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4 Length bounds in terms of segment lengths
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Figure 4 :  If points a ; b a — r e at distances r ; s NAK1( respectively ) from p , then

e sh orat-—t

notdef —e—basvt.notdef B.d—p—u/irsnvpl—e—gnotdef fnr— notdef

emotdefm n t r (i n t e c.notdef e il at—lIlg.p/. I.notdefnt idt

Le

i t s Im—-er;s—ntg—a tslash—p.
m Aa n 4 CR f-a3o—a tchb s t a y B-ip

slash—n g—h .notdefmotdef s t snim.ja NULpj;jb NULp] ;t

a
P
J
1
al

v p— slash.

r L-o e—-r—oWTft D-aNULj—pj] nsW D-bNULj—p
notdef e d i p—st wa T ;t—c—sNAK.,h —one s ta
DC2WtDa b b .notdef t h notdef a n—aNULp—g
n—>b— .notdef NULp—b—d .notdef.notdef t hw .notdef.notdef .notdef sn h

notdef ra t—t

b
s

s t a y 1B n—-W g—B-D.p slash — .notdef .notdefit t
eirdis t he s t r C'j notdefnotdefi t n tr a g

.notdef.notdef a t .notdefat — notdefg_, a r g m T .notdef  a @B
a—c i—n rd cals .notdef tar @Bt b— .notdef 1 n .notdef

i

t h motdef r ¢ a8 .notdef . W .notdef S .notdef a

notdef ptb h  sah

iFnig) u—periodrl n—e four—th i s paaan—-b-nt d-ea,n
at —dyg—p T .notdefa — Logonek Wwt D—t,_,_, .notdef®

n W Db P’tw b hea® n ° eth e po tso tac—n e—
o—ogonekn D lequal—yra Tc¢ oD 1=s C 1 ogoneka— CNAK,DC?2
lhyei f-t h e s h r te stp .notdefta

t

b—.notdef w 1 t c¢—r—n—NUL- notdef —1-1liner?C s> 2 g ¢

DC2 — o0 — sh —period 8 ogonek —If —CDC4DC2 h e t h sh r

O

f C1jhoei n d e s ¢
line— NUL,2 1C NULDC2NUL. ogonek — CSOHC — slashNUL — line,2 1

Dfr/Cfs/C . NULEM line— line
n t sp DC2D EM. Hlec .notdefesee .notdef v W h .notdef ogonek — .

o 1 t _.notdef
S
C
§s—1
a a
to

o w e g e t t h

o r o [I—-I l—-aa an—->bld i—y .notdef4 a—period tr ad

—nasd [—tnotdefann g ¢  .notdef s—p p—p .notdefs t h +#
Dp EM-b) t h e n t h e lae-t bagv

B — hi —period,/o—d—i s—i—f 1 a—a

o.mE it

fr/Cfs/D line-NUL2 1Ca 1 =1 slash—sC NUL-n—1lines2 1Ca 1 . c=g5/s3

(S

n t e t h .notdef t e Sp ec r — .notdef ll) s a

notdef sse o a—f tp pi motdefb yv D notdef m 1

t

r .notdef S C notdef , .notdef b b .notdef nine—1r 18

i—zero B—n va .notdef .notdefs m
Geo m T—e,tpr, yl V.  o—o—ampersand gl y—u



Ropelength boundsfrom quadrisecants 9
g e o m e tr i ¢ d i la t i o mn o r d is t of
r t h e d i s t o i a
[(=mine: 1 n bracketright —-ds  h a r p e 1t b o u n
i n t e T m s i i m -
n g t h a r ¢ e
r v e s t h e y a p p 1l y e qa
S — bracketleftélu — f o—1 r—1 ifvaarnt h e 1 d e
e I o p mh a v e d i s four—t
Le m m—L a—e t— four—b b c— periodnotdef5 da n a 1t
motdef T m a t 1 mn g q
def n t motdef d irWmn D-atb j—h sW D-bWNULc j—j a-ntWI1 w—-—c—DNULa—dj
f t notdef ega mb ¢ —n.notdef t dainotdefNAKd fr / CsCft
/period —period T h s mae bio a s i m p 1 e

O
S
s
e
u
d

q ur;t ayvaxld— period
P r To no fe 1 t h e r ¢ a s Le e—parenleft a—
m f-n, odaradts.h2weew e fi n C do, ru o,

slti CRd—h—n, g—ai 1 t—.notdef, .notdef wu—threeB—t.notdef—period—period
b slash — ibracketleft — two B period — .notdef ¢ / . i n t h
L e m ,m t ah 4e .s3h d—-otr .notdef—at . notdef
ets sti ad nmotdefc t h C'jmiba r i .notdef pi
.notdef ¢ .notdef.notdef th .notdef .notdef a .notdeft .notdefr n a t
notdef b .notdef tw .notdef n  .notdef ar ¢ .notdef in th b .notdef
u n da r i .notdef .notdeff h .notdefb a .notdef.notdef.notdef.
H r .notdef
a .notdef .notdefmotdefn gt SW x D—ab NULt—j—cj vy A sC
ino r o, Itlha er o-y v4 e. 41 efar /O-ssCf
t / a s d line—line
5 E s s e

W e h a v e s e e nKt¢t—-i sh na tt
.notdef n—t .notdef h notdef € b notdef .notdef n d S .notde f
n r .notdef p .notdefl motdef m g t h , b ¢ a

f three—i—7r b—n t—.notdefrr g d .notdef ¢  .notdefs ds notdef —t—s n—.notdef hc i—anf
w h i ¢ h h notdef ¢ a 1 1 d t . .notdef p

notdef 1 notdef g 1 ¢ a
b e t t e 1 1
W e e x t e n d K u p e b CRe-a r1tg
a kn—s—KIi notdefd—ts e fisc a p t notdef 1 i
n g p K-a 1G notdef —t n— notdef f 1t b_; K a—t, In
gl notdeft=tt h

s motdefg SDma n—bnotdeftr m S8  quotesinglbase a .notdef k
notdef np htitn .notdefs d .notdefce t notdef t on n
C ; notdef t h e s notdef m et wo e t ¢ e
S

k n o-—quotesinglbase__, t—g T

D e fi S—n i—u t ogoneki poon d—CR e—r e h r e di s
joptn .motdef—q s .motdefi m a Kk n quotesinglbase.notdef.notdef —t 1t
notdef p h—d. T he n e s .notdef 'y . t ogonek —h .notdef;
t  “tn h—semicolonees CR /1t h r1e Db .notdefnotdef d .notdef n
s d notdef d ogonek[é hy .notdef vtihn notdef Kk on .notde f



Qg

rFUﬁ

T

0 n  ogonekbracketleft —tCR. ( W e

hyphen — a
[§ r

a

inn
r e

T—e, tpr, yl vV

d

eirn et c .notdef
ogonekbracketleft — ¢i — e
0—o0—ampersand gl

.notde f
r i
r—s

y—u

1 1 o
n — .notdef; |
tk a



S

F i .notdef

ss e n i

1

i n ¢t
eg

u

notdef 1. To s e taDhperiod—s ,ogonek ;togoneksemicolon — bracketleftCR —thh /e cp

1

10 Elizabeth Denne , Yuanan Diao and John M Sullivan
n e q u i v a l e n F

di eg, u—in s—-ri e—t—a s—fiveo X—fWo D- H11938% i
period —l —1 | — ogonek — o — bracketleftCRSOH —u W

n o n si d e 1+ p—ogonekla r X—a [-H Tp cab
r¥Ye—am—1 .notdef —1 a—ogonekl—bracketlefftn + ob o u nd n
notdefn n X W s c—e hb .notdefe notdef d—s e dtih
n  .notdef p
t r 1 X—-v i aS liinnc .notdef t h .notdef h .notdef m
X l—i H11946 — s —.notdef g hy is s—fit
W e dotlessi—tta ok he a v e | 1 mn  k—ogonek|CR—i.
nT gh nius m-—dotlessid—u e—bne t—i e—rh o m o0

r—t2e pe .notdef—y—pb—r. ) alLbe aXs . .notdefapn hgi—h.

1l n ogonek.notdef t semicolon — tQEM,me,‘notdef.Semic"lO”_T_X; 2oCR — slash b e
t h e h o+m To.ht ogonekeo ;p—i isyn ;ce CR 1
s—i/h—aise ssn t

W e s period—a y—ogonek ; hs;a t CR n /f i notdef i
s n t i n e h . ogonek n;

n (0] n

No w-NAKb le at m e r 1 d- ogonek[CR — i nae
x — nga — parenright | i—1710 n—o P h ( el i — kXn—n—period b h e
¢ (Eh. m ogomek m; u- s;an CRot slash—-not;r i-NAK
Vv cl4l. .notdefogonekl ; set;r CRe /motdefsl.

ogonekp CR' ¢

I quotesinglbase t hr ogonekbracketle ft — k;ﬁ[CR t e—he r d .re—ogonekd;t”

n ki n gnogonekbracketleft —uCR, mabnedr nz e—otreo twhiatth
he kn HI11938% X . bracketleft —c—ogonekCRo. /m np tlh i—esm

T h i s n o t i o n i s ¢ I e ar 1 y a o p ok
n o quotesinglbase t .notdef tr e d h . F o r notdef n i
nt r o du ¢ t o n t o

notdef u f  2f —semicolon n—m .notdef—o e t h  .notdef
i n quotesinglbase € .notdef th .notdef p  he hr .notdef vec d u
s 1 t u motdef ti o t he re is n o d i
t n ti o
er t 1 ¢ es. Th e t r ee rc 8 .notdef P
p r o notdefc hia f f e ¢ t i n g t h e
quotesinglbase —1__ 0 g D
Le m m—I mna a5 k-—period—quotesinglbase 17~"°tf v o notdef —
ogonekbracketleft — tt — bracketleftCRe th e .t ogonek—r 1 ; s—1 e
;t CR-r o/ni f a n .d CR o ;in

n = w»n

P r T—0 h—of —e h 0 m hghtfperiod ogonek — o p —

semicolon y—nd —h® D ¢ h—CR. CR — slash —a s — semicolon p S ¥ 0 € ;
S ogonek —e € / d

fr zoa—m .notdefmotdefn ¢gnd he mn ret ur
ogonek CRperiod — notdef ¢ Nk ow t .notdef e ths  hNUELt —pO
Geo m T—eotDd To_comma YLV ampersand —o—o glyu

nuthter

pm,gesnotw e e q u a—ogonekolfl t—y ogonek— se—bracketleftCRiy—k snteh—o

S



i .notdef

.notde f

C

Ropelength boundsfrom quadrisecants 11
i s h o m o t o p i ¢ ogonek[CR—o. aS pn acr a I
t o—-1 Tt euls oh f—wmotdefg v o u p ,t h 1 s
P a 1 NAKa-—period 1Ilt ef loE ¢ NAK-h-1Ic141D o (Em
0 h—NAKO:141,0i00-m_. line —line
T h i s ¢c®E oh-NAK. m ogonek m; u h t ;a—tCRt/
O «cl4dlres u p 1 n t e d
i 1 1 1  notdef te 1t e o I—0of o—e 3 id t o

notdef msbhe h e p e s

0 1 ow s 7 1t e I—nello ogonekp — bracketleftCR — s

00U .notdef n notdef d e q d-—t

o Y 1,0 twh s n 1 o o p s b ap, ka F
—s ldaig.

g Fh—rh

CR ogonekgthAK ‘ogonek
1

e NAK :.notdef fe i di .notdef n ogonek — cu— bracketleftCR —r tehe—1;

(E NAK —h. ;ogonekr i—semicolon § h/ c¢ldl—0o m o tloapl o.
W e a p p I v t h e de fi n i t io

D e fi n-1 f-i—-Kit s—ia—0o n k—a b 2notdef —K tIS
Daa-t—-n d-b CR—sa i—ab .notdefy— .notdeft+ r =ng .notdef
yi n—-Ki f .notdef r — quotedbl zero — greater — .notdef tv .notdef h
notdef —r y—r .notdef 7 notdef xpierstt sSsS .notdef W .notdef t
mito .notdef hn .notdef fn

t  motdef a S—c uwec—rnh K [S® an e be quotesinglbasenotdef e

notdef d T motdef p h . n a CR;SS, ..ion_n ©—bcr/a
(s t r o n
R e m A rlkl o—five ".wp 2e—irntg rt bh e i

(& n S u r €S
l1 o s e d 1 n t he s K-e ta nf d .notdefll
l notdef stesc .notdefnotdef ns t—Sih n—oaftn .notdef — Ky

motdef1 d a 1 1 notdef w t h p 1 t ..notdef r b

7 s h t h r notdef s motdef 1 t 1 mn g d
notdef.notdefS° e 7 notdef t ¢ il
Si n Cc’® h n—.notdef ; it thu .notdef ¢ .notdef u .notdef d
b .notdefnotdef ¢ a motdefy kX na b o u t t h h
h—a n—o m—d n—o t—o Ot

I [tmei t w a s sKi-h o—-s wa nn .notdef-t nh
k—a CR—n—ta i .notdeff in t .notdefmotdefh  .notdef — .notdef n—n
¢ .notdef n .notdef xt, th i .notdef f .notdef.notdef.notdef w .notdef i
m m .notdef di a .notdef b, b .notdef <ca .notdef

XW D-H119382 X Ka r .notdef .notdef q .notdef a f .notdef
r dotlessi—a 1N .notdef v..motdefinn k ni notdefnt,ii Ki s
h  notdef m t  .notdef X p Wi .notdefc ca a—-1 I—n y st
r Di .notdef h—i an  quote—1

s t a

Geo m T—e,tpr, yl V. o—o—ampersand glyu

nthi n

a t

C



a

h

1

notdef k

t

.notde f

12 Elizabeth Denne , Yuanan Diao and John M Sullivan Theorem 5 . 3 I
af—semicolon P2 Ka n d CRa a n—.notdefCRb—tqsh—a r .notdef i
n .notdef .notdefnotdef K i s—ia .notdefnotdef n

P r L-o e-S-ob f—t .motdef t h .notdef-a b—sp c—.notdef
ra tn .notdeftr b notdef d 1 f n  notdef ¢ .notdef
n  CRmotdef —a [Sah n—CRb a bracketleft —d S b notdef n d d
r K — .notdef mG 1 .notdef  t h .notdef 8 .notdef t S
t dfi .notdef st k—Dm—s spat a Kni .notdefs— .notdef —n h—ti—k
im a y h a v s 1 f 1 n t  notdefK-—r sw
motdef he itci h i-n sD, B 'y D notdef h n quote
S 1 D — .notdef bm y m aa n .notdef —w  .notdef m cb a K
n—d—1i r—d—s .notdef — .notdef — .notdef d—n—p line—line—k—1
D e fi A-n ist aib—-co K—ai—-n ns s—t s 1 n t—b
ita CRh—al a 8 n .motdef —-CRb—d a a T .notdefmnotdef ¢ .notdef A
a c—ips sat nr to n ig CRa—fl b—parenlefty 0e
S ,8 e CRb—q n—parenrighta uili sva al tl re
o ¢ a 1 1 aa bqgcecsudsa nodefdnrt isaelc,
nct notdef .motdef 1 d s .notdef ca a b—b,act c—ns d—a
1 1 b notdef s s n t i a 1 . Bt h  notdef
motdef a d r 1 8 motdef ¢ a mn t , W .notdef
q 1 71 .notdef b  .notdef b  .notdef .nmotdef nT dh e d
o—comma r—anse imm n three—e .1 y—five t h o s e
s ea | o n g t h e k n o t . T h a
t i s , f of o r fli p p e d q wuaaabd
n—cr d—m—d;notdef sse tc ba .notdef n motdef ts ss t q
notdef a d r is .notdef ¢ abn m-c.notdefss,tt bh F
notdef .notdefismg i—ssu h—d— .notdef o—ndelw seven—i— .notdef
sae s s e n t i a 1 a n

Cc

d
b
a
A

i g r 7 wmotdef h is t r f il k mna.notdef b—tic
r n a t in g ab n—i. d—s .notdefnotdef ss ss .notdef.notdefn —n

as ab .notdefn—c d—a—d v .notdef s s .notdef n tAiB-—a |—ic s—parenright D s Qi

s iA-n a—-c—BeCdD—-a r e i n e s B-seiCnsteisa
M o r e f o r m a I | v , w e ¢ a—-n-—
ns g e

D e fi n—A nntsi .notdef a—0¢_one & two—na— colon colon —n — ay i
t — colon.notdef .notdef .notdef ni fi .notdef —ah — .notdef a i—aa;_y,c1 .notdef
n tia 1
s u ¢ h t ha CRat—igcone—o an CRe—a;q_c1a—o;if nt
chle uw d-¢; K u p e r b e r g i n t 1 o0

d u ¢ e d t h e
Geo m T—e,tpr, yl V. o—o—ampersand glyu

tt i—¢ a—a
.notdef mapd



ar

T

t h

K—u

1s o

Ropelength boundsfrom quadrisecants 13
Theorem5.4 I K-fi s a n n t r i v 1 a 1
k n notdef t K-ph a s a n e S s

s m e n i 0 n e d a b 0 v

A

e , K u p e r h e a c t u a 1

1 v a o bb c h-tda i .notdef n ae ld l a—at

b—b—qgyc—au—r .notdef —a—c—ma t  .notdef .notdef S S .notde f

n ti a 1 . S i n ¢ t h 1 s 1 s

d .notdef .notdefn i t i .notdef n .notdef f s s motdefn t i a 1 .notdef t

h

p r o

K uperberguswedthefactt h a

i n o r d e r t o s h o w t h at e v

e r yq u a d r i s e ¢ a nt fo r e v

e r y k m os u c

6 L i m 1 t s o .

B e 1 n g (S S S e n t quotesinglbase 1 .notdef r

a pl hperiod—i S 1n & motdefh motdef t 1 m i t o

f e s s t 1 notdef 1 e ¢ motdef t S8 quotesinglbase €
t o p ¢ . In f  notdefc t w e .notdef vV u—h

notdef t motdef 1 e mn  motdef n y k o t t d notdef T

.notde f

u f  notdef c Cl' 'y n—c .motdef 0 )i e .notdef parenleft—i
1 N t .notdefnotdef p ic. Ou r d .notdef.notdef n c .notdef n d
i i.notdefn , .notdef t .notdef ¢ a .notdef .notdef h .notdef r
notdef a notdef ¢ a n t h a .notdef
t h u s n o t a k n o
H e re , h o w e v eCH, aon wu—d T .notdef g—k
inv oat ism p—af o r t h e 1 1 m
Le m m—-L e-—K-ab t—siznotdef.al k n . notdefFS 0> f
aKnh ed C'x n—k .notdef n t .notdef —w hic

Kin t h f  notdef 1 1  notdefwi mn p—-ga 8 p—n’
dn e s—wi .notdef i ¢  .notdef — quotedbl r < tfovr—r
a n d t h notdef ir t a n EM-g 6= .notdef-nh

K a—v mnotdef —nn—K—-cdt e .notdefm—rb 8 e a—nt ' t h e

i S 0 t o p y c a n b e c h o7
N o) t e t h a t t he c o n st a
n S h e

f r K—ot .notdef —K—-m’ xce FS two—s=.notdef ¢ a n
h a v notdef s t r a n d

t a n g e n tEM v-twowe e t—c o—a tn sh ea
x K?

P r R-0 e-0 f-s c—Kha al se .notdefsno i quotedbl—
t less—t—one=4h C—-i I—-cKk ainrs Is y—s—t ia

a ¢ h—p2K—p orir e—-n t—p on dst o o—ptwo—me—K

a .motdef m 1 q .notdefmotdef P zero—n2Ka wrh s t—c¢
hp i notdefij pP"NULp—i—tj t—less h” f—p—i® nen—-dith 27
f-» BL y e m , m ah 3e .alpoc [-pi esn
a g—atr h —two — Me_quotedbl f—SS T —14

Geo m T—eotDd To—comma YLV ampersand —o—o glyu

e r—s
.notde f

ob

P (6]

n .notde,



14 Elizabeth Denne , Yuanan Diao and John M Sullivan
a n g le b e t w e e n t h e 22—t a T n—1tWoquotedbl §
< i—three—e FEM —n —nmnotdef h— equal v p—e’p ¢

hu si the n P 0Oadnisdkhaat .notdef ta ng .notdef n—EMt
2=notdeff ¢t p—hr—zero w—arnt th a

.notdef r K .notdef ,  tr an v e se o hefo iat on f ot e thic k
so opy K—f9 oKa s t h .notdef motdef m 1 .notdef n
i s .notdef t .motdef p p° P o ¢ motdef n i n g th
.notdef twar d .notdef t .notdef t h .notdefx .notdefd b .notdef
u n
t h p°w nhi c h m 0 v” . line—line

P r o p IsfC—i¥i—k—hyeoKin—notdefa 6 .notdef.notdef.notdef2.notdef .notdef
n CRt—a®™% a—an notdefi —at r h— K._;_c.notdef — c.notdef n

i C —n' .notdefmnotdef .notdef thic k K i W m  a—1— texclam —

ton —a .notdefn — b;d — exclam b t h notdef CR—mna it .notdefh

.notde f.notde f notde f

[

o— K f

P r W-0 o0e fc a n r eagDdaubpDcbb ty o
a tp hp el cyaisn( a p p r o a ¢ h K-—i.

G i v 7 e zero—greater, Wa .notdefnp yr .notdef 2”7 pte
hr notdeft r .notdef —a m—-i—-b t—saia k—0o ionf g a
quotesinglbase. T h e n CRa 14 s—d ee fi

F o r 1 a ir g¢g—t e—-h K—e i—kn notdefno iu quotedbl—t

gih-n—-K—f L Lbt th.notdef a b i .notdefd .notdefmnotdef «c
r il be motdefd miw—mn K—agI—hi.Kione—slash. S K;i
.notde f.notde f.notdef.notdef n ti a .notdef , b

ca n .notdef n— quotedblnotdefd p e—alr n t SY b—fS; t c—io
quotesinglbase; W a K — D;[S? i .notdef a n_.notdef m b .notdef d d
quotesinglbase .notdef v p h S —period)W° S e— D — .57t/ it .notdefi s i s
2t — quotedbl pheer d eu s a—i b t-Bdi y—o d

KiSY1 s 1 8 K—o[t—S5%0 sp oi c—t t—h eo | a line—line—a
o r o E-l lv ae rr y Vv CYlo—period—k n—threen

ot tr i—h v—a s—1i aa In

P r A—-o0o0 CY'kn notdef—-Ki Cla i i t .notdef f p
notdef 'y n  .notdef mia .notdef kn  .notdef b  .notdef g .notdef n
nmotdefr i ¢ i mn—one 3h .notdef h .notdef n n—Tb .notdef h y .notdef
e otrh e my H5h .adv e eS o m e s u

s e q u e n ¢ e o f t hKe wshee s s
e Pnr t ol pa . line—line

7 A r ¢ s b e
W e s C h o o-r otw !l hi-eaad—tr e i—y
v siz —n— CYlthree — r — kpynotdef t 1 h o—a .notdef n a t n T .notdef
i motdef ca nt. O u r a im i .notdef t .notdef =n d th
.notdef .nmotdef a— CRypotdeftq-notdef rnagthhi c—K ka a
t  .notdef g notdeft b motdef t t  notdef T 1 .notdef W  .notdef T b
w h a t h ap pe n s w h e n a



T h e o Sruep m—CRa i 7.notdef O i—periods1l e h .notdef
b motdefu n d a r y .notdeff th .notdef.notdefnotdef K
notdef h CR—a a t — i..notdefi — .notdef.notdef s .notdef n C a
notdef, bu t th .notdefr .notdef—K a i—rmotdeft i h n  .notdef.notdef
n .notdef .notdefn—dt cC 1 0 a as n—e—c t—d)o T—-Kh—m
eu n—s ¢ i n t e r S e—ac—c at nt
dh e—ii S S o) m e e as b — period
Geo m T—e,tpr, yl V. o—o—ampersand gl y—u




p

.notdef r

Ropelength boundsfrom quadrisecants 15
Proof I K-fd i d n notdef t 1 n t .notdef r
S a cc tn ta h ¢ imn r a—.notdefam c—n dt
h .notdef n a 1 | n .notdef a rb y S .notdef C
quotesinglbase — anotger-notdef N Tt .notdef n d h u s w ou 1
d notdef 1 1 aa e n-—-casdre tti .notdef—h 1 . r
Thse

S .notdef M notdef a rb 1 L—cS motdef—a t—cS—n"d e n
two pe t u b at C ons I quotesinglbase — f,,.notdef 1

i Kh s notdef ¢ .a—hCR;Ssemicotont ¢ h—CR/a aste s e.
n a CRyi— Snotdef ¢ CR/a bsu o t . ( Tb e CRaa i,
us see ss e n t i a |l , a mn d t h

F o} r c 1 a r i tb y—i s—comma w—-t he
notdef finmotdefr —Kislnty ta p—hs .notdefnotdef aic—a —u
nn m-—n tt

Sa n—8% dif e me el y  go gto th e w—Kn—o0d .notdef
ba arFs i-ni-tg. ( W e w 1 1 I r e t u r

n t o t h e m o r a-ei s a s t 1 . notdef n
g 1 y notdef s s mn t b—i c-aalnsad b—i;. c—s5—a
e s s e n t 1 a
a S%Sc
i g r.notdef a—eight c—i sS .notdef —.notdef sc a—s .notdef nntt 1 al b .notdeft .notdef
T h e otrheemr 7 .ml u s t b e—a b c—bn.notdef ecsas.notdef e
t Sabn-S°dr ___ t—ai—cnotdef—h n c—s h a r.notdef .notdef s s .notdef n
B y t h .notdef d .notdef.notdef n it i.notdef n .notdef f h W s D — hperiod — s a
CR;S—n. c¢—tCR/ a 1 0 — comma n
EM;.H11938 XK/ b h-uwW D-h aCR;S c¢CR/a s t i
v. i motdefl . Si n cz e v K-o wt ih te

y de¢ f f e 1t no Knoe b—na-1l y—r—s e be
chanSt S—e—mnotdefOf ur al m by e ridi a KS o .notdef —op™
.notde f W n h .notde f
a CR-ra C c .notdefa y n—a .notdefL —avnotdeft—ni® e t sta
nd ard 1 ps rep re se

( asi n t e .notdef ni  ti n  of s e nti Z)h 1 n—cd h ¢

]l bnac n d t h CRan T-b,notdefa
c—a dotlessi—k° a nal t1-nh og o o pi ¢ m

u bar c ish o ot op c t b—o p—a.notdef a h 1-i1
e —dotlessi—s1 m—t—s,, am o—n t8 l C

a

a .notdefa—n b a Fs iig.nul [-rg e—ru .notdef9s—p r
notdef.notdef.notdef n t .notdef h .notdef n  .notdefn t h i S i

d e fianibist sitor mnol =n f u I 1 g e am—c
ea rya [—Ki—-nint .notdef mr,ast .notdef -nhyetps eicn

t



B notdef t s t 1 1 1 , t h t wha fn—h—notdefld—n
fd er b-—mys .notdefo N e t .notdef
Geo m T—e,tpr, yl V. o—o—ampersand gl y—u
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O b ¢ a I ab ¢

b, ¢

Fig r .notdef 9 .notdef A t t h dotlessi— .notdef tn
d — notdef — dotlessiO pre | —pr e — .notdef fe t—nting .notdef t s—he las
h—es—a n—h0dis n ro m th e ss e nt ia landiness S a Sodf

aa—c sFiin g. uBree:8 anuull—-s—eo to ic a

moti to pattho w s it i s ho o I obt i —.notdef c—p

a

a 1l a—o m—bAg t t h e b tt o m w e s e e
t h e d i ff S—ear e—S—n® d—n ccaetu—b e t bwy
w e—7r a€p p—n nga d ff

o uKa t s notdef m notdef n 1 t notdef N bp_one;
b baotdef—r T a  .notdefsemicolon—Fy_; n—iign. I n p a r
t 1 ¢ uml wa r—ha, v .notdef S h—oa—7T t n—as_; PO
s—r m € m 1 .notdef n b—a;ja S n oe . W ¢ an ¢ ha St
S —.notdef® o P n; t .notdef p .notdef, t .notdefa ¢ h .notdef
.notdef.notdef i mp  .notdef ki n d f c 1 ga. nulA .notdef
r t he notdefw8-n itnl e a s tec h an g e
f r o m e s s e n t i a 1 t o i h

F

ju s t b e f o r e s u ¢ hil a; aslt oe
npge S a—a i—operiod—n

N 0 t e t h a t b e c a u by s e b :
o—one .motdeff £ ;t h i—h e .notdefmnotdef —i g notdef — K t h
notdefl;——1; i — .notdef .notdef no t—pp io uique yde .notdef ne it
h lbei t rp ret e ro un t o se p rev io us i nt ers e ti onp in s h
esa  S—ed ay .notdef t+ e— .notdef s r C notdef N v .notdef n t
1 .notdef n laiz h epr W s .notdef V tst I e, on W t 1 — .notdef iv
S ia .notdefnotdef no t—mh h .notdefy—ad  .notdef .notdef n it i
notdef mn motdef f s t r motdef n g 1 'y .notdef S
s n t

Geo m T —e,tpr, yl V. o—o—ampersand glyu
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by by bs bi
aSOH — SOH — SOH ¢
S SO

igu e 1 O: ani—ccanset Kat—smnotdef m—c t—a sn vy

p .motdef i n tin .notdef s s .notdefn t S—iaa [—-S° d—a

pn .notdef + r ts .notdef —e r bfea yinit—mea r o u n d i
Ilbi.

i m m e d a ib—i—a .notdeft .notdefe r .notdef yng t.notdef y—h
a .notdef t .notdef n bii —cl a s . B a y 1 y—s .notdef m
s — .notdef

ThbWuovt-D,_;,isthedesireadb—ins—ctee line—line—n
8 M i n i m u m a r c¢c | e n

W e w i 1 1 i m p r o Vv e€ o u r
e s s e n t i a 1 a rLe m m-I f a s
a—eight € period—1i, C s—one aens tse n t i a ija
nbj one— NAKcomma—k n—a

i f CRa —a Ir sc e S s ,e NAK,EM —n.

Prloja-fobj<ithLnebmytmha Bb.ad-onelil-aa
cbm .notdef .notdefntt .notdef ar

n  .notdef t CRa—t b .notdefd K aNr wc f (notdefsra ay nSy apb hrit c¢ .notdef
r CR — .notdef a m w c an CRa p — bracketleft Sb n y a n
nmotdef m b B dw dh  .notdefmnotdefds d i-id i s ]
K-0iTn ht if sr CRa o—mb—parenlefte—ma an n-ad)b
t it hshu ia s
K n o w i n g t h a t s u f fi ca
a—1 r—e .notdef nit n—1 .notdef y SSs n .notdef W t h
notdef CR—sa h nh .notdef —i ¢ T h t i .notdefmnotdef .notdef s .notdef
t .notdefmnotdefa —T —n t Trh i e—a—c .notdefOt FT h—ree m r—m
e 7 m—period 1a p iq t h b a-.notdef aph p-n s—d
qs ¢ motdef—a mntt 1 a 1 , 1 m-aap g-nad
notdef t B-—s.p i—slash. dS .notdefan i—pc e—s .notdef s S
n t i a-¢q 1 .h p-ba y—CR—two—va t m h a .notdefn
t ha ai g—s 1 e vCe r—o0 s—1 o—ew! l—eyq,F
NAKytqy—rogm — three — EM. line — line
I n t uw i t i v e | y CRa—comma bW aek e
x—.notdef t p .nmotdef € w r t—a a—p an t .notdefe .notdef m
p i =n .notdef =n th .notdef ¢ .motdef m CR—pb A .notdef.notdef
tn .notdef —tagrth y—j—wa NULb j—r—n ¢ D—two .notdef ¢
Geo m T—e,tpr, yl V. o—o—ampersand gl y—u



18 Elizabeth Denne , Yuanan Diao and John M Sullivan
h ayv bpEM wWhj a—eNULDb]j <2 .notdef .notdef X p  .notdef
ct a b w t Et v notdef n Tt i n f a c a CR—n
a .notdef i .notdef ¢ .notdef hnt tii na .notdef a d w r a p a r
notdefun d  motdefd e r 1 v e tob

Le m I CR-a—-fa i8 . an—two .notdef .notdefnotdef.notdef n
ti a .notdef ar ci n J a NULn—bj <2th ,e NAKyn—twogy NUL2
a I .]ja—cNULs—bj =twomi/

P r N-o o ft je-aNULDb t—j OE-—h'o "¢ q—twocldl 1t
2EMNUIL2a 1 .jc—aNULbj =2/npcys5EM 3= A s p 1t .notdef
vi notdef CR— .notdef a b  .notdef p t T .notdef .notdefnh f r | t
l notdeft t motdefa n a tn iad .notdefnotdefa r—n ¢ d fr a a
p Wq .notdef hba CR—twoa vV .notdef —an'yd NAK,EM s ow I
notdef Y, <2EM—s 3=mre t h .notdef

t r 1 v i

S 1 CRy_, i ¢ .notdef.notdef € .notdef .notdef.notdefy,—, NAK,EM a
notdeforeater—q, b .noidefb —.notdef2CRy p 1 f—b B—two.p / h e th e
CRw—aq

ta y p DB-up/. iL—dellipsis te¢ o te th e
.notdef@B.p/ s F-pirmog .u F-ecr
a ellipsisapellipsisgllipsisq b q
f r .notdef 1 1 .notdef LI en mt ,m—-hpa 1rp8o0 CRj—atwo— .notdef .notdef —enotaey ¢— tn.notdef -
a r .notdef pidn ¢ r.notdef a s .motdef s n i t h notdefr i t s 1
h .notdef p r .notdef.notdefnotdef ¢ t .notdef d c .notdef r ellipsisa aiellipsisn—qq cw lh .notdef idc h

l e n g t h

L e m ' m tah3 i, s3p r o je ¢ t io
j ellipsis a NULellipsiso—bje a—DC4s b—jjn e .notdef 2EMNUL2
a T . ] ellipsisas ellipsis—ibj n—equal2/NAK2EMNUL2a 1 . ]

c—aNULb—sj =v=i/n It t h e 1

¢ 0 S d CRa SUBat—tp.p e—slash. ¢ F 0 e .notdef 1N

y z—tw—-ytwo—o@p—-Bp—-0o/ n t s sd i1 s t a =nec

two—ea br j—ec—xNULY] equal —w2/.n T —e

W bpa C—q, NAKGEM C2a 1t .j g—cNULbj =imtwey
D EMC2a r j—ca NULbj =twe=—°/sD 2EMNUL2a t .j c—aNULb—s]j ="t/

e n  ow .notdef jb NULD]

less —ml e tL h— CRynotdef b t —t.notdef t h .notdef .notdef h .notdef r

t .notdef.notdef .notdef.notdefnotdef n q i

a n djq NULy]j two-—tyax.notdef S iy nyEM >, ‘“notdef ha

b—v.notdef —twoCR, yL .notdef h W D —pNULj—yj DC4,

Geo m T—eotDd To_comma YLV ampersand —o—o glyu



g .notdef
.notde f.notde f

CRy t b

t
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a n d n h o—two@®EB*"°1cl4l—e 1t b-—h2a—B—et—p/. ( F-S

ieg . u) 1Sj q—eNULy—one] ngc—twoyagx e—w.notdef
jp NULQj two— NAKNULh “,.notdef NAK,EM 2C —equalf2.h/ C o r
o.1 Ol n—a t—r y—h e 4 period—o

%Y DC4,EM 2= b L ye m )ma au3period—EM 1we h
‘g—motdef NAKyEM 2C —equal, NAK,EM 2equal — C h

h W NAKEMCEf2.h/Ch A n  notdef 1 .notdef m
motdef n t a 1T y ¢ a
s1d motdefi s a ni h—n2c—OFE0;1r—cl4l .notdef m aisii i—-n—hz
D 0 d-fw .notdefnotdef h n .notdef cr t .notdef
i EM-sCf2/D 7EM 6C —equalp —line3 > 5EM 3equal — period T h
a t i s

w NAKWSWEM 3NAK_2EMNUL?2 a T .j c—aNULb—s ]

=i=two /' line — line

ahgbxq

r.notdef 1 2 .motdef I mn t h .notdef m .notdef Lset mi,m—-n wt—a
r .notdef +  .notdef .notdef nt a—i a .notdef—g a—ir vecifr n.notdef g a
.notdef.notdef r .notdef + .notdef .notdef nt i—q a gair veif n—rnotdefm g

c—1yj.notdefone— NAK a j—nxNULqj 1INAK s .notdefb—tD pjyj—n g—e .notdef

I f w e d e fi n e ¢t

2EMNUL2a r .or—c=2s—slash 1—1¢ 0DC4,rDC42,
g. r/W D — parenleft ]
EM i rNAK?2.
t h e n w e ¢ a n ¢ o Il 1 e ¢ t t
C o r o I CR-lI-faai 1s ya 8n e 3s se
Ko tfi u a nl ia tr

W NAK,g.ja NULbj/

9
W e n o w p r o v e r o p e 1 e
w i n g 1 e

m T—e,tpr, yl V. o—o—ampersand glyu

e—CR—ra—eig

na psq.notdefn
a mn q.notdef

jv—pNUL qj

tu



20 Elizabeth Denne , Yuanan Diao and John M Sullivan
Lemma 9 . 1  Recall hat
f.r/ WD line—NUL,2 1Carcsin .1=r1/;
. 1/ WD ( 2EMNUL2arcsin.r =2/ forrDC42;

EM  forrNAK?2:
Then , for v NAKI,
1) the minimum of f.r /is EM=2andoccursat r D 1,
(2) the minimumof f.r/Cg.1r/is TEM=6C p—line3 >5:397 and occurs at v D 2,
(3) the minimumof g.r/Cris EMC 2>5:141 and also occurs at v D 2 | and
(4) t h e m two—ifr—n/C—igm-r/C r—ui
s—m O .notdefnine — f.e—inree t— seven a .notdefTv—n4dr  .notdef 1 EM
C le—coton0 OT
P T N-o 0O ftfe stihn a rtegi i—s nc
notdef .notdef, n—r— .notdef NAK,2 t .notdefa hn tsft .notdef hr
¢ ¢ motdef v ir2E
1;two —tcl4l  h w h .notdefe — f° D r%r_lme_n_NUL_ﬁla notdef g-—n"D d
2NUL — equalNUE=lineg 2§ notdef.notdef m .notdef n
c a notdef ¢ u a i n .notdef th n gi v .notdef t T EM]1 zero—mnotdef —y _ sepo i
three —ts 0 w a— .notdef5 wa P n .notdef t 1
e X p T e S s b F1 ie gi . S—line—line
g u rv e 1 3 rslash—period:nd—L—g.v/f 1two—r (E1;3c141 a .notdef np d 1 i—onotdef
2frslash—periodCg.vr/Crf r—02@E1;1:0 cldl — zero,
T h e or-4ek mn9%o0o .t2 w i t h a n e s s e n t i
1 EMO03equal — C2line —p3 C 2>1 :95 period — three
P r R-0o o0oe s—f ¢ aKt e—.mnotdef th ha ve .notdef
k nn ai-o b—t—tbc .notdefht ih ¢ .notdef kq .notdef—n
r K i—.notdef n—n tt h .notdef .notdefs notdef a 1 K
a—1 y—a—s C — periody.notdef C ..notdef C g t A h b— .notdef 1
Il r—eD ajbj,sD bjcja t-nDd cjdj.
o r o bl o-1 CR—uarn CRy—b; a eight—sn
CR—periodd—c 3 T qua d r i .notdefnotdef ¢ an i
e—a eight —r—h.S ;a—t—periodNAKone —one e a L n ed m m-m a—a Y 4 b—period five—e
Geo m T —e,tpr, yl V. o—o—ampersand gl y—u
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Ropelength boundsfrom quadrisecants 21
the length of K is at least

g.r/Cg.s/Cg.t/C NULf. v /CsCf.t /SOH
NUuLg.r/Cf.r /SOHC NULg.s/Cs SOHC NULg.t/Cf.t /SOH:
t h s 1 s nmotdef u m o f f un ¢t 1 ons 1 n
termseparately. LTe hm e-—commamssao9at.hl
a ¢ h rle)stheDQd Aa d-t d i n g t h
notdef t h 1 .notdef .notdef Vv
o) K—fi S a 1t EMO=threcequal — C2three — line —a —p C
2>1 :95 period—three line— line
T heo Ad—r k—emn o9 t—period 3w it h anessent.Hi
1 EMO03equal — C2line —p3 >1 :93 period — three
Pr R-ooe K t—c .motdefah e—a v .notdef .notdef n i—a t—>bb
t —c .notdefh — d tihc .notdef kq .notde f.notdef a s d

notdef NK t—i wea C—ti_y C— .notdefn_q C —comma.t S h i notdef n 1 .notdef — .notde f

g .

mram m nLadeg8 m. bw—m—one deq h—1.8 ;a—tNAKone—v—one ¢€ .notdef &

t CR-0a a CRd a nC d o r otl o-CRvlaa CR-r
¢ period —d

T h u s t K-hie s la

r/C NULfr/Cfs /period—SOHCg.t/C NULfs /Cftt /SOH - period

D ‘NUlfg.r/Cfr /period —SOH C 2fs /C NULg.t/Cftt /SOH — period.

I r i
.notdef € ,
notdef 1 nwe

=
3
|
3
S
|
)

i ni mi z t h L tee tm m-s s—a-W €e9p fi— periodr" °".notd,
o) K- fi S a 1t
EMO0'=threcequal — C2three —line —a —p > 1 7™ 3 three — period line — line
T h e o A—-r ek mn nine—o t—period 4w 1 t h a

n e s8s e n t
1 e la : 653_peri0d
Pr R-ooe Ktc notdefahl aev .notdef .notdef n ai t—bbct .notdef
d h—t ih ¢ .notdef kq n .notdef a sd s— K
i n t h notdef s motdef a 1 w a K-yi ., C-
¢ — henotdef C 5 C hg AT a— .notdef i P
rD a NULbj,sD b NULcja n-tdD ¢ NULAd].
hequadrisel ceam amtnLadie8s m.e w—onem e
s—arl ;four—s—e t .,e—one2
vd b . e—fiveCRda a wWp apoplCpio nodefe yrdott o—CRa—0l a an

C o r otl CR-ocl.
W e fi n d t hKa-i t—-s t—a

NULfr / Cfts /period—SOH C NULfs /Cft /SOH—periodCg.s/C NULfr/CsCft /period— SOH

notde f

.notde f

2fr/C NUL2fs/Cg.s/Cs SOHC2ft /.
, W e ¢ mi mni iz e n L ce m period—v .notdef —mH-raie9
r 0 p e K—1i es nag 2t—EM C
nine — h.3coa — greater — sevenone — fr_. — 65;_period line — line
Geo m T—e,tpr, yl V. o—o—ampersand gl y—u
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22 Elizabeth Denne , Yuanan Diao and John M Sullivan
Theorem 9 . 5 Any nontrivial knot has ropelength at least 13 : 9 36 .
Proof Any knotoC-f“fi notdefn i—C—-by toer o—ri l—oy
phaearlsye

u a d r i s e ¢ a n t . T h 1 s m

q
u s t b
a b o v e a p p I 1 e s ; w e line—line
I n h e r d o [—fiwetDo r—e a—n
T h e o A-r e-mn y m n 9CY'n—k—-sizx n—t r—o 1tV
hiaa sl an e s s
C o m b i T ihn e gogtrih
C o r o A-llnayrnyo9 n. t Tr i v i
1 :siac—l5_

e n 0 t e t h a t t h i s b o
u n d i S b [4, C o n  Jpria; eWeceet au

Ir seo2 n6o t e t h a t o u

i C—stat—bc a nn motdeft s i m .notdefl t a .n a .notdef —mny d

asmotdef s _—n —IEMy1:0 a0
r wmotdef b a b 1 y a ¢ a 1 notdeff .notdef 1

a mnhbaa n—c—Ilc d—y .notdef s l—i d

S 1 i g h t ly b notdef t notdef T b

notdef.notdef n d . H .notdef w .notdef v

t r e f o 1 1 kK nmn o t s w 1 t h 1 o
p e 1 e n
m u ¢ h f u r t h e
1 0 Q u a d r

Q u a d r i s e ¢ a n t s m a y
b
o f a n o n n tsr c¢ci avnan-n 1tsla cl
an |l n st—-i a—snnak r—dc a n b ¢ 1 a

1 .notdef motdef d 1 n t r m s .notdef f

f ¢t h e I i n k . W e b e g i n o
r ¢ o

n y n o n s p 1

LemmSau 1L zero—i,solas eA i—inka,c a .notdef L—n—m
ndp .notdef .notdef —t ns pn 1t

®» o O W

a 24— .notdef ht motdefh 1n 1t .notdefnotdeftr i—a a° n a—ayat 24—rb—i;s—bl

o) n S ) m e o) L h—h e—a sr u—cn—o Iim
A—pt—h, ahnsecl nke t two—ngr_n.

Pr F-o0 o-0o f—-rta hteh g i motdef n—vei n—an®a .notdef a f
asl—k s l—pa—AS n .notdefB—1icC .notdef c—A—a
i s n motdef tLXAp I—tih ifs rd .notdef im s—LX k—A ma
t — .notdef sst b b m .notdef.notdef hcpi .notdef
t h .notdef d .notdef s r— L.notdef —h d—as r n—i81 .notdef t c¢— A sa ht
ia tcy .s — B — kperiod —I b slash — n.notdef .notdef s t—o S
C 0 r o,l wle LhONAK.a — EM a
three —v n — grave — €q—periodVa—a NAK4EM. line — line

Geo m T —e, tpr, yl V. o—o—ampersand gl y—u
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T h i s ¢ o n s t r u ¢ ti o n o f a t ris e
l1 i n k p r two—o. parenright—b 1Tehme.l eSneget h b

o u n d c

[4, T h e],oar n-e dm ilm Om e d 1 a ¢t
e

C o r o Alna or n—-y s 1 k-pcl o0o—-i2t—m p—1lio
n n ke nw i—t s—two—tgyh — kh — period

T hi s b o) u n d i s S h a r P
i n t h e c

€ X a — twog)-

W

1 h a v e q u a d[lrsivt—w—i a-s e-s ct
n fis r.s Pt at no nsw

(0] r C (&

PropolsAatn-Bador .notdef—n d—oneiOs .notdef3in t g
.notde f n .notde f r
t h a t n motdef i t h  notdef r n 1 s h .notdef m
notdef .notdef A—p[B—1

h a s a q u a d r is e ¢ a AnBt

ek n o w t h a t n o n t ri v 1 a
i
t

- —
=

N 0 t e A h r—B—al t s, motdef wn hken
n t t motdef d P a mn n wn .notdef n  .notdefnotdef
r motdef 1 1 m k 1 mn g mn  .motdef m b  .notdefr

notdef h .notde f

1 i

Kup [ Jr-e—three 2—b e—t e—rng dedt hisresul
t t

n o i n f o r m a t i o mn a b o u t
t h e o

e s s e n t

P r o p o A-s g—-i te in oe nr 1 c—zero n
40 n t r i

H e r e , a Lie s c a—a .notdef n t o m
f a at i-1 ic¢c na k-1l 1 'y . notdef

¢ .notdef m p L— .notdef n I .notdef nit ts s .notdef n d p .notdefi K —n
tw s .notdef a-—a r p .notdef p .notdef 1

d .notdef .notdefn it i .notdef n motdeff i n s s motdefn t i alL 1n
S .notdef.notdef t ¢

C o m K —p.

C o m b i n i n g K-Pr—u p—o P parenleft—o b—s
we h  triig ¢ quoteright —oh n—s er 6 xe.

i m m e d i

T h e o r—-E ev e—m 1 1y zero—CY'1l five—oli nn
t kr hi av s—i aa n-—I

D e p e n d i n g o) n t h e 0
r d e r i n wot h e | i n k , w
e c a n h 0 p e t 0 g—A e B
q motdefa d riscamnts , C notdefo c—r o—a .n H—In
notdef —e—a t—r, i—Yye m 1

e x a m p le o f t h e t Ag B-hqAtuB
Ha od r—pfl s—1

t h i s b o u n d ha



t Le etmhemax a—t

d b—na—id r—a t— .notdef
t s o f a u n

notdef —e nlc o m p o
j a—iNULbj —NAK — oneperiod —t

m T —e,tpr, yl V. o—o—ampersand gl y—u
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24 Elizabeth Denne , Yuanan Diao and John M Sullivan
Theorem10. 6 L L—-ebt notdef a 1i n Kk .notdef f .notdef
n i t t h 1 ¢-@Q

I Q—fh asAtAy A—Ap B—Anotdef B-ABA B r—AAB Ct Ah n

t h .notdef 1 .notdef — A
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