. For any Banach spaces Z the norm of Z is denoted by ‖ · ‖ or
‖ · ‖ Z. The space of all bounded linear operators from X to Y is denoted by B(X,Y )
and B(X,X) is written as B(X). We recall some definitions and known facts from
Pazy [ 1 7 ] .
Definition 2 . 1 . Let S be a linear operator in X and let Y be a subspace of X.

The operator S̃ defined by D(S̃) = {x ∈ D(S)∩Y : Sx ∈ Y } and S̃x = Sx for x ∈ D(S̃)
is called the part of S in Y.
Definition 2 . 2 . Let B be a subset of X and for every 0 ≤ t ≤ a and b ∈ B, let
A(t, b) be the infinitesimal generator of a C0 semigroup St, b(s), s ≥ 0, on X. The
family of operators {A(t, b)}, (t, b) ∈ I × B, is stable if there are constants M ≥ 1 and
ω such that

ρ(A(t, b)) ⊃ (ω,∞) for(t, b) ∈ I ×B,
k

‖
∏

R(λ : A(tj , bj)) ‖≤M(λ− ω)−k

j = 1

for λ > ω every finite sequences 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ a, bj ∈ B, 1 ≤ j ≤ k. The st
ability of {A(t, b)}, (t, b) ∈ I ×B implies ( see [ 1 7 ] ) that



k k

‖
∏

Stj ,bj (sj) ‖≤M exp{ω
∑

sj}, sj ≥ 0

j = 1 j = 1

and any finite sequences 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ a, bj ∈ B, 1 ≤ j ≤ k.k = 1, 2, ...
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\noindent D e f i n i t i o n 2 . 3 . \quad Let $ S { t , b } ( s ) , s \geq
0 $ be the $ C { 0 } − $ semigroup generatated by $ A ( t , b ) , $

$ ( t , b ) \ in I \times B . $ \quad A subspace $ Y $ o f $ X $
i s c a l l e d $ A ( t , b ) − $ admi s s ib l e i f $ Y $ i s i n v a r i a n t
subspace o f $ S { t , b } ( s ) $ and the r e s t r i c t i o n o f $ S { t ,

b } ( s ) $ to $ Y $ i s a $ C { 0 } − $ semigroup in $ Y . $

Let $ B \subset X $ be a subset o f $ X $ such that f o r every \quad $ ( t
, b ) \ in I \times B , A ( t , b ) $ \quad i s
the i n f i n i t e s i m a l generato r o f a $ C { 0 } − $ semigroup $ S { t , b }

( s ) , s \geq 0 $ on $ X . $ \quad We make the
f o l l o w i n g assumptions :

\centerline {( E 1 ) \quad The fami ly $ \{ A ( t , b ) \} , ( t
, b ) \ in I \times B $ i s s t a b l e . }

\hspace ∗{\ f i l l }( E $ 2 ) Y $ i s $ A ( t , b ) − $ admi s s ib l e f o r
$ ( t , b ) \ in I \times B $ and the fami ly $ \{ ˆ{ \ t i lde {A} }
( t , b ) \} , ( t , b ) \ in $

\centerline{ $ I \times B $ o f par t s $ \ t i lde {A} ( t , b ) $ o f $ A
( t , b ) $ in $ Y , $ i s s t a b l e in $ Y . $ }

( E 3 ) \quad For $ ( t , b ) \ in I \times B , D ( A (
t , b ) ) \supset Y , A ( t , b ) $ i s a bounded l i n e a r operator from

$ Y $ to $ X $ and $ t \rightarrow A ( t , b ) $ i s cont inuous in the
$ B ( Y , X ) $ norm $ \paral le l . \paral le l $ f o r every

\ [ b \ in B . \ ]

\centerline {( E 4 ) \quad There i s a constant $ L > 0 $ such that }

\ [ \paral le l A ( t , b { 1 } ) − A ( t , b { 2 } ) \paral le l
Y \rightarrow X \ leq L \paral le l b { 1 } − b { 2 } \paral le l X \ ]

\centerline{ holds f o r every $ b { 1 } , b { 2 } \ in B $ and $ 0 \ leq
t \ leq a . $ }

\noindent Let $ B $ be a subset o f $ X $ and $ \{ A ( t , b ) \}
, ( t , b ) \ in I \times B $ be a fami ly o f ope ra to r s s a t i s f y i n g

\noindent the c o n d i t i o n s ( E 1 ) − ( E 4 ) . \ h f i l l I f $ u \ in C ( I :
X ) $ has va lue s in $ B $ then there i s a unique

\noindent evo lu t i on system $ U ( t , s ; u ) , 0 \ leq s \ leq
t \ leq a , $ in $ X $ s a t i s f y i n g , ( s e e [ 1 7 , Theorem 5 . 3 . 1

\noindent and Lemma 6 . 4 . 2 , pp . \quad 1 35 , 20 1 − 202 ]

( i $ ) \paral le l U ( t , s ; u ) \paral le l \ leq Me ˆ{ \omega
( t − s ) }$ f o r $ 0 \ leq s \ leq t \ leq a . $ \quad where
$ M $ and $ \omega $ are s t a b i l i t y

cons tant s .

\centerline {( i i $ ) \ f r a c { \partial ˆ{ + }}{ \partial t } U ( t , s
; u ) w = A ( s , u ( s ) ) U ( t , s ; u
) w $ f o r $ w \ in Y , $ f o r $ 0 \ leq s \ leq t \ leq a . $
}

\centerline {( i i i $ ) \ f r a c { \partial }{ \partial s } U ( t , s ;
u ) w = − U ( t , s ; u ) A ( s , u ( s )
) w $ f o r $ w \ in Y , $ f o r $ 0 \ leq s \ leq t \ leq a . $
}

\noindent Further we assume that

\centerline {( E 5 ) \quad For every $ u \ in C ( I : X ) $ s a t i s f y i n g
$ u ( t ) \ in B $ f o r $ 0 \ leq t \ leq a , $ we have }

\ [ U ( t , s ; u ) Y \subset Y , 0 \ leq s \ leq t
\ leq a \ ]

\noindent and $ U ( t , s ; u ) $ i s s t r o n g l y cont inuous in $ Y $
f o r $ 0 \ leq s \ leq t \ leq a . $
( E $ 6 ) Y $ i s r e f l e x i v e .
( E 7 ) \quad For every $ ( t , b { 1 } , b { 2 } ) \ in I \times

B \times B , f ( t , b { 1 } , b { 2 } ) \ in Y . $
( E $ 8 ) g : C ( I : B ) \rightarrow Y $ i s L i p s c h i t z cont inuous in

$ X $ and bounded in $ Y , $ that i s ,

\centerline{ the re e x i s t cons tant s $ G > 0 $ and $ G { 1 } > 0 $ such that }

\ [\ begin { a l i gned } \paral le l g ( u ) \paral le l Y \ leq G , \\
\paral le l g ( u ) − g ( v ) \paral le l Y \ leq G { 1 }

\max { t \ in I } \paral le l u ( t ) − v ( t ) \paral le l
X . \end{ a l i gned }\ ]

\noindent For the c o n d i t i o n s ( E 9 ) and ( E 1 0 ) l e t $ Z $ be taken as both $ X $
and $ Y . $

\hspace ∗{\ f i l l }( E $ 9 ) k : \Delta \times Z \rightarrow Z $ i s cont inuous and there e x i s t cons tant s
$ K { 1 } > 0 $ and $ K { 2 } > 0 $

\centerline{ such that }

\ [\ begin { a l i gned } \ int ˆ{ t } { 0 } \paral le l k ( t , s , u { 1 }
, v { 1 } ) − k ( t , s , u { 2 } , v { 2 } ) \paral le l
Z ˆ{ ds } \ leq K { 1 } ( \paral le l u { 1 } ( t ) − u { 2 } (
t ) + v { 1 } ( t ) − v { ( } t ) \paral le l Z ) , \\

K { 2 } = \max \{ \ int ˆ{ t } { 0 } \paral le l k ( t , s ,
0 , 0 ) \paral le l Z ds : ( t , s ) \ in \Delta \} . \end{ a l i gned }\ ]
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Definition 2 period 3 period .. Let S sub t comma b open parenthesis s closing parenthesis comma s greater

equal 0 be the C sub 0 hyphen semigroup generatated by A open parenthesis t comma b closing parenthesis
comma

open parenthesis t comma b closing parenthesis in I times B period .. A subspace Y of X is called A open
parenthesis t comma b closing parenthesis hyphen admissible if Y is invariant

subspace of S sub t comma b open parenthesis s closing parenthesis and the restriction of S sub t comma b
open parenthesis s closing parenthesis to Y is a C sub 0 hyphen semigroup in Y period

Let B subset X be a subset of X such that for every .. open parenthesis t comma b closing parenthesis in I
times B comma A open parenthesis t comma b closing parenthesis .. is

the infinitesimal generator of a C sub 0 hyphen semigroup S sub t comma b open parenthesis s closing
parenthesis comma s greater equal 0 on X period .. We make the

following assumptions :
open parenthesis E 1 closing parenthesis .. The family open brace A open parenthesis t comma b closing

parenthesis closing brace comma open parenthesis t comma b closing parenthesis in I times B is stable period
open parenthesis E 2 closing parenthesis Y is A open parenthesis t comma b closing parenthesis hyphen

admissible for open parenthesis t comma b closing parenthesis in I times B and the family open brace to the
power of A-tilde open parenthesis t comma b closing parenthesis closing brace comma open parenthesis t comma
b closing parenthesis in

I times B of parts A-tilde open parenthesis t comma b closing parenthesis of A open parenthesis t comma b
closing parenthesis in Y comma is stable in Y period

open parenthesis E 3 closing parenthesis .. For open parenthesis t comma b closing parenthesis in I times B
comma D open parenthesis A open parenthesis t comma b closing parenthesis closing parenthesis supset Y comma
A open parenthesis t comma b closing parenthesis is a bounded linear operator from

Y to X and t right arrow A open parenthesis t comma b closing parenthesis is continuous in the B open
parenthesis Y comma X closing parenthesis norm bar period bar for every

b in B period
open parenthesis E 4 closing parenthesis .. There is a constant L greater 0 such that
bar A open parenthesis t comma b sub 1 closing parenthesis minus A open parenthesis t comma b sub 2 closing

parenthesis bar Y right arrow X less or equal L bar b sub 1 minus b sub 2 bar X
holds for every b sub 1 comma b sub 2 in B and 0 less or equal t less or equal a period
Let B be a subset of X and open brace A open parenthesis t comma b closing parenthesis closing brace comma

open parenthesis t comma b closing parenthesis in I times B be a family of operators satisfying
the conditions open parenthesis E 1 closing parenthesis hyphen open parenthesis E 4 closing parenthesis period

.... If u in C open parenthesis I : X closing parenthesis has values in B then there is a unique
evolution system U open parenthesis t comma s semicolon u closing parenthesis comma 0 less or equal s less

or equal t less or equal a comma in X satisfying comma open parenthesis see open square bracket 1 7 comma
Theorem 5 period 3 period 1

and Lemma 6 period 4 period 2 comma pp period .. 1 35 comma 20 1 hyphen 202 closing square bracket
open parenthesis i closing parenthesis bar U open parenthesis t comma s semicolon u closing parenthesis bar

less or equal Me to the power of omega open parenthesis t minus s closing parenthesis for 0 less or equal s less or
equal t less or equal a period .. where M and omega are stability

constants period
open parenthesis i i closing parenthesis partialdiff to the power of plus divided by partialdiff t U open paren-

thesis t comma s semicolon u closing parenthesis w = A open parenthesis s comma u open parenthesis s closing
parenthesis closing parenthesis U open parenthesis t comma s semicolon u closing parenthesis w for w in Y comma
for 0 less or equal s less or equal t less or equal a period

open parenthesis ii i closing parenthesis partialdiff divided by partialdiff s U open parenthesis t comma s
semicolon u closing parenthesis w = minus U open parenthesis t comma s semicolon u closing parenthesis A open
parenthesis s comma u open parenthesis s closing parenthesis closing parenthesis w for w in Y comma for 0 less
or equal s less or equal t less or equal a period

Further we assume that
open parenthesis E 5 closing parenthesis .. For every u in C open parenthesis I : X closing parenthesis satisfying

u open parenthesis t closing parenthesis in B for 0 less or equal t less or equal a comma we have
U open parenthesis t comma s semicolon u closing parenthesis Y subset Y comma 0 less or equal s less or

equal t less or equal a
and U open parenthesis t comma s semicolon u closing parenthesis is strongly continuous in Y for 0 less or

equal s less or equal t less or equal a period
open parenthesis E 6 closing parenthesis Y is reflexive period
open parenthesis E 7 closing parenthesis .. For every open parenthesis t comma b sub 1 comma b sub 2 closing

parenthesis in I times B times B comma f open parenthesis t comma b sub 1 comma b sub 2 closing parenthesis
in Y period

open parenthesis E 8 closing parenthesis g : C open parenthesis I : B closing parenthesis right arrow Y is
Lipschitz continuous in X and bounded in Y comma that is comma

there exist constants G greater 0 and G sub 1 greater 0 such that
Line 1 bar g open parenthesis u closing parenthesis bar Y less or equal G comma Line 2 bar g open parenthesis

u closing parenthesis minus g open parenthesis v closing parenthesis bar Y less or equal G sub 1 maximum sub t
in I bar u open parenthesis t closing parenthesis minus v open parenthesis t closing parenthesis bar X period

For the conditions open parenthesis E 9 closing parenthesis and open parenthesis E 1 0 closing parenthesis let
Z be taken as both X and Y period

open parenthesis E 9 closing parenthesis k : Capital Delta times Z right arrow Z is continuous and there exist
constants K sub 1 greater 0 and K sub 2 greater 0

such that
Line 1 integral sub 0 to the power of t bar k open parenthesis t comma s comma u sub 1 comma v sub 1

closing parenthesis minus k open parenthesis t comma s comma u sub 2 comma v sub 2 closing parenthesis bar
Z to the power of ds less or equal K sub 1 open parenthesis bar u sub 1 open parenthesis t closing parenthesis
minus u sub 2 open parenthesis t closing parenthesis plus v sub 1 open parenthesis t closing parenthesis minus
v sub open parenthesis t closing parenthesis bar Z closing parenthesis comma Line 2 K sub 2 = maximum open
brace integral sub 0 to the power of t bar k open parenthesis t comma s comma 0 comma 0 closing parenthesis
bar Z ds : open parenthesis t comma s closing parenthesis in Capital Delta closing brace period
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Definition 2 . 3 . Let St,b(s), s ≥ 0 be the C0− semigroup generatated
by A(t, b), (t, b) ∈ I × B. A subspace Y of X is called A(t, b)− admissible if Y is
invariant subspace of St,b(s) and the restriction of St,b(s) to Y is a C0− semigroup in
Y.

Let B ⊂ X be a subset of X such that for every (t, b) ∈ I ×B, A(t, b)
is the infinitesimal generator of a C0− semigroup St,b(s), s ≥ 0 on X. We make the
following assumptions :

( E 1 ) The family {A(t, b)}, (t, b) ∈ I ×B is stable .

( E 2) Y is A(t, b)− admissible for (t, b) ∈ I ×B and the family {Ã(t, b)}, (t, b) ∈
I ×B of parts Ã(t, b) of A(t, b) in Y, is stable in Y.

( E 3 ) For (t, b) ∈ I×B,D(A(t, b)) ⊃ Y,A(t, b) is a bounded linear operator from
Y to X and t→ A(t, b) is continuous in the B(Y,X) norm ‖ . ‖ for every

b ∈ B.

( E 4 ) There is a constant L > 0 such that

‖ A(t, b1)−A(t, b2) ‖ Y → X ≤ L ‖ b1 − b2 ‖ X

holds for every b1, b2 ∈ B and 0 ≤ t ≤ a.
Let B be a subset of X and {A(t, b)}, (t, b) ∈ I ×B be a family of operators satisfying
the conditions ( E 1 ) - ( E 4 ) . If u ∈ C(I : X) has values in B then there is a unique
evolution system U(t, s;u), 0 ≤ s ≤ t ≤ a, in X satisfying , ( see [ 1 7 , Theorem 5 . 3 .
1
and Lemma 6 . 4 . 2 , pp . 1 35 , 20 1 - 202 ]

( i ) ‖ U(t, s;u) ‖ ≤Meω(t−s) for 0 ≤ s ≤ t ≤ a. where M and ω are stability
constants .

( i i ) ∂+

∂t U(t, s;u)w = A(s, u(s))U(t, s;u)w for w ∈ Y, for 0 ≤ s ≤ t ≤ a.
( ii i ) ∂

∂sU(t, s;u)w = −U(t, s;u)A(s, u(s))w for w ∈ Y, for 0 ≤ s ≤ t ≤ a.
Further we assume that

( E 5 ) For every u ∈ C(I : X) satisfying u(t) ∈ B for 0 ≤ t ≤ a, we have

U(t, s;u)Y ⊂ Y, 0 ≤ s ≤ t ≤ a

and U(t, s;u) is strongly continuous in Y for 0 ≤ s ≤ t ≤ a. ( E 6) Y is reflexive . (
E 7 ) For every (t, b1, b2) ∈ I × B × B, f(t, b1, b2) ∈ Y. ( E 8) g : C(I : B) → Y is
Lipschitz continuous in X and bounded in Y, that is ,

there exist constants G > 0 and G1 > 0 such that

‖ g(u) ‖ Y ≤ G,
‖ g(u)− g(v) ‖ Y ≤ G1 max

t∈I
‖ u(t)− v(t) ‖ X.

For the conditions ( E 9 ) and ( E 1 0 ) let Z be taken as both X and Y.
( E 9) k : ∆× Z → Z is continuous and there exist constants K1 > 0 and K2 > 0

such that

∫ t

0

‖ k(t, s, u1, v1)− k(t, s, u2, v2) ‖ Zds ≤ K1(‖ u1(t)− u2(t) + v1(t)− v(t) ‖ Z),

K2 = max{
∫ t

0

‖ k(t, s, 0, 0) ‖ Zds : (t, s) ∈ ∆}.
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( E $ 1 0 ) f : I \times Z \times Z \rightarrow Z $ i s cont inuous and there e x i s t cons tant s

$ K { 3 } > 0 $ and

\centerline{ $ K { 4 } > 0 $ such that }

\ [\ begin { a l i gned } \paral le l f ( t , u { 1 } , v { 1 } ) − f (
t , u { 2 } , v { 2 } ) \paral le l Z \ leq K { 3 } ( \paral le l
u { 1 } − u { 2 } \paral le l Z + \paral le l v { 1 } − v { 2 } \paral le l
Z ) \\

K { 4 } = \max { t \ in I } \paral le l f ( t , 0 , 0 )
\paral le l Z . \end{ a l i gned }\ ]

\centerline{Let us take $ M { 0 } = $ max $ \{ \paral le l U ( t , s
; u ) \paral le l B ( Z ) ˆ{ , } 0 \ leq s \ leq t \ leq a
, u \ in B \} . $ }

( E $ 1 1 ) \alpha , \beta : I \rightarrow I $ i s a b s o l u t e l y cont inuous and there e x i s t cons tant s
$ b > 0 $ and

$ c > 0 $ such that $ \alpha ˆ{ \prime } ( t ) \geq b $ \quad and
$ \beta ˆ{ \prime } ( t ) \geq c $ r e s p e c t i v e l y f o r $ t \ in I . $

( E 1 2 )

\ [\ begin { a l i gned } M { 0 } [ \paral le l u { 0 } \paral le l Y + G + r
[ K { 3 } a ( 1 + 1 / b ) + K { 1 } a ( 1 + 1 /
c ) ] + a ( K { 4 } + K { 2 } ) ] \ leq r \\

q = [ Ka \paral le l u { 0 } \paral le l Y + GKa + M { 0 } G { 1 }
+ M { 0 } [ K { 3 } a ( 1 + 1 / b ) + K { 1 } a ( 1
+ 1 / c ) ] \\

+ Ka [ r ( K { 3 } a ( 1 + 1 / b ) + K { 1 } a
( 1 + 1 / c ) ) ] + a ( K { 4 } + K { 2 } ) ] <
1 . \end{ a l i gned }\ ]

Next we prove the e x i s t e n c e o f l o c a l c l a s s i c a l s o l u t i o n s o f the q u a s i l i n e a r problem
( 1 . 5 ) −− ( 1 . 6 ) .

For a mild s o l u t i o n o f ( 1 . 5 ) −− ( 1 . 6 ) we mean a func t i on $ u \ in C (
I : X ) $ with va lue s

in B and $ u { 0 } \ in X $ s a t i s f y i n g the i n t e g r a l equat ion

\begin { a l i g n ∗}
u ( t ) = U { + }ˆ{ ( t , } { \ int ˆ{ s } { 0 }}ˆ{ 0 }ˆ{ ; } { k }ˆ{ u

) u } { ( s , }ˆ{ 0 } { \tau , }ˆ{ − } ( { u }ˆ{ U }ˆ{ ( t } { \tau )
, }ˆ{ , } { u }ˆ{ 0 ; } { ( \beta }ˆ{ u ) g ( u ) } { ( \tau )
) ) d \tau }ˆ{ + } { ] ds }ˆ{ \ int ˆ{ t } { 0 }} { . } U ( t , s
; u ) [ f ( s , u ( s ) , u ( \alpha ( s ) )
) \ tag ∗{$ ( 2 . 1 ) $}
\end{ a l i g n ∗}

\noindent A func t i on $ u \ in C ( I : X ) $ such that $ u ( t
) \ in D ( A ( t , u ( t ) ) ) $ f o r $ t \ in ( 0
, a ] , u \ in C ˆ{ 1 } ( ( 0 , a ] : $

$ X ) $ and s a t i s f i e s ( 1 . 5 ) ) −− ( 1 . 6 ) in $ X $ i s c a l l e d a c l a s s i c a l s o l u t i o n o f ( 1 . 5 ) − ( 1 . 6 ) on
$ I . $

Further the re e x i s t s a constant $ K > 0 $ such that f o r every $ u , v
\ in C ( I : X ) $ with

\noindent va lue s in $ B $ and every $ w \ in Y $ we have

\begin { a l i g n ∗}
\paral le l U ( t , s ; u ) w − U ( t , s ; v )

w \paral le l \ leq K \paral le l w \paral le l Y \ int ˆ{ t } { s } \paral le l
u ( \tau ) − v ( \tau ) \paral le l d \tau . \ tag ∗{$ ( 2
. 2 ) $}
\end{ a l i g n ∗}

\noindent 3 . \quad Exis tence Result
Theorem 3 . 1 . \quad Let $ u { 0 } \ in Y $ and l e t $ B = \{ u \ in

X : \paral le l u \paral le l Y \ leq r \} , r > 0 . $ \quad I f the as −

\noindent sumptions ( E 1 ) −− ( E 1 2 ) are s a t i s f i e d , then ( 1 . 5 ) −− ( 1 . 6 ) has a unique c l a s s i c a l s o l u t i o n

\begin { a l i g n ∗}
u \ in C ( [ 0 , a ] : Y ) \cap C ˆ{ 1 } ( ( 0 ,

a ] : X )
\end{ a l i g n ∗}

\noindent Proof . \quad Let $ S $ be a nonempty c l o s e d subset o f $ C ( [ 0
, a ] : X ) $ de f ined by $ S = \{ u : u \ in $

$ C ( [ 0 , a ] : X ) , \paral le l u ( t ) \paral le l
Y \ leq r f o r 0 \ leq t \ leq a \} . $ Consider a mapping $ P $
on $ S $ de f ined by

\ [\ begin { a l i gned } ( Pu ) ( t ) = U ( t , 0 ; u ) u { 0 }
− U ( t , 0 ; u ) g ( u ) + \ int ˆ{ t } { 0 } U (
t , s ; u ) [ f ( s , u ( s ) , u ( \alpha (
s ) ) ) \\

+ \ int ˆ{ s } { 0 } k ( s , \tau , u ( \tau ) , u (
\beta ( \tau ) ) ) d \tau ] ds . \end{ a l i gned }\ ]

\noindent We claim that $ P $ maps $ S $ in to $ S . $ For $ u \ in S
, $ we have

\ [\ begin { a l i gned } \paral le l Pu ( t ) \paral le l Y \\
= \paral le l U ( t , 0 ; u ) u { 0 } − U ( t , 0

; u ) g ( u ) + \ int ˆ{ t } { 0 } U ( t , s ; u )
[ f ( s , u ( s ) , u ( \alpha ( s ) ) ) \end{ a l i gned }\ ]
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open parenthesis E 1 0 closing parenthesis f : I times Z times Z right arrow Z is continuous and there exist

constants K sub 3 greater 0 and
K sub 4 greater 0 such that
Line 1 bar f open parenthesis t comma u sub 1 comma v sub 1 closing parenthesis minus f open parenthesis

t comma u sub 2 comma v sub 2 closing parenthesis bar Z less or equal K sub 3 open parenthesis bar u sub 1
minus u sub 2 bar Z plus bar v sub 1 minus v sub 2 bar Z closing parenthesis Line 2 K sub 4 = maximum sub t
in I bar f open parenthesis t comma 0 comma 0 closing parenthesis bar Z period

Let us take M sub 0 = max open brace bar U open parenthesis t comma s semicolon u closing parenthesis bar
B open parenthesis Z closing parenthesis to the power of comma 0 less or equal s less or equal t less or equal a
comma u in B closing brace period

open parenthesis E 1 1 closing parenthesis alpha comma beta : I right arrow I is absolutely continuous and
there exist constants b greater 0 and

c greater 0 such that alpha to the power of prime open parenthesis t closing parenthesis greater equal b .. and
beta to the power of prime open parenthesis t closing parenthesis greater equal c respectively for t in I period

open parenthesis E 1 2 closing parenthesis
Line 1 M sub 0 open square bracket bar u sub 0 bar Y plus G plus r open square bracket K sub 3 a open

parenthesis 1 plus 1 slash b closing parenthesis plus K sub 1 a open parenthesis 1 plus 1 slash c closing parenthesis
closing square bracket plus a open parenthesis K sub 4 plus K sub 2 closing parenthesis closing square bracket
less or equal r Line 2 q = open square bracket Ka bar u sub 0 bar Y plus GKa plus M sub 0 G sub 1 plus M
sub 0 open square bracket K sub 3 a open parenthesis 1 plus 1 slash b closing parenthesis plus K sub 1 a open
parenthesis 1 plus 1 slash c closing parenthesis closing square bracket Line 3 plus Ka open square bracket r open
parenthesis K sub 3 a open parenthesis 1 plus 1 slash b closing parenthesis plus K sub 1 a open parenthesis 1
plus 1 slash c closing parenthesis closing parenthesis closing square bracket plus a open parenthesis K sub 4 plus
K sub 2 closing parenthesis closing square bracket less 1 period

Next we prove the existence of lo cal classical solutions of the quasilinear problem
open parenthesis 1 period 5 closing parenthesis endash open parenthesis 1 period 6 closing parenthesis period
For a mild solution of open parenthesis 1 period 5 closing parenthesis endash open parenthesis 1 period 6

closing parenthesis we mean a function u in C open parenthesis I : X closing parenthesis with values
in B and u sub 0 in X satisfying the integral equation
Equation: open parenthesis 2 period 1 closing parenthesis .. u open parenthesis t closing parenthesis = U

plus sub integral sub 0 to the power of s to the power of open parenthesis t comma to the power of 0 sub k to
the power of semicolon sub open parenthesis s comma to the power of u closing parenthesis u sub tau comma to
the power of 0 to the power of minus open parenthesis u to the power of U sub tau closing parenthesis comma
to the power of open parenthesis t sub u to the power of comma sub open parenthesis beta to the power of 0
semicolon sub open parenthesis tau closing parenthesis closing parenthesis closing parenthesis d tau to the power
of u closing parenthesis g open parenthesis u closing parenthesis sub closing square bracket ds to the power of
plus sub period to the power of integral sub 0 to the power of t U open parenthesis t comma s semicolon u closing
parenthesis open square bracket f open parenthesis s comma u open parenthesis s closing parenthesis comma u
open parenthesis alpha open parenthesis s closing parenthesis closing parenthesis closing parenthesis

A function u in C open parenthesis I : X closing parenthesis such that u open parenthesis t closing parenthesis
in D open parenthesis A open parenthesis t comma u open parenthesis t closing parenthesis closing parenthesis
closing parenthesis for t in open parenthesis 0 comma a closing square bracket comma u in C to the power of 1
open parenthesis open parenthesis 0 comma a closing square bracket :

X closing parenthesis and satisfies open parenthesis 1 period 5 closing parenthesis closing parenthesis endash
open parenthesis 1 period 6 closing parenthesis in X is called a classical solution of open parenthesis 1 period 5
closing parenthesis hyphen open parenthesis 1 period 6 closing parenthesis on I period

Further there exists a constant K greater 0 such that for every u comma v in C open parenthesis I : X closing
parenthesis with

values in B and every w in Y we have
Equation: open parenthesis 2 period 2 closing parenthesis .. bar U open parenthesis t comma s semicolon u

closing parenthesis w minus U open parenthesis t comma s semicolon v closing parenthesis w bar less or equal
K bar w bar Y integral sub s to the power of t bar u open parenthesis tau closing parenthesis minus v open
parenthesis tau closing parenthesis bar d tau period

3 period .. Existence Result
Theorem 3 period 1 period .. Let u sub 0 in Y and le t B = open brace u in X : bar u bar Y less or equal r

closing brace comma r greater 0 period .. If the as hyphen
sumptions open parenthesis E 1 closing parenthesis endash open parenthesis E 1 2 closing parenthesis are

satisfied comma then open parenthesis 1 period 5 closing parenthesis endash open parenthesis 1 period 6 closing
parenthesis has a unique classical s o lution

u in C open parenthesis open square bracket 0 comma a closing square bracket : Y closing parenthesis cap C
to the power of 1 open parenthesis open parenthesis 0 comma a closing square bracket : X closing parenthesis

Proof period .. Let S be a nonempty closed subset of C open parenthesis open square bracket 0 comma a
closing square bracket : X closing parenthesis defined by S = open brace u : u in

C open parenthesis open square bracket 0 comma a closing square bracket : X closing parenthesis comma bar
u open parenthesis t closing parenthesis bar Y less or equal r for 0 less or equal t less or equal a closing brace
period Consider a mapping P on S defined by

Line 1 open parenthesis Pu closing parenthesis open parenthesis t closing parenthesis = U open parenthesis
t comma 0 semicolon u closing parenthesis u sub 0 minus U open parenthesis t comma 0 semicolon u closing
parenthesis g open parenthesis u closing parenthesis plus integral sub 0 to the power of t U open parenthesis t
comma s semicolon u closing parenthesis open square bracket f open parenthesis s comma u open parenthesis s
closing parenthesis comma u open parenthesis alpha open parenthesis s closing parenthesis closing parenthesis
closing parenthesis Line 2 plus integral sub 0 to the power of s k open parenthesis s comma tau comma u open
parenthesis tau closing parenthesis comma u open parenthesis beta open parenthesis tau closing parenthesis closing
parenthesis closing parenthesis d tau closing square bracket ds period

We claim that P maps S into S period For u in S comma we have
Line 1 bar Pu open parenthesis t closing parenthesis bar Y Line 2 = bar U open parenthesis t comma 0

semicolon u closing parenthesis u sub 0 minus U open parenthesis t comma 0 semicolon u closing parenthesis
g open parenthesis u closing parenthesis plus integral sub 0 to the power of t U open parenthesis t comma s
semicolon u closing parenthesis open square bracket f open parenthesis s comma u open parenthesis s closing
parenthesis comma u open parenthesis alpha open parenthesis s closing parenthesis closing parenthesis closing
parenthesis
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is continuous and there exist constants K3 > 0 and

K4 > 0 such that

‖ f(t, u1, v1)− f(t, u2, v2) ‖ Z ≤ K3(‖ u1 − u2 ‖ Z+ ‖ v1 − v2 ‖ Z)

K4 = max
t∈I
‖ f(t, 0, 0) ‖ Z.

Let us take M0 = max {‖ U(t, s;u) ‖ B(Z),0 ≤ s ≤ t ≤ a, u ∈ B}.
( E 11) α, β : I → I is absolutely continuous and there exist constants b > 0 and

c > 0 such that α′(t) ≥ b and β′(t) ≥ c respectively for t ∈ I. ( E 1 2 )

M0[‖ u0 ‖ Y +G+ r[K3a(1 + 1/b) +K1a(1 + 1/c)] + a(K4 +K2)] ≤ r
q = [Ka ‖ u0 ‖ Y +GKa+M0G1 +M0[K3a(1 + 1/b) +K1a(1 + 1/c)]

+Ka[r(K3a(1 + 1/b) +K1a(1 + 1/c))] + a(K4 +K2)] < 1.

Next we prove the existence of lo cal classical solutions of the quasilinear problem (
1 . 5 ) – ( 1 . 6 ) .

For a mild solution of ( 1 . 5 ) – ( 1 . 6 ) we mean a function u ∈ C(I : X) with
values in B and u0 ∈ X satisfying the integral equation

u(t) = U
(t,
+

0∫ s
0

;
k
u)u
(s,

0
τ,
−(Uu

(t
τ),
,
u
0;
(β
u)g(u)
(τ)))dτ

+
]ds

∫ t
0
. U(t, s;u)[f(s, u(s), u(α(s))) (2.1)

A function u ∈ C(I : X) such that u(t) ∈ D(A(t, u(t))) for t ∈ (0, a], u ∈ C1((0, a] : X)
and satisfies ( 1 . 5 ) ) – ( 1 . 6 ) in X is called a classical solution of ( 1 . 5 ) - ( 1 . 6
) on I. Further there exists a constant K > 0 such that for every u, v ∈ C(I : X) with
values in B and every w ∈ Y we have

‖ U(t, s;u)w − U(t, s; v)w ‖ ≤ K ‖ w ‖ Y
∫ t

s

‖ u(τ)− v(τ) ‖ dτ. (2.2)

3 . Existence Result Theorem 3 . 1 . Let u0 ∈ Y and le t B = {u ∈ X :
‖ u ‖ Y ≤ r}, r > 0. If the as -
sumptions ( E 1 ) – ( E 1 2 ) are satisfied , then ( 1 . 5 ) – ( 1 . 6 ) has a unique
classical s o lution

u ∈ C([0, a] : Y ) ∩ C1((0, a] : X)

Proof . Let S be a nonempty closed subset of C([0, a] : X) defined by S = {u : u ∈
C([0, a] : X), ‖ u(t) ‖ Y ≤ rfor0 ≤ t ≤ a}. Consider a mapping P on S defined by

(Pu)(t) = U(t, 0;u)u0 − U(t, 0;u)g(u) +

∫ t

0

U(t, s;u)[f(s, u(s), u(α(s)))

+

∫ s

0

k(s, τ, u(τ), u(β(τ)))dτ ]ds.

We claim that P maps S into S. For u ∈ S, we have

‖ Pu(t) ‖ Y

=‖ U(t, 0;u)u0 − U(t, 0;u)g(u) +

∫ t

0

U(t, s;u)[f(s, u(s), u(α(s)))
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\ [\ begin { a l i gned } + \ int ˆ{ s } { 0 } k ( s , \tau , u ( \tau
) u ( \beta ( \tau ) ) ) d \tau ] ds \paral le l \\
\ leq \paral le l U ( t , 0 ; u ) u { 0 } \paral le l + \paral le l

U ( t , 0 ; u ) g ( u ) \paral le l \\
+ \ int ˆ{ t } { 0 } \paral le l U ( t , s ; u ) \paral le l [

\paral le l f ( s , u ( s ) , u ( \alpha ( s ) ) )
− f ( s , 0 , 0 ) \paral le l + \paral le l f ( s , 0
, 0 ) \paral le l \\

+ \paral le l \ int ˆ{ s } { 0 } [ k ( s , \tau , u ( \tau
) , u ( \beta ( \tau ) ) ) − k ( s , \tau , 0 ,
0 ) ] d \tau \paral le l + \paral le l \ int ˆ{ s } { 0 } k ( s ,
\tau , 0 , 0 ) d \tau \paral le l ] ds . \end{ a l i gned }\ ]

\noindent Using assumptions ( E 8 ) − ( E 1 1 ) , we get

\ [\ begin { a l i gned } \paral le l Pu ( t ) \paral le l Y \ leq M { 0 } \paral le l
u { 0 } \paral le l Y + M { 0 } G + \ int ˆ{ t } { 0 } M { 0 } [ K { 3 }
( \paral le l u ( s ) \paral le l + \paral le l u ( \alpha ( s
) ) \paral le l ) + K { 4 }\\

+ \ int ˆ{ s } { 0 } K { 1 } ( \paral le l u ( s ) \paral le l +
u ( \beta ( \tau ) ) \paral le l ) d \tau + \ int ˆ{ s } { 0 }
K { 2 } d \tau ] ds \\
\ leq M { 0 } \paral le l u { 0 } \paral le l Y + M { 0 } G + M { 0 }

[ K { 3 } ar + K { 3 } \ int ˆ{ t } { 0 } \paral le l u ( \alpha (
s ) ) \paral le l ( \alpha ˆ{ \prime } ( s ) / b ) ds \\

+ K { 4 } a + K { 1 } ar + K { 1 } \ int ˆ{ t } { 0 } ( \paral le l
u ( \beta ( s ) ) \paral le l ( \beta ˆ{ \prime } ( s ) /
c ) ds + K { 2 } a ] \\
\ leq M { 0 } \paral le l u { 0 } \paral le l Y + M { 0 } G + M { 0 }

[ K { 3 } ar + ( K { 3 } / b ) \ int ˆ{ \alpha ( t ) } { \alpha
( 0 ) } \paral le l u ( s ) \paral le l ds + K { 4 } a \\

+ K { 1 } ar + ( K { 1 } / c ) \ int ˆ{ \beta ( t ) } { \beta
( 0 ) } ( \paral le l u ( s ) \paral le l ds + K { 2 } a ] \\
\ leq M { 0 } [ \paral le l u { 0 } \paral le l Y + G + r [ K { 3 }

a ( 1 + 1 / b ) + K { 1 } a ( 1 + 1 / c ) ] +
a ( K { 4 } + K { 2 } ) ] \end{ a l i gned }\ ]

\noindent From assumption ( E 1 2 ) , one ge t s $ \paral le l Pu ( t ) \paral le l
Y \ leq r . $ \quad There fore $ P $ maps $ S $ in to i t s e l f .

Moreover , i f $ u , v \ in S , $ then

\ [\ begin { a l i gned } \paral le l Pu ( t ) − Pv ( t ) \paral le l \\
\ leq \paral le l U ( t , 0 ; u ) u { 0 } − U ( t ,

0 ; v ) u { 0 } \paral le l + \paral le l U ( t , 0 ; u )
g ( u ) − U ( t , 0 ; v ) g ( v ) \paral le l \\

+ \ int ˆ{ t } { 0 } \paral le l U ( t , s ; u ) [ f ( s
, u ( s ) , u ( \alpha ( s ) ) ) + \ int ˆ{ s } { 0 }
k ( s , \tau , u ( \tau ) , u ( \beta ( \tau ) )
) d \tau ] \\
− U ( t , s ; v ) [ f ( s , v ( s ) , v (

\alpha ( s ) ) ) + \ int ˆ{ s } { 0 } k ( s , \tau , v
( \tau ) , v ( ( \beta ( \tau ) ) ) d \tau ] \paral le l
ds \\
\ leq \paral le l U ( t , 0 ; u ) u { 0 } − U ( t ,

0 ; v ) u { 0 } \paral le l + \paral le l U ( t , 0 ; u )
g ( u ) − U ( t , 0 ; v ) g ( u ) \paral le l \\
− \paral le l U ( t , 0 ; v ) g ( u ) − U ( t ,

0 ; v ) g ( v ) \paral le l \\
+ \ int ˆ{ t } { 0 } \{ \Arrowvert U ( t , s ; u ) [ f

( s , u ( s ) , u ( \alpha ( s ) ) ) + \ int ˆ{ s } { 0 }
k ( s , \tau , u ( \tau ) , u ( \beta ( \tau ) )
) d \tau ] \\
− U ( t , s ; v ) [ f ( s , u ( s ) , u (

\alpha ( s ) ) ) + \ int ˆ{ s } { 0 } k ( s , \tau , u
( \tau ) , u ( ( \beta ( \tau ) ) ) d \tau ] \paral le l \\

+ \paral le l U ( t , s ; v ) [ f ( s , u ( s )
, u ( \alpha ( s ) ) ) + \ int ˆ{ s } { 0 } k ( s , \tau
, u ( \tau ) , u ( ( \beta ( \tau ) ) ) d \tau ] \\
− U ( t , s ; v ) [ f ( s , v ( s ) , v (

\alpha ( s ) ) ) + \ int ˆ{ s } { 0 } k ( s , \tau , v
( \tau ) , v ( ( \beta ( \tau ) ) ) d \tau ] \paral le l
\} ds \end{ a l i gned }\ ]
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Line 1 plus integral sub 0 to the power of s k open parenthesis s comma tau comma u open parenthesis tau

closing parenthesis u open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing
parenthesis d tau closing square bracket ds bar Line 2 less or equal bar U open parenthesis t comma 0 semicolon
u closing parenthesis u sub 0 bar plus bar U open parenthesis t comma 0 semicolon u closing parenthesis g
open parenthesis u closing parenthesis bar Line 3 plus integral sub 0 to the power of t bar U open parenthesis
t comma s semicolon u closing parenthesis bar open square bracket bar f open parenthesis s comma u open
parenthesis s closing parenthesis comma u open parenthesis alpha open parenthesis s closing parenthesis closing
parenthesis closing parenthesis minus f open parenthesis s comma 0 comma 0 closing parenthesis bar plus bar f
open parenthesis s comma 0 comma 0 closing parenthesis bar Line 4 plus bar integral sub 0 to the power of s
open square bracket k open parenthesis s comma tau comma u open parenthesis tau closing parenthesis comma
u open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing parenthesis minus k
open parenthesis s comma tau comma 0 comma 0 closing parenthesis closing square bracket d tau bar plus bar
integral sub 0 to the power of s k open parenthesis s comma tau comma 0 comma 0 closing parenthesis d tau bar
closing square bracket ds period

Using assumptions open parenthesis E 8 closing parenthesis hyphen open parenthesis E 1 1 closing parenthesis
comma we get

Line 1 bar Pu open parenthesis t closing parenthesis bar Y less or equal M sub 0 bar u sub 0 bar Y plus M
sub 0 G plus integral sub 0 to the power of t M sub 0 open square bracket K sub 3 open parenthesis bar u open
parenthesis s closing parenthesis bar plus bar u open parenthesis alpha open parenthesis s closing parenthesis
closing parenthesis bar closing parenthesis plus K sub 4 Line 2 plus integral sub 0 to the power of s K sub 1 open
parenthesis bar u open parenthesis s closing parenthesis bar plus u open parenthesis beta open parenthesis tau
closing parenthesis closing parenthesis bar closing parenthesis d tau plus integral sub 0 to the power of s K sub
2 d tau closing square bracket ds Line 3 less or equal M sub 0 bar u sub 0 bar Y plus M sub 0 G plus M sub
0 open square bracket K sub 3 ar plus K sub 3 integral sub 0 to the power of t bar u open parenthesis alpha
open parenthesis s closing parenthesis closing parenthesis bar open parenthesis alpha to the power of prime open
parenthesis s closing parenthesis slash b closing parenthesis ds Line 4 plus K sub 4 a plus K sub 1 ar plus K sub 1
integral sub 0 to the power of t open parenthesis bar u open parenthesis beta open parenthesis s closing parenthesis
closing parenthesis bar open parenthesis beta to the power of prime open parenthesis s closing parenthesis slash
c closing parenthesis ds plus K sub 2 a closing square bracket Line 5 less or equal M sub 0 bar u sub 0 bar Y
plus M sub 0 G plus M sub 0 open square bracket K sub 3 ar plus open parenthesis K sub 3 slash b closing
parenthesis integral sub alpha open parenthesis 0 closing parenthesis to the power of alpha open parenthesis t
closing parenthesis bar u open parenthesis s closing parenthesis bar ds plus K sub 4 a Line 6 plus K sub 1 ar
plus open parenthesis K sub 1 slash c closing parenthesis integral sub beta open parenthesis 0 closing parenthesis
to the power of beta open parenthesis t closing parenthesis open parenthesis bar u open parenthesis s closing
parenthesis bar ds plus K sub 2 a closing square bracket Line 7 less or equal M sub 0 open square bracket bar u
sub 0 bar Y plus G plus r open square bracket K sub 3 a open parenthesis 1 plus 1 slash b closing parenthesis
plus K sub 1 a open parenthesis 1 plus 1 slash c closing parenthesis closing square bracket plus a open parenthesis
K sub 4 plus K sub 2 closing parenthesis closing square bracket

From assumption open parenthesis E 1 2 closing parenthesis comma one gets bar Pu open parenthesis t closing
parenthesis bar Y less or equal r period .. Therefore P maps S into it self period

Moreover comma if u comma v in S comma then
Line 1 bar Pu open parenthesis t closing parenthesis minus Pv open parenthesis t closing parenthesis bar

Line 2 less or equal bar U open parenthesis t comma 0 semicolon u closing parenthesis u sub 0 minus U open
parenthesis t comma 0 semicolon v closing parenthesis u sub 0 bar plus bar U open parenthesis t comma 0
semicolon u closing parenthesis g open parenthesis u closing parenthesis minus U open parenthesis t comma 0
semicolon v closing parenthesis g open parenthesis v closing parenthesis bar Line 3 plus integral sub 0 to the power
of t bar U open parenthesis t comma s semicolon u closing parenthesis open square bracket f open parenthesis
s comma u open parenthesis s closing parenthesis comma u open parenthesis alpha open parenthesis s closing
parenthesis closing parenthesis closing parenthesis plus integral sub 0 to the power of s k open parenthesis s
comma tau comma u open parenthesis tau closing parenthesis comma u open parenthesis beta open parenthesis
tau closing parenthesis closing parenthesis closing parenthesis d tau closing square bracket Line 4 minus U open
parenthesis t comma s semicolon v closing parenthesis open square bracket f open parenthesis s comma v open
parenthesis s closing parenthesis comma v open parenthesis alpha open parenthesis s closing parenthesis closing
parenthesis closing parenthesis plus integral sub 0 to the power of s k open parenthesis s comma tau comma
v open parenthesis tau closing parenthesis comma v open parenthesis open parenthesis beta open parenthesis
tau closing parenthesis closing parenthesis closing parenthesis d tau closing square bracket bar ds Line 5 less
or equal bar U open parenthesis t comma 0 semicolon u closing parenthesis u sub 0 minus U open parenthesis
t comma 0 semicolon v closing parenthesis u sub 0 bar plus bar U open parenthesis t comma 0 semicolon u
closing parenthesis g open parenthesis u closing parenthesis minus U open parenthesis t comma 0 semicolon v
closing parenthesis g open parenthesis u closing parenthesis bar Line 6 minus bar U open parenthesis t comma
0 semicolon v closing parenthesis g open parenthesis u closing parenthesis minus U open parenthesis t comma 0
semicolon v closing parenthesis g open parenthesis v closing parenthesis bar Line 7 plus integral sub 0 to the power
of t open brace vextenddouble-vextenddouble-vextenddouble U open parenthesis t comma s semicolon u closing
parenthesis open square bracket f open parenthesis s comma u open parenthesis s closing parenthesis comma u
open parenthesis alpha open parenthesis s closing parenthesis closing parenthesis closing parenthesis plus integral
sub 0 to the power of s k open parenthesis s comma tau comma u open parenthesis tau closing parenthesis
comma u open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing parenthesis
d tau closing square bracket Line 8 minus U open parenthesis t comma s semicolon v closing parenthesis open
square bracket f open parenthesis s comma u open parenthesis s closing parenthesis comma u open parenthesis
alpha open parenthesis s closing parenthesis closing parenthesis closing parenthesis plus integral sub 0 to the
power of s k open parenthesis s comma tau comma u open parenthesis tau closing parenthesis comma u open
parenthesis open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing parenthesis
d tau closing square bracket bar Line 9 plus bar U open parenthesis t comma s semicolon v closing parenthesis open
square bracket f open parenthesis s comma u open parenthesis s closing parenthesis comma u open parenthesis
alpha open parenthesis s closing parenthesis closing parenthesis closing parenthesis plus integral sub 0 to the
power of s k open parenthesis s comma tau comma u open parenthesis tau closing parenthesis comma u open
parenthesis open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing parenthesis
d tau closing square bracket Line 10 minus U open parenthesis t comma s semicolon v closing parenthesis open
square bracket f open parenthesis s comma v open parenthesis s closing parenthesis comma v open parenthesis
alpha open parenthesis s closing parenthesis closing parenthesis closing parenthesis plus integral sub 0 to the
power of s k open parenthesis s comma tau comma v open parenthesis tau closing parenthesis comma v open
parenthesis open parenthesis beta open parenthesis tau closing parenthesis closing parenthesis closing parenthesis
d tau closing square bracket bar closing brace ds
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+

∫ s

0

k(s, τ, u(τ)u(β(τ)))dτ ]ds ‖

≤‖ U(t, 0;u)u0 ‖ + ‖ U(t, 0;u)g(u) ‖

+

∫ t

0

‖ U(t, s;u) ‖ [‖ f(s, u(s), u(α(s)))− f(s, 0, 0) ‖ + ‖ f(s, 0, 0) ‖

+ ‖
∫ s

0

[k(s, τ, u(τ), u(β(τ)))− k(s, τ, 0, 0)]dτ ‖ + ‖
∫ s

0

k(s, τ, 0, 0)dτ ‖]ds.

Using assumptions ( E 8 ) - ( E 1 1 ) , we get

‖ Pu(t) ‖ Y ≤M0 ‖ u0 ‖ Y +M0G+

∫ t

0

M0[K3(‖ u(s) ‖ + ‖ u(α(s)) ‖) +K4

+

∫ s

0

K1(‖ u(s) ‖ +u(β(τ)) ‖)dτ +

∫ s

0

K2dτ ]ds

≤M0 ‖ u0 ‖ Y +M0G+M0[K3ar +K3

∫ t

0

‖ u(α(s)) ‖ (α′(s)/b)ds

+K4a+K1ar +K1

∫ t

0

(‖ u(β(s)) ‖ (β′(s)/c)ds+K2a]

≤M0 ‖ u0 ‖ Y +M0G+M0[K3ar + (K3/b)

∫ α(t)

α(0)

‖ u(s) ‖ ds+K4a

+K1ar + (K1/c)

∫ β(t)

β(0)

(‖ u(s) ‖ ds+K2a]

≤M0[‖ u0 ‖ Y +G+ r[K3a(1 + 1/b) +K1a(1 + 1/c)] + a(K4 +K2)]

From assumption ( E 1 2 ) , one gets ‖ Pu(t) ‖ Y ≤ r. Therefore P maps S into it
self . Moreover , if u, v ∈ S, then

‖ Pu(t)− Pv(t) ‖
≤‖ U(t, 0;u)u0 − U(t, 0; v)u0 ‖ + ‖ U(t, 0;u)g(u)− U(t, 0; v)g(v) ‖

+

∫ t

0

‖ U(t, s;u)[f(s, u(s), u(α(s))) +

∫ s

0

k(s, τ, u(τ), u(β(τ)))dτ ]

−U(t, s; v)[f(s, v(s), v(α(s))) +

∫ s

0

k(s, τ, v(τ), v((β(τ)))dτ ] ‖ ds

≤‖ U(t, 0;u)u0 − U(t, 0; v)u0 ‖ + ‖ U(t, 0;u)g(u)− U(t, 0; v)g(u) ‖
− ‖ U(t, 0; v)g(u)− U(t, 0; v)g(v) ‖

+

∫ t

0

{‖U(t, s;u)[f(s, u(s), u(α(s))) +

∫ s

0

k(s, τ, u(τ), u(β(τ)))dτ ]

−U(t, s; v)[f(s, u(s), u(α(s))) +

∫ s

0

k(s, τ, u(τ), u((β(τ)))dτ ] ‖

+ ‖ U(t, s; v)[f(s, u(s), u(α(s))) +

∫ s

0

k(s, τ, u(τ), u((β(τ)))dτ ]

−U(t, s; v)[f(s, v(s), v(α(s))) +

∫ s

0

k(s, τ, v(τ), v((β(τ)))dτ ] ‖}ds
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Using assumptions ( E 8 ) − ( E 1 2 ) , one can get

\ [\ begin { a l i gned } \paral le l Pu ( t ) − Pv ( t ) \paral le l \\
\ leq Ka \paral le l u { 0 } \paral le l Y \max { \tau \ in I } \paral le l

u ( \tau ) − v ( \tau ) \paral le l + GKa \max { \tau \ in
I } \paral le l u ( \tau ) − v ( \tau ) \paral le l \\

+ M { 0 } G { 1 } \max { \tau \ in I } \paral le l u ( \tau )
− v ( \tau ) \paral le l \\

+ Ka \max { \tau \ in I } \paral le l u ( \tau ) − v ( \tau
) \paral le l [ K { 3 } \ int ˆ{ t } { 0 } \paral le l u ( s ) \paral le l
ds + K { 3 } \ int ˆ{ t } { 0 } \paral le l u ( \alpha ( s ) )
\paral le l ( \alpha ˆ{ \prime } ( s ) / b ) ds \\

+ K { 4 } a + K { 1 } ar + K { 1 } \ int ˆ{ t } { 0 } \paral le l
u ( \beta ( s ) ) \paral le l ( \beta ˆ{ \prime } ( s ) /
c ) ds + K { 2 } a ] \\

+ M { 0 } [ K { 3 } \ int ˆ{ t } { 0 } \paral le l u ( s ) − v
( s ) \paral le l ds + K { 3 } \ int ˆ{ t } { 0 } \paral le l u ( \alpha
( s ) ) − v ( \alpha ( s ) ) \paral le l ( \alpha ˆ{ \prime }
( s ) / b ) ds \\

+ K { 1 } a \max { \tau \ in I } \paral le l u ( \tau ) − v
( \tau ) \paral le l + K { 1 } \ int ˆ{ t } { 0 } \paral le l u ( \beta
( s ) ) − v ( \beta ( s ) ) \paral le l ( \beta ˆ{ \prime }
( s ) / c ) ds \\
\ leq [ Ka \paral le l u { 0 } \paral le l Y + GKa + M { 0 } G { 1 }

+ M { 0 } [ K { 3 } a ( 1 + 1 / b ) + K { 1 } a ( 1
+ 1 / c ) ] \\

+ Ka [ r ( K { 3 } a ( 1 + 1 / b ) + K { 1 } a
( 1 + 1 / c ) ) ] + a ( K { 4 } + K { 2 } ) ] \max { \tau
\ in I } \paral le l u ( \tau ) − v ( \tau ) \paral le l \\

= q \max { \tau \ in I } \paral le l u ( \tau ) − v ( \tau
) \paral le l \end{ a l i gned }\ ]

\noindent where $ 0 < q < 1 . $ From t h i s i n e q u a l i t y i t f o l l o w s that f o r any
$ t \ in I , $

\ [ \paral le l Pu ( t ) − Pv ( t ) \paral le l \ leq q \max { \tau
\ in I } \paral le l u ( \tau ) − v ( \tau ) \paral le l , \ ]

\noindent so that $ P $ i s a con t ra c t i on on $ S . $ From the con t ra c t i on mapping theorem i t f o l l o w s
that $ P $ has a unique f i x e d po int $ u \ in S $ which i s the mild s o l u t i o n o f ( 1 . 5 ) ) −− ( 1 . 6 ) on
$ [ 0 , a ] . $ Note that $ u ( t ) $ i s in $ C ( I :

Y ) $ by ( E 6 ) see [ 1 7 , pp . \quad 1 35 , 201 − 202 Lemma 7 . 4 ] .
In f a c t $ , u ( t ) $ i s weakly cont inuous as a $ Y − $ valued func t i on . This i m p l i e s that

$ u ( t ) $ i s
s eparab ly valued in $ Y , $ hence i t i s s t r o n g l y measurable . \quad Then $ \paral le l

u ( t ) \paral le l Y $ i s bounded
and measurable func t i on in $ t . $ \quad There fore $ , u ( t ) $ i s Bochner i n t e g r a b l e ( s e e e . g . \quad [ 1 9 ,
Chap . V ] ) . Using r e l a t i o n $ u ( t ) = Pu ( t ) , $ we conclude that

$ u ( t ) $ i s in $ C ( I : Y ) . $

\centerline{Now cons id e r the evo lu t i on equat ion }

\ [\ begin { a l i gned } v ˆ{ \prime } ( t ) + B ( t ) v ( t ) =
h ( t ) , t \ in [ 0 , a ] ( 3 . 1 ) \\

v ( 0 ) = u { 0 } − g ( u ) ( 3 . 2 ) \\
where B ( t ) = A ( t , u ( t ) ) and h ( t

) = f ( t , u ( t ) , u ( \alpha ( t ) ) ) +
\ int ˆ{ t } { 0 } k ( t , s , u ( s ) , u ( \beta (
s ) ) ds , \end{ a l i gned }\ ]

\noindent $ t \ in [ 0 , a ] $ and $ u $ i s the unique f i x e d po int o f
$ P $ in $ S . $ \quad We note that $ B ( t ) $ s a t i s f i e s

( H 1 ) − ( H 3 ) in [ 1 7 , Sec . \quad 5 . 5 . 3 ] and $ h \ in C ( I
: Y ) . $ \quad Theorem 5 . 5 . 2 o f [ 1 7 ] i m p l i e s that

the re e x i s t s a unique func t i on $ v \ in C ( I : Y ) $ such that $ v
\ in C ˆ{ 1 } ( ( 0 , a ] , X ) $ s a t i s f y i n g

( 3 . 1 ) and ( 3 . 2 ) in $ X $ and $ v $ i s g iven by

\ [\ begin { a l i gned } v ( t ) = U ( t , 0 ; u ) u { 0 } −
U ( t , 0 ; u ) g ( u ) + \ int ˆ{ t } { 0 } U ( t
, s ; u ) [ f ( s , u ( s ) , u ( \alpha ( s
) ) ) \\

+ \ int ˆ{ s } { 0 } k ( s , \tau , u ( \tau ) , u (
\beta ( \tau ) ) ) d \tau ] ds , \end{ a l i gned }\ ]

\noindent where $ U ( t , s ; u ) $ i s the evo lu t i on system generated by the fami ly
$ \{ A ( t , u ( t ) ) \} , t \ in I $ o f

the l i n e a r ope ra to r s in $ X . $ The uniqueness o f $ v $ i m p l i e s that $ v
= u $ on $ I $ and hence $ u $ i s

\noindent a unique c l a s s i c a l s o l u t i o n o f ( 1 . 5 ) ) −− ( 1 . 6 ) and $ u \ in
C ( [ 0 , a ] : Y ) \cap C ˆ{ 1 } ( ( 0 , a ] :
X ) . \ square $
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in I bar u open parenthesis tau closing parenthesis minus v open parenthesis tau closing parenthesis bar Line 4
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where 0 less q less 1 period From this inequality it follows that for any t in I comma
bar Pu open parenthesis t closing parenthesis minus Pv open parenthesis t closing parenthesis bar less or

equal q maximum tau in I bar u open parenthesis tau closing parenthesis minus v open parenthesis tau closing
parenthesis bar comma

so that P is a contraction on S period From the contraction mapping theorem it follows
that P has a unique fixed point u in S which is the mild solution of open parenthesis 1 period 5 closing

parenthesis closing parenthesis endash open parenthesis 1 period 6 closing parenthesis on
open square bracket 0 comma a closing square bracket period Note that u open parenthesis t closing parenthesis

is in C open parenthesis I : Y closing parenthesis by open parenthesis E 6 closing parenthesis see open square
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In fact comma u open parenthesis t closing parenthesis is weakly continuous as a Y hyphen valued function
period This implies that u open parenthesis t closing parenthesis is

separably valued in Y comma hence it is strongly measurable period .. Then bar u open parenthesis t closing
parenthesis bar Y is bounded
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Now consider the evolution equation
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period 2 closing parenthesis Line 3 where B open parenthesis t closing parenthesis = A open parenthesis t comma
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‖ Pu(t)− Pv(t) ‖
≤ Ka ‖ u0 ‖ Y max

τ∈I
‖ u(τ)− v(τ) ‖ +GKamax

τ∈I
‖ u(τ)− v(τ) ‖

+M0G1 max
τ∈I
‖ u(τ)− v(τ) ‖

+Kamax
τ∈I
‖ u(τ)− v(τ) ‖ [K3

∫ t

0

‖ u(s) ‖ ds+K3

∫ t

0

‖ u(α(s)) ‖ (α′(s)/b)ds

+K4a+K1ar +K1

∫ t

0

‖ u(β(s)) ‖ (β′(s)/c)ds+K2a]

+M0[K3

∫ t

0

‖ u(s)− v(s) ‖ ds+K3

∫ t

0

‖ u(α(s))− v(α(s)) ‖ (α′(s)/b)ds

+K1amax
τ∈I
‖ u(τ)− v(τ) ‖ +K1

∫ t

0

‖ u(β(s))− v(β(s)) ‖ (β′(s)/c)ds

≤ [Ka ‖ u0 ‖ Y +GKa+M0G1 +M0[K3a(1 + 1/b) +K1a(1 + 1/c)]

+Ka[r(K3a(1 + 1/b) +K1a(1 + 1/c))] + a(K4 +K2)] max
τ∈I
‖ u(τ)− v(τ) ‖

= qmax
τ∈I
‖ u(τ)− v(τ) ‖

where 0 < q < 1. From this inequality it follows that for any t ∈ I,

‖ Pu(t)− Pv(t) ‖ ≤ qmax
τ∈I
‖ u(τ)− v(τ) ‖,

so that P is a contraction on S. From the contraction mapping theorem it follows that
P has a unique fixed point u ∈ S which is the mild solution of ( 1 . 5 ) ) – ( 1 . 6 ) on
[0, a]. Note that u(t) is in C(I : Y ) by ( E 6 ) see [ 1 7 , pp . 1 35 , 201 - 202 Lemma
7 . 4 ] . In fact , u(t) is weakly continuous as a Y− valued function . This implies that
u(t) is separably valued in Y, hence it is strongly measurable . Then ‖ u(t) ‖ Y is
bounded and measurable function in t. Therefore , u(t) is Bochner integrable ( see e
. g . [ 1 9 , Chap . V ] ) . Using relation u(t) = Pu(t), we conclude that u(t) is in
C(I : Y ).

Now consider the evolution equation

v′(t) +B(t)v(t) = h(t), t ∈ [0, a] (3.1)

v(0) = u0 − g(u) (3.2)

whereB(t) = A(t, u(t))andh(t) = f(t, u(t), u(α(t))) +

∫ t

0

k(t, s, u(s), u(β(s))ds,

t ∈ [0, a] and u is the unique fixed point of P in S. We note that B(t) satisfies ( H
1 ) - ( H 3 ) in [ 1 7 , Sec . 5 . 5 . 3 ] and h ∈ C(I : Y ). Theorem 5 . 5 . 2 of [ 1
7 ] implies that there exists a unique function v ∈ C(I : Y ) such that v ∈ C1((0, a], X)
satisfying ( 3 . 1 ) and ( 3 . 2 ) in X and v is given by

v(t) = U(t, 0;u)u0 − U(t, 0;u)g(u) +

∫ t

0

U(t, s;u)[f(s, u(s), u(α(s)))

+

∫ s

0

k(s, τ, u(τ), u(β(τ)))dτ ]ds,

where U(t, s;u) is the evolution system generated by the family {A(t, u(t))}, t ∈ I of
the linear operators in X. The uniqueness of v implies that v = u on I and hence u is
a unique classical solution of ( 1 . 5 ) ) – ( 1 . 6 ) and u ∈ C([0, a] : Y )∩C1((0, a] : X). �
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