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Efxéftence _of unsitable manifolds for a certain class
of delay differential equations
Hari P . Krishnan
Abstract
We prove a theorem for unstable manifolds in a differential equation
with a state - dependent delay . Although the equation cannot be formally
linearized , we find an associated linear delay equation whose dynamics are
qualitatively similar near the unstable manifold . Our proof relies upon
estimates of the derivative of a traj ectory on the unstable manifold near
equilibrium .
1  Introduction
Various authors have studied the delay equation

i(t) = f(x(t),z(t — 7)), r=r(x(t)) (1.1)

over the past few years .  Mackey [ 6 | proposed that a special case of (1. 1) could be used to
model the spot price of an agricultural commodity , such as corn . Here ,r(z(t)) represents the
time delay between the production and delivery of

the commodity and depends upon the price z(¢t). Cooke and Huang [ 2 | have examined some
of the difficulties that arise when attempting to linearize ( 1. 1)

and have developed decay estimates for solutions near the origin . Mallet - Paret

and Nussbaum [ 7 ] proved the existence of a sawtooth - shaped , slowly oscillating periodic
solution to the equation

ex(t) = —x(t) + f(z(t —1r)), r=r(z()) (1.1)

in the singular limit as ¢ goes to 0 . Kuang and Smith [ 5] , and Arino , Hadeler
and Hbid [ 1 | have proved the existence of periodic solutions for certain types of state - dependent
delay equations , including (1. 1) .
When r is a constant , solutions to ( 1 . 1) are typically embedded in the space
C([—r,0]), of continuous functions over the interval [—r,0]. If f is sufficiently well - behaved ,
it is possible to prove the existence and uniqueness of solutions
and also the existence of a smooth unstable manifold relative to (1. 1) .
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When r = r(z(t)) is non - constant , we run into difficulty since solutions are not uniquely
defined even lo cally in t ime . Unless we have a uniform bound for | Z(¢) |, z(t — r) and hence
f(z(t —r)) will not be a Lipschitz function in the ar - gument z(t). In this paper , we develop an
alternative phase space setting which allows us to control the derivative of x(t); we then prove
existence , uniqueness and unstable manifold results . Since the existence of an unstable manifold
does
not depend on the choice of phase - space , our approach provides a consistent way of looking at
(1.1).

In section 2 , we prove a straightforward existence result for solutions to (1. 1),

relative to the phase space W, In section 3 , we show that ( under appropriate technical
conditions ) , the unstable manifold is a smooth graph whenever f is at

least C2. We will take advantage of the fact that traj ectories on the unstable
manifold are defined from time —oo to the present and are thus as smooth as
possible .

2  Technical Preliminaries
Hale and Ladeira [ 3 ] have used the space W!* to show that solutions to the equation

o(t) = f(x(t), z(t — p)) (2.1)

depend smoothly on the delay parameter p. In [3], p is neither time - nor state -

dependent . However , it turns out that the space W1 is useful in the case
where the delay is state - dependent .  We require the following definitions for which we use
the notation in [ 3] .

Suppose that F is a linear space equipped with the norms | - | and N(-); suppose further
that we define the set By = {x € E: N(x) < R} for any fixed R > 0. (Bg is a closed
ball of radius R centered at 0 relative to the
N(:) norm . )  Also suppose that , for any fixed R > 0, (Bg,n,| - |) is a complete metric space
. Then we refer to F as a quasi - Banach space .

Let W1 ([—r*,0]) be the linear space of absolutely continuous functions ¢ : [—r*,0] — R
whose derivatives are essentially bounded .

Note that W' defines a quasi - Banach space when we set N(¢) = | ¢ || oo = | ¢(—r*) | +
ess sup 0 € [—r*,0] | ¢(0) | and

o l= | ol 1=|d(—r*)| +integraldisplay — minus®. | $(s) | ds.
For technical reasons , we also require the following definitions .
LetWi:go([fr*,a]) ={pec We(-r*a]) :¢(s) =O0forse [—7*,0]},

where Wolégo is equipped with the norms || ¢ ||}, =[] d(s)|ds and | ||a® =

ess sup | ¢(s) |-
s€[0,a]

Let

Ale, ) = {d € W5 ([=r",a]) <]l & [12°< B},
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Ba,f) = {¢ € Wi ([r, al) <]

havethe theinitial
f €10, a] e Wiensp . Ingeneral, o af).  Wemaynowconsider
[0, gessewhencon "|é(s)|ds<B [ dS:ﬁafﬁ‘é()' - o inclusionA(a,8) CB(a, pg) »
s)| <Bimpliesthat [§ < 1, wemotothat Ala, C B(«,B) since, for
value problem
L) = , r r z(t)) .
I(tac( g)f:(x(t)qﬁ(e)x,(t -0 *T')Ef A O],T¢() S 7W17 Oot>0 (22)

For the rest of the paper , we will assume that ( 2 . 2 ) satisfies conditions ( A 1) and (A 2
) below .
(A1) r:WhHe([=r*,0]) = R is smooth , with supyeyy 1,00 | Dgr |< ¢ < 00, Dyr
denoting the Fr é chet derivative of r» with respect to ¢. Also ,
a < infgew 1, 00r(¢) < 1* < o0, for some o > 0 small .
(A2 f:RxR—Risa globally Lipschitz function . In particular , for

(E1,n1),82,m2) e R x R, | f(§1,n1) — f(€2,12) [S L |1 =2 | +M | nl —n2 ],

which specifies the Lipschitz constants L and M.

To give precise smoothness results , it will sometimes be necessary to make the more stringent
assumption
(A3) f:RxR—RisaC* function , with k > 2, f(0) = 0, and f’(0) # 0.

We shall proceed by reformulating the initial - value problem ( 2 . 2 ) as a fixed
point equation in the phase space W ([—r*, a]). First notice that z(t) satisfies
the system ( 2. 2 ) over the interval [—r*, o] if and only if 2(t) = ¢0(t) + 2(t),
@0(t) = ¢(t) for ¢t € [—r*,0], ¢0(t) = ¢(0) for ¢t € [0, ], and z(t) satisfies

A0 =1 0 Lty + 205005 = (00 +s))ds €S (23)

Here we have made the observation that , since inf,(r(¢)) > a, ¢0(s — r(z)) =
¢(s — r(x)) for any x € R and z(s — r(¢(0) + z(s))) = 0. We can now define the operator
T: Ao, B) x Bp,n xS — A(w, 8), with the function r € S if and only
if 7 : Whoo([—r*,0]) — R, and r satisfies hypothesis ( A 1) .
Solutions to ( 1. 1) correspond to fixed points of the integral equation

0, te[-r"0
T(Za¢7T)(t) = 0 z(s), s—r(¢(0
/ t()f((bgs)_j((ﬁ(( 2))+¢i(s)))()¢( )ds, + 2(8)) te [0,0{]. (2.
fixed*i"*donpointtheygeneintervalt € equation[,0,= o] If(Z$We¢?fn)’itShOW>thatfromZ € W(}tthe:relaﬁonooOisauniquem(t

@0(t) + z(t) that the map z:(¢,-) can be continued from ¢t = 0 to ¢ = a. We prove existence
and uniqueness using the contraction mapping principle , dividing our proof into the following
lemmas .

€
¢
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Lemma 2 .1  Suppose that (A1) and (A2)  are satisfied . Then for
any fized R > 0 the re exist «,8 > 0 such that T(B(«o,af) x Bp X S) C B(a,af) and als
o T(A(a,B) x Bg x S) C A(a, ). Hence T is a s e lf - mapping with respect to the s e ts
A(a, B) and B(a,af).

Proof . Since the proofs are similar , we show only that T'(B(a,af) x Br x S) C

B(a, af).From(A2),

I T(z,0,7)(@) || 1a :/O | f(9(0) + 2(s),  d(s —r(2(s) + ¢(0)))) | ds
<o sup M [$(0)+2(s) [+ sup N |¢(s—r(z(s) +6(0))) [}
Sel0,a] Se0q]

< ofM(R+ aB) + NR};

thus, proof™isa < 18andcomplete. 3 > R(M + N) +1,a{M(R + af) + NR} < af3, andther

Note that o > 0 can be made as small as necessary by choosing g large .
Thus the assumption that 0 < « < infgeg r(z) is not overly restrictive . Lemma 2.2T is a
uniform contraction , with respect to the norms || - |1 and

&, over B(a, a3). I

Proof . We need to show that , for @ > 0 sufficiently small and for any pair z,w €
B(a,af), there exists an element 0 < ¢ < 1withey = co(a) such
that || T(z,¢,7(2)) — T(w, ¢, 7(w)) || 1o < co || 2 —w ||} for any fixed ¢ € Bg. To

do this , we rewrite the quantity || T(z, ¢,7(2)) —T(w, ¢,r(w)) ||} explicitly . ~ We then obtain
| Tz, 6,7(2) — Tw, b, (w)) |14
= [ 1560) + 2(5). 605 = r(6(0) + 2(5))
—F(6(0) + w(s),6(5 — r(6(0) + w(s)))) | d
< [ M1 56) = wlo) 14 o = r0ls = r(6(0) + w(s)) | ds

This last inequality follows from ( A 2 ) .  Now , since 2(0) = 0 = w(0), it follows that
Jo T 2(s) —w(s) | ds < a [; | 2(s) — w(s) | ds so it remains to estimate [ | ¢(s— r(¢(0) +
rz(s))) — ¢(s — r(#(0) + w(s))) | ds. However , since ¢ € Bp, it follows

that

| o(s — 7‘(¢>(0) +2(s))) = #(s = r(4(0) + w(s))) |
B[ r(6(0) + 2(s)) = r(4(0) + w(s)) |
< Re | z(s) —w(s) |,

where above inequality follows Assumption ( A 1) . Then we obtain



EJDE - 2002 / 32 Hari P . Krishnan 5

/Oa | ¢(s = r(0(0) + 2(s))) — &(s — r(¢(0) +w(s)) | ds

< Rc/oa | z(s) —w(s) | ds < Rca/ | 2(s) —w(s) | ds.

0

Combining the above inequalities gives
|| T(Z7 ¢,T(2)) - T(w7 ¢77’(’LU)) ||;
< c/ | 2(s) — w(s) | d$+aRc/ | 2(s) —w(s) |ds=a(l+ Re) || z —w || 1a.
0 0

Suppose that we fix any a < 114 Re; it follows that , with respect to the constant ¢ = a(14+Rc) <
1, T is a contraction map on B(«, ). The proof for the | - || @® norm is similar and therefore
omitted .

Lemma 2 . 3 Consider T : B(a,af8) x Bg x S = B(a,af) with r €S fixed. Then
T =T(r,z ) is a Lipschitz continuous function in z and ¢.

Proof . Fix r and consider (z, ¢), (w,¥) € B(a,af) x Bgr; we need to show
that || T(z,¢) = T(w,v) < e{|l 2 —w || 1o+ || & — ¢ ||'} for some constant 0 <
c= c¢(a) < oo. Because of the triangle inequality , it suffices to show that

I T(z,6) = T(w,¢) llo + | T(w, ¢) = T(w,¥) o< ef]| 2 —w || Lo+ || ¢ = % [|'} From

the proof of Lemma 2 . 2, we know that || T(z¢) — T(w, ¢) || 1o < c || z —w ||L; thus,
it remains to show that || T(w,¢) — T(w,v) [[L< || 2 —w || 1o+ || ¢ — 2 ||} for some
0 < ¢ < oo. We write

nﬂw@—Twmﬁua=Aﬂﬂam+mgww—mmm+MQm
—F(0) + w(s), (s — r($(0) + w(s)))]ds
<M/‘w \@+N/“¢sfrw>+w@»

—(s — r(¥(0) +w(s)))|ds.
We know that

M [ 160) = 00) | ds = Ma | a(0) - 0(0)
= Ma | ¢(r*) + integraldisplay — minus®. ¢(0)do — 1 (r* ) — integraldisplay — minus®.)(0)d6 |

< Maf| (=) = (=) |+ =2r" | §(6) — 4 (6) | db}
=Malé—2 |
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N 71005 = r(6(0) + w(s) - bls - r(0(0) +
<V 1 ols = rl9(0) + w(s)) — ols - r(0(0) + 1
[ 1ol = r00) + w(s) — vs = r(w(0) + w
< NRac | (0) = 9(0) | +N = r* | ¢(6) -
< NRac | $(0) — 4(0) | +Nintegraldisplay — minus®.[| ¢(—r*) — b(—r*) | +minus — integraldisplay’.

(o) — 1
< NRac | $(0) —1(0) | +Nr* |
< N(Ro2cM +r*) ||

The above estimates complete the proof . O

Using Lemmas 2.1, 2.2, and2.3, witha > 0 and sufficiently small , the
contraction mapping theorem gives the following result .

Theorem 2 . 4 Consider th e initial - value problem ( 2. 2 ) subject to assumptions
(A1)and (A2), with ¢(-) € Br and R >0 fized . Then there exists a real number
a = a(R) > 0, independent of ¢, such that x(t,¢) exists and is unigque on |0, a.

It is also possible to establish a simple sufficient condition for global existence (i . e . ,
existence on the interval ¢ € [0, 00)), using the fact that equation (1. 1) is autonomous .  The
theorem that follows implies that the only way in which a solution z(t, ¢) can fail to exist is if it
blows up in finite time .

Theorem 2 . 5 Consider th e initial - value problem ( 2. 2 ) subject to assumptions
(A1)and (A2), with ¢() € Br and R >0 fited. Further, suppose that the
s o lution x(t, d) is non - continuable on the interval [0,b) for s ome 0 <b < oco.
Then , for any fivzed c >0, th ere exists a t € [0,b) such that | z(t, ) |> c.
Proof . We apply a contradiction argument . Suppose that for some fixed p >
, 0,b)5P 9[—r*,0 t that t, ) .
0fp, sup b)e[ I;romases[unzpuc])nlngQ;ﬁy,e < pandknow(p2t forI|é|7¢|37|18<IlOt[1,, continuablegup, £, | On<
(M4 N)u < 0. Now we have assumed that I () I° < R < oo; hence , by
dﬁnlln E[—r *,0 0)| < < s R)and for
AL e S E B et | Settingy ) 5 5 now 0 that”

for all ¢ € [0,b), there exists an ag = a(Rp) such that z(t,$) is continuable from ¢ to ¢t + «p.
Thus we gain a contradiction if we choose t = b — a2, since x(¢, ¢) can now be continued beyond
b.
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3 An Unstable Manifold Theorem

In this section , we prove a theorem on lo cal unstable manifolds for equation (1. 1) . Significantly
, it will turn out that the unstable manifold forms a smooth

graph , even though the vector field defined by ( 2. 2 ) is not Fr é chet differentiable in the initial
conditions . We set up our problem in the following way .

Consider the following two equations , z(t) = f(x(¢),z(t — 1)), r=r(z(t))
and &(t) = f(x(t),z(t — r(0))) under the assumption that f(0) = 0. We do not claim that the
second equation is a formal linearization of the first ; however , we will show that it gives a good
description of the lo cal dynamics near the unstable manifold of &(t) = f(z(t),z(t — 1)), r =

r(x(t))-

itSuppose™3t.  the’is.erahyperbolic, e equilibriumg’;n:t_a + f/(0°f ;be(i),‘(o) = )\f 5;(;) 5 ””ét; ;( gzl)l)te

and that the space W1 ([—r* 0]) can be decomposed as W = U @ S, as in Hale and Lunel |
4]. Here we define U = {¢p € W= . 12,(¢,-) exists and
remains bounded ( in the || - || 1_,0mm) for all ¢ < 0} and set ¢ € U equal to ¢V. Similarly
, we define S = {¢p € Wh> : 2,(¢,-) exists and remains bounded for all ¢+ > 0}, where z;(¢,-)
is a solution to the initial - value problem ( 2 . 2 ).  The dimension of U is equal to the
elements ( including multiplicities ) in A, and is finite .  Associated with the sets U and S are
the projections 7y : W1 — U and 7g : Wh® — S| with npU = U and 758 = (I — mp)S = S.
We now examine at the dynamics of the solution map L : U — U defined by @(t) =
f(x(t),z(t —r(0))), where U is a finite - dimensional subspace of W1,

Since the origin is a hyperbolic equilibrium point , there exist constants My, 50 > 0, indepen-
dent of ¥ € U, suchthat, fort < 0, supge(_, *,0] | TteV0)| <
MoeP?' supger—, *,0] | ¢V (0) | . Since all norms are equivalent in finite dimensions ,

we know that there exist constants M,3 > 0, independent of ¢V, such that || T'(t)¢Y ||'<
MePt || ¢V ||t . If we consider the restriction of g to U, the following

smoothness result can be proved .

Lemma 3 . 1 Suppose that , in (1.1)z(t) = —ax(t) + f(z(t —7r)),r = r(z(t)),r : R - R
and f:R — R are C? functions . Then there exists a neighbourhood

Ns(0) C U such that the mapping g: U — R is Fr é chet differentiable at al |

pointsz(-) € N5(0).

Proof . Suppose that we fix a point z4(-) € N5(0). Since f € C?, from the chain rule it is
sufficient to show that the function g1 : U — R, defined by gl(z:(:)) = z(t—r(z(t))),is
Fr é chet differentiable .  We now prove that , for

hi(-) € U, Dygl(24(-))hy = —dz®s¢ —r(x(t)))h(t) + h(t — r(z(t))), whereDygl
is a linear operator since z;(-) is fixed . We can write
lgL(ze + he) — gl(ze) — Dpgl(ze)he|
= lax(t —r(xz(t) + h(t))) + h(t —r(z(t) + h(t —r(z(t) + h(t)))
—a(t —r(@(t))) +dz? " — (2 (t))h(t) = h(t - r(z(1)))]
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= [a(t — r(x(t) — dz®™ + o(h)) + h(t — r(x(t)) -
—x(t — r(z(t))) + da® " — r(z(t))h(t) — h(t — r(x(t))
=&t — r(xt))(—dz®"D + o(h)) + h(t — r(z(t)
+a(t —r(z(t)) + h(t —r(z(t
+dgdrec — r(z(t)) ) )
=| —dz ™ — (2 (t)))h(t) + o(h) | .
)

—~ —

The proof will be complete if we can show that —dz@ (¢ — r(2(t ))h(t) is o(h).

shi thatthat for any sequence h {hn}, ithfwh

InUpartlcularhm ol Hlneed_olmph% fimy, —ocosupg €[—r+,0] In (8)]

wehn € proceed

by contradiction and suppose that there exists an € > 0 such that , for all N € Z —Z * and some
n > N,supge(_, *0] [ (0) |[>e.  From the fundamental theorem

hy (+)€U.Next,wesubstituteh,, definin
IL)m sup >k 0} | hnp, ( ) |7 ofc(al)culus ?t>th(;i1;uspeeu et | I ( ) |aSIHCe0] & i
n 0096[ whenever limp s oo supge[_ T )intod (t)=z(t—7(0) L
ollhn ()< lhnlll.,  Also,it
hndC dover(e) > Osuch™ " ¥?!tha t[sup | hg}(' We 1< nowewheneverﬁ“dthat“ b ﬂorlallié. > 0, Since™ °thisexist;
holds foralln > N = N(e), we arrive at a contradiction and the proof is complete . [
Remark . We may regard Lemma 3 . 1 from the following perspective . Al -
though , relative to the background space W ([—r*, 0]), the I - || ®0—norm is
not equivalent to the || - || 1_porm, relative to U, the | - | oo— and || - || 1_norms are
equivalent . This property guarantees the Fr é chet differentiability of g when
restricted to U.
Trajectories on the unstable manifold appear as solutions to an integral equation associated
with &(t) = f(x(t),z(t —r(0))). In order to specify the integral equation , we require some
additional notation . Suppose that ® is a basis
for U and V¥ is a basis for U?, with (®,¥) = 1, so that ¢ = ®(¥, ¢). We then define X (-) to
be the fundamental matrix solution of &(t) = f(x(¢), z(t — r(0))),
- / X(t+0—7)dr, XU =du(0), Kt s)" = / T(t — )X dr,
0 0
and
K(t,s)* =msK(t,s) = K(t,s) — ®(¥, K(t,s)).
A function x}(¢,-) € WHe([—r*,0]) satisfying equation @(t) = f(x(t), (t—
r(0))) must also satisfy the variation - of - constants formula (3.1)x: (¢, -) = T'(t)p+ fo K(t,7)]g(x:)(

for a full treatment of (3. 1) ,see[4]). The following lemma , Whlch is proved in  [4],
allows us to characterize the unstable set of @:(t) =
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f(x(t),z(t — r(0))). For convenience , we shall set W*(0) = {¢ € WL : (-, ¢)

exists for all ¢+ < 0 and limy_, oo 24(-, ) = 0}, and W*(0) = {¢p € W1 : z,(-, ¢)

exists for all ¢ > 0 and limy_, 4 o 2¢(+, @) = 0}.

Lemma 3 . 2 Suppose that z*(t,¢) isasolution of (1. 1) thatis defined and

bounded for al 1 t < 0. Then x;(,¢) €  Who([—r*,0]) satisfies the integral
equation

() =T(t)o" + /Ot T(t — 7) XY f(z,)dT + integraldisplay — minus’ d[K (t,7)°]f(z,). (3.2)

The proof of this theorem can be found in [ 4 | . We can now prove our main
theorem . We remark that if f € C* in the theorem below , k > 2, then W% (0)
will be a C*~!— manifold .
Theorem 3 . 3 Suppose that 0 is a hyperbolic equilibrium point of equation (1. 1)
and f € C?.  Then there exists a neighborhood Ns(0) of 0 in WL ([—r*,0]) and a map
m: UNNs(0) = W“(0) such that (-, 7(-)) defines a smooth graph .
Proof . We start by proving the existence of the unstable manifold W*(0). In Lemma 3 . 1
, we proved that g : Wh°([—r*,0]) — R is Lipschitz continuous . Also , after writing

#(t) = —ax(t) + f(x(t —r))
= —ax(t) + f(0)x(t — r(0)) + (f(x(t —r)) = f(0)z(t — r(0)))
= —ax(t) + f(0)z(t = r(0)) + fL(x(t — 1)),

withr =r(x(t)), weknow that there exists a monotone increasing , contin - uous function
n(r) : [0,00) — [0,00) with n(0) = 0 such that , for any pair

¢, € T(rr )W ([=r*,0)with || ¢ | 1, [| ¥ | 1 < o, f1(d) = fL) < (o) [ ¢ =¥ || 1.

We now apply the contraction mapping principle to equation ( 3 . 2 ) for || @l 1 suf-
ficiently small . Since || T(t)¢" |1 < MePt || ¢* ||* for t < 0, we know that there exists a
constant Cy > 0 such that

0
1T [ @ < Cole |l " | +n(5)/ PO Y ap || dr 4 (8) —" c0e” T |y |t dr),
t

where

t
T |y xe =T ()" + / T(t — )XY f(x,)dr + integraldisplay — minus’ d[K (t,7)*] f(x¢)
0

and || ¢ ||'< 20co << 1. We may view T | U as a self - mapping over the set

S(¢p,9) = {zt : (—00,0] — Wl’oo([—r*,O]),ﬂuxo =¢" e U,t € sup|[— 00,0) || z

Itz that s0.0] Il ¢ |51 fz’i\}owfs)isifdosed(5ischosenandb°undedsothatWithn(é)respect<B4CO tothethenyynorm ||z | = ap;

supte(—



10 Unstable manifolds for delay differential equations EJDE — 2002 / 32
of Gronwall ’ s inequality gives the estimate | T | Ut ||['< 6(34+2Copn(8)) < 6, and T | U =
T(¢") defines a contraction map . Thus ,7 | U has a unique fixed point , which we call
x5 (oY, )25 (Y, ) is an absolutely continuous function .

We now show that x} (¢, ) is Lipschitz in ¢*. In particular , for any pair ¢ v e U
b

with || ¢* |1, || ¥* ||' sufficiently small , we find a constant C; > 0, independent of ¢ * 4,
such that || #3(6%,-) — o (6%, ) |1 < Cy || % — o | for |
t < 0. But now
5 (6%, ) — 7 (6%, )
=106 - )+ [ It X6, ) — F )
= sod[K (1, 7)) (F@h (87, ) — Fla (7, )
and hence
2 (6%,) — 27 (6%, ) !
<O 6%~ | 14) [ a9t 0 ) |
+n(0)integraldisplay — minust e PE=7) || ¥ (¢", ) — X (™, -) || dr).

Our proof relies upon the estimate

F27 (9", ) —2p (", ) [| 1 < CeP0" || ¢ — ot
In"Mieh thigSvalid" . ?sze) ﬁo,c > beOandforLipschitzin*'t¢,, < Oandwithyespect || ¢* Nios I % o e nstane < O

case, must

C. We verify the estimate by first defining the weighted norm || z.(¢“,) || 1,80 =
SUP_o<t<0 e—B0* | z¢(9*,+) || 1 on S(¢,6). If B0 € (8—1,5),50 > 0, it immediately follows that
| z(o", ) [|MP0< 6. Also

e || (", ) — w0, ) |1
0
< ColeP=P0t || gt — || +1(6) / BP0 e =B0T | g (g, ) — a2 () ||* dr
t

+1)(8) =" ooe”HPOE=T | 4 (g, ) —ar () || dr]

0

< Cole TP |l gt —u |I' +n(8) | w7 (6", ) — i (6",) | 1,0 / =IO dr
t

+0(0) || &5 (8%, ) — zf (¥, -) || 1, BOintegraldisplay — minus’ e~ B+FOE=T) 4]

< ColeP=POt [ g — 4" || 14 0(6)(s1-50 — 1) || &f (9", ) — ay (v, ) |7
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+1(8)BL4+B0 || z} (¢, ) — af (™, ) |M77]
<Oy || ¢" — 4" || 1+ Con(8)[51-B0 — 1 + B14 B0 || 2} (¢, ) — af (¥, -) |70 .

But now || z,(¢t(¢", ) — ze(¢", ) ['< CePO" || ¢ — v ||!, where

C=1-Con(d)[h_e0 —1+B1+B0] |

and thus W*(0, N5(0)) defines a Lipschitz graph .
It remains to prove that W*(0, N5(0)) defines a smooth graph over the do - main U N N5(0).
From Lemma 3 . 1, we know that Dgg is continuous , so that the proof follows from the estimate

i@ +h,o) = 27 (") = 27 (@ + h, ) + 27 (") |
=[T@E)@" +h =" =" =h+¢")

0
+/t T(t —7)Xg[f (27 (" + Ry 0)) = f27 (0, )]dr

0
- / T(t - 1)XELF (" + h,) — Fleh (", dr

+ =" ood[K (1, 7)°][f (w7 (" + h, ) — (27 (4", )]
— " ood[K (t,7)°][f(z7(¢" + h, ) — flar (" )] ||

0 0
|| [ T~ XD @@ Do — [T~ 1)K De 36" ) e
t t

0
I [ T = D)X D@36, ) = Do a6 o |
b —tood K ) 1Dy (2, ) — Do (6%, ))hedr | +o(h)
0
<G /t PN (Dy f (254", )) = Do f(a5(¢", ) hrdr |1
+Cy || integraldisplay — minus’ e P =7 (Dy f(x2(4",-)) — Dy f(x(¢%, ) hrdr || 1+ oh)
0

< Cy | sup || (Dgf(a7(9",-)) = Do f (a7 (6", )he ||* / S ar |t

£<0 t
+Cy | sup | (Do f (2} (")) = Do f (27 (8", )))he || integraldisplay — minusize*"Ddr || 1+ o(h)

¢<0

= O(h)a

since the Fr é chet derivative Dy f is continuous . Thus z; (¢, -) varies smoothly
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in ¢*, and W*(0, N5(0)) defines a smooth graph .  The proof of Theorem 3 . 3 is now complete
. O

The set W*(0, N5(0)) defines a smooth graph over U.  Thus , a typical solu -
t ion x4(¢,-) will have a saddle structure near the origin . More precisely , z+(¢, -)
will approach 0 along a path nearby W#*(0, N5(0)) before asymptotically tend -
ing to the smooth set W*(0, N5(0)). In this sense any solution which does not decay to 0

becomes more well - behaved as t increases .  Here we have defined
We(0) = {¢ € WHoe([—r*,0]) : limy_ 00 2¢(6, -) = 0}, but have made no claims
about the structure or smoothness properties of W#(0). In general , it is to be

expected that the dynamics on W#(0) will be considerably more complicated
than the dynamics on W*(0).
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