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Existence of solutions for quasilinear degenerate

elliptic equations «
Y . Akdim , E . Azroul ,& A . Benkirane
Abstract
In this paper , we study the existence of solutions for quasilinear de -

u,Vu) = where A

Hinti =1 h -
elliptic the™ nonlinear

isaLeray —Lions

ofthe Wéorml,p( A (u) _’_f(

T
generate operatorfrom Q2 w) oits dual. On

equations
term g(z, s,£), we assume growth conditions on &, not on s, and a sign
] condition on s.
1  Introduction
Let €2 be a bounded open subset of RY | p be a real number with 1 < p < oo, and w = {w;(z)}0 <

i < N be a vector of weight functions on Q; 1. e . each w;(z) is a measurable a . e .  strictly
positive function on 2, satisfying some integrability
conditions ( see section 2 ) . Let X = W, (Q,w) be the weighted Sobolev space

associated with the vector w. Assume :
(A0) The norm

1=1
IEEH / |95 P wy(2)de) 1 /p
N

is equivalent to the usual norm on X; see ( 2. 2 ) below . ( A 1) There exists a weight
function o(x) on 2 and a parameter ¢,1 < g < o0,
such that the Hardy inequality ,

(/Q | u(e) |* odz)1/q < C(i/Q | 05, 1P wi(a)da)1 /p

holds for every u € X with a constant ¢ > 0 independent of u. Moreover , the imbedding
X — L9(Q,0) is compact .
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2 E = —igtence of solu tion for quasilinear . . . EJDE - 2001 / 71 Let A be the nonlinear
operator from X into the dual X* defined as
u = —div(a(z,u, Vu)), (1.1)

where a(z,s,€) = {ai(z,5,)},1<i < N:QxRxRY = RY is a Carath é odory
vector - valued function . (A 2) We assume that

N
| ai(z,5,€) |< erlin/P(@)[k(z) + o7 |5 | p? + > 15,/ (2) | & P71,
j=1
fork(z)a.ee.mx,(em1’;2()3115;1,’:5)1) € Rand xsome ronstant ~1;,.>.,0. N’Heresomeoandﬁmmonqare
asin (A1). (A3) Fora.e.xzeal(sE) €RxRY and some constant ¢y > 0, we
assume
that
N
p
a(w,5,€).£ > co »_ wilz) | il
1=1
Recently , Drabek , Kufner and Mustonen [ 5 | proved that under the hypotheses
(@ioti7A?k)leandcertamequat1onmon0t0nlclty Au=h.he yoonditions, eDlrlchletﬁ’ggf’ulte:;nul I/VaSSOClatEdl P(Q,w).

See also [ 1], where A is of the form — div (a(z,u, Vu)) + ag(x, u, Vu).
The purpose in this paper , is to prove the same result for the general non - linear elliptic
equation

Au+ g(z,u,Vu) =h,h € X*

where ¢ is a nonlinear lower - order term having natural growth ( of order p)
with respect to | Vu | . Regarding | u |, we do not assume any growth restrictions . However ,
we assume the “ sign condition ”

9(x,5,£).5 > 0.

More precisely , we prove in theorem 3 . 1 an existence result for the problem

u € Wol’p(Q, yar —i—g(i Uy VZ)“)E = Li“(r(‘z) D), Vu)u € L'(Q). (

g( gz, W
the

aforasolutiongeneralv € Wl’pgof(QThisw),system;l(xm’v v)termg( %

Itturnsout that
for canbevery

However’ 4

“’ Vu)isinsingularf1 @)

example[3]wherew =

Let us point out that more work in this direction can be found in [ 7 | where the authors have
studied the existence of bounded solutions for the degenerate elliptic equation

Au—co | u P72 u = h(z,u, Vu),
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with some more general degeneracy , under some additional assumptions on h
and a(z, s,§). When w =1 ( the non weighted case ) existence results for the
problem (1. 2 ) have been shown in [ 3] .

The present paper is organized as follows : In section 2 , we give some prelim - inaries and we

prove some technical lemmas concerning convergence in weighted Sobolev spaces .  In section
3 , we state our general result which will be proved in section 4 .  Section 5 is devoted to an
example which illustrates our abstract hypotheses .  Note that , in the proof of our main result
, many ideas have been adapted from Bensoussan et al . [3].

2  Preliminaries

Weighted Sobolev spaces . Let © be a bounded open subset of RN (N > 1),
let 1 < p < oo, and let w = {w;(z)},0 < i < N be a vector of weight functions ;

i.e. every component w;(z) is a measurable function which is strictly positive a . e . in Q.

Further , we suppose in all our considerations that for 0 < i < N,

1

w; € L () and w; "' € L (Q). (2.1)
We define the weighted space with weight v on 2 as
L(Q7) = {fu=u(@):  w/? e LY(Q)}.

In this space , we define the norm

IKC

p=( / | ulz) [P y(z)dz)1/p.

We denote by WP(Q, w) the space of all real - valued functions u € LP(,w) such that the
derivatives in the sense of distributions satisfy

9%t € LP(Q,w;)foralli = 1, .., N.

This set of functions forms a Banach space under the norm

=1
u ] 1,p,w = ( /Q | u(e) [P wo(z)dz + Y /Q | 95, [P wi(z)dz)1/p. (2.2)
N

To deal with the Dirichlet problem , we use the space

X = WyP(Q,w)

defined oo . theclosure: 1,p0 (Coo0(2) with to . the . that,
Cy (Q)asisdense WP (T q) ) and™ ™ (respect’y | iy po)is’  anorm(2.reflexive2panacn).  Notegic,.

We recall that the dual space of the weighted Sobolev spaces WO1 P(Q,w) is
equivalent to W12 (Q, w*), where w* = {w*i = 1iw_p/}i =0,...,N, and p’ is the conjugate of
pi.e.p’ =pp_1. For more details , we refer the reader to [ 6] .
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Definition . Let X be a reflexive Banach space . An operator B from X to the dual X*
satisfies property ( M ) if for any sequence (u,) C X satisfying u,, — v in X weakly , B(u,) — x
in X* weakly and lim sup,,_, .. (Bup, un) < {x,u) then

lhasy = B(u).

Now we state the following assumption . ( H1) The expression

=1
Hull X = /Q |9, P wy(a)da) /P (2.3)
N

is a norm defined on X and is equivalent to the norm ( 2. 2 ) . Note that (X, ||| . ||| X) is a
uniformly convex ( and thus reflexive ) Banach space .
There exist a weight function ¢ on ) and a parameter ¢,1 < ¢ < oo, such that

ol e L'(Q), (2.4)

with ¢’ = qg_1 and such that the Hardy inequality ,

( /Q | ua) |7 odz)1/q < o3 /Q |02, P wy(2)da)L/p, (2.5)

holds for every u € X with a constant ¢ > 0 independent of u. Moreover , the imbedding

X = LYQ, o), (2.6)

determined by the inequality ( 2 . 5 ) is compact .
Now we state and prove the following technical lemmas which are needed later .

Lemma 2 . 1 Let g€ L"(Q,7) and let gn e L"(Q,7), with || gn ||,y<c,1<r<
oco. If gn(x) = g(z)a. e. in §, then gn — g in L"(Q,7), where — denotes weak
convergence and v is a weight function on €.

Proof . Since gny'/" is bounded in L"(Q) and gn(z)y'/"(z) — g(z)y*/"(z),

a.e.inQ, thenby[11, Lemma 3. 2], we have

gnyt T = gyt LT (Q).

Moreover for all ¢ € L™ (Q,7'~""), we have ¢y~ € L (Q). Then Jognode — [, godz, i. e
.gn — g in L"(Q,~).

holdsy .

Lemmachitzian’2.2withAssumeF(0):O‘th“t(feltLEWO (Q7Letw).FThen: RF(U)Rewgeumformlyl’p(Q,w). Lips;,

o wver , if the s et D of dis continuity points of F' is finite , then

F’(u)aagi a.e. in{x € Q: u(zx)element — negationslashD}

I(F O u) = { 0 ae. in{r€Q:u(z)€ D}.
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Remark . The previous lemma is a generalization of the corresponding in [ 8 ,
pp. 151-152], wherew = 1 andF € CYR) and F/ € L*(R), and
of the corresponding in  [2], wherewy = w; = .-+ = wy issome weight function

)

i
functions’ ecl(Ri)na“dWO o ZQE z)o)((51)159Alsonotethattruncated. the previous lemma implies that

Proof of Lemma 2 . 2 First , note that the proof of the second part of Lemma

denseq ,, , 1,p . innon . case in  [8].
2 (Qinyy0 P(2, w), correspondin, /e oo Letweighted
W ("W pasding BandF/erLee () LetWOBMLCA, oyl pgow ).

P existsasequence
2.2isidenticaltothe to ther asubsequence wecanUnassume €

thecaseF € C*(R)

Then
F(up) = F(u) a.e.in. (2.7) On the other hand , from the relation | F(u,) |P wo <||
F' ||oo| un [P wo and

| OF (und),, P wi =| F'(un) 0" o, [P wi < M | s, [P wi,

we deduce that the function F(u,) remains bounded in Wy (Q,w). Thus , going to a further
subsequence , we obtain

F(up) — vinWy P (Q,w). (2.8)
Thanks to (2.7),(2.8)and (2. 6 ) we conclude that

v=F(u) € Wy (Q,w).

We now turn our attention to the general case .  Taking convolutions with

mollifiersbythepnfirstin® . ;.. **have"™™° F,, F, (1) = €W, #*7 Fjyy € CH(R)Sincep, and, p F'Nyniformly € L™ (R)in-

casewe Q, w
compacti}oundedweinWé] werr(QF Z()u) — then” Egr) aa.e. in{). Onsubsequence%f(u)other}ff—,‘gjwl’p?((
a.e.inQ(dueto(2.6)), then
o= F(u) € Wy (Q,w).

The following lemmas follow from the previous lemma .

Lemma .3 Assume (H 1)  holds. u e Wol,pig, w),and
R 7b62th6 usual thattruncationthen Tk(u)LBtEWO1 P2, ( w).MoreovervlewetTkhlwe(u)? ke

Ti(u) — u s tro ngly in Wy (Q,w).
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1,p
4 Assume 0 holds. Letu€Wy'P( q,
Lemmaa7ldu7=2max( *“ro)thatliEi”(lHW1),])(52, w). Moreover, wew)Jhenhave

u+
8é )901:{ ax?@au

05 = 0-.0%

1,p Do, W) (un )
Lemmay,pena: Wy (Q,w), o 5 Assumethat(H1)holds.- L€ Ren  nt DE—ay+ sequenceweaklyof,
o Y=t suweaklyweakly;,ywin

Proof . Since u, — u in Wy (Q,w) and by (2. 8 ) we have for a subsequence u,, — u in
L1(Q,0) and a . e . in Q. On the other hand ,

u, >0}

=1 =1
|||un|||pX:Z/ e pwizZ/ | 8%, 7wy
N Y9 ISEEA

i=1
+
=3 [ 105w =l
N
Then(n;fSirnilarly?iswe - _EZ;chi“ L wire w)in%ncegif’pm 77(5).6),_71;- — WP (Q, w).
provetha: ’

3 Main result /
Let A be the nonlinear operator from W, (Q,w) into the dual W=7 (Q, w*)
defined as

Au = —div(a(z,u, Vu)),

where a : Q x R x RN — R¥ is a Carath é odory vector - function satisfying the following
assumptions :

(H2) Fori=1,...,N,
N

| ai(w, 5,€) |< Bliy/P(@)[k(x) + o/ | 5[ p" + D Lju/™ (2) | & P71, (3.1)

j=1

[a(z,s,€) —a(z,s,n)](E —n) >0 foralle #ncRY, (3.2)
N

a(z,5,6).E>ad w || P (3.3)

=1

where k(z) is a positive function in L?' (Q) and «, 3 are positive constants .
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Carath é odory function satisfying

9(x,s,8)s >0, (3.4)
N

| g(x,5,8) 1< (| s DO wi | € [P +e()), (3.5)
1=1

where b: RT — R is a continuous increasing function and c(z) is positive
function which in L(€).

For the nonlinear Dirichlet boundary - value problem (1. 2 ), we st ate our main result as
follows .
Theorem 3 . 1 Under assumptions (H1)-(H3) and h € WP (Quw*), there
exists a s o lution of (1. 2 ).
Remarks . (1) Theorem 3 . 1, generalizes to weighted case the analogous state -
ment in [ 3] .

(2)The

. 2.
ness  ofassumption ginwol,p(ﬂ,( )appearThub tobewhengnecessary =g yedoOnlY not fOTneed ProVINg s umption thebounded(.

w).

( 3) If we assume that wo(x) = 1 and that there exists v €] Np, oo[N[}L_1,00[ such that
~i¥ € LY(Q) for all i = 1,..., N, ( which is an integrability condition , stronger than (2. 1)),
then

1=1
IEEH / |95 P wy(2)de)1/p
N

is a norm defined on W, ?(Q, w) and equivalent to (2. 2 ) . Also we have that

Wy (Q,w) — LI(Q)

forp11= pu”+1 <]_D1 Mhere P <Np1N P )Npuié';;g;)gliyisarbitrarythesobolevforpu > N(v + conjugate,¢1),1 where(

(v+1 see

[6]) . Thus the hypotheses ( H 1) is verified ( for o = 1).

. H1

For Theorem 3. 1, we needed the following lemma, . Lemmaquencemi’).2W0Assume,1p(91w)suchth“t(tha)tu =
H2) are : ;7 and

(4 weakty satzsfzedmwolvp(g7w)lemd t (up) bease-

/Q[a(x,un, Vu,) — a(z, uy, V)| V(u, —u)dz — 0. (3.6)

Then,u, — uinWy?(Q,w).
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Proof . Let D,, = [a(z, un, Vuy,) — a(x, ty, Vu)]V(up — u). Then by (3.2), D
is a positive function and by (3.6)D,, — 0 in L!(Q). Extracting a subsequence still denoted by
Up, and using (2. 6 ) , we can write

U, — U a.e.infl
D, — 0 a.e.inf).

Then , there exists a subset B of €2, of zero measure , such that for z € Q\ B,

| u(z) |< oo, | Vu(zx) |< oo, | k(z) |< 0o, w;(x) > Oandu, (x) — u(z), D, (z) —
0. We set &, = Vuy (), = Vu(z). Then

Dn(x) = [a(xvunagn) - a(x,un,f)](fn - 5)

N N
>a) wi| &P +a) wi| &P
i=1 i=1
N N
= 2 At k) + o 30 6 P 1€ (37)
j=1
N N
=" BLin/Plk(x) + oM Ju [ p7 + D 15,77 | € P | €|
=1 j5=1
N N N

>ad w1 -1+ 1/ & P+ 107 | €]
i=1 j=1 i=1
where ¢, is a constant which depends on z, but does not depend on n.  Since u,(z) = u(z) we

have | up(z) |< M, where M, is some positive constant . Then by a standard argument | &, |
is bounded uniformly with respect to n; indeed ( 3 . 7 ) becomes ,

i . , ww}/p
P (qw; — Neg|€l |P —caliy,’? lei| — c|£;|;,,1).

2Mu

If | &, |— oo for a subsequence ) there exists at least one ig such that | £ |— oo, which implies
that D, (z) — oo which gives a contradiction .

Let now &* be a cluster point of &,. We have | £* |< oo and by the continuity
of a with respect to the two last variables we obtain

(a(z, u(x),&") — alz, u(x),§))(E" — &) = 0.
In view of (3. 2 ) we have £* = £. The uniqueness of the cluster point implies
Vun(x) = Vu(xz) a.e. in Q. Since the sequence a(z, u,, Vu,) is bounded in Hf\;l LP' (€, w*i)
and
a(z, Up, V) = a(z,u,Vu) a . e . in , Lemma 2 . 1 implies

N
a(z, i, V) = a(z,u, Vu) in  [[LP(Qw*i) and a. e . in Q.

1=1
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and § = a(x,u, Vu)Vu. Asin [4, Lemma 5 | we
can write

gn — g inL*(Q).
By (3. 3) we have

i=1
aZwi | 057 2, |P< (@, tn, Vug) Vi,
N

N , N _ _
Let 2z, = >, wi | 05"a, [Pz = D il wi | 3851_ Poyn = g and y = Fa.

Fatou ’ s theorem we obtain

/Zydxgliminf/y—i—yn—\zn—z|dx
Q n— oo Q

i.e.0<—limsup, . [ |20 — 2| de then

0 < lim inf/ | 2z, — 2z | de < lim Sup/ | 2z, — 2z | dz <0,
Q n— o0 Q

n—oo
this implies ,
N
Vu, = Vu inH LP(Q, wy),
i=1

which with ( 2. 3 ) completes the present proof .

4  Proof of Theorem 3. 1
Step (1) The approximate problem . Let

ge(x,5,8) = 1g+ 556 |

and consider the equation

A(tg)y, +e QS(xW(’)L;(Es;,vZf)) =h

We define the operator G, : X — X* by

(Geu, v) :/gs(azu,Vu)vdx.
Q

Thanks to H 6 lder ’ s inequality , for all v € X and ¢ € X,

| /Q ge(z, v, Vo)dda |< ( /Q | ge(z,0, Vo) | o™ qdz)1/q'( /Q 6 |7 od)1/q

< 1. / o dr)1/q | 6

(4. 2) For the above inequality , we have used (2.4 )and (2.6) .

o< ce Il ¢l

Then , by

(4.1)
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Lemma 4 . 1 The operator A+ G. : X — X* is bounded , coercive , hemiconti - nous ,
and satisfies property ( M ) .

In view of Lemma 4 . 1, Problem ( 4 . 1) has a solution by a classical result [ 1 0, Theorem
2. 1and Remark 2. 1]. Since ge verifies the sign condition and using ( 3. 3 ) , we obtain

=1
oS /Q wi | 8%, P< (o)
N

i.ealucllp<c|h]| X« ue ||| - Then

Il ue [I< B0, (4.3)

where 50 is some positive constant . Hence , we can extract a subsequence still
denoted by u. such that ,
ue — uin WyP(Q,w) and a . e . in Q.
Step ( 2 ) Convergence of the positive part of u.. We shall prove that
er = utinW, P(Q,w) strongly.

Let k> 0. Define ki =ut Ak =min {ut,k}. We shall fix k, and use the notation

ze=cet — k.

Assertion :

limosup/ [a(x,us, Vel) — a(z,ue, VED V(X — k) Tde < R, (4.4)
E—r 0

— Oandas_+ ke — Wo +75, (. Indeed Y remmas (4.1)2.3byand’{ wehave , ¢

R
where w).Multiplying weobtain

k
WP (Q, w)

(Aug,el) —|—/ ge(z,ue, Vue)ef de = (h,el).
o

If ef > 0, we have u. > 0 and from (3.4)ge(z, ue, Vue) > 0, then (Au.,ef) <
(h,el)ie.
/ a(z, ue, Vue)Veldr < (h,ef).
Q
Since u. = ¢} in {z € Q: e} > 0} then

/ a(z,us, Ve \Veldr < (h,el).
Q

Which implies

/ [a(x,us, Vel) — a(x,u., VED |V (el — kN Tde
Q

< —/ a(x,ue, VENIV (et — kD)™ + (h,el). (4.5)
)
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ef > Wt —kfHTa.e. inQ  However e} is bounded in

WP (Q, w); hence

ef =~ (ut — kDT W, P(Q,w).

z

Since a(z, us, Vk}) = a(z,u, V) in HZI\; LP' (€, w*i), by passing to the limit in e in (4. 5 )
, we obtain ( 4 . 4 ) with

Ry = _/Qa(x,u,vzq)]vw — kD) 4 (b, (ut — KD,

Because (u — k)t — 0 in W P(Q,w) as k — oo, we have Ry — 0 as k — co.

p.

e—0 w w

— lim inf/ [a(x,ue, Vel) — a(z,ue, VED) V(e — k)" dx
Q

_ . _ . Lemma2.2,wehavev. €W P (Q,w).Multiplying _ 1,p(4.1)byv we
h < z7 <kie. L*(Q)andsin : c-o U P < (Q hen
Wehave0 < e = ke Ze € ( )a ds CeIndeed,weshallusethetestfunctionvs:¢)\(z;) Ze € WO w1th¢A(s)( ,’U)), ence_,

/ a(@,ue, Vue ) Voo oh(22 )da +/ 9e(w, ue, Vue)pA (27 )dz =
Q Q
Define
E.={reQ:el(x) <kl (z)} and F.={z€Q:0<u(x) <kl ()}
SincepA(z ) = OinEY,

/ge(x,uE,VUEM)\(ze_)dm :/ ge(x, ue, Vue )dA(z2 )dx.
Q

EE

When u. <0, we have ge(z, u., Vue) < 0 and since ¢pA(z) > 0, we obtain
/ ge(x, ue, Vue )pA (27 )dx
E.

g/ ge(x, ue, Vue ) oAz, )dx
F

€

< /F (| e D[S i | 0, [P +e(a)] oA (52 )

E N
<b(k) [ 1w |05 P e()oA ) da
s N

< b(ak)/ a(x, ue, Ve )Vuc oA (27 )dx + b(k:)/ c(x)pA(z).

€
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we can show that

u

—2! / [a(x,ue, Vel) — a(z,ue, VED |V (er — k)~
)
< / la(@, e, Vo) — alz, ue, Ve Vit (k) + (—h, dA(22)
Q
+/ a(z,ue, VEI)VaZ ) (27 )dx + b(ak)/ a(x,ue, Ve )k oA(27 )dx
Q Q

(k) / a(, e, VDV (e — kD)OA(= )dar + b(k) / () oM(=0 ) da,
Q Q
for A = byq2 (k)2 For short notation , we rewrite the above inequality as

ng S Ielk + ng + ng + I;lk + I€5k

Now , we extract a subsequence that satisfies the following two conditions :

N
a(z,ue, Vus) =1 and a(z,ue, Vel ) — 72 inHLp/ (Q,w*i). (4.7)
1=1

Lemma 4 . 2 For k fized , as ¢ — 0, the following s tatements hold :
(@)% — I} = /Q 1 = 72k 64 (ki )+ (—hy oA (™ — K)7))
O~ 1t = [ awn, VRV = £ — kD))
(O~ I = bah) [ 227 oM = K)o
(d)IY — It = b(.k) /Q a(z,u, VENV(u™ — EDoA(ut — k)7 )dz

u

()15, — I? = b(k) / (@M (u" — K )de

In view of Lemma 4.2, (u™ — k)™ = 0 and ¢A(0) = 0, we have
limsup L < I3+ I + 1+ T+ 1 = [ p(e) =929k 64 0 o
Moreover , if u. < 0 we have (ug)g = 0, hence ,
(a(z, ue, Vue) — a(x,ue, Vel ) (ue)f =0 ae.

which implies (y1(z) —v2(z))k) =0, and so lim sup,_,oI.x <0; thus, (4.6 ) follows

Assertion :

er s ut W) P(Q,w) strongly. (4.8)
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],from(4.4)and (4.6 ), we have

lim Sup/ [a(z,ue, Vel) — a(z,ue, Vul)|V(e)f —u™)
e—0 Q
< Rit [ 0200~ alayu, VROV - ),
Q
Letting k — oo and using lemma 3 . 2 we obtain (4. 8 ) .
Step ( 3 ) Convergence of the negative part of u.. As in the preceding step , we shall prove
that uZ —wu~  in WyP(Qw) strongly . (4.9)

Assertion :

lim Sup/ —la(x,ue, —VuZ) — a(w, ue, —Vu; )|V(uz —uy)Fde < Ry, (4.10)
Q

e—0

where R, — 0 as k — +oo. Indeed , when we define u, =u~ ANk,ye = u_ —u, , and multiply (
4. 1) by yl, we obtain

/ a(:c7u57Vu€)Vyjdac +/ ga(a:,ua,VuE)yg'dx = <h»y;_>
Q Q

0 implies u. < 0, from ( 3 . 4 ) we have ge(x,u.,Vu:) < 0. Hence
ge(x,ue, Vue )y <0a. e. in Q. Then

/ o, ue, Vue)VyF dz > (b ).
Q

Since u. = —u_ on the set {x € Q: y+ > 0}, we can write

/ a2, ue, — VT \VyFde > (b y?),
Q

which implies
— / la(z,ue, —=Vu; ) — a(x, us, —Vu, )| V(v — u,:)+dx
Q

< / a(z,ue, —Vu, )V(u; — u,;)+ — (h,yt).
Q

Ase — Owehaveyl — (v —ug)t a.e. inQ Sinceyl is bounded in
Wy P(Q,w),yF — (u™ —u;,)T in Wy P(Q,w)( for k fixed ) . Passing to the limit in ¢ we obtain
(4.10) with

Ry, = /Qa(x,u, —Vu V(™ —ug)" = (b, (™ —up)™).

Because (u~ — ug )t — 0 in WyP(Q,w) as k — oo we obtain that Ry — 0 as

k — oo.



14 Existence of solu tion for quasilinear . . . EJDE - 2001 / 71
Assertion :
lirr(l) sup/ la(z,us, —Vu, ) — a(z,ue, —Vu, )|[V(u; —uy ) dr <0. (4.11)
E—r 9]

This can be done as in ( 4 . 6 ) by considering a test function v. = ¢A(y. ). Finally
combining (4. 10)and (4. 11), we deduce asin (4. 8 ) the assertion (4.9 ).
Step (4 ) Convergence of u.. From (4. 8 )and (4. 9 ), we deduce that for a subse - quence

)

ue —u i WyP(Qw) anda.e.inQ (412) Vuc —»Vu a.e.inQ, (4.13)
which implies

Vue s e s
QQZE;C:ZZZVU )Z)uaaggz,uh,v%)u)u aae .e,lninQQ, (414)

On the other hand , multiplying (4. 1) by u. and using (3.3),(3.4),(4.2),(4.3)
we obtain

0< / ge(x, ue, Vue Judr < B, (4.15)
Q

where 3 is some positive constant . For any measurable subset E of {2 and any m > 0, we have

/ | ge(x, ue, Vue) | dz =/ | ge(x, ue, Vue) | dm—i—/ | ge(x, ue, Vue) | dz
E ENXe, ENYE,

where

X, ={x e Q:u(x)|<m}, Y. ={xeQ:|ul(zx)|>m} (4.16)

From thisand (3.5),(4.15),(4.16), we have

/ | ge(x, ue, Vue) | do < / | ge(x, ue, Vue) | do + 1m/ ge(z, ue, Vue )ucde
E ENXe, Q
i=1 )
< b(m) [ (3w 95, P ela)) + B
E N

Since the sequence (Vu.) converges strongly in Hivzl LP(Q,w;), then above in -
equality implies the equi - integrability of ge(x,u., Vue). Thanks to (4. 14 ) and Vitali ’ s
theorem |,

ge(x,us, Vue) — g(x,u, Vu)  stronglyinL'(Q). (4.17)

From (4.12)and (4. 17 ) we can pass to the limit in

(Aue, v) +/ ge(x, ue, Vue)v = (h,v)
Q



EJDE - 2001 / 71 Y . Akdim , E . Azroul ,& A . Benkirane 15 and we obtain

(Au, v) + /Q g(z,u, Vu)v = (h,v) Yo e WP (Q,w) N L®(Q). (4.18)

Moreover , since ge(z,ue, Ve)ue >0a.e. inQ by (4.14), (4.15)and Fatou’s
lemma , we have g(z,u, Vu)u € L*(Q). It remains to show that ,

(Au, u) —|—/ g(x,u, Vu)u = (h, u).
Q
Put v =wug in (4. 1 8 ) where uy is the truncation of u. Then

(Au — hyu) = (Au — h,u)

and

g, u, Vu)ug — g(z,u, Vu)uinL* (Q).

Using Lebesgue ' s dominated convergence theorem , since

| g(z,u, Vu)uy |<| g(x,u, Vu) || u|€ Ll(Q)

we conclude that g(z, u, Vu)ug — g(x,u, Vu)u a . e . in Q.
Proof of Lemma 4 . 1 We set B = A+ G.. Using (3. 1) and H 6 lder ’ s inequal -
ity we can show that A is bounded [ 5] . Thanks to (4 . 2 ) we have B, bounded .
The coercivity follows from (3. 3 ) and (3. 4 ) . To show that B, is hemicontinous , let ¢ — ¢y
and prove that

(B:(u+tv),w) = (Be(u+ tov), w) as t =ty  for all u,v,w € X.
Since for a . e. x € Q,a;(x,u+tv, V(u+ tv)) — a;(z,u + tov, V(u + tov)) as
t — tp, thanks to the growth condition (3. 1), Lemma 2 . 1 implies

ai(z,u+to, V(u+tv)) = a;(z,u+ tov, V(u + tov)) ian'(Q, liwp,—) ast — tg.

Finally for all w € X,

(A(u + tv), w) — (A(u + tov), w) ast — to.

On hand,  ge(®, uttv, V(uttv)) ge(z, : tov, _ju)prime—parenright as ,—t
for thea‘e»OtherIGQ. Also (ge(z,u + tv+V(u - +tv )))tu + 1Sboundedv(u ~Fin tOL ‘I(Qyta lqu/)

because

/ | ge(z,u+ tv, V(u + tv)) |q' old- < (;)q' / old- < ¢,
Q Q

then Lemma 2 . 1 gives

ge(@,u+ tv, V(u+ tv)) — ge(z, u+ tov, V(u+tgv)) inL? (,0'79) ast — ;.
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w e X,

(Ge(u+1tv), W) = (Ge(u+tov),w) ast — to.

Next we show that B. satisfies property ( M ) ;i. e. for a sequence u; in X satisfy - ing : (i
Jui = uin X, (i )Beuy — x in X*, and (ii i) lim sup;_, . (Beuj, uj —u) <
0, we have x = B.u. Indeed , by H ¢ 1der ’ s inequality and (2. 6 ),

/Qgs(myuj, Vu;)(uj —u)
< ([ 1getaus, Vu) 1* o aa) /o' |y =l odei/g
< 15(/ o— q’qdaz)l/q/ | uj —ullgo—0 asj— oo,

Q

i.e., (Geuj,uj—u) —0asj—oo. Combining the last convergence with (iii ), we obtain

lim sup(Au;,u; —u) <O0.
j— 00
And by the pseudo - monotonicity of A[5, Prop . 1], we have Au; — Au in X* and
lim; 00 (Auj, u; — u) = 0. On the other hand ,

0 :?m _>OO‘/ a(l’,Uj, V’LL])V(UJ — ’U,)d:l?
Q
=" o0 /Q(a(:c, uj, Vug) — a(z,uj, Vu))V(u; — u)dz

+/ a(z,uj, Vu)V(u; — u)de.
Q

The last integral in the right hand tends to zero since a(x,u;, Vu) = a(z, u, Vu)

in Hf\il L”/(Q, liw*p/) as j — oo; hence , by Lemma 3 . 2 we have Vu; - Vua . e.

in Q. Then

ge(x,u;, Vuj) = ge(z,u,Vu) a.e.inQ asj— oco. And since
|g€(x,uj,Vuj)U’<117q |< l.os © e L7(Q) (dueto(2.4),

by Lebesgue ’ s dominated convergence theorem , we obtain

ge(x,uj, Vu,) = ge(x,u, Vu) inL? (Q,0'77) asj — oo,

which with ( 2. 6 ) imply
Jo 9e(x,uy, Vuj)vde — [, ge(z,u, Vu)vdr as j— oo, forallve X,i.e. Geuj — G.uin
X*. Finally ,

B.u; = Auj + Geuj — Au+ Gou = Bou = xinX™.
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Proof of Lemma 4 . 2 Part ( a ) follows from VoA(k}) € Hfil LP(Q, w;) and
(4.7). Using Lemma 2.1, V(¢pA(27)) = V(e (u™ — k})7) in Hfil LP(Q, w;);
then part ( b ) follows since a(z, ue, Vi) — a(z,u, VE]) in Hf\il LP'(Q, w*i).
To prove part ( ¢ ), we have
0" 2 dA(2 ) 1in/? = 05" 4 dA((ut — k) )10/ a. e. in Q and

| a+“km PA(2: )hw/p P< ﬁ | 8+“k 1Z‘w/p Pe Ll(Q),

where 3 is a positive constants .  Then , by Lebesgue ’ s dominated convergence theorem we
have

By " ON(20) = By F 0 A (ut — k)7)  inLP(9, wy),

i.e. VEkIoAzZ)— VEFoA((ut —Kkf)7) in Hiv=1 LP(Q, w;). Then by (4. 7) we
obtain part (¢ ) .
To prove part ( d ), we have

ai(,ue, VEDOA(ef — k) W0, -, = ag(z,u, VEDOA(u* — kD) w ™
a.e.in, and
| ai(@, ue, VED A — kD) Dw'i_, 7S M | as(,ue, VE) [P 1"

Then the generalized Lebesgue ’ s dominated convergence theorem implies

ai(w,ue, VED oA ((ef — k) 7) = ai(w, u, VED) oA (ut — k1) ™) inL”’ (Q,w*i).

. + + _
lowssmcevgfgm | ¢ (x“;;’“/\)(a+w_u+uk) J;r’“)mL L(IQ(Q)am)iweconcludeLebesgue bpartéo)mmatedPartgf)),ff,’érgence
theorem .
5 Example
Some ideas of this example come from [5]. Let Q be a bounded domain of
RN (N > 1), satisfying the cone condition . Let us consider the Carath é odory
functions :
ai(x,s,&) = w; | & [P~ sgn(&i) fori=1,..,N
N

g(x,s,&) =sgn(s sz|fz
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weight functions strictly positive almost everywhere in
2. We shall assume that the weight functions satisfy ,

wi(x) =w(z), xe€Q, foralli=0,..,N.
Then , we consider the Hardy inequality ( 2. 5 ) in the form ,

w(z) 19 o(z)dz)? < ¢ w(z) [P w)l/?P.
</Q|<>| (2)dx) §</9|v<>| )

It is easy to show that the a;(x,s,£) are Carath é odory functions satisfying the growth con-
dition (3. 1) and the coercivity (3. 3 ).  Also the Carath é odory function g(z, s,§)
satisfies the conditions (3.4 )and (3.5). On the other hand , the monotonicity condition
is verified . In fact ,

N

Z(ai(mv 575) - ai(x7 875))(57' - éZ)

=1

N

= w(z) > (| & P! sgngi— | &i [P~ sgnéi)(&i — &i) > 0
i=1

for almost all x € 2 and for all 5,5 € RY with & # f since w > 0 a . e . in . In particular , let
us use the special weight functions w and o expressed in terms of the distance to the boundary
09. Denote d(z) = dist (x,09) and set

w(z) = d*z), o(x) = d"(x).
In this case , the Hardy inequality reads

([ 1uta) 11 @ (@)de)1/a < o [ | Vu(o) P @ )do) /v
Q Q
The corresponding imbedding is compact if : (1) For ;1 < p < ¢ < o0,

A<p—1, Ng—N,+12>20, pg—A+Ng—N,+1>0, (51)
(if)Forl < ¢ < p < o0,
A<p—1, pg—Ap+1,—-1,+41>0, (5.2)

(iii) For¢>1,

mlg —1) <1 (5.3)

Remarks .
1. Condition (5.1 )or (5. 2) are sufficient for the compact imbedding (2. 6 ) to
hold ; see for example [ 5 , Example 1|, [ 6, Example 1 . 5], and [ 1 2, Theorems
19.17,19.22].
2. Condition (5. 3 ) is sufficient for (2. 4 ) to hold [9, pp. 40 -4 1] . Finally , the
hypotheses of Theorem 3 . 1 are satisfied .  Therefore, (1. 2) has at
least one solution .
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