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Homogenization of a nonlinear degenerate

parabolic  differential equation
A . K . Nandakumaran & M . Raj esh
Abstract
In this article , we study the homogenization of the nonlinear degener -
ate parabolic equation

b(L, ue) — diva(Z, te, ue, Vue) = f(z,1),

with mixed boundary conditions ( Neumann and Dirichlet ) and obtain the
limit equation as € — 0.  We also prove corrector results to improve the
weak convergence of Vu. to strong convergence .

1 Introduction
Let Q be a bounded domain in R™ with Lipschitz boundary and let T > 0 be a
constant . Let 02 =T'y U Ty, where it is assumed that I'y has positive Hausdorff
measure , H"~1(T'y). We will denote 2 x [0,T] by Qp, and I'; x [0,T] by T'; 7,
i =1,2. We consider the following initial - boundary value problem

x £ yE, _ Ue=g OHFI,T, .
atb(s,ugx)a(ftdivua,Vug).y—0 oo 7 (et e Ve )= f () inQr, (1.1)

ue(x,0) = ug infd.

whose diffusion term is a monotone operator . Regarding the existence , unique - ness and
regularity results for the above problem , which we will refer to as (P.), we refer the reader to [ 2

].
We are interested in the asymptotic behaviour of the problem (P.) as ¢ — 0.
The homogenization of such equations with b(y, s) = s or b(y, s) linear in s has been studied quite
widely (c¢f. [3,5,4,7,6,16,9,15]). However , the case where b is nonlinear has not
been studied so much . Recently , H . Jian (cf . [ 1 0] ) studied this problem for b(y, s) of the
form b(s), assumed to be continuous and non -
decreasing in s and satisfying the monotonicity condition . It was shown , under
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2 Homogenization of a nonlinear equation — EJDE — 2001 /17 an a priori assumption on
the boundedness of the sequence u. in L ({2r), that
the homogenized equation corresponding to this problem is

Ob(u) — divA(u, Vu) = f(z,t) inQp,

Aty Vou)gv = OonI"ff‘T’FlT’ (1.2)
u(z,0) =0 inQ
for a suitable function A. That is , the solutions wu. of the in - homogeneous

problem converge in some sense to a solution u of the homogeneous problem . They first obtain
a uniform bound , with respect to €, on Vu, in LP(Q7) and

ond tb(us) and €, Ue s Vue)
scqucnccsatb(us)7 at(?a(gvet ’ usvu )each

. Thus, the
space, but

appropriate

hence nanhave a weak xlimit?"*! in spacethat

to

complete the analysis these limits have to be identified as 9;b(u) and A(u, Vu), respectively . A
crucial link in showing this was the fact that b(u.) converges strongly to b(u) in some L?(Qr) and
this in turn was used to prove the strong convergence of u. to w in some L"(£2p) ( note that
we cannot conclude the strong convergence of u. to u from the uniform bound on the sequence
Vue in LP(Q7) because the time derivative is not involved , but this information is hidden in the
boundedness of d;b(u.)). This is then used to identify the limits

of the sequences 0;b(u.) and a(e”, te, ue, Vue).

However , for the class of problems that we consider ,b(?,u.) can be expected
to have only a weak limit in any L?(€2r). This does not help in proving the strong convergence of
ue to a w in any L"(Qr), which is crucially needed for identifying
the weak limits of the sequences 9;b(%,u.) and a(Z, ., ue, Vu,). However |, we
are able to prove directly that u. — w in some L"(Qr) by adapting a technique found in [ 2
] . From this we can prove that 9;b(*,u.) has as its weak limit 9;b(u). Here ,b(s) denotes
the average of b(y, ) in the variable y in the unit cell Y = [0,1]". Interestingly , we show that
b(%, us) — b(%,u) strongly converges
to 0 in any L9(2r),0 < ¢ < oo, which yields the strong convergence of b(uc) to b(u) when b is
independent of the variable y.  The diffusion term in the homogenized problem is the same as in
[10],viz. div A(u,Vu) (cf. Theorem (2. 3) ), but we identify this using the method
of two - scale convergence . We also
use the two - scale convergence method to prove the corrector results .

We prove corrector results under the strong monotonicity assumption on a
which in turn , yields a corrector result for the work of H . J ian . That is , we
construct suitable strong approximations for Vu,.

The layout of the paper is as follows . In Section 2 , we give the weak formu - lation for the
problem (P.). Then , we state our main results viz. Theorem 2 . 3
and Theorem 2 . 5 . In Section 3 , we prepare the ground for homogenization by
obtaining some a priori estimates and by proving the strong convergence of u. to some u( for a
subsequence ) in some L" (7). In Section 4 , we prove our main
theorems .
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2 Assumptions and Main Results

For p > 1,p* will denote the conjugate exponent p/(p — 1). Let V' be the space ,
{veWLP(Q):v=0o0nT} and let V* be the dual of V. Let E = L?(0,T;V)

and let WLE(Y) be the space of elements of W1P(Y) having the same trace on

per

opposite faces of Y. We say ,u. € g + F is a weak solution of the problem (P.) if it satisfies :

b(®,u.) € L=(0,T; LY(Q)), 0:b(%, ue) € LP (0, T; V*), (2.1)

that is

T
/ < O, ue), £, 1) > dt+/ (B, 12) — b, o)) drédawdt = 0 (2.2)
0 Q

T

for all ¢ € ENWHL(0,T; L>(Q)) with £(T) = 0 and

T
/ < Ob(Z,ue), E(x, t) > dt +/ a(Z, te,ue, Vue).VE(x, t)dadt
0 Q

T
= fz, t)é(x, t)dzdt  (2.3)
Qr
forall¢ € F.
For the existence of a solution for the weak formulation we make the following assumptions (
. [2])
(A1) The functionb (y,s) is continuous in y and s,Y — periodic in y and non - decreasing
in s and b(y,0) = 0.
(A 2) There exists a constant § > 0 such that for every ¢ and R with 0 < § < R, there exists
C (9, R) > 0 such that

| b(y, 51) = b(y, 52) [> C(6, M) | 51— 52 |° (2.4)

for all y € Y and s1,s2 € [-R, R] with 0 <| s1 | .
(A3) The mapping (y, s, u, ) — a(y, s, pu, A) defined from R™ x R x R x R" to
R™ is measurable in (y, s) and continuous in (u, A). Further , it is assumed
that there exists three positive constants «,r, 7y so that for all (y,s,u, A) and all pul,u2 € R
and A\, A1, Ao € R" one has

a(y, s, N)(A) > a [ AP (2.5)
(a(y, s, i1, A1) — a(y, s, 10, X2)) (A1 — Ao) >0, VA1 # A
| aly, s, A) |< @7 Ik [ PH 4+ | AP
| aly, s, 11, \) — a(y, s, p2, \)
<a ' pl—p2 | (A4 | pl P4 p2 P AP (2.8)

Also it is assumed that a(y, s, u, \) is Y — 79 periodic in (y, s) for all (g, \).
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0, ; , p(Q oS o
AssumeZDeLm(EgigngfewlL,,fEQ)T))_mL (Qr), 0rg € L'(0,T; L>(9)), (A4)

(A5) For all y75,ﬂa)\17)\2,

(CL(y, 87M7>\1) - a(y7s7ua)‘2))(A1 - )\2) > o ‘ >\1 - )‘2 ‘ p (29)

Remark 2 . 1 Tt is to be noted that ( A 5 ) implies the conditions (2. 5 ) and (2. 6 )
in (A 3), which alone are sufficient to guarantee the existence of a solution to the
weak formulation of (P.) and for its homogenization . (A 5 ) will be used only in proving the
corrector result .
Remark 2 . 2 The prototype for b is a function of the form c(y) | s |¥ sgn (s) for
some positive real number k and continuous and Y — periodic function ,¢(.), which is non -
vanishing on Y.

We now state our main theorems .
Theorem 2 . 3 Let wue  be a family of s o lutions of (P.). Assume that there is a
constant C > 0, such that

sup || ue || Loo(Q2r) < C (2.10)
€

Under , the assumptions (A 1) - (A4 ), th ere exists a subsequence of &, s till denoted
by e, such that for al l q with 0 < g < oo, we have ,
ue  — u s trongly in L1(Qr) (2.11)

Vue —  VuweaklyinL?(Qr) (2.12)

(%, uc) — b, u) — 0 strongly in L1(Qr) (2.13)
b(Z,us) —  b(u) weakly in LIY(Qr) for ¢>1, (2.14) and u s o lves ,

Ob(u) — divA(u, Vu) = f inQr,
Aty Vu=)g.v = 0onl{% 17 (2.15)

u(z,0) =wug ing,

where b and A are defined be lowby (2. 16)-(2.17).
Remark 2 . 4 Of course , the assumption ( 2. 1 0 ) is true in special cases ( see [ 1 2]
Ch . 5) and it is reasonable on physical grounds (see [10]) .

The functions b and A are defined by

b(s) = /Yb(y, s)dy (2.16)
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70
A(p, ) = 170/ / a(y, s, p, A+ VO, (y, s))dyds (2.17)
o Jy

where @, \ € LP(0,79; WLE(Y)) solves the periodic boundary value problem

per

/ / a(y, s, , A+ V@, 1(y,s)).Vo(y, s)dyds =0 (2.18)
o Jy

for all ¢ € LP(0,79; WLP(Y')). For the existence of solutions to (2. 18 ) , we refer

per

the reader to Corollary 1 . 8, Ch. 3of[11]. It can be shown that A(u,\)
R x R™ — R™ is continuous and satisfies

[ A, N) 1S B7HA+ [p P7H+ AP (2.19)

(A(,ua A1) - A(ua )‘2))(>\1 - /\2) > 07V)\1 7é )‘27 (220)

A A=A PP (2.21)

for a positive constant § which depends only on «,n,p, o( cf . Lemmas 2.4-2.6
in[8]).

Note that in ( 2. 1 2 ) we only have weak convergence of Vu, in LP. We con - struct some
correctors for Vu, which will improve the weak convergence (2. 12 )
to strong convergence . Such results are known as corrector results in the lit -
erature of homogenization and are very useful in numerical computations .  Let u(z,t) be as in
Theorem 2 . 3 and let Uy €  LP(Qp x (0,79); Wp2(Y)) be the
solution of the variational problem ,

To
[ [ ] sVt 9,010,009, 90 ) =0, (2.22)
Qr JY JO

for all ¥ € LP(Qr x (0,79); WLP(Y)). It will be seen that there is such a function

per
U:. The statement of the corrector result is as follows .

Theorem 2 . 5 Let wu.,u be as in Theorem 2. 3 andlet U; be as defined above . We

assume all th e assumptions in Theorem 2 . 8 and furthermore , the s trong monotonicity
assumption (A5 ). Then , if w,U;  are sufficiently smooth , i . e . be -
long to C'(Qr) and C(Qr; Cper (0, 70) x Cp (Y)), then

ue —u—eUy(x,t,xe,te)  — 0 s trongly in LP(Qr)and, (2.23)
Vue — Vu— VUi (z,t,ze,t.) — 0 strongly in LP(Qr). (2.24)

u—eUy( x,

:Remark rp .6 Notethat
m L (07T2 gradientof

we no
W, p(ay)aswe aredonot

“claiming)s o e t, Uy, t.) — withOstronglyrespecttox

in(2.24).

3  Preliminaries

We first obtain a priori bounds under the assumption (2. 10 ) . From now on ,C
will denote a generic positive constant which is independent of e.
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be a family of s o lutions of (P.) and assume that (2. 10 )

holds . Then ,
sup || Vue [| Lp(Qr) < C (3.1)
€
sup || a(,te,ue, Vue) || Lp*(2r) < C (3.2)
€
sup || Ob(Z,ue) | Ex < C (3.3)
g
Proof : Define the function B(.,.) : R x R — R by
Bly.s) = by5)s ~ [ blu.)ir (34)
0
The following identity can be deduced as in Lemma 1 . 5 of Alt and Luckhaus [ 2 ] .
[ (B 1) - BE )iz
Q
T
= [0 ) (e - g [ (b )~ b w0 Dugdads
0 Qr
+ [ 0z ua(D) = oz uo)) () (3.5)
Q
Therefore , using ( 2 . 3 ) we obtain ,
/ B(Z,uc(x,T))dx +/ a(Z,te, ue, Vue).Vusdrdt
Q Qr
= / B(%,up)dx —|—/ a(f,te, ue, Vue).Vydedt
Q Qr
+/ Flt)(ue — g)dadt —/ (b(Z ) — b u0))Dugdrdt
QT QT
+ [ (b ue(7)) = bz o) (36)
Notice that dueto (2.10),(A1),(A3)and (A4) weobtain
/ B(EZ,uc(x,T))dx +/ a(Z,te, te, Ve ).Vusdrdt
Q Qr
SCH+C | Vue [ pP71Q7 [ g I, Qr (3.7)
Therefore , as B is non - negative from its definition , we get using ( A 3 ) again that ,
a || Vue || pPQr < C+C || Vue || pP1Qr (3.8)

for all e. This implies (3. 1) . Then, (3. 2) follows from (3. 1) and (A 3 ), while (3. 3)
follows from (3. 1), (3. 2) and the weak formulation (2.3). ¢
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and the above lemma , we immediately conclude
that , for a subsequence of €( to be denoted by € again ) ,

ue — uweakly * inL>®(Qr), (3.9)

Vu. — VuweaklyinL?(Qr) (3.10)

b(Z,u.) —  b'weakly *xinL>°(Qr) (3.11)

Ob(E,u) —  wweakly xinE*, (3.12)
a(®* te,ue, Vu,) —  A*(x,t)weaklyinL? (Qrp) (3.13)

for some b* € L®(Qr),w € E* and Ax € LP" (Qr). The t ask is to identify these quantities and

obtain the limit equation . We now prove that , for a subsequence , u. converges a.e. to u in Qp
and this will form a crucial part of the present analysis . This will be found useful in identifying

b*,w and A

Lemma 3 . 2 There exists a continuous , increasing function w on R with w(0) =0,
such  that, giwen any C > 0,0 > 0, if vi,v2 are any  two functions
m

| v; || 00,2 < Cyi = 1,2, satisfying WLP(Q) N L (Q)with

/(b(?,vl) —b(Z,v2))(v1 —va)dx <5 Ve >0
Q
then

[6(Z,v1) —b(Z,v2) | dz <w(d) Ve > 0.
Q

Proof : By the a priori bounds for vy, ve in L, we can restrict b to the domain Y x [-C, C],
where it is uniformly continuous . Now ,

[ 1b o) < bz ) | do
Q
-/ ) IbE0) = b ) | do
QN {|v1 —v2|<d2t
+ [ }IbE 0) = b ) | do
QN {|v1 —v2|>821

< w2 )m@)+52 [ (B0 b)) v
< wp(62hm(Q) + 82t

contimuity, 421, function for b. Thus , we obtain the

wherebywyistakingthe,, () modulusfiwo (t21)m(Q

lemma() Lemma 3 . 3 Let u. be the s o lution of (1. 1). Then , the s equence
{ue}e >0 s
relatively compact in L°(Qr), where §isasin (A 2). As a result ,  there is a

subsequence of wu. such that ,
U 2 U G . e. in Qr (3.14)
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the arguments from [ 1 0 | , it can be shown that

T—h
h~ /O /Q(b(ﬁ, ue(t+h)) — (%, uc(t))) (ue(t + h) — ue(t))dzdt < C

for some constant C' which is independent of € and h. Step 2 : We show that

T—h
/ / B ue(t+ B)) — b, ue(t)) | dadt — 0
0 Q

as h — 0, uniformly with respect to €. Set , for R > 0 and large ,

Ber = A{t€ (0,7 —h) | uc(t+h) | Wp(@)+ [ ue(t) | Whp(@)+ [l g | W p(Q)

thL /Q(b(g,ug(t + 1)) = b, ue (1)) (ue (¢ + h) — uc(t))de > R}

From the estimate in Step 1, it follows that m(E; r) < C/R. Set E_ p to be the complement
of E. g in (0,7 — h). Hence fort € E. p, by Lemma 3 . 2, we have

/Q |6, uc(t+h)) —bE,uc(t)) | de < w(hR). (3.15)

Therefore ,

/ o 1 e 1) = b e

_ // | b, ue(t + ) — b, ue (1)) |

/, /|bs,u5 (t+ 1)~ b(Eus(0) |

< C/R+Tw(hR)

for all e, R and h. Now , choose R large , fixed so that C'/R is as small as we please and then

let h — 0 to complete the proof of Step 2 . Step 3 : By assumption ( A 2 ) , it follows from
Step 2 that
T—h
/ / et + ) — ue(t) |° dadt = Oash — 0 (3.16)
0 Q
uniformly with respect to . Step 4 : In this crucial step , we demonstrate the relative

compactness of the
sequence {u.}. > 0in L?(Q7). This is an argument to reduce it to the time independent case .
Set ,

ve(z,t) = { w0°(z,t) if't" €€ (3L g — UR)[T\E h?, RT) (3.17)
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integral multiple of h. We have ,

hl/ / / | uE ZX((’L 1)h, zh)vs((Z - 1)h + S) |0 dxdtds

T/h
/ / / ue(t) — ve(s) ¥ dedtds
T/h (t—1)h J(i—1)h
min(T,T—s)
< A —hh/ / | ue(t) —ve(s+t) | dedtds
max(0,—s)
min(T,T—s)
< Sup < h / | uc(t) — uc(s+t) |° dedt
max(0,—s) Q

+/ / | uc(t) |7 dedt
E. rU(T—h,T) JQ

< Tw(hR)+C/R

which can be taken small , say less than u( for all ), by fixing h small and R = h~2'. Therefore
, there exists s € (0, h) such that

/ | ue(t ZX((Z —1)h,ih)%e((i — 1)h + s.) |? dzdt
T

T/h

is small uniformly in €. Note that the sequences {v:((i — 1)h + s:)}c~0 are independent of t
ime . Therefore , it is enough to show that {v.((¢ — h) + s.)}c >0
are relatively compact sequences in L?(Q7) for i = 1,...,T/h. But , this follows
from the compact inclusion of W?(€) in LP(£2) as these sequences are bounded
in WH?(Q)( by the definition of E. g) for each i. ¢

We end the section by recalling a fact which is quite useful in periodic ho - mogenization .
Let f be a function in L] (R™;Cper(Y)).  Then we have the following lemma, .

Lemmafyf(y x)3.4dy,Thef0rosallc;”>"toTy function f(%,x) converges weakly in L] (R™) to

4  Homogenization and  Correctors
First, weprove (2.11), (2.13) and (2.14) usingLemma 3. 3 and Lemma
3. 4. Then , we identify b* and Ax given by (3. 13 ). Finally , we prove that u satisfies the
homogenized equation (2. 15 ).

By the a priori bound (2. 10 ) and (3. 14 ), it follows by the Lebesgue dominated
convergence theorem that

ue — ustronglyinLY(Qr), (4.1)

for all ¢ with 0 < ¢ < co. Thus , we have shown (2. 11 ) and we have the following proposition .
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Proposition 4 . 1 We have ,
b(Z,ue) —b(Z,u) = 0 s tro ngly in LI(Qr)¥q,0 < ¢ < oo.
Proof : By the a priori bound (2. 10), it is enough to consider the function b on
Y x [-M, M] for a large M > 0. As b is continuous , it is uniformly continuous
onY x [-M, M]. Therefore , given hy > 0, there exists a 6 > 0 such that ,

[ 0(y, s) = b(y', ") |< ho,
whenever |y —y' | +]s— s |<d.

Now , since u. — u a . e in Qp, by Egoroff ’ s theorem , given h; > 0, there exists £ C Qp
such that its Lebesgue measure m(E) < h; and ue converges uniformly to uw on Qp \ E = E'.
Therefore , we can find €7 > 0 such that

| ue —u || oo, B' < 6Ve < e&1. (4.2)

Therefore , for € < 1 we have ,
/ b, e — b(F, ) |1 dadt
Qr

= b ) =) [ dade+ [ ] 0G0 b ) |7 dod

< Wm(Qr) +27sup(| b [1)m(E)
< him(Qr) + 2%sup(] b |?)h.

This completes the proof as hg and hy can be chosen arbitrarily small . { Corollary 4 . 2 If
b(%,ue) = b(ue), then the above proposition shows that b(ug) —
b(u) s tro ngly in LY(Qr), the result of Jian [1 0] . Corollary 4 . 3~ We have the following
convergences :

(i )b(Z,u:) converges to b(u) weakly in Li(Qr) for any q € (1,00) and hence

b* = b(u).

(it )O:b(%,ue) — Oib(u) weakly * in E* and thus w = 9:;b(u).

Proof : (1) We can write ,b(%,ue) = (b(Z,ue) — b(Z,u)) +b(%,u). The result
now follows from Proposition 4 . 1 and Lemma 3 . 4 and (ii) follows from (i) and
(3.12). ¢

Finally , we have to show that A* = A(u, Vu), which can be proved in a
manner similar to that in [ 1 0] .  We present a different proof of this using the method of two
- s cale convergence . Besides , some steps of the proof will be used in proving the corrector
result . First , we recall the definition and main results concerning the method of two - scale
convergence (cf . [1, 13, 14]). Weset the period 7y in the time variable to be 1 |
for convenience of notation .
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1< g<oo. A sequence of functions v, € LI(Qr) is said
to two - scale converge to a function v € LI(Qr x Y x (0,1)) if

1
/ vz, by xe, te)dedt € — 0— / / / v(z, t,y, s)Y(z,t,y, s)dydsdzdt
Qr QrJo Jy

for all v € LT (Qp; Cper (Y x (0,1)). We write v.2_, — sv. Remark 4 . 5 From the definition of
two - scale convergence , it is easy to see
that if v, is a sequence of functions in L4(27) such that v.2_, — sv(z,t,y, s), then

1
1)54/ /v(x,t,y, s)dydsweaklyin L (Qr).
0o Jy

The following facts about two - scale convergence [ 1 | will be used by us .
Theorem 4 . 6 If w. is a bounded s equence in L%(dr), then there exists a func - tion
v e LIQr xY x(0,1)) such that , up to a subsequence ,v.2_, — sv(z,t,y,Ss).
Theorem 4 . 7 If v.,Vuv. are bounded s equences in LYQr), then there exist
v e L(0,T) x (0,1); Wh4(Q)) and Vi € LU (Qr x (0,1); Wyi(Y)) such that , up to a
subsequence

ve 25, —s v(z,t,s),
Ve 25, —s Vyu(a,t,s)+ V,Vi(z,t,y,s).

The following theorem [ 1 | is useful in obtaining the limit of the product of two two - scale
convergent sequences . Let 1 < ¢ < oo.
Theorem 4 . 8 Let v, be a s equence in L9(Qr) and w, be a s equence in LI (Qr)
such that v.2_, — sv and w.2_, — sw. Further , assume that the s equence w. satisfies

1
/ | we |97 (x,t)dzdt € — 0— / / / | w(z,t,y,s) |7 dydsdxdt. (4.3)
QT QT 0 Y

Then ,

1
/ vewedzdt & — 0— / / / v(z, t,y, s)w(x, t,y, s)dydsdxdt.
Qr Qr JO Y

Definition 4 . 9 A sequence w, which two - scale converges and satisfies (4 . 3 ) is said to
be strongly two - scale convergent .

Remark 4 . 10 An example of a strongly two - scale convergent sequence is the

sequence (z,t,e%,t.) for any ¢ € L, (Y x (0,1); C(Qr)).

We will now identify the homogenized problem corresponding to (P.) using the two - scale
convergence method .  To avoid the technicalities , we assume that the Dirichlet boundary data
g=0.

Recalling that the solutions u. of the problem (P.) converges to u strongly in
L?(Q7) and observing that we have (3. 1) and ( 3. 2 ), we conclude using Theorem 4 . 7 and
Theorem 4 . 6 that
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There exist functions Uy €  LP(Qp x (0,1); WEE(Y)) and

per

ap € LP (Qr x Y x (0,1)) such that , up to a subsequence

Vu, 2, —s Vmu(x,t) + V7ng1 (x’t, Y, 5)7 (4.4)
a(f,te,ue, Vue) 2, —s ao(x,t,y,s). (4.5)

Further , the pair (u,U;) satisfies the following two - s cale homogenized pro b lem

/OT@tb(“)’@dH/QT/Y/O1 ao(x,t,y,5).(Voo (4.6)

+V,®(z,t,y, s))dydsdedt = fodadt
Qr

forall ¢ € C§°(Qr) and @ € CF°(Qr; C2.(Y x (0,1)).

per
Proof : Existence of Uy, ag and the convergence (4.4 ), (4. 5) follow from the previous

two - scale convergence theorems and by the estimates (3. 1) and ( 3. 2 ) . Note that , we
do not get the s dependence in the first term of right hand side of ( 4 . 4 ) because of the strong
convergence (4. 1) . Now , let ¢ € C§°(Qr) and let & € C§°(Qp; Co9,.(Y % (0,1))). We take test

per
functions as
b = d(x,t) + eD(x, t, xe, te)
in (2.3). Note that ,
T T
[ @bz u00dr e 0o [ @, o,
0 0
foedxdt & — 0— fodxdt

QT QT

by Corollary 4 . 3, (ii) and the strong convergence of ¢. to ¢ in LP(Q2r). Also, using (4.5
) and Theorem 4 . 8 by two - scale convergence of V., we get

/ a(?,te, ue, Vue).Vo.dadt

Qr

- /a(i,ts,us,we).(vm(x,t)+qu>(az,t,m,ta))dxdt+o(1)
Qr

1
e— 0— / // ao(@,t,y,5).(Vad(z,t) + Vy@(,t,y, 5))dydsdzdt.
Qr JY JO

Therefore , letting ¢ — 0in ( 2. 3 ) with £ = ¢., we get (4.6). O Remark 4 . 12 Note that
by (4.5),

1
CL(?, te, Ue, vus) - / / ag (337 t,y, s)dydsweaklyian* (QT)
Y JO
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implies that A*(z,t) = [, fol ao(x,t,y,s)dyds a . e. in Q.
Thus , by setting ® =01in (4. 6 ) we get the homogenized equation

Ob(u) — divA™ (x,t) = finQr, (4.7

The boundary condition can be shown to be , A * (x,t).v = 0 on I'y 7, by choosing smooth test
functions which vanish only I'y 7 in the previous proposition . It
can be shown that u satisfies the initial condition , u(z,0) = ug(x), by passing to
the limit in (2. 2). Thus , in order to complete the homogenization it is enough
to show that A * (z,t) = A(u, Vu) where A has been definedin (2. 17).
We will first identify ag. In fact , we prove the following Proposition .

Proposition 4 . 13 Let ag be given by (4. 5 ) and le t (u,Uy) be as in Proposition 4 . 1
1. Then ,

ap(z,t,y,s) = aly, s,u, Vyu(z,t) + V,Ui(z,t,y,5)) a . e . in Qr xY x(0,1).

Proof : Let ¢, ® be as before . Let A > 0 and ¢0 € C§°(Qr; Cpe, (Y x (0,1))) "
Set
ne .= Vguo+ (Vy®)(z,t, ze,te) + Ap0(z, t, ze, te), (4.8)
aE = a(?)taaua?vu€)7
dE = a’(§7t67¢a 776)
We have |,
J. = / (ae — do).(Vue — ne)
Qr
= / ae.Viue — / d..Vu. — / ae.Me +/ d..me
Qr Qr Qr Qr
= Jl’g — JQ,E — ngg + J4’5 (49)
where J; . denotes the respective terms above for i =1, - -,4. Now ,
Jie = / ae.Vusdxdt
Qr
T
= —/ (Oeb(%, ue), ue)dt —|—/ fucdxdt
0 Qr
T
e—0— —/ (Ob(w), w)dt + fudzdt
0 Qr
= A*(z,t).Vudzdt (4.10)

Qr
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where the last equality follows from (4. 7). For obtaining the limit of the other
terms in the right hand side of (4 . 9 ) we will use Theorem 4 . 8 . For this we observe that
the continuity assumptions on a and the choice of ¢, ®, $0 imply that the sequence

d: = al®te,,Viegp+ (Vy®@)(2,t, w8, 1) + Ap0(, t, 2, 1))

Y
1ngt£l:<f§fén€to(t =, 7t€a%y,for8a ao, w%m¢LP* (V e X (0+)\¢0 C(QT)AISO)ltThUScanbea deseenstrongly .

converges

ne is strongly two - scale convergent to n(z,t,y,s).=Vyd(x,t) + V,@(z,t,y,s)+ Ap0(x,t,y,s).
Thus , from these observations , Theorem 4 . 8 and (4. 10 ) , we obtain

1
Je e—=>0— / // ao(x,t,y,s).Voudydsdedt
ar Jy Jo

1
—/Q /Y/ a(y, s, ¢, Vy¢ + Vy® + Ap0).(Vyu + V,Uyp)

/QT//agx Vo + V@ + Ap0)

1
+ /QT /Y/O a(y,s, ¢, Voo + Vy® + Ag0).(Vz0 + Vi@ + Ag0)

Note that by setting ¢ =0in (4. 6 ) we get ,

1
/ / / aop(z,t,y,8).Vy®(z,t,y, s)dydsdedt = 0 (4.11)
r Jy Jo
for any ® € C5°(Qr; Cpe,. (Y x (0,1)) Thus , the above limit can be rewritten as
lim J, / / ap(z,t,y,8).(Vieu — Vi — AP0)dydsdxdt
e—0 Qr

_/QT/Y/O a(y, 5,6,V + V@ + Ag0)

X (Vat+ VyUy — Vo — V& — AG0).

Now , letting ¢ — u strongly in L?(0,T;V) and ® — Uy in LP(Qp x (0,1); W)E(Y')) strongly we
get ,

1
oyt = [ [ [ (a0 Vou+ 9,00+ 200) = aofa, .5 A00,
Qr
(4.12) where we have used the continuity properties of a. On the other hand ,

JE = / (a/E - a’(?? tE7 u67 ng))(vug - nE)d.%‘dt
Qr
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—l—/ (a®,te,ue,me) —a(Z,te, d,me)).(Vue — ne)dzdt
Qr

= Ll,e + L2,aa

where L; .,7 = 1,2 denotes the respective terms above . By the monotonicity
assumption (2.6), L1 . > 0. Therefore ,J. > Lo .. Now , by (2. 8 ) and generalized H 6 lder ’ s
inequality ,

(Lo.| < / | a(®stey e ne) — a® te, dne) | | Ve — ne | dadt
Qr

< a M ue—o |, (mQr)p—1—pr+ | uc [F"+ @ I
+ I ne | PP~ || Ve — ne ||, -

Therefore ,

Jo > Lo,

> —a " ue =, (m(Qr)p—1—pr+ u 577"+ [ oI5
+ I me PP || Ve — e |l

> = ue =@ (CH o157+ I me 57O+ | ne )

since uc, Vu. are bounded in LP(Q2r). We now use the fact that ne is strongly two - scale
convergent to 7, defined before , to obtain the limit as € — 0 in the above inequality and we get

> o u=o |y (CH IOl I 5T CH I llp, @ x Y % (0,1)) Timaoyo Je

Now letting ¢ — u and ® — U; as before , we get

lim lim J. > 0. (4.13)
¢p—u  e—0

@—)Ul

Therefore , from (4. 12 )and (4.13), we get

/ / / a(y, s,u, Vau+ VyUp + AP0) — ag(x, t,y, ). Ap0dydsdzdt > 0
Qr

(4.14) forall A >0 and for all ¢p0 € C§°(Qr; CS,.(Y x (0,1)))™. Dividing the above

per
inequality and letting A — 0, we get using the continuity of a, that

1
/ / / (a(y, s,u, Vyu+ Vy,Ur) —ao(z,t,y, s)).¢0dydsdzdt > 0 (4.15)
Qr

0(Qr: g .
forfhordl €Y x O eC™pery (Vo (0 1) 0 =Byaly S & e o thesew, 675 10 1 )
1)

a.e. mQrxYx(0,1). ¢
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Proof of Theorem 2 . 3 : The proof follows from Proposition 4 . 1 1, Remark 4 . 1 2 |
Proposition4 .13, (2.17) and (4.11). ¢
We now prove corrector results . First , we prove a certain corrector result without any

smoothness assumption on (u,U;). Then we deduce Theorem 2 . 5 from this corrector result .
Let 6 > 0 and choose ¢ € C§(Qr),® € Co(Qr; Cper(0,1) x CL..(Y)) ap -

per
proximating u, U; respectively , viz .

|6 —ull Lp(0,T; W, p(Q)) < § (4.16)
| ®—Us HLP(QTX(OJ);WP 1épr(Y)) <. (4.17)
Define ,ne asin (4 . 8 ) with A = 0. Then we have the following lemma . Lemma 4 . 14  Let
0 >0 be fixed . Fiz ¢, ® as above . Under the s trong mono -
tonicity assumption (A 5 ), we have
lim sup || Vue —ne [|p, Qr < O(679)  (4.18)
e—0
wherery = min(r, 1).

Proof : We will use some of the calculations from Proposition 4. 1 3.  For that we observe
that the regularity that we have now taken for ¢, ® would have been sufficient in the proof of that
proposition also .  Let J. be as in the proof of Proposition 4 . 1 3 . We have , by the strong
monotonicity condition ( A5 ),

ol Vue —ne|b g, < /Q (a(Z,teyue, Vue) — a(Z,te, ue,ne)).(Vue — ne)dxdt
T

= K. (4.19)

Now

= / ([a(gvtsausavus) *a(g,ta(ﬁﬂlf)] K.
Qr
+[a(§a t57 ¢7 775) - a(ga t€7 U, 775)]
+la&, te,u,ne) — a(Z, te, ue, ne)]).(Vue — ne)dadt
< Jeta T u=o | [(mQr)p—1—pr+ w7+ | ¢ 57"+ I pe IB7HT)
x(sup || Vue [lp + [ ne [Ip)]

€
+a e —ully [(m(Qr)p = 1 —pr+ [[uc 57577+ w577+ [ pe [57177)
x (sup || Vue ||p + || ne Hp)]

9
< T+ C(CH (e [I5TCH N ne lp)
+C [l — e I (CF L ue 15777 + [ me [1577)(CH e [l).
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< limJo+ CO"(C+ || Vo + Vy@ [B77)(C+ || Voo + V@ |) lim, _,q sup K,
< limJ.+Co",
e—0

where the last constant C' is independent of § for 0 < § < 1, as the norms of ¢, ® are close to the
norms of u, Uy respectively . Also , we know from the proof of Proposition 4 . 1 3 that

1
limJ., = / / / a(y, s,u, Vyu+ VyUp).(Veu — Va¢)dydsdrdt
ar Jy Jo

e—0

1
—/ / / a(y,s, ¢, Ve + Vy®).(Vou — Vo + V, U — V, @)
QrJy Jo

< CIVeu=Ved [ 9%+ Jullp? '+ || Vo |57+ | VUL [ 977D
FO( Veu = Vao || p+ || VyUi = V@ ||)

XU [ @ I PP~ + 1| Vad 157 + [ V@ || pP D

< 0

by the choice of ¢, ®. Thus ,
lim sup || Vue —ne || p? < lim J. + C§" < C(64+0") < C6"0
e—0 e—0

for 0 < 0 < 1. Hence the lemma . ¢ Under the stronger continuity assumption on a, viz .

[ aly, s, 10, M) = aly, s, 22) [<] A= Ao 7 (U [ P77 [ A0 P77 4 [ 20 [P7177)

(4.20)
for all (y, s, i, A1, A2), we have the following corollary .
Corollary 4 . 15  Assume (4. 20 ) . Then , we have
Ehg(l) [ a(Z te,ue, Vue) — a(Z, te, u,me) || p* < Ogrz (4.21)

Proof : Note that ,
/ | a(Z, te, ue, Vue) — a2, te, u,ne P dadt
Qr
< C'/ | a(® te,ue, Vue) — a(®, te,u, V) [P dedt
Qr
+C | a(® te,u, Vue) — a(® te,u,ne) [P dedt

Qr

< Cllue—ull p2m+ || Vue —ne 557 (C+ [ e 15 or ")
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we have used (2. 8 ) and (4. 20 ) and the fact that the
sequences u., Vue are bounded . Letting € — 0, using Theorem 2 . 5 , we get

lim || a(Z,te,ue, Vue) —a@ te,u,me) [ p° 0 < 05,2(C+ || Vo + V@ [57177)

e—0
S CO§T2 .

This completes the proof . ¢
Proof of Theorem 2 . 5 : If u, Uy are sufficiently smooth we can take ¢ = u and ® = U; in
the proof of the previous lemma and ( 2 . 24 ) follows as we can
t ake 6 = 0. The convergence in ( 2 . 23 ) is obvious from the strong convergence
of ue to win LP(Qr). O
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