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\centerline{Hari P . Krishnan }

\centerline{Abstract }

\centerline{We prove a theorem f o r unstab le mani fo lds in a d i f f e r e n t i a l equat ion }

\centerline{with a s t a t e − dependent de lay . Although the equat ion cannot be fo rma l l y }

\centerline{ l i n e a r i z e d , we f i n d an a s s o c i a t e d l i n e a r de lay equat ion whose dynamics are }

\centerline{ q u a l i t a t i v e l y s i m i l a r near the unstab l e mani fo ld . \quad Our proo f r e l i e s upon }

\centerline{ e s t imate s o f the d e r i v a t i v e o f a t r a j e c to ry on the unstab l e mani fo ld near }

\centerline{ equ i l i b r i um . }

\noindent 1 \quad In t roduc t i on

\noindent Various authors have s tud i ed the de lay equat ion

\begin { a l i g n ∗}
\dot{x} ( t ) = f ( x ( t ) , x ( t − r ) ) , r =

r ( x ( t ) ) \ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent over the past few years . \quad Mackey [ 6 ] proposed that a s p e c i a l case o f ( 1 . 1 ) could
be used to model the spot p r i c e o f an a g r i c u l t u r a l commodity , such as corn .
Here $ , r ( x ( t ) ) $ r e p r e s e n t s the time de lay between the product ion and d e l i v e r y o f

\noindent the commodity and depends upon the p r i c e $ x ( t ) . $ \quad Cooke and Huang [ 2 ] have
examined some o f the d i f f i c u l t i e s that a r i s e when attempting to l i n e a r i z e ( 1 . 1 )

\noindent and have developed decay e s t imate s f o r s o l u t i o n s near the o r i g i n . Mal let − Paret

\noindent and Nussbaum [ 7 ] proved the e x i s t e n c e o f a sawtooth − shaped , s l ow ly o s c i l l a t i n g
p e r i o d i c s o l u t i o n to the equat ion

\begin { a l i g n ∗}
\varepsilon \dot{x} ( t ) = − x ( t ) + f ( x ( t − r

) ) , r = r ( x ( t ) ) \ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent in the s i n g u l a r l i m i t as $ \varepsilon $ goes to 0 . \ h f i l l Kuang and Smith [ 5 ] , and Arino , Hadeler

\noindent and Hbid [ 1 ] have proved the e x i s t e n c e o f p e r i o d i c s o l u t i o n s f o r c e r t a i n types o f
s t a t e − dependent de lay equat ions , i n c l u d i n g ( 1 . 1 ) .

\hspace ∗{\ f i l l }When $ r $ i s a constant , s o l u t i o n s to ( 1 . 1 ) are t y p i c a l l y embedded in the space

\noindent $ C ( [ − r , 0 ] ) , $ o f cont inuous f u n c t i o n s over the i n t e r v a l
$ [ − r , 0 ] . $ \quad I f $ f $ i s s u f f i c i e n t l y

we l l − behaved , i t i s p o s s i b l e to prove the e x i s t e n c e and uniqueness o f s o l u t i o n s

\noindent and a l s o the e x i s t e n c e o f a smooth unstab le mani fo ld r e l a t i v e to ( 1 . 1 ) .
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Existence of unstable manifolds for a certain class
of delay differential equations ∗

Hari P . Krishnan
Abstract

We prove a theorem for unstable manifolds in a differential equation

with a state - dependent delay . Although the equation cannot be formally

linearized , we find an associated linear delay equation whose dynamics are

qualitatively similar near the unstable manifold . Our proof relies upon

estimates of the derivative of a traj ectory on the unstable manifold near

equilibrium .

1 Introduction
Various authors have studied the delay equation

ẋ(t) = f(x(t), x(t− r)), r = r(x(t)) (1.1)

over the past few years . Mackey [ 6 ] proposed that a special case of ( 1 . 1 ) could be used to
model the spot price of an agricultural commodity , such as corn . Here , r(x(t)) represents the
time delay between the production and delivery of
the commodity and depends upon the price x(t). Cooke and Huang [ 2 ] have examined some
of the difficulties that arise when attempting to linearize ( 1 . 1 )
and have developed decay estimates for solutions near the origin . Mallet - Paret
and Nussbaum [ 7 ] proved the existence of a sawtooth - shaped , slowly oscillating periodic
solution to the equation

εẋ(t) = −x(t) + f(x(t− r)), r = r(x(t)) (1.1)

in the singular limit as ε goes to 0 . Kuang and Smith [ 5 ] , and Arino , Hadeler
and Hbid [ 1 ] have proved the existence of periodic solutions for certain types of state - dependent
delay equations , including ( 1 . 1 ) .

When r is a constant , solutions to ( 1 . 1 ) are typically embedded in the space
C([−r, 0]), of continuous functions over the interval [−r, 0]. If f is sufficiently well - behaved ,
it is possible to prove the existence and uniqueness of solutions
and also the existence of a smooth unstable manifold relative to ( 1 . 1 ) .
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When $ r = r ( x ( t ) ) $ i s non − constant , we run in to d i f f i c u l t y s i n c e s o l u t i o n s are
not unique ly de f ined even l o c a l l y in t ime . Unless we have a uniform bound f o r

$ \mid \dot{x} ( t ) \mid , x ( t − r ) $ and hence $ f ( x
( t − r ) ) $ w i l l not be a L i p s c h i t z func t i on in the ar −
gument $ x ( t ) . $ In t h i s paper , we develop an a l t e r n a t i v e phase space s e t t i n g which
a l l ows us to c o n t r o l the d e r i v a t i v e o f $ x ( t ) ; $ we then prove e x i s t e n c e , un iqueness
and unstab le mani fo ld r e s u l t s . S ince the e x i s t e n c e o f an unstab le mani fo ld does

\noindent not depend on the cho i c e o f phase − space , our approach prov ide s a c o n s i s t e n t
way o f l ook ing at ( 1 . 1 ) .

\hspace ∗{\ f i l l } In s e c t i o n 2 , we prove a s t r a i g h t f o r w a r d e x i s t e n c e r e s u l t f o r s o l u t i o n s to ( 1 . 1 ) ,

\noindent r e l a t i v e to the phase space $ W ˆ{ 1 , \ infty } . $ In s e c t i o n 3 , we show that ( under appropr ia te
t e c h n i c a l c o n d i t i o n s ) , the unstab le mani fo ld i s a smooth graph whenever $ f $ i s at

\noindent l e a s t $ C ˆ{ 2 } . $ \ h f i l l We w i l l take advantage o f the f a c t that t r a j e c t o r i e s on the unstab le

\noindent manifo ld are de f ined from time $ − \ infty $ to the pre sent and are thus as smooth as

\noindent p o s s i b l e .

\noindent 2 \quad Technica l \quad P r e l i m i n a r i e s

\noindent Hale and Ladeira [ 3 ] have used the space $ W ˆ{ 1 , \ infty }$ to show that s o l u t i o n s to the
equat ion

\begin { a l i g n ∗}
\dot{x} ( t ) = f ( x ( t ) , x ( t − \rho ) ) \ tag ∗{$ (

2 . 1 ) $}
\end{ a l i g n ∗}

\noindent depend smoothly on the de lay parameter $ \rho . $ In $ [ 3 ] , \rho $
i s n e i t h e r time − nor s t a t e −

\noindent dependent . \ h f i l l However , i t turns out that the space $ W ˆ{ 1 , \ infty }$
i s u s e f u l in the case

\noindent where the de lay i s s t a t e − dependent . \quad We r e q u i r e the f o l l o w i n g d e f i n i t i o n s f o r
which we use the notat ion in [ 3 ] .

Suppose that $ E $ i s a l i n e a r space equipped with the norms $ \mid \cdot \mid $ \quad and
$ N ( \cdot ) ; $

suppose f u r t h e r that we d e f i n e the s e t $ B { R , N } = \{ x \ in E : N
( x ) \ leq R \} $ f o r any

f i x e d $ R > 0 . ( B { R , N }$ i s a c l o s e d b a l l o f r ad iu s $ R $ cente red at 0 r e l a t i v e to the

\noindent $ N ( \cdot ) $ norm . ) \quad Also suppose that , f o r any f i x e d $ R >
0 , ( B { R , N } , \mid \cdot \mid ) $ i s a complete

metr ic space . Then we r e f e r to $ E $ as a quas i − Banach space .

Let $ W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) $ be the l i n e a r space o f a b s o l u t e l y cont inuous f u n c t i o n s
$ \phi : [ − r ˆ{ ∗ } , 0 ] \rightarrow R $ whose d e r i v a t i v e s are e s s e n t i a l l y bounded .

Note that $ W ˆ{ 1 , \ infty }$ d e f i n e s a quas i − Banach space when we s e t $ N ( \phi
) = \paral le l \phi \paral le l \ infty = $

$ \mid \phi ( − r ˆ{ ∗ } ) \mid + $ e s s sup $ \theta \ in [ − r ˆ{ ∗ }
, 0 ] \mid \dot{\phi} ( \theta ) \mid $ and

\ [ \mid \phi \mid = \paral le l \phi \paral le l 1 = \mid \phi ( − r ˆ{ ∗ }
) \mid + i n t e g r a l d i s p l a y−minus ˆ{ 0 } { r ˆ{ ∗ }} \mid \dot{\phi} ( s ) \mid
ds . \ ]

\noindent For t e c h n i c a l r ea sons , we a l s o r e q u i r e the f o l l o w i n g d e f i n i t i o n s .

\begin { a l i g n ∗}
Let W ˆ{ 1 , \ infty } { \alpha , 0 } ( [ − r ˆ{ ∗ } , \alpha ] )

= \{ \phi \ in W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , \alpha ] ) :
\phi ( s ) = 0 f o r s \ in \ tag ∗{$ [ − r ˆ{ ∗ } , 0 ] \} , $}
\end{ a l i g n ∗}

\noindent where $ W ˆ{ 1 , \ infty } { \alpha , 0 }$ \ h f i l l i s equipped with the norms \ h f i l l
$ \paral le l \phi \paral le l ˆ{ 1 } { \alpha } = \ int ˆ{ \alpha } { 0 } \mid \dot{\phi}
( s ) \mid ds $ \ h f i l l and \ h f i l l $ \paral le l \phi \paral le l \alpha ˆ{ \ infty }
= $

\begin { a l i g n ∗}
e s s \sup { s \ in [ 0 , \alpha ] } \mid \dot{\phi} ( s ) \mid .
\end{ a l i g n ∗}

\centerline{Let }

\ [ A ( \alpha , \beta ) = \{ \phi \ in W ˆ{ 1 , \ infty } { \alpha ,
0 } ( [ − r ˆ{ ∗ } , \alpha ] ) : \paral le l \phi \paral le l ˆ{ \ infty } { \alpha }
\ leq \beta \} , \ ]
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When r = r open parenthesis x open parenthesis t closing parenthesis closing parenthesis is non hyphen constant comma

we run into difficulty since solutions are
not uniquely defined even lo cally in t ime period Unless we have a uniform bound for
bar x-dotaccent open parenthesis t closing parenthesis bar comma x open parenthesis t minus r closing parenthesis and

hence f open parenthesis x open parenthesis t minus r closing parenthesis closing parenthesis will not be a Lipschitz function
in the ar hyphen

gument x open parenthesis t closing parenthesis period In this paper comma we develop an alternative phase space setting
which

allows us to control the derivative of x open parenthesis t closing parenthesis semicolon we then prove existence comma
uniqueness

and unstable manifold results period Since the existence of an unstable manifold does
not depend on the choice of phase hyphen space comma our approach provides a consistent
way of looking at open parenthesis 1 period 1 closing parenthesis period
In section 2 comma we prove a straightforward existence result for solutions to open parenthesis 1 period 1 closing

parenthesis comma
relative to the phase space W to the power of 1 comma infinity period In section 3 comma we show that open parenthesis

under appropriate
technical conditions closing parenthesis comma the unstable manifold is a smooth graph whenever f is at
least C to the power of 2 period .... We will take advantage of the fact that traj ectories on the unstable
manifold are defined from time minus infinity to the present and are thus as smooth as
possible period
2 .. Technical .. Preliminaries
Hale and Ladeira open square bracket 3 closing square bracket have used the space W to the power of 1 comma infinity to

show that solutions to the
equation
Equation: open parenthesis 2 period 1 closing parenthesis .. x-dotaccent open parenthesis t closing parenthesis = f

open parenthesis x open parenthesis t closing parenthesis comma x open parenthesis t minus rho closing parenthesis closing
parenthesis

depend smoothly on the delay parameter rho period In open square bracket 3 closing square bracket comma rho is neither
time hyphen nor state hyphen

dependent period .... However comma it turns out that the space W to the power of 1 comma infinity is useful in the case
where the delay is state hyphen dependent period .. We require the following definitions for
which we use the notation in open square bracket 3 closing square bracket period
Suppose that E is a linear space equipped with the norms bar times bar .. and N open parenthesis times closing parenthesis

semicolon
suppose further that we define the set B sub R comma N = open brace x in E : N open parenthesis x closing parenthesis

less or equal R closing brace for any
fixed R greater 0 period open parenthesis B sub R comma N is a closed ball of radius R centered at 0 relative to the
N open parenthesis times closing parenthesis norm period closing parenthesis .. Also suppose that comma for any fixed R

greater 0 comma open parenthesis B sub R comma N comma bar times bar closing parenthesis is a complete
metric space period Then we refer to E as a quasi hyphen Banach space period
Let W to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of * comma 0 closing

square bracket closing parenthesis be the linear space of absolutely continuous functions
phi : open square bracket minus r to the power of * comma 0 closing square bracket right arrow R whose derivatives are

essentially bounded period
Note that W to the power of 1 comma infinity defines a quasi hyphen Banach space when we set N open parenthesis phi

closing parenthesis = bar phi bar infinity =
bar phi open parenthesis minus r to the power of * closing parenthesis bar plus ess sup theta in open square bracket minus

r to the power of * comma 0 closing square bracket bar phi-dotaccent open parenthesis theta closing parenthesis bar and
bar phi bar = bar phi bar 1 = bar phi open parenthesis minus r to the power of * closing parenthesis bar plus integraldisplay-

minus to the power of 0 sub r to the power of * bar dotaccent-phi open parenthesis s closing parenthesis bar ds period
For technical reasons comma we also require the following definitions period
Equation: open square bracket minus r to the power of * comma 0 closing square bracket closing brace comma .. Let W

sub alpha comma 0 to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of * comma
alpha closing square bracket closing parenthesis = open brace phi in W to the power of 1 comma infinity open parenthesis
open square bracket minus r to the power of * comma alpha closing square bracket closing parenthesis : phi open parenthesis
s closing parenthesis = 0 for s in

where W sub alpha comma 0 to the power of 1 comma infinity .... is equipped with the norms .... bar phi bar sub alpha
to the power of 1 = integral sub 0 to the power of alpha bar phi-dotaccent open parenthesis s closing parenthesis bar ds ....
and .... bar phi bar alpha to the power of infinity =

ess supremum sub s in open square bracket 0 comma alpha closing square bracket bar phi-dotaccent open parenthesis s
closing parenthesis bar period

Let
A open parenthesis alpha comma beta closing parenthesis = open brace phi in W sub alpha comma 0 to the power of 1

comma infinity open parenthesis open square bracket minus r to the power of * comma alpha closing square bracket closing
parenthesis : bar phi bar sub alpha to the power of infinity less or equal beta closing brace comma
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When r = r(x(t)) is non - constant , we run into difficulty since solutions are not uniquely

defined even lo cally in t ime . Unless we have a uniform bound for | ẋ(t) |, x(t − r) and hence
f(x(t− r)) will not be a Lipschitz function in the ar - gument x(t). In this paper , we develop an
alternative phase space setting which allows us to control the derivative of x(t); we then prove
existence , uniqueness and unstable manifold results . Since the existence of an unstable manifold
does
not depend on the choice of phase - space , our approach provides a consistent way of looking at
( 1 . 1 ) .

In section 2 , we prove a straightforward existence result for solutions to ( 1 . 1 ) ,
relative to the phase space W 1,∞. In section 3 , we show that ( under appropriate technical
conditions ) , the unstable manifold is a smooth graph whenever f is at
least C2. We will take advantage of the fact that traj ectories on the unstable
manifold are defined from time −∞ to the present and are thus as smooth as
possible .
2 Technical Preliminaries
Hale and Ladeira [ 3 ] have used the space W 1,∞ to show that solutions to the equation

ẋ(t) = f(x(t), x(t− ρ)) (2.1)

depend smoothly on the delay parameter ρ. In [3], ρ is neither time - nor state -
dependent . However , it turns out that the space W 1,∞ is useful in the case
where the delay is state - dependent . We require the following definitions for which we use
the notation in [ 3 ] .

Suppose that E is a linear space equipped with the norms | · | and N(·); suppose further
that we define the set BR,N = {x ∈ E : N(x) ≤ R} for any fixed R > 0. (BR,N is a closed
ball of radius R centered at 0 relative to the
N(·) norm . ) Also suppose that , for any fixed R > 0, (BR,N , | · |) is a complete metric space
. Then we refer to E as a quasi - Banach space .

Let W 1,∞([−r∗, 0]) be the linear space of absolutely continuous functions φ : [−r∗, 0] → R
whose derivatives are essentially bounded .

Note that W 1,∞ defines a quasi - Banach space when we set N(φ) = ‖ φ ‖ ∞ = | φ(−r∗) | +
ess sup θ ∈ [−r∗, 0] | φ̇(θ) | and

| φ |= ‖ φ ‖ 1 =| φ(−r∗) | +integraldisplay −minus0
r∗ | φ̇(s) | ds.

For technical reasons , we also require the following definitions .

LetW 1,∞
α,0 ([−r∗, α]) = {φ ∈ W 1,∞([−r∗, α]) : φ(s) = 0fors ∈ [−r∗, 0]},

where W 1,∞
α,0 is equipped with the norms ‖ φ ‖1α =

∫ α
0
| φ̇(s) | ds and ‖ φ ‖ α∞ =

ess sup
s∈[0,α]

| φ̇(s) | .

Let

A(α, β) = {φ ∈W 1,∞
α,0 ([−r∗, α]) :‖ φ ‖∞α ≤ β},
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\ [\ begin { a l i gned } B ( \alpha , \beta ) = \{ \phi \ in W ˆ{ 1 , \ infty } { \alpha
, 0 } ( [ r { − }ˆ{ ∗ } , \alpha ] ) : \paral le l \phi \paral le l ˆ{ 1 } { \alpha }
\ leq \beta \} . \\

f \ in [ 0 , \alpha ] ˆ{ have the } { we ˆ{ e s s When { \sup }} \alpha }
In gene ra l , ˆ{ the i n i t i a l } { \mid \dot{\phi} ( s ) \mid ds \ leq \beta
\ int ˆ{ \alpha } { 0 } ds = \beta \alpha \ leq \beta . ˆ{ \alpha \beta ) .
We may now cons id e r } { \mid \dot{\phi} ( s ) \mid \ leq \beta i m p l i e s
that \ int ˆ{ \alpha } { 0 }ˆ{ i n c l u s i o n A ( \alpha , \beta ) \subset B (
\alpha , } { \ leq 1 , we note that A ( \alpha , }ˆ{ \beta }ˆ{ ) } \subset
B ( \alpha , \beta ) s i n c e , f o r \phi }ˆ{ \ in } A ( \alpha , \beta
) , }\end{ a l i gned }\ ]

\noindent value problem

\begin { a l i g n ∗}
\dot{x} ( t { x }ˆ{ ) } { ( }ˆ{ = } { \theta ) } f { = } ( x ( t ) { \phi }ˆ{ , } { (
\theta ) } x { , } ( t −{ \theta } ∗ ˆ{ r } { r ) { \ in }ˆ{ ) } { [ − }ˆ{ , }}ˆ{ r } { , } ={ 0 }
] , r { \phi }ˆ{ ( x ( } { ( \cdot ) }ˆ{ t ) ) } { \ in } ,{ W } 1 , \ infty ˆ{ . } { t
> } 0 \ tag ∗{$ ( 2 . 2 ) $}
\end{ a l i g n ∗}

For the r e s t o f the paper , we w i l l assume that ( 2 . 2 ) s a t i s f i e s c o n d i t i o n s ( A 1 )
and ( A 2 ) below .

\noindent ( A $ 1 ) r : W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] )
\rightarrow R $ i s smooth , with $ \sup { \phi \ in W } 1 , \ infty \mid D { \phi }
r \mid \ leq c < \ infty , D { \phi } r $

\centerline{denot ing the Fr $ \acute{e} $ chet d e r i v a t i v e o f $ r $ with r e s p e c t to $ \phi
. $ Also , }

\centerline{ $ \alpha \ leq \ inf { \phi \ in W } 1 , \ infty r ( \phi )
\ leq r ˆ{ ∗ } < \ infty , $ f o r some $ \alpha > 0 $ smal l . }

\noindent ( A $ 2 ) f : R \times R \rightarrow R $ i s a g l o b a l l y L i p s c h i t z func t i on . In p a r t i c u l a r , f o r

\ [ ( \xi 1 , \eta 1 ) , \xi 2 , \eta 2 ) \ in R \times R
, \mid f ( \xi 1 , \eta 1 ) − f ( \xi 2 , \eta 2 ) \mid
\ leq L \mid \xi 1 − \xi 2 \mid + M \mid \eta 1 − \eta 2 \mid
, \ ]

\centerline{which s p e c i f i e s the L i p s c h i t z cons tant s $ L $ and $ M . $ }

\noindent To g ive p r e c i s e smoothness r e s u l t s , i t w i l l sometimes be nece s sa ry to make the
more s t r i n g e n t assumption

\noindent ( A $ 3 ) f : R \times R \rightarrow R $ i s a $ C ˆ{ k }$ func t i on , with
$ k \geq 2 , f ( 0 ) = 0 , $ and $ f ˆ{ \prime } ( 0 ) \not=
0 . $

\hspace ∗{\ f i l l }We s h a l l proceed by re f o rmu la t ing the i n i t i a l − value problem ( 2 . 2 ) as a f i x e d

\noindent po int equat ion in the phase space $ W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ }
, \alpha ] ) . $ F i r s t n o t i c e that $ x ( t ) $ s a t i s f i e s

\noindent the system ( 2 . 2 ) over the i n t e r v a l $ [ − r ˆ{ ∗ } , \alpha ] $ i f and only i f
$ x ( t ) = \phi 0 ( t ) + z ( t ) , $

\noindent $ \phi 0 ( t ) = \phi ( t ) $ f o r $ t \ in [ − r ˆ{ ∗ }
, 0 ] , \phi 0 ( t ) = \phi ( 0 ) $ f o r $ t \ in [ 0 ,
\alpha ] , $ and $ z ( t ) $ s a t i s f i e s

\begin { a l i g n ∗}
z ( t ) = \{ 0{ \ int } { 0 } ,{ t } { f ( \phi ( 0 ) } + z ( s

) , \phi ( s − r ( \phi ( 0 ) + z ( s ) ) ) ) ds t ˆ{ t }
\ in ˆ{ \ in } , ˆ{ \alpha ] . } { [ ˆ{ [ }ˆ{ − r } { 0 , }ˆ{ ∗ }}ˆ{ 0 ] }\ tag ∗{$ (
2 . 3 ) $}
\end{ a l i g n ∗}

\noindent Here we have made the obse rvat i on that , s i n c e $ \ inf { \phi } ( r ( \phi
) ) > \alpha , \phi 0 ( s − r ( x ) ) = $

\noindent $ \phi ( s − r ( x ) ) $ f o r any $ x \ in R $ and $ z (
s − r ( \phi ( 0 ) + z ( s ) ) ) = 0 . $ We can now d e f i n e the

operator $ T : A ( \alpha , \beta ) \times B { R , N } \times S
\rightarrow A ( \alpha , \beta ) , $ with the func t i on $ r \ in S $ i f and only

\noindent i f $ r : W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) \rightarrow
R ˆ{ + } , $ and $ r $ s a t i s f i e s hypothes i s ( A 1 ) .

\centerline{ S o l u t i o n s to ( 1 . 1 ) correspond to f i x e d po in t s o f the i n t e g r a l equat ion }

\ [\ begin { a l i gned } T ( z , \phi , r ) ( t ) = \ l e f t \{\ begin { a l i gned } &
0 , t \ in [ − r ˆ{ ∗ } , 0 ] \\

& \ int { + } t { 0 } { z }ˆ{ f ( \phi } { ( s }ˆ{ ( 0 } { − }ˆ{ ) } { r ( }ˆ{ + } { \phi
( }ˆ{ z ( s } { 0 ) }ˆ{ ) , } { + } \phi { z ( s ) }ˆ{ ( s − } { ) )
) }ˆ{ r ( \phi ( 0 ) } { ds , } + z ( s ) ) t \ in [ 0 , \alpha
] . ( 2 . 4 ) \end{ a l i gned }\ right .\\

f i xed ˆ{ de f i ned } on{ po int } the { o f the } i n t e r v a l t \ in { equat ion } [ { z }
0 , { = } \alpha ] { T }ˆ{ . I f } { ( z , } we{ \phi } { , r }ˆ{ can } { )
, } { i t } show { \succ } that { from } z \ in W ˆ{ 1 } { \alpha }{ the }ˆ{ , } { ,{ r e l a t i o n }} \ infty { 0 }
i s a unique { x ( t ) = }\end{ a l i gned }\ ]

\noindent $ \phi 0 ( t ) + z ( t ) $ that the map $ x { t } ( \phi
, \cdot ) $ can be cont inued from $ t = 0 $ to $ t = \alpha . $ We prove
e x i s t e n c e and uniqueness us ing the con t ra c t i on mapping p r i n c i p l e , d i v i d i n g our
proo f i n to the f o l l o w i n g lemmas .
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Line 1 B open parenthesis alpha comma beta closing parenthesis = open brace phi in W sub alpha comma 0 to the power of

1 comma infinity open parenthesis open square bracket r minus to the power of * comma alpha closing square bracket closing
parenthesis : bar phi bar sub alpha to the power of 1 less or equal beta closing brace period Line 2 f in open square bracket 0
comma alpha closing square bracket from have the to we to the power of ess When supremum alpha In general comma from
the initial to bar dotaccent-phi open parenthesis s closing parenthesis bar ds less or equal beta integral sub 0 to the power
of alpha ds = beta alpha less or equal beta period from alpha beta closing parenthesis period We may now consider to bar
phi-dotaccent open parenthesis s closing parenthesis bar less or equal beta implies that integral sub 0 to the power of alpha
from inclusion A open parenthesis alpha comma beta closing parenthesis subset B open parenthesis alpha comma to less or
equal 1 comma we note that A open parenthesis alpha comma to the power of beta to the power of closing parenthesis subset
B open parenthesis alpha comma beta closing parenthesis since comma for phi to the power of in A open parenthesis alpha
comma beta closing parenthesis comma

value problem
Equation: open parenthesis 2 period 2 closing parenthesis .. x-dotaccent open parenthesis t x sub open parenthesis to the

power of closing parenthesis sub theta closing parenthesis to the power of = f = open parenthesis x open parenthesis t closing
parenthesis phi sub open parenthesis theta closing parenthesis to the power of comma x comma open parenthesis t minus
theta * from r to r closing parenthesis in sub open square bracket minus to the power of closing parenthesis to the power of
comma sub comma to the power of r = 0 closing square bracket comma r phi sub open parenthesis times closing parenthesis
to the power of open parenthesis x open parenthesis sub in to the power of t closing parenthesis closing parenthesis comma
W 1 comma infinity from period to t greater 0

For the rest of the paper comma we will assume that open parenthesis 2 period 2 closing parenthesis satisfies conditions
open parenthesis A 1 closing parenthesis

and open parenthesis A 2 closing parenthesis below period
open parenthesis A 1 closing parenthesis r : W to the power of 1 comma infinity open parenthesis open square bracket

minus r to the power of * comma 0 closing square bracket closing parenthesis right arrow R is smooth comma with supremum
sub phi in W 1 comma infinity bar D sub phi r bar less or equal c less infinity comma D sub phi r

denoting the Fr acute-e chet derivative of r with respect to phi period Also comma
alpha less or equal inf sub phi in W 1 comma infinity r open parenthesis phi closing parenthesis less or equal r to the power

of * less infinity comma for some alpha greater 0 small period
open parenthesis A 2 closing parenthesis f : R times R right arrow R is a globally Lipschitz function period In particular

comma for
open parenthesis xi 1 comma eta 1 closing parenthesis comma xi 2 comma eta 2 closing parenthesis in R times R comma

bar f open parenthesis xi 1 comma eta 1 closing parenthesis minus f open parenthesis xi 2 comma eta 2 closing parenthesis
bar less or equal L bar xi 1 minus xi 2 bar plus M bar eta 1 minus eta 2 bar comma

which specifies the Lipschitz constants L and M period
To give precise smoothness results comma it will sometimes be necessary to make the
more stringent assumption
open parenthesis A 3 closing parenthesis f : R times R right arrow R is a C to the power of k function comma with k

greater equal 2 comma f open parenthesis 0 closing parenthesis = 0 comma and f to the power of prime open parenthesis 0
closing parenthesis negationslash-equal 0 period

We shall proceed by reformulating the initial hyphen value problem open parenthesis 2 period 2 closing parenthesis as a
fixed

point equation in the phase space W to the power of 1 comma infinity open parenthesis open square bracket minus r to
the power of * comma alpha closing square bracket closing parenthesis period First notice that x open parenthesis t closing
parenthesis satisfies

the system open parenthesis 2 period 2 closing parenthesis over the interval open square bracket minus r to the power of *
comma alpha closing square bracket if and only if x open parenthesis t closing parenthesis = phi 0 open parenthesis t closing
parenthesis plus z open parenthesis t closing parenthesis comma

phi 0 open parenthesis t closing parenthesis = phi open parenthesis t closing parenthesis for t in open square bracket minus
r to the power of * comma 0 closing square bracket comma phi 0 open parenthesis t closing parenthesis = phi open parenthesis
0 closing parenthesis for t in open square bracket 0 comma alpha closing square bracket comma and z open parenthesis t
closing parenthesis satisfies

Equation: open parenthesis 2 period 3 closing parenthesis .. z open parenthesis t closing parenthesis = open brace 0
integral sub 0 comma t sub f open parenthesis phi open parenthesis 0 closing parenthesis plus z open parenthesis s closing
parenthesis comma phi open parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus z open
parenthesis s closing parenthesis closing parenthesis closing parenthesis closing parenthesis ds t to the power of t in to the
power of in comma from alpha closing square bracket period to open square bracket to the power of open square bracket sub
0 comma to the power of minus r to the power of * to the power of 0 closing square bracket

Here we have made the observation that comma since inf sub phi open parenthesis r open parenthesis phi closing parenthesis
closing parenthesis greater alpha comma phi 0 open parenthesis s minus r open parenthesis x closing parenthesis closing
parenthesis =

phi open parenthesis s minus r open parenthesis x closing parenthesis closing parenthesis for any x in R and z open
parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus z open parenthesis s closing parenthesis
closing parenthesis closing parenthesis = 0 period We can now define the

operator T : A open parenthesis alpha comma beta closing parenthesis times B sub R comma N times S right arrow A
open parenthesis alpha comma beta closing parenthesis comma with the function r in S if and only

if r : W to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of * comma 0 closing
square bracket closing parenthesis right arrow R to the power of plus comma and r satisfies hypothesis open parenthesis A 1
closing parenthesis period

Solutions to open parenthesis 1 period 1 closing parenthesis correspond to fixed points of the integral equation
Line 1 T open parenthesis z comma phi comma r closing parenthesis open parenthesis t closing parenthesis = Case 1 0

comma t in open square bracket minus r to the power of * comma 0 closing square bracket Case 2 integral plus t 0 z sub open
parenthesis s to the power of f open parenthesis phi sub minus to the power of open parenthesis 0 sub r open parenthesis to
the power of closing parenthesis sub phi open parenthesis to the power of plus sub 0 closing parenthesis to the power of z
open parenthesis s sub plus to the power of closing parenthesis comma phi z open parenthesis s closing parenthesis sub closing
parenthesis closing parenthesis closing parenthesis to the power of open parenthesis s minus sub ds comma to the power of r
open parenthesis phi open parenthesis 0 closing parenthesis plus z open parenthesis s closing parenthesis closing parenthesis t
in open square bracket 0 comma alpha closing square bracket period open parenthesis 2 period 4 closing parenthesis Line 2
fixed to the power of defined on point the sub of the interval t in equation open square bracket z 0 comma sub = alpha closing
square bracket sub T sub open parenthesis z comma to the power of period If we phi sub comma r sub closing parenthesis
comma to the power of can sub it show sub follows that sub from z in W sub alpha to the power of 1 the sub comma relation
to the power of comma infinity 0 is a unique x open parenthesis t closing parenthesis =

phi 0 open parenthesis t closing parenthesis plus z open parenthesis t closing parenthesis that the map x sub t open
parenthesis phi comma times closing parenthesis can be continued from t = 0 to t = alpha period We prove

existence and uniqueness using the contraction mapping principle comma dividing our
proof into the following lemmas period
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B(α, β) = {φ ∈W 1,∞
α,0 ([r∗−, α]) :‖ φ ‖1α≤ β}.

f ∈ [0, α]havethe
weessWhensupα

Ingeneral,theinitial

|φ̇(s)|ds≤β
∫ α
0
ds=βα≤β.αβ). Wemaynowconsider

|φ̇(s)|≤βimpliesthat
∫α
0

inclusionA(α,β) ⊂B(α,
≤ 1, wenotethat A(α,

β) ⊂ B(α,β) since, for φ

∈ A(α,β),

value problem

ẋ(t)x
=
( θ)f=(x(t)φ,(θ)x,(t− θ ∗

r

r)∈)

[−
,

r
, = 0], rφ

(x(
(·)

t))
∈ ,W1,∞.

t>0 (2.2)

For the rest of the paper , we will assume that ( 2 . 2 ) satisfies conditions ( A 1 ) and ( A 2
) below .
( A 1) r : W 1,∞([−r∗, 0])→ R is smooth , with supφ∈W 1,∞ | Dφr |≤ c <∞, Dφr

denoting the Fr é chet derivative of r with respect to φ. Also ,
α ≤ infφ∈W 1,∞r(φ) ≤ r∗ <∞, for some α > 0 small .

( A 2) f : R× R→ R is a globally Lipschitz function . In particular , for

(ξ1, η1), ξ2, η2) ∈ R× R, | f(ξ1, η1)− f(ξ2, η2) |≤ L | ξ1− ξ2 | +M | η1− η2 |,

which specifies the Lipschitz constants L and M.
To give precise smoothness results , it will sometimes be necessary to make the more stringent
assumption
( A 3) f : R× R→ R is a Ck function , with k ≥ 2, f(0) = 0, and f ′(0) 6= 0.

We shall proceed by reformulating the initial - value problem ( 2 . 2 ) as a fixed
point equation in the phase space W 1,∞([−r∗, α]). First notice that x(t) satisfies
the system ( 2 . 2 ) over the interval [−r∗, α] if and only if x(t) = φ0(t) + z(t),
φ0(t) = φ(t) for t ∈ [−r∗, 0], φ0(t) = φ(0) for t ∈ [0, α], and z(t) satisfies

z(t) = { 0

∫
0

, tf(φ(0) + z(s), φ(s− r(φ(0) + z(s))))ds tt ∈∈,α].

[[−r0,
∗

0] (2.3)

Here we have made the observation that , since infφ(r(φ)) > α, φ0(s− r(x)) =
φ(s − r(x)) for any x ∈ R and z(s − r(φ(0) + z(s))) = 0. We can now define the operator
T : A(α, β)×BR,N × S → A(α, β), with the function r ∈ S if and only
if r : W 1,∞([−r∗, 0])→ R+, and r satisfies hypothesis ( A 1 ) .

Solutions to ( 1 . 1 ) correspond to fixed points of the integral equation

T (z, φ, r)(t) =


0, t ∈ [−r∗, 0]∫

+

t0f(φ
z

(0
(s

)
−

+
r(
z(s
φ(

),
0)+φ

(s−
z(s)

r(φ(0)
))) ds, + z(s)) t ∈ [0, α]. (2.4)

fixeddefinedonpointtheoftheintervalt ∈ equation[z0,= α]. If
T (z,weφcan

,r ),itshow�thatfromz ∈W 1
αthe,,relation∞0isauniquex(t)=

φ0(t) + z(t) that the map xt(φ, ·) can be continued from t = 0 to t = α. We prove existence
and uniqueness using the contraction mapping principle , dividing our proof into the following
lemmas .
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\noindent Lemma 2 . 1 \quad Suppose \quad that \quad ( A 1 ) \quad and \quad ( A 2 ) \quad are s a t i s f i e d . \quad Then f o r any f i x e d
$ R > 0 $ the re e x i s t $ \alpha , \beta > 0 $ such that $ T ( B (

\alpha , \alpha \beta ) \times B { R } \times S ) \subset B ( \alpha
, \alpha \beta ) $ and a l s o

$ T ( A ( \alpha , \beta ) \times B { R } \times S ) \subset A
( \alpha , \beta ) . $ \quad Hence $ T $ i s a s e l f − mapping with r e s p e c t to the

s e t s $ A ( \alpha , \beta ) $ and $ B ( \alpha , \alpha \beta )
. $

\noindent Proof . \ h f i l l Since the p roo f s are s i m i l a r , we show only that $ T ( B (
\alpha , \alpha \beta ) \times B { R } \times S ) \subset $

\ [\ begin { a l i gned } B ( \alpha , \alpha \beta ) . From ( A 2 ) , \\
\paral le l T ( z , \phi , r ) ( t ) \paral le l 1 { \alpha } =

\ int ˆ{ \alpha } { 0 } \mid f ( \phi ( 0 ) + z ( s ) , \phi (
s − r ( z ( s ) + \phi ( 0 ) ) ) ) \mid ds \\
\ leq \alpha \{ \sup M \mid \phi ( 0 ) + z ( s ) \mid + \sup

N \mid \phi ( s − r ( z ( s ) + \phi ( 0 ) ) ) \mid
\} \\

S \ in [ 0 , \alpha ] S \ in [ 0 , \alpha ] \\
\ leq \alpha \{ M ( R + \alpha \beta ) + NR \} ; \\
thus , { proo f }ˆ{ f o r } i s \alpha \ leq 1{ \beta } and { complete } . \beta

\geq R ( M + N ) + 1 , \alpha \{ M ( R + \alpha \beta )
+ NR \} \ leq \alpha \beta , and the { \ square }\end{ a l i gned }\ ]

\hspace ∗{\ f i l l }Note that $ \alpha > 0 $ can be made as smal l as nece s sa ry by choos ing
$ \beta $ l a r g e .

\noindent Thus the assumption that $ 0 \ leq \alpha < \ inf { x \ in R } r (
x ) $ i s not ove r l y r e s t r i c t i v e .
Lemma $ 2 . 2 T $ i s a uniform cont ra c t i on , with r e s p e c t to the norms \quad $ \paral le l
\cdot \paral le l ˆ{ 1 } { \alpha }$ and

\begin { a l i g n ∗}
\ tag ∗{$ \paral le l \cdot $} \paral le l ˆ{ \ infty } { \alpha } , over B ( \alpha ,
\alpha \beta ) .
\end{ a l i g n ∗}

\noindent Proof . \quad We need to show that , f o r $ \alpha > 0 $ s u f f i c i e n t l y smal l and f o r any pa i r
$ z , w \ in B ( \alpha , \alpha \beta ) , $ \quad the re e x i s t s an element

$ 0 < c { 0 } < 1 $ with $ c { 0 } = c { 0 } ( \alpha ) $ such

\noindent that $ \paral le l T ( z , \phi , r ( z ) ) − T ( w
, \phi , r ( w ) ) \paral le l 1 { \alpha } \ leq c { 0 } \paral le l z
− w \paral le l ˆ{ 1 } { \alpha }$ f o r any f i x e d $ \phi \ in B { R } . $ \ h f i l l To

\noindent do t h i s , we r e w r i t e the quant i ty \quad $ \paral le l T ( z , \phi ,
r ( z ) ) − T ( w , \phi , r ( w ) ) \paral le l ˆ{ 1 } { \alpha }$
e x p l i c i t l y . \quad We
then obta in

\ [\ begin { a l i gned } \paral le l T ( z , \phi , r ( z ) ) − T ( w
, \phi , r ( w ) ) \paral le l ˆ{ 1 } { \alpha }\\

= \ int ˆ{ \alpha } { 0 } \mid f ( \phi ( 0 ) + z ( s ) , \phi
( s − r ( \phi ( 0 ) + z ( s ) ) ) ) \\
− f ( \phi ( 0 ) + w ( s ) , \phi ( s − r ( \phi (

0 ) + w ( s ) ) ) ) \mid ds \\
\ leq \ int ˆ{ \alpha } { 0 } M \mid z ( s ) − w ( s ) \mid + N

\mid \phi ( s − r ( \phi ( s − r ( \phi ( 0 ) + w (
s ) ) ) \mid ds . \end{ a l i gned }\ ]

\noindent This l a s t i n e q u a l i t y f o l l o w s from ( A 2 ) . \quad Now , s i n c e $ z ( 0 ) =
0 = w ( 0 ) , $ i t f o l l o w s

that $ \ int ˆ{ \alpha } { 0 } \mid z ( s ) − w ( s ) \mid ds \ leq
\alpha \ int ˆ{ \alpha } { 0 } \mid \dot{z} ( s ) − \dot{w} ( s ) \mid
ds $ so i t remains to es t imate $ \ int ˆ{ \alpha } { 0 } \mid \phi ( s − $

$ r ( \phi ( 0 ) + rz ( s ) ) ) − \phi ( s − r ( \phi
( 0 ) + w ( s ) ) ) \mid ds . $ \quad However , s i n c e $ \phi \ in
B { R } , $ i t f o l l o w s

\noindent that

\ [\ begin { a l i gned } \mid \phi ( s − r ( \phi ( 0 ) + z ( s ) )
) − \phi ( s − r ( \phi ( 0 ) + w ( s ) ) ) \mid \\
\ leq R \mid r ( \phi ( 0 ) + z ( s ) ) − r ( \phi (

0 ) + w ( s ) ) \mid \\
\ leq Rc \mid z ( s ) − w ( s ) \mid , \end{ a l i gned }\ ]

\noindent where above i n e q u a l i t y f o l l o w s Assumption ( A 1 ) . Then we obta in
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Lemma 2 period 1 .. Suppose .. that .. open parenthesis A 1 closing parenthesis .. and .. open parenthesis A 2 closing

parenthesis .. are satisfied period .. Then for any fixed
R greater 0 the re exist alpha comma beta greater 0 such that T open parenthesis B open parenthesis alpha comma alpha

beta closing parenthesis times B sub R times S closing parenthesis subset B open parenthesis alpha comma alpha beta closing
parenthesis and als o

T open parenthesis A open parenthesis alpha comma beta closing parenthesis times B sub R times S closing parenthesis
subset A open parenthesis alpha comma beta closing parenthesis period .. Hence T is a s e lf hyphen mapping with respect
to the

s e ts A open parenthesis alpha comma beta closing parenthesis and B open parenthesis alpha comma alpha beta closing
parenthesis period

Proof period .... Since the proofs are similar comma we show only that T open parenthesis B open parenthesis alpha
comma alpha beta closing parenthesis times B sub R times S closing parenthesis subset

Line 1 B open parenthesis alpha comma alpha beta closing parenthesis period From open parenthesis A 2 closing parenthesis
comma Line 2 bar T open parenthesis z comma phi comma r closing parenthesis open parenthesis t closing parenthesis bar
1 alpha = integral sub 0 to the power of alpha bar f open parenthesis phi open parenthesis 0 closing parenthesis plus z
open parenthesis s closing parenthesis comma phi open parenthesis s minus r open parenthesis z open parenthesis s closing
parenthesis plus phi open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis closing parenthesis bar ds
Line 3 less or equal alpha open brace supremum M bar phi open parenthesis 0 closing parenthesis plus z open parenthesis s
closing parenthesis bar plus supremum N bar phi open parenthesis s minus r open parenthesis z open parenthesis s closing
parenthesis plus phi open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis bar closing brace Line 4
S in open square bracket 0 comma alpha closing square bracket S in open square bracket 0 comma alpha closing square
bracket Line 5 less or equal alpha open brace M open parenthesis R plus alpha beta closing parenthesis plus NR closing brace
semicolon Line 6 thus comma proof to the power of for is alpha less or equal 1 beta and complete period beta greater equal R
open parenthesis M plus N closing parenthesis plus 1 comma alpha open brace M open parenthesis R plus alpha beta closing
parenthesis plus NR closing brace less or equal alpha beta comma and the sub square

Note that alpha greater 0 can be made as small as necessary by choosing beta large period
Thus the assumption that 0 less or equal alpha less inf sub x in R r open parenthesis x closing parenthesis is not overly

restrictive period
Lemma 2 period 2 T is a uniform contraction comma with respect to the norms .. bar times bar sub alpha to the power

of 1 and
Equation: bar times .. bar sub alpha to the power of infinity comma over B open parenthesis alpha comma alpha beta

closing parenthesis period
Proof period .. We need to show that comma for alpha greater 0 sufficiently small and for any pair
z comma w in B open parenthesis alpha comma alpha beta closing parenthesis comma .. there exists an element 0 less c

sub 0 less 1 with c sub 0 = c sub 0 open parenthesis alpha closing parenthesis such
that bar T open parenthesis z comma phi comma r open parenthesis z closing parenthesis closing parenthesis minus T

open parenthesis w comma phi comma r open parenthesis w closing parenthesis closing parenthesis bar 1 alpha less or equal
c sub 0 bar z minus w bar sub alpha to the power of 1 for any fixed phi in B sub R period .... To

do this comma we rewrite the quantity .. bar T open parenthesis z comma phi comma r open parenthesis z closing
parenthesis closing parenthesis minus T open parenthesis w comma phi comma r open parenthesis w closing parenthesis
closing parenthesis bar sub alpha to the power of 1 explicitly period .. We

then obtain
Line 1 bar T open parenthesis z comma phi comma r open parenthesis z closing parenthesis closing parenthesis minus

T open parenthesis w comma phi comma r open parenthesis w closing parenthesis closing parenthesis bar sub alpha to the
power of 1 Line 2 = integral sub 0 to the power of alpha bar f open parenthesis phi open parenthesis 0 closing parenthesis
plus z open parenthesis s closing parenthesis comma phi open parenthesis s minus r open parenthesis phi open parenthesis 0
closing parenthesis plus z open parenthesis s closing parenthesis closing parenthesis closing parenthesis closing parenthesis Line
3 minus f open parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis comma
phi open parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s closing
parenthesis closing parenthesis closing parenthesis closing parenthesis bar ds Line 4 less or equal integral sub 0 to the power
of alpha M bar z open parenthesis s closing parenthesis minus w open parenthesis s closing parenthesis bar plus N bar phi
open parenthesis s minus r open parenthesis phi open parenthesis s minus r open parenthesis phi open parenthesis 0 closing
parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis bar ds period

This last inequality follows from open parenthesis A 2 closing parenthesis period .. Now comma since z open parenthesis
0 closing parenthesis = 0 = w open parenthesis 0 closing parenthesis comma it follows

that integral sub 0 to the power of alpha bar z open parenthesis s closing parenthesis minus w open parenthesis s closing
parenthesis bar ds less or equal alpha integral sub 0 to the power of alpha bar z-dotaccent open parenthesis s closing parenthesis
minus dotaccent-w open parenthesis s closing parenthesis bar ds so it remains to estimate integral sub 0 to the power of alpha
bar phi open parenthesis s minus

r open parenthesis phi open parenthesis 0 closing parenthesis plus rz open parenthesis s closing parenthesis closing paren-
thesis closing parenthesis minus phi open parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis
plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis bar ds period .. However comma since
phi in B sub R comma it follows

that
Line 1 bar phi open parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus z open parenthesis

s closing parenthesis closing parenthesis closing parenthesis minus phi open parenthesis s minus r open parenthesis phi open
parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis bar
Line 2 less or equal R bar r open parenthesis phi open parenthesis 0 closing parenthesis plus z open parenthesis s closing
parenthesis closing parenthesis minus r open parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s
closing parenthesis closing parenthesis bar Line 3 less or equal Rc bar z open parenthesis s closing parenthesis minus w open
parenthesis s closing parenthesis bar comma

where above inequality follows Assumption open parenthesis A 1 closing parenthesis period Then we obtain
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Lemma 2 . 1 Suppose that ( A 1 ) and ( A 2 ) are satisfied . Then for
any fixed R > 0 the re exist α, β > 0 such that T (B(α, αβ) × BR × S) ⊂ B(α, αβ) and als
o T (A(α, β) × BR × S) ⊂ A(α, β). Hence T is a s e lf - mapping with respect to the s e ts
A(α, β) and B(α, αβ).
Proof . Since the proofs are similar , we show only that T (B(α, αβ)×BR × S) ⊂

B(α, αβ).From(A2),

‖ T (z, φ, r)(t) ‖ 1α =

∫ α

0

| f(φ(0) + z(s), φ(s− r(z(s) + φ(0)))) | ds

≤ α{ sup M | φ(0) + z(s) | + sup N | φ(s− r(z(s) + φ(0))) |}
S ∈ [0, α] S ∈ [0, α]

≤ α{M(R+ αβ) +NR};
thus,proof forisα ≤ 1βandcomplete. β ≥ R(M +N) + 1, α{M(R+ αβ) +NR} ≤ αβ, andthe�

Note that α > 0 can be made as small as necessary by choosing β large .
Thus the assumption that 0 ≤ α < infx∈R r(x) is not overly restrictive . Lemma 2.2T is a
uniform contraction , with respect to the norms ‖ · ‖1α and

‖∞α , overB(α, αβ). ‖ ·

Proof . We need to show that , for α > 0 sufficiently small and for any pair z, w ∈
B(α, αβ), there exists an element 0 < c0 < 1 with c0 = c0(α) such
that ‖ T (z, φ, r(z))− T (w, φ, r(w)) ‖ 1α ≤ c0 ‖ z − w ‖1α for any fixed φ ∈ BR. To
do this , we rewrite the quantity ‖ T (z, φ, r(z))−T (w, φ, r(w)) ‖1α explicitly . We then obtain

‖ T (z, φ, r(z))− T (w, φ, r(w)) ‖1α

=

∫ α

0

| f(φ(0) + z(s), φ(s− r(φ(0) + z(s))))

−f(φ(0) + w(s), φ(s− r(φ(0) + w(s)))) | ds

≤
∫ α

0

M | z(s)− w(s) | +N | φ(s− r(φ(s− r(φ(0) + w(s))) | ds.

This last inequality follows from ( A 2 ) . Now , since z(0) = 0 = w(0), it follows that∫ α
0
| z(s) − w(s) | ds ≤ α

∫ α
0
| ż(s) − ẇ(s) | ds so it remains to estimate

∫ α
0
| φ(s− r(φ(0) +

rz(s)))− φ(s− r(φ(0) + w(s))) | ds. However , since φ ∈ BR, it follows
that

| φ(s− r(φ(0) + z(s)))− φ(s− r(φ(0) + w(s))) |
≤ R | r(φ(0) + z(s))− r(φ(0) + w(s)) |

≤ Rc | z(s)− w(s) |,

where above inequality follows Assumption ( A 1 ) . Then we obtain
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\ [\ begin { a l i gned } \ int ˆ{ \alpha } { 0 } \mid \phi ( s − r ( \phi ( 0 )
+ z ( s ) ) ) − \phi ( s − r ( \phi ( 0 ) + w ( s
) ) \mid ds \\
\ leq Rc \ int ˆ{ \alpha } { 0 } \mid z ( s ) − w ( s ) \mid ds

\ leq Rc \alpha \ int ˆ{ \alpha } { 0 } \mid \dot{z} ( s ) − \dot{w} (
s ) \mid ds . \end{ a l i gned }\ ]

\noindent Combining the above i n e q u a l i t i e s g i v e s

\ [\ begin { a l i gned } \paral le l T ( z , \phi , r ( z ) ) − T ( w
, \phi , r ( w ) ) \paral le l ˆ{ 1 } { \alpha }\\
\ leq c \ int ˆ{ \alpha } { 0 } \mid \dot{z} ( s ) − \dot{w} ( s )

\mid ds + \alpha Rc \ int ˆ{ \alpha } { 0 } \mid \dot{z} ( s ) − \dot{w}
( s ) \mid ds = \alpha ( 1 + Rc ) \paral le l z − w \paral le l
1 { \alpha } { . }\end{ a l i gned }\ ]

\noindent Suppose that we f i x any $ \alpha < 1 1{ + } Rc ; $ i t f o l l o w s that , with r e s p e c t to the constant
$ c { 0 } = \alpha ( 1 + Rc ) < 1 , T $ i s a con t ra c t i on map on $ B

( \alpha , \alpha \beta ) . $ \quad The proo f f o r the
$ \paral le l \cdot \paral le l \alpha ˆ{ \ infty }$ norm i s s i m i l a r and t h e r e f o r e omitted .

\noindent Lemma 2 . 3 \quad Consider $ T : B ( \alpha , \alpha \beta ) \times
B { R } \times S \rightarrow B ( \alpha , \alpha \beta ) $ \quad with
$ r \ in S $ f i x e d .

Then $ T = T ( r , z , \phi ) $ i s a L i p s c h i t z cont inuous func t i on in
$ z $ and $ \phi . $

\noindent Proof . \ h f i l l Fix $ r $ and cons id e r $ ( z , \phi ) , ( w ,
\psi ) \ in B ( \alpha , \alpha \beta ) \times B { R } ; $ we need to show

\noindent that \quad $ \paral le l T ( z , \phi ) = T ( w , \psi )
\paral le l ˆ{ 1 } { \alpha } \ leq c \{ \paral le l z − w \paral le l 1 { \alpha }
+ \paral le l \phi − \psi \paral le l ˆ{ 1 } \} $ f o r some constant $ 0 \ leq $

$ c = c ( \alpha ) < \ infty . $ \quad Because o f the t r i a n g l e i n e q u a l i t y , \quad i t s u f f i c e s to show that

\ [ \paral le l T ( z , \phi ) − T ( w , \phi ) \paral le l ˆ{ 1 } { \alpha }
+ \paral le l T ( w , \phi ) − T ( w , \psi ) \mid ˆ{ 1 } { \alpha }
\ leq c \{ \paral le l z − w \paral le l 1 { \alpha } + \paral le l \phi −
\psi \paral le l ˆ{ 1 } \} . From \ ]

\noindent the proo f o f Lemma 2 . 2 , we know that $ \paral le l T ( z \phi ) −
T ( w , \phi ) \paral le l 1 { \alpha } \ leq c \paral le l z − w \paral le l ˆ{ 1 } { \alpha }
; $ thus ,

\noindent i t remains to show that \quad $ \paral le l T ( w , \phi ) − T (
w , \psi ) \paral le l ˆ{ 1 } { \alpha } \ leq c \{ \paral le l z − w \paral le l
1 { \alpha } + \paral le l \phi − \psi \paral le l ˆ{ 1 } \} $ f o r

some $ 0 \ leq c < \ infty . $ We wr i t e

\ [\ begin { a l i gned } \paral le l T ( w , \phi ) − T ( w , \psi ) \paral le l
1 { \alpha } = \ int ˆ{ \alpha } { 0 } \arrowvert f ( \phi ( 0 ) + w (
s ) , \phi ( s − r ( \phi ( 0 ) + w ( s ) ) ) ) \\
− f ( \psi ( 0 ) + w ( s ) , \psi ( s − r ( \psi (

0 ) + w ( s ) ) ) ) \arrowvert ds \\
\ leq M \ int ˆ{ \alpha } { 0 } \arrowvert \phi ( 0 ) − \psi ( 0 )

\mid ds + N \ int ˆ{ \alpha { \arrowvert }} { 0 } \phi ( s − r ( \phi
( 0 ) + w ( s ) ) ) \\
− \psi ( s − r ( \psi ( 0 ) + w ( s ) ) ) \arrowvert

ds . \end{ a l i gned }\ ]

\noindent We know that

\ [\ begin { a l i gned } M \ int ˆ{ \alpha } { 0 } \mid \phi ( 0 ) − \psi ( 0 )
\mid ds = M \alpha \mid \alpha ( 0 ) − \psi ( 0 ) \mid \\

= M \alpha \mid \phi ( r { − }ˆ{ ∗ } ) + i n t e g r a l d i s p l a y−minus ˆ{ 0 } { r ˆ{ ∗ }}
\dot{\phi} ( \theta ) d \theta − \psi ( r { − }ˆ{ ∗ } ) − i n t e g r a l d i s p l a y−minus ˆ{ 0 } { r ˆ{ ∗ }}
\dot{\psi} ( \theta ) d \theta \mid \\
\ leq M \alpha \{ \mid \phi ( − r ˆ{ ∗ } ) − \psi ( − r ˆ{ ∗ }

) \mid + − ˆ{ 0 } r ˆ{ ∗ } \mid \dot{\phi} ( \theta ) − \dot{\psi} (
\theta ) \mid d \theta \} \\

= M \alpha \paral le l \phi − \psi \paral le l ˆ{ 1 } { \alpha }\end{ a l i gned }\ ]
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Line 1 integral sub 0 to the power of alpha bar phi open parenthesis s minus r open parenthesis phi open parenthesis

0 closing parenthesis plus z open parenthesis s closing parenthesis closing parenthesis closing parenthesis minus phi open
parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis
closing parenthesis bar ds Line 2 less or equal Rc integral sub 0 to the power of alpha bar z open parenthesis s closing
parenthesis minus w open parenthesis s closing parenthesis bar ds less or equal Rc alpha integral sub 0 to the power of alpha
bar z-dotaccent open parenthesis s closing parenthesis minus dotaccent-w open parenthesis s closing parenthesis bar ds period

Combining the above inequalities gives
Line 1 bar T open parenthesis z comma phi comma r open parenthesis z closing parenthesis closing parenthesis minus

T open parenthesis w comma phi comma r open parenthesis w closing parenthesis closing parenthesis bar sub alpha to the
power of 1 Line 2 less or equal c integral sub 0 to the power of alpha bar z-dotaccent open parenthesis s closing parenthesis
minus dotaccent-w open parenthesis s closing parenthesis bar ds plus alpha Rc integral sub 0 to the power of alpha bar
z-dotaccent open parenthesis s closing parenthesis minus dotaccent-w open parenthesis s closing parenthesis bar ds = alpha
open parenthesis 1 plus Rc closing parenthesis bar z minus w bar 1 alpha sub period

Suppose that we fix any alpha less 1 1 plus Rc semicolon it follows that comma with respect to the constant
c sub 0 = alpha open parenthesis 1 plus Rc closing parenthesis less 1 comma T is a contraction map on B open parenthesis

alpha comma alpha beta closing parenthesis period .. The proof for the
bar times bar alpha to the power of infinity norm is similar and therefore omitted period
Lemma 2 period 3 .. Consider T : B open parenthesis alpha comma alpha beta closing parenthesis times B sub R times S

right arrow B open parenthesis alpha comma alpha beta closing parenthesis .. with r in S fixed period
Then T = T open parenthesis r comma z comma phi closing parenthesis is a Lipschitz continuous function in z and phi

period
Proof period .... Fix r and consider open parenthesis z comma phi closing parenthesis comma open parenthesis w comma

psi closing parenthesis in B open parenthesis alpha comma alpha beta closing parenthesis times B sub R semicolon we need
to show

that .. bar T open parenthesis z comma phi closing parenthesis = T open parenthesis w comma psi closing parenthesis bar
sub alpha to the power of 1 less or equal c open brace bar z minus w bar 1 alpha plus bar phi minus psi bar to the power of 1
closing brace for some constant 0 less or equal

c = c open parenthesis alpha closing parenthesis less infinity period .. Because of the triangle inequality comma .. it
suffices to show that

bar T open parenthesis z comma phi closing parenthesis minus T open parenthesis w comma phi closing parenthesis bar
sub alpha to the power of 1 plus bar T open parenthesis w comma phi closing parenthesis minus T open parenthesis w comma
psi closing parenthesis bar sub alpha to the power of 1 less or equal c open brace bar z minus w bar 1 alpha plus bar phi minus
psi bar to the power of 1 closing brace period From

the proof of Lemma 2 period 2 comma we know that bar T open parenthesis z phi closing parenthesis minus T open
parenthesis w comma phi closing parenthesis bar 1 alpha less or equal c bar z minus w bar sub alpha to the power of 1
semicolon thus comma

it remains to show that .. bar T open parenthesis w comma phi closing parenthesis minus T open parenthesis w comma
psi closing parenthesis bar sub alpha to the power of 1 less or equal c open brace bar z minus w bar 1 alpha plus bar phi minus
psi bar to the power of 1 closing brace for

some 0 less or equal c less infinity period We write
Line 1 bar T open parenthesis w comma phi closing parenthesis minus T open parenthesis w comma psi closing parenthesis

bar 1 alpha = integral sub 0 to the power of alpha vextendsingle-vextendsingle-vextendsingle f open parenthesis phi open
parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis comma phi open parenthesis s minus r open
parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing
parenthesis closing parenthesis Line 2 minus f open parenthesis psi open parenthesis 0 closing parenthesis plus w open parenthe-
sis s closing parenthesis comma psi open parenthesis s minus r open parenthesis psi open parenthesis 0 closing parenthesis plus
w open parenthesis s closing parenthesis closing parenthesis closing parenthesis closing parenthesis vextendsingle-vextendsingle-
vextendsingle ds Line 3 less or equal M integral sub 0 to the power of alpha vextendsingle-vextendsingle phi open parenthesis
0 closing parenthesis minus psi open parenthesis 0 closing parenthesis bar ds plus N integral sub 0 to the power of alpha
sub vextendsingle-vextendsingle-vextendsingle phi open parenthesis s minus r open parenthesis phi open parenthesis 0 clos-
ing parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis Line 4 minus psi open
parenthesis s minus r open parenthesis psi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis
closing parenthesis closing parenthesis vextendsingle-vextendsingle-vextendsingle ds period

We know that
Line 1 M integral sub 0 to the power of alpha bar phi open parenthesis 0 closing parenthesis minus psi open parenthesis

0 closing parenthesis bar ds = M alpha bar alpha open parenthesis 0 closing parenthesis minus psi open parenthesis 0 closing
parenthesis bar Line 2 = M alpha bar phi open parenthesis r minus to the power of * closing parenthesis plus integraldisplay-
minus to the power of 0 sub r to the power of * dotaccent-phi open parenthesis theta closing parenthesis d theta minus psi
open parenthesis r minus to the power of * closing parenthesis minus integraldisplay-minus to the power of 0 sub r to the
power of * dotaccent-psi open parenthesis theta closing parenthesis d theta bar Line 3 less or equal M alpha braceleftbigg
bar phi open parenthesis minus r to the power of * closing parenthesis minus psi open parenthesis minus r to the power of
* closing parenthesis bar plus minus to the power of 0 r to the power of * bar phi-dotaccent open parenthesis theta closing
parenthesis minus dotaccent-psi open parenthesis theta closing parenthesis bar d theta bracerightbigg Line 4 = M alpha bar
phi minus psi bar sub alpha to the power of 1
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0

| φ(s− r(φ(0) + z(s)))− φ(s− r(φ(0) + w(s)) | ds

≤ Rc
∫ α

0

| z(s)− w(s) | ds ≤ Rcα
∫ α

0

| ż(s)− ẇ(s) | ds.

Combining the above inequalities gives

‖ T (z, φ, r(z))− T (w, φ, r(w)) ‖1α

≤ c
∫ α

0

| ż(s)− ẇ(s) | ds+ αRc

∫ α

0

| ż(s)− ẇ(s) | ds = α(1 +Rc) ‖ z − w ‖ 1α.

Suppose that we fix any α < 11+Rc; it follows that , with respect to the constant c0 = α(1+Rc) <
1, T is a contraction map onB(α, αβ). The proof for the ‖ · ‖ α∞ norm is similar and therefore
omitted .
Lemma 2 . 3 Consider T : B(α, αβ) × BR × S → B(α, αβ) with r ∈ S fixed . Then
T = T (r, z, φ) is a Lipschitz continuous function in z and φ.
Proof . Fix r and consider (z, φ), (w,ψ) ∈ B(α, αβ)×BR; we need to show
that ‖ T (z, φ) = T (w,ψ) ‖1α≤ c{‖ z − w ‖ 1α+ ‖ φ − ψ ‖1} for some constant 0 ≤
c = c(α) < ∞. Because of the triangle inequality , it suffices to show that

‖ T (z, φ)− T (w, φ) ‖1α + ‖ T (w, φ)− T (w,ψ) |1α≤ c{‖ z − w ‖ 1α+ ‖ φ− ψ ‖1}.From

the proof of Lemma 2 . 2 , we know that ‖ T (zφ)− T (w, φ) ‖ 1α ≤ c ‖ z − w ‖1α; thus ,
it remains to show that ‖ T (w, φ) − T (w,ψ) ‖1α≤ c{‖ z − w ‖ 1α+ ‖ φ − ψ ‖1} for some
0 ≤ c <∞. We write

‖ T (w, φ)− T (w,ψ) ‖ 1α =

∫ α

0

|f(φ(0) + w(s), φ(s− r(φ(0) + w(s))))

−f(ψ(0) + w(s), ψ(s− r(ψ(0) + w(s))))|ds

≤M
∫ α

0

|φ(0)− ψ(0) | ds+N

∫ α|

0

φ(s− r(φ(0) + w(s)))

−ψ(s− r(ψ(0) + w(s)))|ds.

We know that

M

∫ α

0

| φ(0)− ψ(0) | ds = Mα | α(0)− ψ(0) |

= Mα | φ(r∗−) + integraldisplay −minus0
r∗ φ̇(θ)dθ − ψ(r∗−)− integraldisplay −minus0

r∗ ψ̇(θ)dθ |
≤Mα{| φ(−r∗)− ψ(−r∗) | +−0 r∗ | φ̇(θ)− ψ̇(θ) | dθ}

= Mα ‖ φ− ψ ‖1α



\noindent 6 \quad Unstable mani fo lds f o r de lay d i f f e r e n t i a l equat ions \quad EJDE −− 2002 / 32
Also we know that

\ [\ begin { a l i gned } N \ int ˆ{ \alpha } { 0 } \mid \phi ( s − r ( \phi ( 0
) + w ( s ) ) ) − \psi ( s − r ( \psi ( 0 ) + w (
s ) ) ) \mid ds \\
\ leq N \{ \ int ˆ{ \alpha } { 0 } \mid \phi ( s − r ( \phi ( 0 )

+ w ( s ) ) ) − \phi ( s − r ( \psi ( 0 ) + w ( s
) ) ) \mid ds \\

+ \ int ˆ{ \alpha } { 0 } \mid \phi ( s − r ( \psi ( 0 ) + w (
s ) ) ) − \psi ( s − r ( \psi ( 0 ) + w ( s ) ) )
\mid ds \} \\
\ leq NR \alpha c \mid \psi ( 0 ) − \psi ( 0 ) \mid + N − ˆ{ 0 }

r ˆ{ ∗ } \mid \phi ( \theta ) − \psi ( \theta ) \mid d \theta \\
\ leq NR \alpha c \mid \phi ( 0 ) − \psi ( 0 ) \mid + N i n t e g r a l d i s p l a y−minus ˆ{ 0 } { r ˆ{ ∗ }}

[ \mid \phi ( − r ˆ{ ∗ } ) − \psi ( − r ˆ{ ∗ } ) \mid + minus−i n t e g r a l d i s p l a y ˆ{ \theta } { r ˆ{ ∗ }}
\mid \dot{\phi} ( \sigma ) − \dot{\psi} ( \sigma ) \mid d \sigma ]
d \theta \\
\ leq NR \alpha c \mid \phi ( 0 ) − \psi ( 0 ) \mid + Nr ˆ{ ∗ }

\paral le l \phi − \psi \paral le l ˆ{ 1 }\\
\ leq N ( R \alpha ˆ{ 2 } cM + r ˆ{ ∗ } ) \paral le l \phi − \psi \paral le l ˆ{ 1 }

. \end{ a l i gned }\ ]

\noindent The above e s t imate s complete the proo f $ . \ square $

Using Lemmas 2 . 1 , \quad 2 . 2 , \quad and 2 . 3 , \quad with $ \alpha > 0 $ and s u f f i c i e n t l y smal l , \quad the
con t ra c t i on mapping theorem g i v e s the f o l l o w i n g r e s u l t .

\noindent Theorem 2 . 4 \ h f i l l Consider th e i n i t i a l − value problem ( 2 . 2 ) s u b j e c t to assumptions

\noindent ( A 1 ) and ( A 2 ) , with $ \phi ( \cdot ) \ in B { R }$ and $ R >
0 $ f i x e d . \ h f i l l Then there e x i s t s a r e a l number

\noindent $ \alpha = \alpha ( R ) > 0 , $ independent o f $ \phi , $ such that
$ x ( t , \phi ) $ e x i s t s and i s unique on $ [ 0 , \alpha ] . $

I t i s a l s o p o s s i b l e to e s t a b l i s h a s imple s u f f i c i e n t cond i t i on f o r g l o b a l e x i s t e n c e
( i . e . , e x i s t e n c e on the i n t e r v a l $ t \ in [ 0 , \ infty ) ) , $ us ing the f a c t that equat ion ( 1 . 1 ) i s
autonomous . \quad The theorem that f o l l o w s i m p l i e s that the only way in which a
s o l u t i o n $ x ( t , \phi ) $ can f a i l to e x i s t i s i f i t blows up in f i n i t e time .

\noindent Theorem 2 . 5 \ h f i l l Consider th e i n i t i a l − value problem ( 2 . 2 ) s u b j e c t to assumptions

\noindent ( A 1 ) and ( A 2 ) , \ h f i l l with $ \phi ( \cdot ) \ in B { R }$ \ h f i l l and
$ R > 0 $ f i x e d . \ h f i l l Further , \ h f i l l suppose that the

\noindent s o l u t i o n $ x ( t , \phi ) $ \ h f i l l i s non − cont inuab l e on the i n t e r v a l
$ [ 0 , b ) $ f o r s ome $ 0 < b < \ infty . $

\noindent Then , f o r any f i x e d $ c > 0 , $ th e re e x i s t s a $ t \ in [ 0 ,
b ) $ such that $ \mid x ( t , \phi ) \mid > c . $

\noindent Proof . \ h f i l l We apply a c o n t r a d i c t i o n argument . Suppose that f o r some f i x e d $ \mu
> $

\ [ 0{ [ }ˆ{ , } { 0 , } \sup { t }{ b }ˆ{ \ in [ 0 , b ) ˆ{ \sup }} { ) . From }ˆ{ \theta
\ in [ − r ˆ{ ∗ } , 0 ] } { assumption }ˆ{ \mid x }ˆ{ ( t } { ( A 2 }ˆ{ + } { )
, }ˆ{ \theta }ˆ{ ) \mid } { we } < \mu and { know } { that }ˆ{ that } { , } { f o r } x{ \mid }ˆ{ (
t , } { \xi \mid , } \phi{ \mid }ˆ{ ) } { \eta \mid } i s { < } not{ \mu } , cont inuab l e { \sup { \xi
, \eta } \mid f ( \xi , \eta ) } \mid on{ \ leq }\ ]

\noindent $ ( M + N ) \mu < \ infty . $ \ h f i l l Now we have assumed that \ h f i l l
$ \paral le l \phi ( \cdot ) \paral le l ˆ{ \ infty } < R < \ infty ; $ hence , by

\ [ a l l ˆ{ de f i n i t i o n }ˆ{ , } { t \ in [ 0 , b ) }ˆ{ e s s } { , }ˆ{ \sup { \theta }} { x { t }
( \phi , }ˆ{ \ in [ − } { \cdot ) }ˆ{ r } { \ in }ˆ{ ∗ { , } 0 ] } { B { \mu
+ \max }}ˆ{ \mid \dot{\phi} ( \theta ) \mid } { ( \mu , R }ˆ{ \ leq } { )
. }ˆ{ R } and \paral le l x { t }{ Se t t i ng }ˆ{ ( \phi } { R { c }}ˆ{ , } { = }ˆ{ \cdot
) } \paral le l { \mu }ˆ{ \ infty } { + \max }ˆ{ \ leq \mu } { ( }ˆ{ + } { \mu , }ˆ{ \max }ˆ{ (
\mu , } { R ) , we } know ˆ{ R ) and } that ˆ{ f o r } { , }\ ]

\noindent f o r a l l $ t \ in [ 0 , b ) , $ the re e x i s t s an $ \alpha { 0 } =
\alpha ( R { 0 } ) $ such that $ x ( t , \phi ) $ i s cont inuab l e from

$ t $ to $ t + \alpha { 0 } . $ \quad Thus we gain a c o n t r a d i c t i o n i f we choose
$ t = b − \alpha { 0 }{ 2 } , $ s i n c e $ x ( t , \phi ) $

can now be cont inued beyond $ b . $
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Also we know that
Line 1 N integral sub 0 to the power of alpha bar phi open parenthesis s minus r open parenthesis phi open parenthesis

0 closing parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis minus psi open
parenthesis s minus r open parenthesis psi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis
closing parenthesis closing parenthesis bar ds Line 2 less or equal N open brace integral sub 0 to the power of alpha bar phi open
parenthesis s minus r open parenthesis phi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis
closing parenthesis closing parenthesis minus phi open parenthesis s minus r open parenthesis psi open parenthesis 0 closing
parenthesis plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis bar ds Line 3 plus integral
sub 0 to the power of alpha bar phi open parenthesis s minus r open parenthesis psi open parenthesis 0 closing parenthesis
plus w open parenthesis s closing parenthesis closing parenthesis closing parenthesis minus psi open parenthesis s minus r
open parenthesis psi open parenthesis 0 closing parenthesis plus w open parenthesis s closing parenthesis closing parenthesis
closing parenthesis bar ds closing brace Line 4 less or equal NR alpha c bar psi open parenthesis 0 closing parenthesis minus
psi open parenthesis 0 closing parenthesis bar plus N minus to the power of 0 r to the power of * bar phi open parenthesis
theta closing parenthesis minus psi open parenthesis theta closing parenthesis bar d theta Line 5 less or equal NR alpha c bar
phi open parenthesis 0 closing parenthesis minus psi open parenthesis 0 closing parenthesis bar plus N integraldisplay-minus
to the power of 0 sub r to the power of * open square bracket bar phi open parenthesis minus r to the power of * closing
parenthesis minus psi open parenthesis minus r to the power of * closing parenthesis bar plus minus-integraldisplay to the
power of theta sub r to the power of * bar phi-dotaccent open parenthesis sigma closing parenthesis minus dotaccent-psi open
parenthesis sigma closing parenthesis bar d sigma closing square bracket d theta Line 6 less or equal NR alpha c bar phi open
parenthesis 0 closing parenthesis minus psi open parenthesis 0 closing parenthesis bar plus Nr to the power of * bar phi minus
psi bar to the power of 1 Line 7 less or equal N open parenthesis R alpha to the power of 2 cM plus r to the power of * closing
parenthesis bar phi minus psi bar to the power of 1 period

The above estimates complete the proof period square
Using Lemmas 2 period 1 comma .. 2 period 2 comma .. and 2 period 3 comma .. with alpha greater 0 and sufficiently

small comma .. the
contraction mapping theorem gives the following result period
Theorem 2 period 4 .... Consider th e initial hyphen value problem open parenthesis 2 period 2 closing parenthesis subject

to assumptions
open parenthesis A 1 closing parenthesis and open parenthesis A 2 closing parenthesis comma with phi open parenthesis

times closing parenthesis in B sub R and R greater 0 fixed period .... Then there exists a real number
alpha = alpha open parenthesis R closing parenthesis greater 0 comma independent of phi comma such that x open

parenthesis t comma phi closing parenthesis exists and is unique on open square bracket 0 comma alpha closing square bracket
period

It is also possible to establish a simple sufficient condition for global existence
open parenthesis i period e period comma existence on the interval t in open square bracket 0 comma infinity closing

parenthesis closing parenthesis comma using the fact that equation open parenthesis 1 period 1 closing parenthesis is
autonomous period .. The theorem that follows implies that the only way in which a
solution x open parenthesis t comma phi closing parenthesis can fail to exist is if it blows up in finite time period
Theorem 2 period 5 .... Consider th e initial hyphen value problem open parenthesis 2 period 2 closing parenthesis subject

to assumptions
open parenthesis A 1 closing parenthesis and open parenthesis A 2 closing parenthesis comma .... with phi open parenthesis

times closing parenthesis in B sub R .... and R greater 0 fixed period .... Further comma .... suppose that the
s o lution x open parenthesis t comma phi closing parenthesis .... is non hyphen continuable on the interval open square

bracket 0 comma b closing parenthesis for s ome 0 less b less infinity period
Then comma for any fixed c greater 0 comma th ere exists a t in open square bracket 0 comma b closing parenthesis such

that bar x open parenthesis t comma phi closing parenthesis bar greater c period
Proof period .... We apply a contradiction argument period Suppose that for some fixed mu greater
0 open square bracket sub 0 comma to the power of comma supremum sub t b sub closing parenthesis period From to

the power of in open square bracket 0 comma b closing parenthesis to the power of supremum sub assumption to the power
of theta in open square bracket minus r to the power of * comma 0 closing square bracket to the power of bar x sub open
parenthesis A 2 to the power of open parenthesis t sub closing parenthesis comma to the power of plus to the power of theta
sub we to the power of closing parenthesis bar less mu and know sub that sub comma to the power of that sub for x bar sub
xi bar comma to the power of open parenthesis t comma phi bar sub eta bar to the power of closing parenthesis is less not mu
comma continuable supremum sub xi comma eta bar f open parenthesis xi comma eta closing parenthesis bar on less or equal

open parenthesis M plus N closing parenthesis mu less infinity period .... Now we have assumed that .... bar phi open
parenthesis times closing parenthesis bar to the power of infinity less R less infinity semicolon hence comma by

all to the power of definition sub t in open square bracket 0 comma b closing parenthesis to the power of comma sub comma
to the power of ess sub x sub t open parenthesis phi comma to the power of supremum sub theta sub times closing parenthesis
to the power of in open square bracket minus sub in to the power of r sub B sub mu plus maximum to the power of * sub
comma 0 closing square bracket sub open parenthesis mu comma R to the power of bar phi-dotaccent open parenthesis theta
closing parenthesis bar sub closing parenthesis period to the power of less or equal to the power of R and bar x sub t Setting
sub R sub c to the power of open parenthesis phi sub = to the power of comma to the power of times closing parenthesis bar
mu sub plus maximum to the power of infinity sub open parenthesis to the power of less or equal mu sub mu comma to the
power of plus to the power of maximum sub R closing parenthesis comma we to the power of open parenthesis mu comma
know to the power of R closing parenthesis and that sub comma to the power of for

for all t in open square bracket 0 comma b closing parenthesis comma there exists an alpha sub 0 = alpha open parenthesis
R sub 0 closing parenthesis such that x open parenthesis t comma phi closing parenthesis is continuable from

t to t plus alpha sub 0 period .. Thus we gain a contradiction if we choose t = b minus alpha sub 0 2 comma since x open
parenthesis t comma phi closing parenthesis

can now be continued beyond b period
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N

∫ α

0

| φ(s− r(φ(0) + w(s)))− ψ(s− r(ψ(0) + w(s))) | ds

≤ N{
∫ α

0

| φ(s− r(φ(0) + w(s)))− φ(s− r(ψ(0) + w(s))) | ds

+

∫ α

0

| φ(s− r(ψ(0) + w(s)))− ψ(s− r(ψ(0) + w(s))) | ds}

≤ NRαc | ψ(0)− ψ(0) | +N −0 r∗ | φ(θ)− ψ(θ) | dθ
≤ NRαc | φ(0)− ψ(0) | +Nintegraldisplay −minus0

r∗ [| φ(−r∗)− ψ(−r∗) | +minus− integraldisplayθr∗ | φ̇(σ)− ψ̇(σ) | dσ]dθ

≤ NRαc | φ(0)− ψ(0) | +Nr∗ ‖ φ− ψ ‖1

≤ N(Rα2cM + r∗) ‖ φ− ψ ‖1 .

The above estimates complete the proof . �
Using Lemmas 2 . 1 , 2 . 2 , and 2 . 3 , with α > 0 and sufficiently small , the

contraction mapping theorem gives the following result .
Theorem 2 . 4 Consider th e initial - value problem ( 2 . 2 ) subject to assumptions
( A 1 ) and ( A 2 ) , with φ(·) ∈ BR and R > 0 fixed . Then there exists a real number
α = α(R) > 0, independent of φ, such that x(t, φ) exists and is unique on [0, α].

It is also possible to establish a simple sufficient condition for global existence ( i . e . ,
existence on the interval t ∈ [0,∞)), using the fact that equation ( 1 . 1 ) is autonomous . The
theorem that follows implies that the only way in which a solution x(t, φ) can fail to exist is if it
blows up in finite time .
Theorem 2 . 5 Consider th e initial - value problem ( 2 . 2 ) subject to assumptions
( A 1 ) and ( A 2 ) , with φ(·) ∈ BR and R > 0 fixed . Further , suppose that the
s o lution x(t, φ) is non - continuable on the interval [0, b) for s ome 0 < b <∞.
Then , for any fixed c > 0, th ere exists a t ∈ [0, b) such that | x(t, φ) |> c.
Proof . We apply a contradiction argument . Suppose that for some fixed µ >

0[
,
0, sup

t
b
∈[0,b)sup

). From
θ∈[−r∗,0]
assumption

|x(t
(A2

+
),
θ)|
we < µandknowthat

that,forx|(t,ξ|,φ|
)
η|is<notµ, continuablesupξ,η|f(ξ,η) | on≤

(M +N)µ <∞. Now we have assumed that ‖ φ(·) ‖∞ < R <∞; hence , by

alldefinition,
t∈[0,b)

ess
,

supθ
xt(φ,

∈[−
·)

r
∈
∗,0]
Bµ+max

|φ̇(θ)|
(µ,R

≤
).
Rand ‖ xtSetting

(φ
Rc
,
=
·) ‖∞µ

≤µ
+ max

+
(

max
µ,

(µ,
R),weknowR)andthatfor

,

for all t ∈ [0, b), there exists an α0 = α(R0) such that x(t, φ) is continuable from t to t + α0.
Thus we gain a contradiction if we choose t = b−α02, since x(t, φ) can now be continued beyond
b.
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\noindent 3 \quad An \quad Unstable \quad Manifold \quad Theorem

\noindent In t h i s s e c t i o n , we prove a theorem on l o c a l unstab l e mani fo lds f o r equat ion
( 1 . 1 ) . S i g n i f i c a n t l y , i t w i l l turn out that the unstab le mani fo ld forms a smooth

\noindent graph , even though the vec to r f i e l d de f ined by ( 2 . 2 ) i s not Fr $ \acute{e} $
chet d i f f e r e n t i a b l e

in the i n i t i a l c o n d i t i o n s . We s e t up our problem in the f o l l o w i n g way .

\hspace ∗{\ f i l l }Consider the f o l l o w i n g two equat ions $ , \dot{x} ( t ) = f (
x ( t ) , x ( t − r ) ) , r = r ( x ( t ) ) $

\noindent and $ \dot{x} ( t ) = f ( x ( t ) , x ( t − r (
0 ) ) ) $ under the assumption that $ f ( 0 ) = 0 . $ We do not

c la im that the second equat ion i s a formal l i n e a r i z a t i o n o f the f i r s t ; however ,
we w i l l show that i t g i v e s a good d e s c r i p t i o n o f the l o c a l dynamics near the
unstab le mani fo ld o f $ \dot{x} ( t ) = f ( x ( t ) , x ( t −

r ) ) , r = r ( x ( t ) ) . $

\ [ i t Suppose { \succ that }ˆ{ that } the ˆ{ 0 } i s { s e t } a hype rbo l i c { \Lambda
= \{ \lambda \ in } equ i l i b r i um { C : \lambda = − \alpha }ˆ{ po int } + f ˆ{ \prime }
( 0 ˆ{ o f }ˆ{ \dot{x} ( t ) } { ) e ˆ{ − r ( 0 ) }}ˆ{ = } \lambda { , }ˆ{ f }ˆ{ (
x ( t ) } { Re \lambda }ˆ{ , } { > }ˆ{ x }ˆ{ ( t − } { 0 \} }ˆ{ r ( } { i s }ˆ{ 0
) ) ) ; } { f i n i t e }\ ]

\noindent and that the space $ W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) $
can be decomposed as $ W ˆ{ 1 , \ infty } = U \oplus S , $ as

in Hale and Lunel [ 4 ] . \quad Here we d e f i n e $ U = \{ \phi \ in W ˆ{ 1 , =
\ infty } : x { t } ( \phi , \cdot ) $ e x i s t s and

\noindent remains bounded ( in the $ \paral le l \cdot \paral le l 1 { − norm ) }$
f o r a l l $ t \ leq 0 \} $ and s e t $ \phi \ in U $ equal to $ \phi ˆ{ U } . $

S i m i l a r l y , we d e f i n e $ S = \{ \phi \ in W ˆ{ 1 , \ infty } : x { t } (
\phi , \cdot ) $ e x i s t s and remains bounded f o r

a l l $ t \geq 0 \} , $ where $ x { t } ( \phi , \cdot ) $ i s a s o l u t i o n to the i n i t i a l − value problem ( 2 . 2 ) . \quad The
dimension o f $ U $ i s equal to the e lements ( i n c l u d i n g m u l t i p l i c i t i e s ) in $ \Lambda

, $ and i s
f i n i t e . \quad Assoc iated with the s e t s $ U $ and $ S $ are the p r o j e c t i o n s $ \pi { U }

: W ˆ{ 1 , \ infty } \rightarrow U $
and $ \pi { S } : W ˆ{ 1 , \ infty } \rightarrow S , $ with $ \pi { U } U

= U $ and $ \pi { S } S = ( I − \pi { U } ) S = S . $

We now examine at the dynamics o f the s o l u t i o n map $ L : U \rightarrow U $ de f ined by
$ \dot{x} ( t ) = f ( x ( t ) , x ( t − r ( 0 ) )

) , $ where $ U $ i s a f i n i t e − dimens iona l subspace o f $ W ˆ{ 1 , \ infty } . $

\noindent Since the o r i g i n i s a hype rbo l i c equ i l i b r ium point , the re e x i s t cons tant s $ M { 0 }
, \beta 0 > $
0 , \quad independent o f $ \phi ˆ{ U } \ in U , $ \quad such that , \quad f o r $ t
\ leq 0 , \sup { \theta \ in [ − r } ∗ { , } 0 ] \mid T ( t )
\phi ˆ{ U } ( \theta ) \mid \ leq $

\noindent $ M { 0 } e ˆ{ \beta 0 ˆ{ t }} \sup { \theta \ in [ − r } ∗ { , }
0 ] \mid \phi ˆ{ U } ( \theta ) \mid . $ \ h f i l l Since a l l norms are equ iva l en t in f i n i t e dimensions ,

\noindent we know that the re e x i s t cons tant s $ M , \beta > 0 , $ independent o f
$ \phi ˆ{ U } , $ such that

$ \paral le l T ( t ) \phi ˆ{ U } \paral le l ˆ{ 1 } \ leq Me ˆ{ \beta t } \paral le l
\phi ˆ{ U } \paral le l ˆ{ 1 } . $ I f we cons id e r the r e s t r i c t i o n o f $ g $ to $ U , $
the f o l l o w i n g

\noindent smoothness r e s u l t can be proved .

\noindent Lemma 3 . 1 \quad Suppose that , in $ ( 1 . 1 ) \dot{x} ( t ) =
− \alpha x ( t ) + f ( x ( t − r ) ) , r = r ( x
( t ) ) , r : $

$ R \rightarrow R ˆ{ + }$ \quad and $ f : R \rightarrow R $ are $ C ˆ{ 2 }$
f u n c t i o n s . \quad Then there e x i s t s a neighbourhood

\noindent $ N { \delta } ( 0 ) \subset U $ such that the mapping $ g : U
\rightarrow R $ i s Fr $ \acute{e} $ chet d i f f e r e n t i a b l e at a l l

\begin { a l i g n ∗}
po i n t s x { t } ( \cdot ) \ in N { \delta } ( 0 ) .
\end{ a l i g n ∗}

\noindent Proof . \quad Suppose that we f i x a po int $ x { t } ( \cdot ) \ in N { \delta }
( 0 ) . $ \quad Since $ f \ in C ˆ{ 2 } , $ from the

chain r u l e i t i s s u f f i c i e n t to show that the func t i on $ g 1 : U \rightarrow R
, $ \quad de f ined by

$ g 1 ( x { t } ( \cdot ) ) = x ( t − r ( x ( t ) )
) , $ i s Fr $ \acute{e} $ chet d i f f e r e n t i a b l e . \quad We now prove that , \quad f o r

\ [ h { t } ( \cdot ) \ in U , D { \phi } g 1 ( x { t } ( \cdot )
) h { t } = − dx ˆ{ dr { \dot{x} ( t }} − r ( x ( t ) ) ) h
( t ) + h ( t − r ( x ( t ) ) ) , where D { \phi } g
1 \ ]

\noindent i s a l i n e a r operator s i n c e $ x { t } ( \cdot ) $ i s f i x e d . We can wr i t e

\ [\ begin { a l i gned } \arrowvert g 1 ( x { t } + h { t } ) − g 1 ( x { t }
) − D { \phi } g 1 ( x { t } ) h { t } \arrowvert \\

= \arrowvert x ( t − r ( x ( t ) + h ( t ) ) ) + h
( t − r ( x ( t ) + h ( t − r ( x ( t ) + h (
t ) ) ) \\
− x ( t − r ( x ( t ) ) ) + dx ˆ{ dr \dot{x} ( t } −

r ( x ( t ) ) ) h ( t ) − h ( t − r ( x ( t )
) ) \arrowvert \end{ a l i gned }\ ]
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3 .. An .. Unstable .. Manifold .. Theorem
In this section comma we prove a theorem on lo cal unstable manifolds for equation
open parenthesis 1 period 1 closing parenthesis period Significantly comma it will turn out that the unstable manifold

forms a smooth
graph comma even though the vector field defined by open parenthesis 2 period 2 closing parenthesis is not Fr acute-e chet

differentiable
in the initial conditions period We set up our problem in the following way period
Consider the following two equations comma x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x

open parenthesis t closing parenthesis comma x open parenthesis t minus r closing parenthesis closing parenthesis comma r =
r open parenthesis x open parenthesis t closing parenthesis closing parenthesis

and x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x open parenthesis t closing parenthesis
comma x open parenthesis t minus r open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis under the
assumption that f open parenthesis 0 closing parenthesis = 0 period We do not

claim that the second equation is a formal linearization of the first semicolon however comma
we will show that it gives a good description of the lo cal dynamics near the
unstable manifold of x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x open parenthesis t closing

parenthesis comma x open parenthesis t minus r closing parenthesis closing parenthesis comma r = r open parenthesis x open
parenthesis t closing parenthesis closing parenthesis period

it Suppose follows that to the power of that the to the power of 0 is set a hyperbolic Capital Lambda = open brace lambda
in equilibrium C : lambda = minus alpha to the power of point plus f to the power of prime open parenthesis 0 to the power
of of sub closing parenthesis e to the power of minus r open parenthesis 0 closing parenthesis to the power of x-dotaccent
open parenthesis t closing parenthesis to the power of = lambda sub comma to the power of f sub Re lambda to the power of
open parenthesis x open parenthesis t closing parenthesis sub greater to the power of comma to the power of x sub 0 closing
brace to the power of open parenthesis t minus sub is to the power of r open parenthesis sub finite to the power of 0 closing
parenthesis closing parenthesis closing parenthesis semicolon

and that the space W to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of *
comma 0 closing square bracket closing parenthesis can be decomposed as W to the power of 1 comma infinity = U oplus S
comma as

in Hale and Lunel open square bracket 4 closing square bracket period .. Here we define U = open brace phi in W to the
power of 1 comma = infinity : x sub t open parenthesis phi comma times closing parenthesis exists and

remains bounded open parenthesis in the bar times bar 1 sub hyphen norm closing parenthesis for all t less or equal 0
closing brace and set phi in U equal to phi to the power of U period

Similarly comma we define S = open brace phi in W to the power of 1 comma infinity : x sub t open parenthesis phi
comma times closing parenthesis exists and remains bounded for

all t greater equal 0 closing brace comma where x sub t open parenthesis phi comma times closing parenthesis is a solution
to the initial hyphen value problem open parenthesis 2 period 2 closing parenthesis period .. The

dimension of U is equal to the elements open parenthesis including multiplicities closing parenthesis in Capital Lambda
comma and is

finite period .. Associated with the sets U and S are the projections pi sub U : W to the power of 1 comma infinity right
arrow U

and pi sub S : W to the power of 1 comma infinity right arrow S comma with pi sub U U = U and pi sub S S = open
parenthesis I minus pi sub U closing parenthesis S = S period

We now examine at the dynamics of the solution map L : U right arrow U defined by
x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x open parenthesis t closing parenthesis comma x

open parenthesis t minus r open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis comma where U is a
finite hyphen dimensional subspace of W to the power of 1 comma infinity period

Since the origin is a hyperbolic equilibrium point comma there exist constants M sub 0 comma beta 0 greater
0 comma .. independent of phi to the power of U in U comma .. such that comma .. for t less or equal 0 comma supremum

sub theta in open square bracket minus r * sub comma 0 closing square bracket bar T open parenthesis t closing parenthesis
phi to the power of U open parenthesis theta closing parenthesis bar less or equal

M sub 0 e to the power of beta 0 to the power of t supremum sub theta in open square bracket minus r * sub comma 0
closing square bracket bar phi to the power of U open parenthesis theta closing parenthesis bar period .... Since all norms are
equivalent in finite dimensions comma

we know that there exist constants M comma beta greater 0 comma independent of phi to the power of U comma such
that

bar T open parenthesis t closing parenthesis phi to the power of U bar to the power of 1 less or equal Me to the power of
beta t bar phi to the power of U bar to the power of 1 period If we consider the restriction of g to U comma the following

smoothness result can be proved period
Lemma 3 period 1 .. Suppose that comma in open parenthesis 1 period 1 closing parenthesis x-dotaccent open parenthesis

t closing parenthesis = minus alpha x open parenthesis t closing parenthesis plus f open parenthesis x open parenthesis t
minus r closing parenthesis closing parenthesis comma r = r open parenthesis x open parenthesis t closing parenthesis closing
parenthesis comma r :

R right arrow R to the power of plus .. and f : R right arrow R are C to the power of 2 functions period .. Then there
exists a neighbourhood

N sub delta open parenthesis 0 closing parenthesis subset U such that the mapping g : U right arrow R is Fr acute-e chet
differentiable at al l

po ints x sub t open parenthesis times closing parenthesis in N sub delta open parenthesis 0 closing parenthesis period
Proof period .. Suppose that we fix a point x sub t open parenthesis times closing parenthesis in N sub delta open

parenthesis 0 closing parenthesis period .. Since f in C to the power of 2 comma from the
chain rule it is sufficient to show that the function g 1 : U right arrow R comma .. defined by
g 1 open parenthesis x sub t open parenthesis times closing parenthesis closing parenthesis = x open parenthesis t minus

r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis comma is Fr acute-e chet
differentiable period .. We now prove that comma .. for

h sub t open parenthesis times closing parenthesis in U comma D sub phi g 1 open parenthesis x sub t open parenthesis
times closing parenthesis closing parenthesis h sub t = minus dx to the power of dr sub x-dotaccent open parenthesis t minus
r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis h open parenthesis t closing
parenthesis plus h open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis
closing parenthesis comma where D sub phi g 1

is a linear operator since x sub t open parenthesis times closing parenthesis is fixed period We can write
Line 1 vextendsingle-vextendsingle g 1 open parenthesis x sub t plus h sub t closing parenthesis minus g 1 open parenthesis

x sub t closing parenthesis minus D sub phi g 1 open parenthesis x sub t closing parenthesis h sub t vextendsingle-vextendsingle
Line 2 = vextendsingle-vextendsingle x open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis
plus h open parenthesis t closing parenthesis closing parenthesis closing parenthesis plus h open parenthesis t minus r open
parenthesis x open parenthesis t closing parenthesis plus h open parenthesis t minus r open parenthesis x open parenthesis t
closing parenthesis plus h open parenthesis t closing parenthesis closing parenthesis closing parenthesis Line 3 minus x open
parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis plus dx
to the power of dr x-dotaccent open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing
parenthesis closing parenthesis h open parenthesis t closing parenthesis minus h open parenthesis t minus r open parenthesis
x open parenthesis t closing parenthesis closing parenthesis closing parenthesis vextendsingle-vextendsingle
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3 An Unstable Manifold Theorem
In this section , we prove a theorem on lo cal unstable manifolds for equation ( 1 . 1 ) . Significantly
, it will turn out that the unstable manifold forms a smooth
graph , even though the vector field defined by ( 2 . 2 ) is not Fr é chet differentiable in the initial
conditions . We set up our problem in the following way .

Consider the following two equations , ẋ(t) = f(x(t), x(t− r)), r = r(x(t))
and ẋ(t) = f(x(t), x(t − r(0))) under the assumption that f(0) = 0. We do not claim that the
second equation is a formal linearization of the first ; however , we will show that it gives a good
description of the lo cal dynamics near the unstable manifold of ẋ(t) = f(x(t), x(t − r)), r =
r(x(t)).

itSupposethat
�thatthe0issetahyperbolicΛ={λ∈equilibriumpoint

C:λ=−α + f ′(0of ẋ(t)

)e−r(0)
=λf,

(x(t)
Reλ

,
>
x(t−

0}
r(
is

0)));
finite

and that the space W 1,∞([−r∗, 0]) can be decomposed as W 1,∞ = U ⊕ S, as in Hale and Lunel [
4 ] . Here we define U = {φ ∈W 1,=∞ : xt(φ, ·) exists and
remains bounded ( in the ‖ · ‖ 1−norm) for all t ≤ 0} and set φ ∈ U equal to φU . Similarly
, we define S = {φ ∈ W 1,∞ : xt(φ, ·) exists and remains bounded for all t ≥ 0}, where xt(φ, ·)
is a solution to the initial - value problem ( 2 . 2 ) . The dimension of U is equal to the
elements ( including multiplicities ) in Λ, and is finite . Associated with the sets U and S are
the projections πU : W 1,∞ → U and πS : W 1,∞ → S, with πUU = U and πSS = (I − πU )S = S.

We now examine at the dynamics of the solution map L : U → U defined by ẋ(t) =
f(x(t), x(t− r(0))), where U is a finite - dimensional subspace of W 1,∞.
Since the origin is a hyperbolic equilibrium point , there exist constants M0, β0 > 0 , indepen-
dent of φU ∈ U, such that , for t ≤ 0, supθ∈[−r ∗,0] | T (t)φU (θ) | ≤
M0e

β0t supθ∈[−r ∗,0] | φU (θ) | . Since all norms are equivalent in finite dimensions ,

we know that there exist constants M,β > 0, independent of φU , such that ‖ T (t)φU ‖1≤
Meβt ‖ φU ‖1 . If we consider the restriction of g to U, the following
smoothness result can be proved .
Lemma 3 . 1 Suppose that , in (1.1)ẋ(t) = −αx(t) + f(x(t − r)), r = r(x(t)), r : R → R+

and f : R→ R are C2 functions . Then there exists a neighbourhood
Nδ(0) ⊂ U such that the mapping g : U → R is Fr é chet differentiable at al l

pointsxt(·) ∈ Nδ(0).

Proof . Suppose that we fix a point xt(·) ∈ Nδ(0). Since f ∈ C2, from the chain rule it is
sufficient to show that the function g1 : U → R, defined by g1(xt(·)) = x(t− r(x(t))), is
Fr é chet differentiable . We now prove that , for

ht(·) ∈ U,Dφg1(xt(·))ht = −dxdrẋ(t − r(x(t)))h(t) + h(t− r(x(t))),whereDφg1

is a linear operator since xt(·) is fixed . We can write

|g1(xt + ht)− g1(xt)−Dφg1(xt)ht|
= |x(t− r(x(t) + h(t))) + h(t− r(x(t) + h(t− r(x(t) + h(t)))

−x(t− r(x(t))) + dxdrẋ(t − r(x(t)))h(t)− h(t− r(x(t)))|
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\ [\ begin { a l i gned } = \arrowvert x ( t − r ( x ( t ) ) − dx ˆ{ dr
h ( t ) } + o ( h ) ) + h ( t − r ( x ( t ) ) −
dx ˆ{ dr h ( t ) } + o ( h ) ) \\
− x ( t − r ( x ( t ) ) ) + dx ˆ{ dr \dot{x} ( t } −

r ( x ( t ) ) ) h ( t ) − h ( t − r ( x ( t )
) ) \arrowvert \\

= \arrowvert \dot{x} ( t − r ( x ( t ) ) ( − dx ˆ{ dr h
( t ) } + o ( h ) ) + \dot{h} ( t − r ( x ( t ) ) )
( − dx ˆ{ dr h ( t ) } + o ( h ) ) \\

+ x ( t − r ( x ( t ) ) ) + h ( t − r ( x ( t
) ) ) − x ( t − r ( x ( t ) ) ) \\

+ dx ˆ{ dr { \dot{x} ( t }} − r ( x ( t ) ) ) h ( t ) −
h ( t − r ( x ( t ) ) ) \arrowvert \\

= \mid − dx ˆ{ dr \dot{h} ( t } − r ( x ( t ) ) ) h ( t
) + o ( h ) \mid . \end{ a l i gned }\ ]

\noindent The proo f w i l l be complete i f we can show that $ − dx ˆ{ dr \dot{h} ( t }
− r ( x ( t ) ) ) h ( t ) $ i s $ o ( h ) . $

\ [ In { U , } p a r t i c u l a r { \ lim { n \rightarrow \ infty } \paral le l h { n }}ˆ{ ,
we } { \paral le l } 1 need { = 0 i m p l i e s }ˆ{ to show } that ˆ{ that }ˆ{ , } { \ lim { n }}ˆ{ f o r } { \rightarrow
\ infty }ˆ{ any } { \sup { \theta }}ˆ{ sequence } { \ in [ − r ˆ{ ∗ } , 0 ] } \mid ˆ{ \dot{h} } { n }ˆ{ \{ }ˆ{ h { n }
\} , } { ( \theta ) \mid } with { = 0 . We }ˆ{ each } h { n } \ in { proceed }\ ]

\noindent by c o n t r a d i c t i o n and suppose that the re e x i s t s an $ \varepsilon > 0 $ such that , f o r a l l
$ N \ in $

$ Z−Z ˆ{ + }$ and some $ n \geq N , \sup { \theta \ in [ − r } ∗ { , }
0 ] \mid ˆ{ \dot{h} } { n } ( \theta ) \mid > \varepsilon . $ \quad From the fundamental theorem

\ [\ begin { a l i gned } \ lim { n \rightarrow \ infty } \sup { \theta \ in [ − r } ∗ { , }
0 ] \mid h { n } ( \theta − r ˆ{ ∗ } ) \mid = 0 ˆ{ h { n } ( \cdot
) \ in U . Next , we s u b s t i t u t e h { n } ( \cdot } { o f c a l c u l u s , i t
\succ that \sup { \theta \ in [ − r } ∗ } \mid h { n } ( \theta ) \mid
, s i n c e ˆ{ de f i ning } { 0 ] ˆ{ , } { whenever \ lim { n \rightarrow \ infty } \sup { \theta
\ in [ − r } ∗ ˆ{ − r ˆ{ ∗ } ) i n to \dot{x} ( t ) = x ( t − r
( 0 ) } { , o ] \mid h { n } ( \theta ) \mid \ leq \paral le l h { n }
\paral le l 1 { . } Also , i t } { ,{ ) }}ˆ{ i s }} { thus }ˆ{ obvious } that }\\
\dot{h} { n }{ \delta }ˆ{ ( \cdot ) } { = } \delta over { ( } \varepsilon ) > ˆ{ the }

0 such ˆ{ i n t e r v a l } that [ { \sup }ˆ{ − r ˆ{ ∗ }}ˆ{ , } { \mid ˆ{ \dot{h} }}ˆ{ 0
] . } { n ( \cdot ) }ˆ{ We } \mid < now{ \varepsilon } whenever ˆ{ f i nd that }ˆ{ , } { \paral le l
h { n }}ˆ{ f o r } { \paral le l } 1 a l l { < \delta }ˆ{ \varepsilon } { . } > 0 , { Since }ˆ{ the re }
t h i s e x i s t s a { property }\end{ a l i gned }\ ]

\noindent holds f o r a l l $ n \geq N = N ( \varepsilon ) , $ \quad we a r r i v e at a c o n t r a d i c t i o n and the proo f i s
complete $ . \ square $

\noindent Remark . \ h f i l l We may regard Lemma 3 . 1 \ h f i l l from the f o l l o w i n g p e r s p e c t i v e . \ h f i l l Al −

\noindent though , r e l a t i v e to the background space $ W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ }
, 0 ] ) , $ the \ h f i l l $ \paral le l \cdot \paral le l \ infty { − norm }$ i s

\noindent not equ iva l en t to the $ \paral le l \cdot \paral le l 1 { − norm , }$ r e l a t i v e to
$ U , $ the $ \paral le l \cdot \paral le l \ infty { − }$ and $ \paral le l \cdot
\paral le l 1 { − norms }$

are equ iva l en t . This property guarantees the Fr $ \acute{e} $ chet d i f f e r e n t i a b i l i t y o f
$ g $ when

\noindent r e s t r i c t e d to $ U . $

T r a j e c t o r i e s on the unstab le mani fo ld appear as s o l u t i o n s to an i n t e g r a l
equat ion a s s o c i a t e d with $ \dot{x} ( t ) = f ( x ( t ) , x ( t
− r ( 0 ) ) ) . $ \quad In order to s p e c i f y the

i n t e g r a l equat ion , we r e q u i r e some a d d i t i o n a l notat ion . Suppose that $ \Phi $ i s a b a s i s

\noindent f o r $ U $ and $ \Psi $ i s a b a s i s f o r $ U ˆ{ T } , $ with $ ( \Phi ,
\Psi ) = 1 , $ so that $ \pi { U } \phi = \Phi ( \Psi , \phi ) . $
We then

d e f i n e $ X ( \cdot ) $ to be the fundamental matrix s o l u t i o n o f $ \dot{x} ( t
) = f ( x ( t ) , x ( t − r ( 0 ) ) ) , $

\ [ K ( t , s ) ( \theta ) = \ int ˆ{ s } { 0 } X ( t + \theta
− \tau ) d \tau , X ˆ{ u } { 0 } = \Phi \Psi ( 0 ) , K ( t
, s ) ˆ{ u } = \ int ˆ{ s } { 0 } T ( t − \tau ) X ˆ{ u } { 0 } d \tau
, \ ]

\noindent and

\ [ K ( t , s ) ˆ{ s } = \pi { s } K ( t , s ) = K ( t ,
s ) − \Phi ( \Psi , K ( t , s ) ) . \ ]

\noindent A func t i on $ x ˆ{ ∗ } { t } ( \phi , \cdot ) \ in W ˆ{ 1 , \ infty }
( [ − r ˆ{ ∗ } , 0 ] ) $ s a t i s f y i n g equat ion $ \dot{x} ( t ) = f
( x ( t ) , x ( t − $

\noindent $ r ( 0 ) ) ) $ must a l s o s a t i s f y the v a r i a t i o n − o f − cons tant s formula
$ ( 3 . 1 ) x { t } ( \phi , \cdot ) = T ( t ) \phi + $

$ \ int ˆ{ t } { 0 } d [ K ( t , \tau ) ] g ( x { \tau } ) ( $
f o r a f u l l treatment o f ( 3 . 1 ) , s e e [ 4 ] ) . \quad The f o l l o w i n g lemma ,
which i s proved in \quad [ 4 ] , \quad a l l ows us to c h a r a c t e r i z e the unstab le s e t o f $ \dot{x}

( t ) = $
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Line 1 = vextendsingle-vextendsingle x open parenthesis t minus r open parenthesis x open parenthesis t closing paren-

thesis closing parenthesis minus dx to the power of dr h open parenthesis t closing parenthesis plus o open parenthesis h
closing parenthesis closing parenthesis plus h open parenthesis t minus r open parenthesis x open parenthesis t closing paren-
thesis closing parenthesis minus dx to the power of dr h open parenthesis t closing parenthesis plus o open parenthesis h
closing parenthesis closing parenthesis Line 2 minus x open parenthesis t minus r open parenthesis x open parenthesis t
closing parenthesis closing parenthesis closing parenthesis plus dx to the power of dr x-dotaccent open parenthesis t minus r
open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis h open parenthesis t closing
parenthesis minus h open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis
closing parenthesis vextendsingle-vextendsingle Line 3 = vextendsingle-vextendsingle dotaccent-x open parenthesis t minus r
open parenthesis x open parenthesis t closing parenthesis closing parenthesis parenleftbig minus dx to the power of dr h open
parenthesis t closing parenthesis plus o open parenthesis h closing parenthesis parenrightbig plus h-dotaccent open parenthesis
t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis parenleftbig minus
dx to the power of dr h open parenthesis t closing parenthesis plus o open parenthesis h closing parenthesis parenrightbig
Line 4 plus x open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing
parenthesis plus h open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis
closing parenthesis minus x open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing
parenthesis closing parenthesis Line 5 plus dx to the power of dr sub x-dotaccent open parenthesis t minus r open parenthesis
x open parenthesis t closing parenthesis closing parenthesis closing parenthesis h open parenthesis t closing parenthesis minus
h open parenthesis t minus r open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis
vextendsingle-vextendsingle Line 6 = bar minus dx to the power of dr h-dotaccent open parenthesis t minus r open parenthesis
x open parenthesis t closing parenthesis closing parenthesis closing parenthesis h open parenthesis t closing parenthesis plus o
open parenthesis h closing parenthesis bar period

The proof will be complete if we can show that minus dx to the power of dr h-dotaccent open parenthesis t minus r
open parenthesis x open parenthesis t closing parenthesis closing parenthesis closing parenthesis h open parenthesis t closing
parenthesis is o open parenthesis h closing parenthesis period

In sub U comma particular limint sub n right arrow infinity bar h sub n sub bar to the power of comma we 1 need = 0
implies to the power of to show that to the power of that sub limint sub n to the power of comma sub right arrow infinity to
the power of for sub supremum sub theta to the power of any sub in open square bracket minus r to the power of * comma 0
closing square bracket to the power of sequence bar to the power of h-dotaccent sub n to the power of open brace sub open
parenthesis theta closing parenthesis bar to the power of h sub n closing brace comma with = 0 period We to the power of
each h sub n in proceed

by contradiction and suppose that there exists an epsilon greater 0 such that comma for all N in
Z-Z to the power of plus and some n greater equal N comma supremum sub theta in open square bracket minus r * sub

comma 0 closing square bracket bar to the power of dotaccent-h sub n open parenthesis theta closing parenthesis bar greater
epsilon period .. From the fundamental theorem

Line 1 limint sub n right arrow infinity supremum sub theta in open square bracket minus r * sub comma 0 closing square
bracket bar h sub n open parenthesis theta minus r to the power of * closing parenthesis bar = 0 from h sub n open parenthesis
times closing parenthesis in U period Next comma we substitute h sub n open parenthesis times to of calculus comma it follows
that supremum sub theta in open square bracket minus r * bar h sub n open parenthesis theta closing parenthesis bar comma
since from defining to 0 closing square bracket from comma to whenever limint sub n right arrow infinity supremum sub theta
in open square bracket minus r * from minus r to the power of * closing parenthesis into x-dotaccent open parenthesis t closing
parenthesis = x open parenthesis t minus r open parenthesis 0 closing parenthesis to comma o closing square bracket bar h
sub n open parenthesis theta closing parenthesis bar less or equal bar h sub n bar 1 sub period Also comma it sub comma
closing parenthesis to the power of is sub thus to the power of obvious that Line 2 h-dotaccent sub n delta sub = to the power
of open parenthesis times closing parenthesis delta over open parenthesis epsilon closing parenthesis greater to the power of
the 0 such to the power of interval that open square bracket supremum to the power of minus r to the power of * sub bar to
the power of dotaccent-h to the power of comma sub n open parenthesis times closing parenthesis to the power of 0 closing
square bracket period to the power of We bar less now epsilon whenever to the power of find that sub bar h sub n to the power
of comma sub bar to the power of for 1 all less delta sub period to the power of epsilon greater 0 comma Since to the power
of there this exists a property

holds for all n greater equal N = N open parenthesis epsilon closing parenthesis comma .. we arrive at a contradiction and
the proof is

complete period square
Remark period .... We may regard Lemma 3 period 1 .... from the following perspective period .... Al hyphen
though comma relative to the background space W to the power of 1 comma infinity open parenthesis open square bracket

minus r to the power of * comma 0 closing square bracket closing parenthesis comma the .... bar times bar infinity sub hyphen
norm is

not equivalent to the bar times bar 1 sub hyphen norm comma relative to U comma the bar times bar infinity sub hyphen
and bar times bar 1 sub hyphen norms

are equivalent period This property guarantees the Fr acute-e chet differentiability of g when
restricted to U period
Trajectories on the unstable manifold appear as solutions to an integral
equation associated with x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x open parenthesis t

closing parenthesis comma x open parenthesis t minus r open parenthesis 0 closing parenthesis closing parenthesis closing
parenthesis period .. In order to specify the

integral equation comma we require some additional notation period Suppose that Capital Phi is a basis
for U and Capital Psi is a basis for U to the power of T comma with open parenthesis Capital Phi comma Capital Psi

closing parenthesis = 1 comma so that pi sub U phi = Capital Phi open parenthesis Capital Psi comma phi closing parenthesis
period We then

define X open parenthesis times closing parenthesis to be the fundamental matrix solution of x-dotaccent open parenthesis
t closing parenthesis = f open parenthesis x open parenthesis t closing parenthesis comma x open parenthesis t minus r open
parenthesis 0 closing parenthesis closing parenthesis closing parenthesis comma

K open parenthesis t comma s closing parenthesis open parenthesis theta closing parenthesis = integral sub 0 to the power
of s X open parenthesis t plus theta minus tau closing parenthesis d tau comma X sub 0 to the power of u = Capital Phi
Capital Psi open parenthesis 0 closing parenthesis comma K open parenthesis t comma s closing parenthesis to the power of u
= integral sub 0 to the power of s T open parenthesis t minus tau closing parenthesis X sub 0 to the power of u d tau comma

and
K open parenthesis t comma s closing parenthesis to the power of s = pi sub s K open parenthesis t comma s closing

parenthesis = K open parenthesis t comma s closing parenthesis minus Capital Phi open parenthesis Capital Psi comma K
open parenthesis t comma s closing parenthesis closing parenthesis period

A function x sub t to the power of * open parenthesis phi comma times closing parenthesis in W to the power of 1
comma infinity open parenthesis open square bracket minus r to the power of * comma 0 closing square bracket closing
parenthesis satisfying equation x-dotaccent open parenthesis t closing parenthesis = f open parenthesis x open parenthesis t
closing parenthesis comma x open parenthesis t minus

r open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis must also satisfy the variation hyphen of
hyphen constants formula open parenthesis 3 period 1 closing parenthesis x sub t open parenthesis phi comma times closing
parenthesis = T open parenthesis t closing parenthesis phi plus

integral sub 0 to the power of t d open square bracket K open parenthesis t comma tau closing parenthesis closing square
bracket g open parenthesis x sub tau closing parenthesis open parenthesis for a full treatment of open parenthesis 3 period 1
closing parenthesis comma see open square bracket 4 closing square bracket closing parenthesis period .. The following lemma
comma

which is proved in .. open square bracket 4 closing square bracket comma .. allows us to characterize the unstable set of
x-dotaccent open parenthesis t closing parenthesis =
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= |x(t− r(x(t))− dxdrh(t) + o(h)) + h(t− r(x(t))− dxdrh(t) + o(h))

−x(t− r(x(t))) + dxdrẋ(t − r(x(t)))h(t)− h(t− r(x(t)))|
= |ẋ(t− r(x(t))(−dxdrh(t) + o(h)) + ḣ(t− r(x(t)))(−dxdrh(t) + o(h))

+x(t− r(x(t))) + h(t− r(x(t)))− x(t− r(x(t)))

+dxdrẋ(t − r(x(t)))h(t)− h(t− r(x(t)))|

=| −dxdrḣ(t − r(x(t)))h(t) + o(h) | .

The proof will be complete if we can show that −dxdrḣ(t − r(x(t)))h(t) is o(h).

InU,particular,we
limn→∞‖hn‖1needtoshow

=0impliesthatthat,
limn

for
→∞

any
supθ

sequence
∈[−r∗,0] |

ḣ
n
{hn},

(θ)| witheach
=0. Wehn ∈ proceed

by contradiction and suppose that there exists an ε > 0 such that , for all N ∈ Z −Z+ and some

n ≥ N, supθ∈[−r ∗,0] |ḣn (θ) |> ε. From the fundamental theorem

lim
n→∞

sup
θ∈[−r

∗,0] | hn(θ − r∗) |= 0
hn(·)∈U.Next,wesubstitutehn(·
ofcalculus,it�that supθ∈[−r ∗

| hn(θ) |, sincedefining

0],

whenever limn→∞ supθ∈[−r ∗
−r∗)intoẋ(t)=x(t−r(0)
,o]|hn(θ)|≤ ‖hn‖1. Also,it

is
,)

obvious
thus that

ḣnδ
(·)
= δover(ε) >the 0suchintervalthat[−r

∗

sup
,

|ḣ
0].
n(·)

We |< nowεwheneverfindthat,
‖hn

for
‖ 1allε<δ. > 0,Sincetherethisexistsaproperty

holds for all n ≥ N = N(ε), we arrive at a contradiction and the proof is complete . �
Remark . We may regard Lemma 3 . 1 from the following perspective . Al -
though , relative to the background space W 1,∞([−r∗, 0]), the ‖ · ‖ ∞−norm is
not equivalent to the ‖ · ‖ 1−norm, relative to U, the ‖ · ‖ ∞− and ‖ · ‖ 1−norms are
equivalent . This property guarantees the Fr é chet differentiability of g when
restricted to U.

Trajectories on the unstable manifold appear as solutions to an integral equation associated
with ẋ(t) = f(x(t), x(t − r(0))). In order to specify the integral equation , we require some
additional notation . Suppose that Φ is a basis
for U and Ψ is a basis for UT , with (Φ,Ψ) = 1, so that πUφ = Φ(Ψ, φ). We then define X(·) to
be the fundamental matrix solution of ẋ(t) = f(x(t), x(t− r(0))),

K(t, s)(θ) =

∫ s

0

X(t+ θ − τ)dτ, Xu
0 = ΦΨ(0), K(t, s)u =

∫ s

0

T (t− τ)Xu
0 dτ,

and

K(t, s)s = πsK(t, s) = K(t, s)− Φ(Ψ,K(t, s)).

A function x∗t (φ, ·) ∈W 1,∞([−r∗, 0]) satisfying equation ẋ(t) = f(x(t), x(t−
r(0))) must also satisfy the variation - of - constants formula (3.1)xt(φ, ·) = T (t)φ+

∫ t
0
d[K(t, τ)]g(xτ )(

for a full treatment of ( 3 . 1 ) , see [ 4 ] ) . The following lemma , which is proved in [ 4 ] ,
allows us to characterize the unstable set of ẋ(t) =
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\noindent $ f ( x ( t ) , x ( t − r ( 0 ) ) ) . $ For convenience , we s h a l l s e t
$ W ˆ{ u } ( 0 ) = \{ \phi \ in W ˆ{ 1 , \ infty } : x { t } ( \cdot
, \phi ) $

\noindent e x i s t s f o r a l l $ t \ leq 0 $ and $ \ lim { t \rightarrow − \ infty } x { t }
( \cdot , \phi ) = 0 \} , $ and $ W ˆ{ s } ( 0 ) = \{ \phi \ in

W ˆ{ 1 , \ infty } : x { t } ( \cdot , \phi ) $

\noindent e x i s t s f o r a l l $ t \geq 0 $ and $ \ lim { t \rightarrow + \ infty } x { t }
( \cdot , \phi ) = 0 \} . $

\noindent Lemma 3 . 2 \ h f i l l Suppose \ h f i l l that $ x ˆ{ ∗ } ( t , \phi ) $ \ h f i l l i s a s o l u t i o n \ h f i l l o f ( 1 . 1 ) \ h f i l l that i s \ h f i l l de f ined and

\noindent bounded f o r a l l $ t \ leq 0 . $ \quad Then $ x ˆ{ ∗ } { t } ( \cdot
, \phi ) \ in W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) $ \quad s a t i s f i e s the i n t e g r a l
equat ion

\begin { a l i g n ∗}
x { t } ( \cdot ) = T ( t ) \phi ˆ{ u } + \ int ˆ{ t } { 0 } T ( t
− \tau ) X ˆ{ u } { 0 } f ( x { \tau } ) d \tau + i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
d [ K ( t , \tau ) ˆ{ s } ] f ( x { \tau } ) . \ tag ∗{$ ( 3 .
2 ) $}
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }The proo f o f t h i s theorem can be found in [ 4 ] . We can now prove our main

\noindent theorem . We remark that i f $ f \ in C ˆ{ k }$ in the theorem below $ , k
\geq 2 , $ then $ W ˆ{ u } { l o c } ( 0 ) $

\noindent w i l l be a $ C ˆ{ k − 1 } − $ mani fo ld .

\noindent Theorem 3 . 3 \ h f i l l Suppose that 0 i s a hype rbo l i c equ i l i b r ium point o f equat ion ( 1 . 1 )

\noindent and $ f \ in C ˆ{ 2 } . $ \quad Then there e x i s t s a neighborhood $ N { \delta }
( 0 ) $ o f 0 in $ W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) $ and
a map $ \pi : U \cap N { \delta } ( 0 ) \rightarrow W ˆ{ u } ( 0 ) $

such that $ ( \cdot , \pi ( \cdot ) ) $ d e f i n e s a smooth graph .

\noindent Proof . \quad We s t a r t by proving the e x i s t e n c e o f the unstab le mani fo ld $ W ˆ{ u }
( 0 ) . $ In
Lemma 3 . 1 , we proved that $ g : W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0

] ) \rightarrow R $ i s L i p s c h i t z cont inuous .
Also , a f t e r wr i t i ng

\ [\ begin { a l i gned } \dot{x} ( t ) = − \alpha x ( t ) + f ( x (
t − r ) ) \\

= − \alpha x ( t ) + f ˆ{ \prime } ( 0 ) x ( t − r ( 0
) ) + ( f ( x ( t − r ) ) − f ˆ{ \prime } ( 0 ) x ( t
− r ( 0 ) ) ) \\

= − \alpha x ( t ) + f ˆ{ \prime } ( 0 ) x ( t − r ( 0
) ) + f 1 ( x ( t − r ) ) , \end{ a l i gned }\ ]

\noindent with $ r = r ( x ( t ) ) , $ \quad we know that the re e x i s t s a monotone i n c r e a s i n g , \quad cont in −
uous func t i on $ \eta ( r ) : [ 0 , \ infty ) \rightarrow [ 0 ,
\ infty ) $ with $ \eta ( 0 ) = 0 $ such that , f o r any pa i r

\ [ \phi , \psi \ in T ( r ˆ{ ∗ } ) W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ }
, 0 ] ) with \paral le l \phi \paral le l 1 { , } \paral le l \psi \paral le l
1 \ leq \sigma , \mid f 1 ( \phi ) − f 1 ( \psi ) \mid \ leq
\eta ( \sigma ) \paral le l \phi − \psi \paral le l 1 { . }\ ]

\noindent We now apply the con t ra c t i on mapping p r i n c i p l e to equat ion ( 3 . 2 ) f o r \ h f i l l $ \paral le l
\phi \paral le l 1 $ su f −

\noindent f i c i e n t l y smal l . \quad Since $ \paral le l T ( t ) \phi ˆ{ u } \paral le l ˆ{ 1 }
\ leq Me ˆ{ \beta t } \paral le l \phi ˆ{ u } \paral le l ˆ{ 1 }$ f o r $ t \ leq 0
, $ we know that the re
e x i s t s a constant $ C { 0 } > 0 $ such that

\ [ \paral le l T \mid { u } x { t } \paral le l ˆ{ 1 } \ leq C { 0 } ( e ˆ{ \beta
t } \paral le l \phi ˆ{ u } \paral le l ˆ{ 1 } + \eta ( \delta ) \ int ˆ{ 0 } { t }
e ˆ{ \beta ( t − \tau ) } \paral le l x { \tau } \paral le l ˆ{ 1 } d \tau +
\eta ( \delta ) − ˆ{ t } \ infty e ˆ{ − \beta ( t − \tau ) } \paral le l
x { t } \paral le l ˆ{ 1 } d \tau ) , \ ]

\noindent where

\ [ T \mid { u } x { t } = T ( t ) \phi ˆ{ u } + \ int ˆ{ t } { 0 } T (
t − \tau ) X ˆ{ u } { 0 } f ( x { \tau } ) d \tau + i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
d [ K ( t , \tau ) ˆ{ s } ] f ( x { t } ) \ ]

\noindent and $ \paral le l \phi \paral le l ˆ{ 1 } < 2 \delta { C } { 0 } < < 1
. $ We may view $ T \mid U $ as a s e l f − mapping over the s e t

\ [\ begin { a l i gned } S ( \phi , \delta ) = \{ x { t } : ( − \ infty ,
0 ] \rightarrow W ˆ{ 1 , \ infty } ( [ − r ˆ{ ∗ } , 0 ] ) , \pi { u }
x { 0 } = \phi ˆ{ u } \ in U , t \ in \sup{ [ } − \ infty , 0 ) \paral le l
x { t } \paral le l ˆ{ 1 } \ leq \delta \} { . }\\

I t { \sup }ˆ{ \succ } { t \ in ( − \ infty , 0 }ˆ{ that } { ] } \paral le l x { t }
\paral le l ˆ{ S { 1 } ( }ˆ{ \phi } { . }ˆ{ , } { Now }ˆ{ \delta ) i s } { , } i f ˆ{ c l o s e d }
\delta i s chosen ˆ{ and bounded } so that ˆ{ with } \eta ( \delta ) r e s p e c t { <
\beta { 4 C { 0 }} { , }} to the { then } { an } norm \paral le l x { t } \paral le l
= { a p p l i c a t i o n }\end{ a l i gned }\ ]
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f open parenthesis x open parenthesis t closing parenthesis comma x open parenthesis t minus r open parenthesis 0 closing

parenthesis closing parenthesis closing parenthesis period For convenience comma we shall set W to the power of u open
parenthesis 0 closing parenthesis = open brace phi in W to the power of 1 comma infinity : x sub t open parenthesis times
comma phi closing parenthesis

exists for all t less or equal 0 and limint sub t right arrow minus infinity x sub t open parenthesis times comma phi closing
parenthesis = 0 closing brace comma and W to the power of s open parenthesis 0 closing parenthesis = open brace phi in W
to the power of 1 comma infinity : x sub t open parenthesis times comma phi closing parenthesis

exists for all t greater equal 0 and limint sub t right arrow plus infinity x sub t open parenthesis times comma phi closing
parenthesis = 0 closing brace period

Lemma 3 period 2 .... Suppose .... that x to the power of * open parenthesis t comma phi closing parenthesis .... is a s o
lution .... of open parenthesis 1 period 1 closing parenthesis .... that is .... defined and

bounded for al l t less or equal 0 period .. Then x sub t to the power of * open parenthesis times comma phi closing
parenthesis in W to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of * comma 0
closing square bracket closing parenthesis .. satisfies the integral

equation
Equation: open parenthesis 3 period 2 closing parenthesis .. x sub t open parenthesis times closing parenthesis = T open

parenthesis t closing parenthesis phi to the power of u plus integral sub 0 to the power of t T open parenthesis t minus tau
closing parenthesis X sub 0 to the power of u f open parenthesis x sub tau closing parenthesis d tau plus integraldisplay-minus
to the power of t sub infinity d open square bracket K open parenthesis t comma tau closing parenthesis to the power of s
closing square bracket f open parenthesis x sub tau closing parenthesis period

The proof of this theorem can be found in open square bracket 4 closing square bracket period We can now prove our main
theorem period We remark that if f in C to the power of k in the theorem below comma k greater equal 2 comma then W

sub lo c to the power of u open parenthesis 0 closing parenthesis
will be a C to the power of k minus 1 hyphen manifold period
Theorem 3 period 3 .... Suppose that 0 is a hyperbolic equilibrium point of equation open parenthesis 1 period 1 closing

parenthesis
and f in C to the power of 2 period .. Then there exists a neighborhood N sub delta open parenthesis 0 closing parenthesis

of 0 in W to the power of 1 comma infinity open parenthesis open square bracket minus r to the power of * comma 0 closing
square bracket closing parenthesis and

a map pi : U cap N sub delta open parenthesis 0 closing parenthesis right arrow W to the power of u open parenthesis 0
closing parenthesis such that open parenthesis times comma pi open parenthesis times closing parenthesis closing parenthesis
defines a smooth graph period

Proof period .. We start by proving the existence of the unstable manifold W to the power of u open parenthesis 0 closing
parenthesis period In

Lemma 3 period 1 comma we proved that g : W to the power of 1 comma infinity open parenthesis open square bracket
minus r to the power of * comma 0 closing square bracket closing parenthesis right arrow R is Lipschitz continuous period

Also comma after writing
Line 1 x-dotaccent open parenthesis t closing parenthesis = minus alpha x open parenthesis t closing parenthesis plus f

open parenthesis x open parenthesis t minus r closing parenthesis closing parenthesis Line 2 = minus alpha x open parenthesis
t closing parenthesis plus f to the power of prime open parenthesis 0 closing parenthesis x open parenthesis t minus r open
parenthesis 0 closing parenthesis closing parenthesis plus open parenthesis f open parenthesis x open parenthesis t minus r
closing parenthesis closing parenthesis minus f to the power of prime open parenthesis 0 closing parenthesis x open parenthesis t
minus r open parenthesis 0 closing parenthesis closing parenthesis closing parenthesis Line 3 = minus alpha x open parenthesis
t closing parenthesis plus f to the power of prime open parenthesis 0 closing parenthesis x open parenthesis t minus r open
parenthesis 0 closing parenthesis closing parenthesis plus f 1 open parenthesis x open parenthesis t minus r closing parenthesis
closing parenthesis comma

with r = r open parenthesis x open parenthesis t closing parenthesis closing parenthesis comma .. we know that there
exists a monotone increasing comma .. contin hyphen

uous function eta open parenthesis r closing parenthesis : open square bracket 0 comma infinity closing parenthesis right
arrow open square bracket 0 comma infinity closing parenthesis with eta open parenthesis 0 closing parenthesis = 0 such that
comma for any pair

phi comma psi in T open parenthesis r to the power of * closing parenthesis W to the power of 1 comma infinity open
parenthesis open square bracket minus r to the power of * comma 0 closing square bracket closing parenthesis with bar phi
bar 1 sub comma bar psi bar 1 less or equal sigma comma bar f 1 open parenthesis phi closing parenthesis minus f 1 open
parenthesis psi closing parenthesis bar less or equal eta open parenthesis sigma closing parenthesis bar phi minus psi bar 1
sub period

We now apply the contraction mapping principle to equation open parenthesis 3 period 2 closing parenthesis for .... bar
phi bar 1 suf hyphen

ficiently small period .. Since bar T open parenthesis t closing parenthesis phi to the power of u bar to the power of 1 less
or equal Me to the power of beta t bar phi to the power of u bar to the power of 1 for t less or equal 0 comma we know that
there

exists a constant C sub 0 greater 0 such that
bar T bar sub u x sub t bar to the power of 1 less or equal C sub 0 open parenthesis e to the power of beta t bar phi to

the power of u bar to the power of 1 plus eta open parenthesis delta closing parenthesis integral sub t to the power of 0 e to
the power of beta open parenthesis t minus tau closing parenthesis bar x sub tau bar to the power of 1 d tau plus eta open
parenthesis delta closing parenthesis minus to the power of t infinity e to the power of minus beta open parenthesis t minus
tau closing parenthesis bar x sub t bar to the power of 1 d tau closing parenthesis comma

where
T bar sub u x sub t = T open parenthesis t closing parenthesis phi to the power of u plus integral sub 0 to the power of t

T open parenthesis t minus tau closing parenthesis X sub 0 to the power of u f open parenthesis x sub tau closing parenthesis
d tau plus integraldisplay-minus to the power of t sub infinity d open square bracket K open parenthesis t comma tau closing
parenthesis to the power of s closing square bracket f open parenthesis x sub t closing parenthesis

and bar phi bar to the power of 1 less 2 delta C sub 0 less less 1 period We may view T bar U as a self hyphen mapping
over the set

Line 1 S open parenthesis phi comma delta closing parenthesis = braceleftbig x sub t : open parenthesis minus infinity
comma 0 closing square bracket right arrow W to the power of 1 comma infinity open parenthesis open square bracket minus
r to the power of * comma 0 closing square bracket closing parenthesis comma pi sub u x sub 0 = phi to the power of u in U
comma t in supremum open square bracket minus infinity comma 0 closing parenthesis bar x sub t bar to the power of 1 less
or equal delta bracerightbig sub period Line 2 It supremum sub t in open parenthesis minus infinity comma 0 to the power
of follows sub closing square bracket to the power of that bar x sub t bar to the power of S 1 open parenthesis sub period to
the power of phi sub Now to the power of comma sub comma to the power of delta closing parenthesis is if to the power of
closed delta is chosen to the power of and bounded so that to the power of with eta open parenthesis delta closing parenthesis
respect less beta 4 C sub 0 sub comma to the then sub an norm bar x sub t bar = application
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f(x(t), x(t− r(0))). For convenience , we shall set Wu(0) = {φ ∈W 1,∞ : xt(·, φ)
exists for all t ≤ 0 and limt→−∞ xt(·, φ) = 0}, and W s(0) = {φ ∈W 1,∞ : xt(·, φ)
exists for all t ≥ 0 and limt→+∞ xt(·, φ) = 0}.
Lemma 3 . 2 Suppose that x∗(t, φ) is a s o lution of ( 1 . 1 ) that is defined and
bounded for al l t ≤ 0. Then x∗t (·, φ) ∈ W 1,∞([−r∗, 0]) satisfies the integral
equation

xt(·) = T (t)φu +

∫ t

0

T (t− τ)Xu
0 f(xτ )dτ + integraldisplay −minust∞d[K(t, τ)s]f(xτ ). (3.2)

The proof of this theorem can be found in [ 4 ] . We can now prove our main
theorem . We remark that if f ∈ Ck in the theorem below , k ≥ 2, then Wu

loc(0)
will be a Ck−1− manifold .
Theorem 3 . 3 Suppose that 0 is a hyperbolic equilibrium point of equation ( 1 . 1 )
and f ∈ C2. Then there exists a neighborhood Nδ(0) of 0 in W 1,∞([−r∗, 0]) and a map
π : U ∩Nδ(0)→Wu(0) such that (·, π(·)) defines a smooth graph .
Proof . We start by proving the existence of the unstable manifold Wu(0). In Lemma 3 . 1
, we proved that g : W 1,∞([−r∗, 0])→ R is Lipschitz continuous . Also , after writing

ẋ(t) = −αx(t) + f(x(t− r))
= −αx(t) + f ′(0)x(t− r(0)) + (f(x(t− r))− f ′(0)x(t− r(0)))

= −αx(t) + f ′(0)x(t− r(0)) + f1(x(t− r)),

with r = r(x(t)), we know that there exists a monotone increasing , contin - uous function
η(r) : [0,∞) → [0,∞) with η(0) = 0 such that , for any pair

φ, ψ ∈ T (r∗)W 1,∞([−r∗, 0])with ‖ φ ‖ 1, ‖ ψ ‖ 1 ≤ σ, | f1(φ)− f1(ψ) |≤ η(σ) ‖ φ− ψ ‖ 1.

We now apply the contraction mapping principle to equation ( 3 . 2 ) for ‖ φ ‖ 1 suf -
ficiently small . Since ‖ T (t)φu ‖1 ≤ Meβt ‖ φu ‖1 for t ≤ 0, we know that there exists a
constant C0 > 0 such that

‖ T |u xt ‖1≤ C0(eβt ‖ φu ‖1 +η(δ)

∫ 0

t

eβ(t−τ) ‖ xτ ‖1 dτ + η(δ)−t∞e−β(t−τ) ‖ xt ‖1 dτ),

where

T |u xt = T (t)φu +

∫ t

0

T (t− τ)Xu
0 f(xτ )dτ + integraldisplay −minust∞d[K(t, τ)s]f(xt)

and ‖ φ ‖1< 2δC0 << 1. We may view T | U as a self - mapping over the set

S(φ, δ) = {xt : (−∞, 0]→W 1,∞([−r∗, 0]), πux0 = φu ∈ U, t ∈ sup [−∞, 0) ‖ xt ‖1≤ δ}.
It�sup

that
t∈(−∞,0] ‖ xt ‖S1( φ

.
,
Now

δ)is
, ifclosedδischosenandboundedsothatwithη(δ)respect<β4C0 ,

tothethenannorm ‖ xt ‖ = application
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\noindent o f Gronwall ’ s i n e q u a l i t y g i v e s the es t imate $ \paral le l T \mid U ˆ{ x }
t \paral le l ˆ{ 1 } < \delta ( { 2 }ˆ{ 1 } + 2 C { 0 }{ \beta } \eta ( \delta
) ) < \delta , $ and

$ T \mid U = T ( \phi ˆ{ u } ) $ d e f i n e s a con t ra c t i on map . \quad Thus $ ,
T \mid U $ has a unique f i x e d po int ,

which we c a l l $ x ˆ{ ∗ } { t } ( \phi ˆ{ U } , \cdot ) . x ˆ{ ∗ } { t } ( \phi ˆ{ U }
, \cdot ) $ i s an a b s o l u t e l y cont inuous func t i on .

We now show that $ x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) $ i s L i p s c h i t z in $ \phi ˆ{ u }
. $ \quad In p a r t i c u l a r , f o r any pa i r

$\phi\begin { array }{ c} u \\ , \end{ array }\psi ˆ{ u } \ in U $ with $ \paral le l \phi ˆ{ u }
\paral le l ˆ{ 1 } , \paral le l \psi ˆ{ u } \paral le l ˆ{ 1 }$ s u f f i c i e n t l y smal l , we f i n d a constant
$ C { 1 } > 0 , $

independent o f $\phi\begin { array }{ c} u \\ , \end{ array }\psi ˆ{ u } , $ such that $ \paral le l
x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t } ( \psi ˆ{ u } , \cdot
) \paral le l 1 \ leq C { 1 } \paral le l \phi ˆ{ u } − \psi ˆ{ u } \paral le l ˆ{ 1 }$
f o r

\noindent $ t \ leq 0 . $ But now

\ [\ begin { a l i gned } x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t } ( \psi ˆ{ u }
, \cdot ) \\

= T ( t ) ( \phi ˆ{ u } − \psi ˆ{ u } ) + \ int ˆ{ t } { 0 } T ( t
− \tau ) X ˆ{ u } { 0 } ( f ( x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot )
) − f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot ) ) d \tau \\

+ − ˆ{ t } \ infty d [ K ( t , \tau ) ˆ{ s } ] ( f ( x ˆ{ ∗ } { \tau }
( \phi ˆ{ u } , \cdot ) ) − f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot
) ) \end{ a l i gned }\ ]

\noindent and hence

\ [\ begin { a l i gned } \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t }
( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 }\\
\ leq C { 0 } ( e ˆ{ \beta t } \paral le l \phi ˆ{ u } − \psi ˆ{ u } \paral le l

1 + \eta ( \delta ) \ int ˆ{ 0 } { t } e ˆ{ \beta ( t − \tau ) } \paral le l
x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { \tau } ( \psi ˆ{ u }
, \cdot ) \paral le l ˆ{ 1 } d \tau \\

+ \eta ( \delta ) i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \beta (
t − \tau ) } \paral le l x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { \tau }
( \psi ˆ{ u } , \cdot ) \paral le l d \tau ) . \end{ a l i gned }\ ]

\noindent Our proo f r e l i e s upon the es t imate

\ [\ begin { a l i gned } \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t }
( \psi ˆ{ u } , \cdot ) \paral le l 1 \ leq Ce ˆ{ \beta } 0 ˆ{ t } \paral le l
\phi ˆ{ u } − \psi ˆ{ u } \paral le l ˆ{ 1 } , \\

In ˆ{ which } t h i s ˆ{ i s } v a l i d { case , x ˆ{ ∗ } { t }}ˆ{ f o r } { ( \phi ˆ{ u }}ˆ{ some } { , }
\cdot ) \beta { must }ˆ{ 0 , C } >{ be } 0 and f o r { L i p s c h i t z } in ˆ{ a l l } t { \phi } { u }
\ leq 0 and { with } { r e s p e c t } \paral le l \phi ˆ{ u } \paral le l ˆ{ 1 } { to } , \paral le l
\psi { the }ˆ{ u } \paral le l ˆ{ 1 } { constant } \ leq \delta { C { 2 }} { 0 } . \end{ a l i gned }\ ]

\noindent $ C . $ We v e r i f y the es t imate by f i r s t d e f i n i n g the weighted norm $ \paral le l
x { t } ( \phi ˆ{ u } , \cdot ) \paral le l 1 , \beta 0 = $

\noindent $ \sup { − \ infty < t \ leq 0 } e ˆ{ − \beta 0 ˆ{ t }} \paral le l
x { t } ( \phi ˆ{ u } , \cdot ) \paral le l 1 $ on $ S ( \phi , \delta
) . $ I f $ \beta 0 \ in ( \beta − 1 , \beta ) , \beta 0 > 0
, $ i t immediately
f o l l o w s that \quad $ \paral le l x { t } ( \phi ˆ{ u } , \cdot ) \paral le l ˆ{ 1

, \beta 0 } \ leq \delta . $ Also ,

\ [\ begin { a l i gned } e ˆ{ − \beta 0 ˆ{ t }} \paral le l x { t } ( \phi ˆ{ u } , \cdot
) − x { t } ( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 }\\
\ leq C { 0 } [ e ˆ{ ( \beta − \beta 0 ) t } \paral le l \phi ˆ{ u } −

\psi ˆ{ u } \paral le l ˆ{ 1 } + \eta ( \delta ) \ int ˆ{ 0 } { t } e ˆ{ ( \beta
− \beta 0 ) ( t − \tau ) } e ˆ{ − \beta 0 ˆ{ \tau }} \paral le l x ˆ{ ∗ } { \tau }
( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 }
d \tau \\

+ \eta ( \delta ) − ˆ{ t } \ infty e ˆ{ − ( \beta + \beta 0 ) (
t − \tau ) } \paral le l x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { \tau }
( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 } d \tau ] \\
\ leq C { 0 } [ e ˆ{ ( \beta − \beta 0 ) t } \paral le l \phi ˆ{ u } −

\psi ˆ{ u } \paral le l ˆ{ 1 } + \eta ( \delta ) \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u }
, \cdot ) − x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) \paral le l 1 , \beta
0 \ int ˆ{ 0 } { t } e ˆ{ ( \beta − \beta 0 ) ( t − \tau ) } d \tau \\

+ \eta ( \delta ) \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) −
x ˆ{ ∗ } { t } ( \psi ˆ{ u } , \cdot ) \paral le l 1 , \beta 0 i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
e ˆ{ − ( \beta + \beta 0 ) ( t − \tau ) } d \tau ] \\
\ leq C { 0 } [ e ˆ{ ( \beta − \beta 0 ) t } \paral le l \phi ˆ{ u } −

\psi ˆ{ u } \paral le l 1 + \eta ( \delta ) ( { \beta } 1 { − } \beta 0
− 1 ) \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t }
( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 , \beta 0 }\end{ a l i gned }\ ]
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of Gronwall quoteright s inequality gives the estimate bar T bar U to the power of x t bar to the power of 1 less delta open

parenthesis sub 2 to the power of 1 plus 2 C sub 0 beta eta open parenthesis delta closing parenthesis closing parenthesis less
delta comma and

T bar U = T open parenthesis phi to the power of u closing parenthesis defines a contraction map period .. Thus comma
T bar U has a unique fixed point comma

which we call x sub t to the power of * open parenthesis phi to the power of U comma times closing parenthesis period x
sub t to the power of * open parenthesis phi to the power of U comma times closing parenthesis is an absolutely continuous
function period

We now show that x sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis is
Lipschitz in phi to the power of u period .. In particular comma for any pair

Row 1 u Row 2 comma . to the power of u in U with bar phi to the power of u bar to the power of 1 comma bar psi to
the power of u bar to the power of 1 sufficiently small comma we find a constant C sub 1 greater 0 comma

independent of Row 1 u Row 2 comma . to the power of u comma such that bar x sub t to the power of * open parenthesis
phi to the power of u comma times closing parenthesis minus x sub t to the power of * open parenthesis psi to the power of u
comma times closing parenthesis bar 1 less or equal C sub 1 bar phi to the power of u minus psi to the power of u bar to the
power of 1 for

t less or equal 0 period But now
Line 1 x sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis minus x sub t to

the power of * open parenthesis psi to the power of u comma times closing parenthesis Line 2 = T open parenthesis t closing
parenthesis open parenthesis phi to the power of u minus psi to the power of u closing parenthesis plus integral sub 0 to the
power of t T open parenthesis t minus tau closing parenthesis X sub 0 to the power of u open parenthesis f open parenthesis
x sub tau to the power of * open parenthesis phi to the power of u comma times closing parenthesis closing parenthesis minus
f open parenthesis x sub tau to the power of * open parenthesis psi to the power of u comma times closing parenthesis closing
parenthesis d tau Line 3 plus minus to the power of t infinity d open square bracket K open parenthesis t comma tau closing
parenthesis to the power of s closing square bracket open parenthesis f open parenthesis x sub tau to the power of * open
parenthesis phi to the power of u comma times closing parenthesis closing parenthesis minus f open parenthesis x sub tau to
the power of * open parenthesis psi to the power of u comma times closing parenthesis closing parenthesis

and hence
Line 1 bar x sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis minus x sub t

to the power of * open parenthesis psi to the power of u comma times closing parenthesis bar to the power of 1 Line 2 less or
equal C sub 0 open parenthesis e to the power of beta t bar phi to the power of u minus psi to the power of u bar 1 plus eta
open parenthesis delta closing parenthesis integral sub t to the power of 0 e to the power of beta open parenthesis t minus tau
closing parenthesis bar x sub tau to the power of * open parenthesis phi to the power of u comma times closing parenthesis
minus x sub tau to the power of * open parenthesis psi to the power of u comma times closing parenthesis bar to the power
of 1 d tau Line 3 plus eta open parenthesis delta closing parenthesis integraldisplay-minus to the power of t sub infinity e to
the power of minus beta open parenthesis t minus tau closing parenthesis bar x sub tau to the power of * open parenthesis
phi to the power of u comma times closing parenthesis minus x sub tau to the power of * open parenthesis psi to the power
of u comma times closing parenthesis bar d tau closing parenthesis period

Our proof relies upon the estimate
Line 1 bar x sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis minus x sub t

to the power of * open parenthesis psi to the power of u comma times closing parenthesis bar 1 less or equal Ce to the power
of beta 0 to the power of t bar phi to the power of u minus psi to the power of u bar to the power of 1 comma Line 2 In to the
power of which this to the power of is valid case comma x sub t to the power of * sub open parenthesis phi to the power of u
to the power of for sub comma to the power of some times closing parenthesis beta must to the power of 0 comma C greater
be 0 and for Lipschitz in to the power of all t phi sub u less or equal 0 and with sub respect bar phi to the power of u bar to
the power of 1 to comma bar psi the to the power of u bar to the power of 1 constant less or equal delta C 2 sub 0 period

C period We verify the estimate by first defining the weighted norm bar x sub t open parenthesis phi to the power of u
comma times closing parenthesis bar 1 comma beta 0 =

supremum sub minus infinity less t less or equal 0 e to the power of minus beta 0 to the power of t bar x sub t open
parenthesis phi to the power of u comma times closing parenthesis bar 1 on S open parenthesis phi comma delta closing
parenthesis period If beta 0 in open parenthesis beta minus 1 comma beta closing parenthesis comma beta 0 greater 0 comma
it immediately

follows that .. bar x sub t open parenthesis phi to the power of u comma times closing parenthesis bar to the power of 1
comma beta 0 less or equal delta period Also comma

Line 1 e to the power of minus beta 0 to the power of t bar x sub t open parenthesis phi to the power of u comma times
closing parenthesis minus x sub t open parenthesis psi to the power of u comma times closing parenthesis bar to the power of
1 Line 2 less or equal C sub 0 open square bracket e to the power of open parenthesis beta minus beta 0 closing parenthesis t
bar phi to the power of u minus psi to the power of u bar to the power of 1 plus eta open parenthesis delta closing parenthesis
integral sub t to the power of 0 e to the power of open parenthesis beta minus beta 0 closing parenthesis open parenthesis
t minus tau closing parenthesis e to the power of minus beta 0 to the power of tau bar x sub tau to the power of * open
parenthesis phi to the power of u comma times closing parenthesis minus x sub tau to the power of * open parenthesis psi to
the power of u comma times closing parenthesis bar to the power of 1 d tau Line 3 plus eta open parenthesis delta closing
parenthesis minus to the power of t infinity e to the power of minus open parenthesis beta plus beta 0 closing parenthesis open
parenthesis t minus tau closing parenthesis bar x sub tau to the power of * open parenthesis phi to the power of u comma times
closing parenthesis minus x sub tau to the power of * open parenthesis psi to the power of u comma times closing parenthesis
bar to the power of 1 d tau closing square bracket Line 4 less or equal C sub 0 open square bracket e to the power of open
parenthesis beta minus beta 0 closing parenthesis t bar phi to the power of u minus psi to the power of u bar to the power
of 1 plus eta open parenthesis delta closing parenthesis bar x sub t to the power of * open parenthesis phi to the power of u
comma times closing parenthesis minus x sub t to the power of * open parenthesis phi to the power of u comma times closing
parenthesis bar 1 comma beta 0 integral sub t to the power of 0 e to the power of open parenthesis beta minus beta 0 closing
parenthesis open parenthesis t minus tau closing parenthesis d tau Line 5 plus eta open parenthesis delta closing parenthesis
bar x sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis minus x sub t to the
power of * open parenthesis psi to the power of u comma times closing parenthesis bar 1 comma beta 0 integraldisplay-minus
to the power of t sub infinity e to the power of minus open parenthesis beta plus beta 0 closing parenthesis open parenthesis
t minus tau closing parenthesis d tau closing square bracket Line 6 less or equal C sub 0 open square bracket e to the power
of open parenthesis beta minus beta 0 closing parenthesis t bar phi to the power of u minus psi to the power of u bar 1 plus
eta open parenthesis delta closing parenthesis parenleftbig sub beta 1 minus beta 0 minus 1 parenrightbig bar x sub t to the
power of * open parenthesis phi to the power of u comma times closing parenthesis minus x sub t to the power of * open
parenthesis psi to the power of u comma times closing parenthesis bar to the power of 1 comma beta 0
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of Gronwall ’ s inequality gives the estimate ‖ T | Uxt ‖1< δ(1

2+2C0βη(δ)) < δ, and T | U =
T (φu) defines a contraction map . Thus , T | U has a unique fixed point , which we call
x∗t (φ

U , ·).x∗t (φU , ·) is an absolutely continuous function .

We now show that x∗t (φ
u, ·) is Lipschitz in φu. In particular , for any pair φ

u
,
ψu ∈ U

with ‖ φu ‖1, ‖ ψu ‖1 sufficiently small , we find a constant C1 > 0, independent of φ
u
,
ψu,

such that ‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖ 1 ≤ C1 ‖ φu − ψu ‖1 for
t ≤ 0. But now

x∗t (φ
u, ·)− x∗t (ψu, ·)

= T (t)(φu − ψu) +

∫ t

0

T (t− τ)Xu
0 (f(x∗τ (φu, ·))− f(x∗τ (ψu, ·))dτ

+−t∞d[K(t, τ)s](f(x∗τ (φu, ·))− f(x∗τ (ψu, ·))

and hence

‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖1

≤ C0(eβt ‖ φu − ψu ‖ 1 + η(δ)

∫ 0

t

eβ(t−τ) ‖ x∗τ (φu, ·)− x∗τ (ψu, ·) ‖1 dτ

+η(δ)integraldisplay −minust∞e−β(t−τ) ‖ x∗τ (φu, ·)− x∗τ (ψu, ·) ‖ dτ).

Our proof relies upon the estimate

‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖ 1 ≤ Ceβ0t ‖ φu − ψu ‖1,

Inwhichthisisvalidfor
case, x∗t

some
(φu ,·) β0,C

must > be0andforLipschitzinalltφu ≤ 0andwithrespect ‖ φu ‖1to, ‖ ψuthe ‖1constant≤ δC20.

C. We verify the estimate by first defining the weighted norm ‖ xt(φu, ·) ‖ 1, β0 =

sup−∞<t≤0 e
−β0t ‖ xt(φu, ·) ‖ 1 on S(φ, δ). If β0 ∈ (β − 1, β), β0 > 0, it immediately follows that

‖ xt(φu, ·) ‖1,β0≤ δ. Also ,

e−β0t ‖ xt(φu, ·)− xt(ψu, ·) ‖1

≤ C0[e(β−β0)t ‖ φu − ψu ‖1 +η(δ)

∫ 0

t

e(β−β0)(t−τ)e−β0τ ‖ x∗τ (φu, ·)− x∗τ (ψu, ·) ‖1 dτ

+η(δ)−t∞e−(β+β0)(t−τ) ‖ x∗τ (φu, ·)− x∗τ (ψu, ·) ‖1 dτ ]

≤ C0[e(β−β0)t ‖ φu − ψu ‖1 +η(δ) ‖ x∗t (φu, ·)− x∗t (φu, ·) ‖ 1, β0

∫ 0

t

e(β−β0)(t−τ)dτ

+η(δ) ‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖ 1, β0integraldisplay −minust∞e−(β+β0)(t−τ)dτ ]

≤ C0[e(β−β0)t ‖ φu − ψu ‖ 1 + η(δ)(β1−β0− 1) ‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖1,β0
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\begin { a l i g n ∗}
+ \eta ( \delta ) \beta 1 { + } \beta 0 \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u }

, \cdot ) − x ˆ{ ∗ } { t } ( \psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 , \beta
0 } ] \\ \ leq C { 0 } \paral le l \phi ˆ{ u } − \psi ˆ{ u } \paral le l 1 + C { 0 }
\eta ( \delta ) [ { \beta } 1 { − } \beta 0 − 1 + \beta 1 { + } \beta
0 ˆ{ ] } \paral le l x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t } (
\psi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 , \beta 0 } .
\end{ a l i g n ∗}

\noindent But now \quad $ \paral le l x { t } ( \phi t ( \phi ˆ{ u } , \cdot
) − x { t } ( \phi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 } \ leq Ce ˆ{ \beta } 0 ˆ{ t }
\paral le l \phi ˆ{ u } − \psi ˆ{ u } \paral le l ˆ{ 1 } , $ where

\ [ C = 1 − C { 0 } \eta ( \delta ) [ { \beta − }ˆ{ 1 }ˆ{ \beta 0 } { C { 0 }}
− 1 + \beta 1{ + } \beta 0 ] , \ ]

\noindent and thus $ W ˆ{ u } ( 0 , N { \delta } ( 0 ) ) $ d e f i n e s a L i p s c h i t z graph .

I t remains to prove that $ W ˆ{ u } ( 0 , N { \delta } ( 0 ) ) $ d e f i n e s a smooth graph over the do −
main $ U \cap N { \delta } ( 0 ) . $ \quad From Lemma 3 . 1 , we know that $ D { \phi }

g $ i s cont inuous , so that
the proo f f o l l o w s from the es t imate

\ [\ begin { a l i gned } \paral le l x ˆ{ ∗ } { t } ( \psi ˆ{ u } + h , \cdot ) − x ˆ{ ∗ } { t }
( \psi ˆ{ u } , \cdot ) − x ˆ{ ∗ } { t } ( \phi ˆ{ u } + h , \cdot )
+ x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) \paral le l ˆ{ 1 }\\

= \paral le l T ( t ) ( \psi ˆ{ u } + h − \psi ˆ{ u } − \phi ˆ{ u }
− h + \phi ˆ{ u } ) \\

+ \ int ˆ{ 0 } { t } T ( t − \tau ) X ˆ{ u } { 0 } [ f ( ( x ˆ{ ∗ } { \tau }
( \psi ˆ{ u } + h , \cdot ) ) − f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u }
, \cdot ) ) ] d \tau \\
− \ int ˆ{ 0 } { t } T ( t − \tau ) X ˆ{ u } { 0 } [ f ( x ˆ{ ∗ } { \tau }

( \phi ˆ{ u } + h , \cdot ) ) − f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u }
, \cdot ) ] d \tau \\

+ − ˆ{ t } \ infty d [ K ( t , \tau ) ˆ{ s } ] [ f ( x ˆ{ ∗ } { \tau }
( \psi ˆ{ u } + h , \cdot ) ) − f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u }
, \cdot ) ) ] \\
− − ˆ{ t } \ infty d [ K ( t , \tau ) ˆ{ s } ] [ f ( x ˆ{ ∗ } { \tau }

( \phi ˆ{ u } + h , \cdot ) ) − f ( x ˆ{ ∗ } { \tau } ( \phi ˆ{ u }
, \cdot ) ) ] \paral le l ˆ{ 1 }\\

= \paral le l \ int ˆ{ 0 } { t } T ( t − \tau ) X ˆ{ u } { 0 } D { \phi }
f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot ) ) h { \tau } d \tau −
\ int ˆ{ 0 } { t } T ( t − \tau ) X ˆ{ u } { 0 } D { \phi } f ( x ˆ{ ∗ } { \tau }
( \phi ˆ{ u } , \cdot ) ) h { \tau } d \tau \\
\ leq \paral le l \ int ˆ{ 0 } { t } T ( t − \tau ) X ˆ{ u } { 0 } ( D { \phi }

f ( x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) ) − D { \phi } f ( x ˆ{ ∗ } { \tau }
( \phi ˆ{ u } , \cdot ) ) ) h { \tau } d \tau \paral le l ˆ{ 1 }\\

+ \paral le l − ˆ{ t } \ infty d [ K { d }ˆ{ ( t , } { \tau } \tau ) ˆ{ s }
] ( D { \phi } f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot ) ) − D { \phi }
f ( x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) ) ) h { \tau } d \tau
\paral le l ˆ{ 1 } + o ( h ) \\
\ leq C { 1 } \paral le l \ int ˆ{ 0 } { t } e ˆ{ \beta ( t − \tau ) } ( D { \phi }

f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot ) ) − D { \phi } f ( x ˆ{ ∗ } { \tau }
( \phi ˆ{ u } , \cdot ) ) ) h { \tau } d \tau \paral le l ˆ{ 1 }\\

+ C { 2 } \paral le l i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \beta ( t
− \tau ) } ( D { \phi } f ( x ˆ{ ∗ } { \tau } ( \psi ˆ{ u } , \cdot )
) − D { \phi } f ( x ˆ{ ∗ } { \tau } ( \phi ˆ{ u } , \cdot ) ) ) h { \tau }
d \tau \paral le l 1 + o ( h ) \\
\ leq C { 1 } \paral le l \sup { t \ leq 0 } \paral le l ( D { \phi } f (

x ˆ{ ∗ } { t } ( \psi ˆ{ u } , \cdot ) ) − D { \phi } f ( x ˆ{ ∗ } { t }
( \phi ˆ{ u } , \cdot ) ) h { t } \paral le l ˆ{ 1 } \ int ˆ{ 0 } { t } e ˆ{ \beta
( t − \tau ) } d \tau \paral le l ˆ{ 1 }\\

+ C { 2 } \paral le l \sup { t \ leq 0 } \paral le l ( D { \phi } f ( x ˆ{ ∗ } { t }
( \psi ˆ{ u } , \cdot ) ) − D { \phi } f ( x ˆ{ ∗ } { t } ( \phi ˆ{ u }
, \cdot ) ) ) h { t } \paral le l ˆ{ 1 } i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
e ˆ{ − \beta ( t − \tau ) } d \tau \paral le l 1 + o ( h ) \\

= o ( h ) , \end{ a l i gned }\ ]

\noindent s i n c e the Fr $ \acute{e} $ chet d e r i v a t i v e $ D { \phi } f $ i s cont inuous . \ h f i l l Thus
$ x ˆ{ ∗ } { t } ( \phi ˆ{ u } , \cdot ) $ v a r i e s smoothly
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plus eta open parenthesis delta closing parenthesis beta 1 plus beta 0 bar x sub t to the power of * open parenthesis phi

to the power of u comma times closing parenthesis minus x sub t to the power of * open parenthesis psi to the power of u
comma times closing parenthesis bar to the power of 1 comma beta 0 closing square bracket less or equal C sub 0 bar phi to
the power of u minus psi to the power of u bar 1 plus C sub 0 eta open parenthesis delta closing parenthesis bracketleftbig
sub beta 1 minus beta 0 minus 1 plus beta 1 plus beta 0 to the power of bracketrightbig bar x sub t to the power of * open
parenthesis phi to the power of u comma times closing parenthesis minus x sub t to the power of * open parenthesis psi to the
power of u comma times closing parenthesis bar to the power of 1 comma beta 0 period

But now .. bar x sub t open parenthesis phi t open parenthesis phi to the power of u comma times closing parenthesis
minus x sub t open parenthesis phi to the power of u comma times closing parenthesis bar to the power of 1 less or equal Ce
to the power of beta 0 to the power of t bar phi to the power of u minus psi to the power of u bar to the power of 1 comma
where

C = 1 minus C sub 0 eta open parenthesis delta closing parenthesis bracketleftbig sub beta minus to the power of 1 from
beta 0 to C sub 0 minus 1 plus beta 1 plus beta 0 bracketrightbig comma

and thus W to the power of u open parenthesis 0 comma N sub delta open parenthesis 0 closing parenthesis closing
parenthesis defines a Lipschitz graph period

It remains to prove that W to the power of u open parenthesis 0 comma N sub delta open parenthesis 0 closing parenthesis
closing parenthesis defines a smooth graph over the do hyphen

main U cap N sub delta open parenthesis 0 closing parenthesis period .. From Lemma 3 period 1 comma we know that D
sub phi g is continuous comma so that

the proof follows from the estimate
Line 1 bar x sub t to the power of * open parenthesis psi to the power of u plus h comma times closing parenthesis minus

x sub t to the power of * open parenthesis psi to the power of u comma times closing parenthesis minus x sub t to the power
of * open parenthesis phi to the power of u plus h comma times closing parenthesis plus x sub t to the power of * open
parenthesis phi to the power of u comma times closing parenthesis bar to the power of 1 Line 2 = bar T open parenthesis
t closing parenthesis open parenthesis psi to the power of u plus h minus psi to the power of u minus phi to the power of
u minus h plus phi to the power of u closing parenthesis Line 3 plus integral sub t to the power of 0 T open parenthesis t
minus tau closing parenthesis X sub 0 to the power of u open square bracket f open parenthesis open parenthesis x sub tau
to the power of * open parenthesis psi to the power of u plus h comma times closing parenthesis closing parenthesis minus f
open parenthesis x sub tau to the power of * open parenthesis psi to the power of u comma times closing parenthesis closing
parenthesis closing square bracket d tau Line 4 minus integral sub t to the power of 0 T open parenthesis t minus tau closing
parenthesis X sub 0 to the power of u open square bracket f open parenthesis x sub tau to the power of * open parenthesis
phi to the power of u plus h comma times closing parenthesis closing parenthesis minus f open parenthesis x sub tau to the
power of * open parenthesis psi to the power of u comma times closing parenthesis closing square bracket d tau Line 5 plus
minus to the power of t infinity d open square bracket K open parenthesis t comma tau closing parenthesis to the power of s
closing square bracket open square bracket f open parenthesis x sub tau to the power of * open parenthesis psi to the power
of u plus h comma times closing parenthesis closing parenthesis minus f open parenthesis x sub tau to the power of * open
parenthesis psi to the power of u comma times closing parenthesis closing parenthesis closing square bracket Line 6 minus
minus to the power of t infinity d open square bracket K open parenthesis t comma tau closing parenthesis to the power
of s closing square bracket open square bracket f open parenthesis x sub tau to the power of * open parenthesis phi to the
power of u plus h comma times closing parenthesis closing parenthesis minus f open parenthesis x sub tau to the power of *
open parenthesis phi to the power of u comma times closing parenthesis closing parenthesis closing square bracket bar to the
power of 1 Line 7 = bar integral sub t to the power of 0 T open parenthesis t minus tau closing parenthesis X sub 0 to the
power of u D sub phi f open parenthesis x sub tau to the power of * open parenthesis psi to the power of u comma times
closing parenthesis closing parenthesis h sub tau d tau minus integral sub t to the power of 0 T open parenthesis t minus tau
closing parenthesis X sub 0 to the power of u D sub phi f open parenthesis x sub tau to the power of * open parenthesis phi
to the power of u comma times closing parenthesis closing parenthesis h sub tau d tau Line 8 less or equal bar integral sub
t to the power of 0 T open parenthesis t minus tau closing parenthesis X sub 0 to the power of u open parenthesis D sub
phi f open parenthesis x sub tau to the power of * open parenthesis phi to the power of u comma times closing parenthesis
closing parenthesis minus D sub phi f open parenthesis x sub tau to the power of * open parenthesis phi to the power of u
comma times closing parenthesis closing parenthesis closing parenthesis h sub tau d tau bar to the power of 1 Line 9 plus
bar minus to the power of t infinity d open square bracket K sub d sub tau to the power of open parenthesis t comma tau
closing parenthesis to the power of s closing square bracket open parenthesis D sub phi f open parenthesis x sub tau to the
power of * open parenthesis psi to the power of u comma times closing parenthesis closing parenthesis minus D sub phi f
open parenthesis x sub tau to the power of * open parenthesis phi to the power of u comma times closing parenthesis closing
parenthesis closing parenthesis h sub tau d tau bar to the power of 1 plus o open parenthesis h closing parenthesis Line 10 less
or equal C sub 1 bar integral sub t to the power of 0 e to the power of beta open parenthesis t minus tau closing parenthesis
open parenthesis D sub phi f open parenthesis x sub tau to the power of * open parenthesis psi to the power of u comma times
closing parenthesis closing parenthesis minus D sub phi f open parenthesis x sub tau to the power of * open parenthesis phi to
the power of u comma times closing parenthesis closing parenthesis closing parenthesis h sub tau d tau bar to the power of 1
Line 11 plus C sub 2 bar integraldisplay-minus to the power of t sub infinity e to the power of minus beta open parenthesis t
minus tau closing parenthesis open parenthesis D sub phi f open parenthesis x sub tau to the power of * open parenthesis psi
to the power of u comma times closing parenthesis closing parenthesis minus D sub phi f open parenthesis x sub tau to the
power of * open parenthesis phi to the power of u comma times closing parenthesis closing parenthesis closing parenthesis h
sub tau d tau bar 1 plus o open parenthesis h closing parenthesis Line 12 less or equal C sub 1 bar supremum t less or equal
0 bar open parenthesis D sub phi f open parenthesis x sub t to the power of * open parenthesis psi to the power of u comma
times closing parenthesis closing parenthesis minus D sub phi f open parenthesis x sub t to the power of * open parenthesis
phi to the power of u comma times closing parenthesis closing parenthesis h sub t bar to the power of 1 integral sub t to the
power of 0 e to the power of beta open parenthesis t minus tau closing parenthesis d tau bar to the power of 1 Line 13 plus
C sub 2 bar supremum t less or equal 0 bar open parenthesis D sub phi f open parenthesis x sub t to the power of * open
parenthesis psi to the power of u comma times closing parenthesis closing parenthesis minus D sub phi f open parenthesis x
sub t to the power of * open parenthesis phi to the power of u comma times closing parenthesis closing parenthesis closing
parenthesis h sub t bar to the power of 1 integraldisplay-minus to the power of t sub infinity e to the power of minus beta
open parenthesis t minus tau closing parenthesis d tau bar 1 plus o open parenthesis h closing parenthesis Line 14 = o open
parenthesis h closing parenthesis comma

since the Fr acute-e chet derivative D sub phi f is continuous period .... Thus x sub t to the power of * open parenthesis
phi to the power of u comma times closing parenthesis varies smoothly
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+η(δ)β1+β0 ‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖1,β0]

≤ C0 ‖ φu − ψu ‖ 1 + C0η(δ)[β1−β0− 1 + β1+β0] ‖ x∗t (φu, ·)− x∗t (ψu, ·) ‖1,β0 .

But now ‖ xt(φt(φu, ·)− xt(φu, ·) ‖1≤ Ceβ0t ‖ φu − ψu ‖1, where

C = 1− C0η(δ)[1β−
β0
C0
− 1 + β1+β0] ,

and thus Wu(0, Nδ(0)) defines a Lipschitz graph .
It remains to prove that Wu(0, Nδ(0)) defines a smooth graph over the do - main U ∩Nδ(0).

From Lemma 3 . 1 , we know that Dφg is continuous , so that the proof follows from the estimate

‖ x∗t (ψu + h, ·)− x∗t (ψu, ·)− x∗t (φu + h, ·) + x∗t (φ
u, ·) ‖1

=‖ T (t)(ψu + h− ψu − φu − h+ φu)

+

∫ 0

t

T (t− τ)Xu
0 [f((x∗τ (ψu + h, ·))− f(x∗τ (ψu, ·))]dτ

−
∫ 0

t

T (t− τ)Xu
0 [f(x∗τ (φu + h, ·))− f(x∗τ (ψu, ·)]dτ

+−t∞d[K(t, τ)s][f(x∗τ (ψu + h, ·))− f(x∗τ (ψu, ·))]
−−t∞d[K(t, τ)s][f(x∗τ (φu + h, ·))− f(x∗τ (φu, ·))] ‖1

=‖
∫ 0

t

T (t− τ)Xu
0Dφf(x∗τ (ψu, ·))hτdτ −

∫ 0

t

T (t− τ)Xu
0Dφf(x∗τ (φu, ·))hτdτ

≤‖
∫ 0

t

T (t− τ)Xu
0 (Dφf(x∗τ (φu, ·))−Dφf(x∗τ (φu, ·)))hτdτ ‖1

+ ‖ −t∞d[K
(t,
d ττ)s](Dφf(x∗τ (ψu, ·))−Dφf(x∗τ (φu, ·)))hτdτ ‖1 +o(h)

≤ C1 ‖
∫ 0

t

eβ(t−τ)(Dφf(x∗τ (ψu, ·))−Dφf(x∗τ (φu, ·)))hτdτ ‖1

+C2 ‖ integraldisplay −minust∞e−β(t−τ)(Dφf(x∗τ (ψu, ·))−Dφf(x∗τ (φu, ·)))hτdτ ‖ 1 + o(h)

≤ C1 ‖ sup
t≤0
‖ (Dφf(x∗t (ψ

u, ·))−Dφf(x∗t (φ
u, ·))ht ‖1

∫ 0

t

eβ(t−τ)dτ ‖1

+C2 ‖ sup
t≤0
‖ (Dφf(x∗t (ψ

u, ·))−Dφf(x∗t (φ
u, ·)))ht ‖1 integraldisplay −minust∞e−β(t−τ)dτ ‖ 1 + o(h)

= o(h),

since the Fr é chet derivative Dφf is continuous . Thus x∗t (φ
u, ·) varies smoothly
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\noindent in $ \phi ˆ{ u } , $ and $ W ˆ{ u } ( 0 , N { \delta } ( 0 ) ) $
d e f i n e s a smooth graph . \quad The proo f o f Theorem 3 . 3 i s
now complete $ . \ square $

\hspace ∗{\ f i l l }The s e t $ W ˆ{ u } ( 0 , N { \delta } ( 0 ) ) $ d e f i n e s a smooth graph over
$ U . $ \quad Thus , a t y p i c a l s o lu −

\noindent t ion $ x { t } ( \phi , \cdot ) $ w i l l have a sadd le s t r u c t u r e near the o r i g i n . More p r e c i s e l y
$ , x { t } ( \phi , \cdot ) $

\noindent w i l l approach 0 along a path nearby $ W ˆ{ s } ( 0 , N { \delta } ( 0
) ) $ be f o r e a sympto t i ca l l y tend −

\noindent ing to the smooth s e t $ W ˆ{ u } ( 0 , N { \delta } ( 0 ) ) . $
\quad In t h i s s ense any s o l u t i o n which does not

decay to 0 becomes more we l l − behaved as $ t $ i n c r e a s e s . \quad Here we have de f ined

\noindent $ W ˆ{ s } ( 0 ) = \{ \phi \ in W ˆ{ 1 , \ infty } ( [ −
r ˆ{ ∗ } , 0 ] ) : \ lim { t \rightarrow \ infty } x { t } ( \phi , \cdot
) = 0 \} , $ but have made no c la ims

\noindent about the s t r u c t u r e or smoothness p r o p e r t i e s o f $ W ˆ{ s } ( 0 ) . $ \ h f i l l In gene ra l , i t i s to be

\noindent expected that the dynamics on $ W ˆ{ s } ( 0 ) $ w i l l be cons id e rab ly more compl icated

\noindent than the dynamics on $ W ˆ{ u } ( 0 ) . $
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in phi to the power of u comma and W to the power of u open parenthesis 0 comma N sub delta open parenthesis 0 closing

parenthesis closing parenthesis defines a smooth graph period .. The proof of Theorem 3 period 3 is
now complete period square
The set W to the power of u open parenthesis 0 comma N sub delta open parenthesis 0 closing parenthesis closing parenthesis

defines a smooth graph over U period .. Thus comma a typical solu hyphen
t ion x sub t open parenthesis phi comma times closing parenthesis will have a saddle structure near the origin period

More precisely comma x sub t open parenthesis phi comma times closing parenthesis
will approach 0 along a path nearby W to the power of s open parenthesis 0 comma N sub delta open parenthesis 0 closing

parenthesis closing parenthesis before asymptotically tend hyphen
ing to the smooth set W to the power of u open parenthesis 0 comma N sub delta open parenthesis 0 closing parenthesis

closing parenthesis period .. In this sense any solution which does not
decay to 0 becomes more well hyphen behaved as t increases period .. Here we have defined
W to the power of s open parenthesis 0 closing parenthesis = open brace phi in W to the power of 1 comma infinity open

parenthesis open square bracket minus r to the power of * comma 0 closing square bracket closing parenthesis : limint sub t
right arrow infinity x sub t open parenthesis phi comma times closing parenthesis = 0 closing brace comma but have made no
claims

about the structure or smoothness properties of W to the power of s open parenthesis 0 closing parenthesis period .... In
general comma it is to be

expected that the dynamics on W to the power of s open parenthesis 0 closing parenthesis will be considerably more
complicated

than the dynamics on W to the power of u open parenthesis 0 closing parenthesis period
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in φu, and Wu(0, Nδ(0)) defines a smooth graph . The proof of Theorem 3 . 3 is now complete
. �

The set Wu(0, Nδ(0)) defines a smooth graph over U. Thus , a typical solu -
t ion xt(φ, ·) will have a saddle structure near the origin . More precisely , xt(φ, ·)
will approach 0 along a path nearby W s(0, Nδ(0)) before asymptotically tend -
ing to the smooth set Wu(0, Nδ(0)). In this sense any solution which does not decay to 0
becomes more well - behaved as t increases . Here we have defined
W s(0) = {φ ∈W 1,∞([−r∗, 0]) : limt→∞ xt(φ, ·) = 0}, but have made no claims
about the structure or smoothness properties of W s(0). In general , it is to be
expected that the dynamics on W s(0) will be considerably more complicated
than the dynamics on Wu(0).
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