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\centerline{AHMED HAJJI , ELA $ \ddot{ I } $ DI HANEBALY }

\centerline{Abstract . \quad In t h i s paper , we pre sent a modular v e r s i o n o f K r a s n o s e l s k i i ’ s }

\centerline{ f i x e d po int theorem . Then t h i s r e s u l t i s app l i ed to the e x i s t e n c e o f s o l u t i o n s }

\centerline{ to perturbed i n t e g r a l equat ions in modular func t i on spaces . }

\centerline {1 . \quad In t roduc t i on }

Using the same argument as in [ 1 ] , we pre sent a modular ve r s i on o f Krasnose l −
s k i i ’ s f i x e d po int theorem , r e s u l t that i s we l l known in Banach spaces . \quad The mod −
u la r $ \rho $ cons ide red here i s convex , \quad s a t i s f i e s the Fatou property , \quad and s a t i s f i e s the

\noindent $ \Delta { 2 } − $ cond i t i on . We are i n t e r e s t e d in the e x i s t e n c e o f a f i x e d po int f o r the a p p l i c a t i o n

\noindent $ S : B \rightarrow B ; $ where $ B $ i s a convex , c l o s e d , and bounded subset o f
$ X { \rho } ; S = T + U $ with

\noindent $ T : B \rightarrow B $ that s a t i s f i e s a con t ra c t i on type hypothes i s ( s ee [ 1 ] ) ; and
$ U : B \rightarrow B $ i s

$ rho−hyphen $ complete ly cont inuous .

\hspace ∗{\ f i l l } Since $ \rho $ s a t i s f i e s the $ \Delta { 2 } − $ cond i t i on $ ,
U $ being $ \rho − $ complete ly cont inuous i s equ iva l en t

\noindent to the cond i t i on $ U , \paral le l \cdot \paral le l { \rho } − $
complete ly cont inuous , where $ \paral le l \cdot \paral le l { \rho }$ i s the Luxemburg norm .

\noindent On the other hand i f $ T $ i s $ \rho − $ con t ra c t i on , then $ T $
i s not n e c e s s a r i l y $ \paral le l \cdot \paral le l \rho ˆ{ − con t ra c t i on }$

\noindent ( s ee counterexample in [ 5 , page 945 , Ex . 2 . 1 5 ] ) .

We apply our main theorem to the study o f s o l u t i o n s to the perturbed i n t e g r a l
equat ion

\begin { a l i g n ∗}
u ( t ) = \exp ( − t ) f 0 + \ int ˆ{ t } { 0 } \exp (

s − t ) ( T + h ) u ( s ) ds \ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent in the modular space $ C ˆ{ \varphi } = C ( [ 0 , b ] ,
L ˆ{ \varphi } ) , $ where $ L ˆ{ \varphi }$ i s the Musielak − O r l i c z space ,

\noindent $ f 0 $ i s a f i x e d element in $ L ˆ{ \varphi } . $ \quad Some hypotheses on the ope ra to r s
$ T $ and $ h $ are s ta t ed

below . Also , we pre sent an example o f t h i s c l a s s o f equat ions .

For more d e t a i l s about modular spaces , we r e f e r the reader to the books ed i t ed
by Musielak [ 9 ] and by Kozlowski [ 6 ] . Now r e c a l l some d e f i n i t i o n s .

\centerline{Let $ X $ be an a r b i t r a r y vec to r space over $ K ( K = R $ or
$ K = C ) . $ }

\noindent ( a ) A f u n c t i o n a l $ \rho : X \rightarrow [ 0 , + \ infty
] $ i s c a l l e d modular i f

\ [ ( i ) \rho ( x ) = 0 i m p l i e s x = 0 . \ ]

( i i $ ) \rho ( − x ) = \rho ( x ) $ f o r a l l $ x $ in $ X $
in the case o f $ X $ being r e a l $ . \rho ( e ˆ{ i t } x ) = \rho (
x ) $ f o r

any r e a l $ t $ in the case o f $ X $ being complex .

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}
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FIXED POINT THEOREM AND ITS APPLICATION TO
PERTURBED INTEGRAL EQUATIONS IN MODULAR

FUNCTION SPACES
AHMED HAJJI , ELA Ï DI HANEBALY

Abstract . In this paper , we present a modular version of Krasnoselskii ’ s

fixed point theorem . Then this result is applied to the existence of solutions

to perturbed integral equations in modular function spaces .

1 . Introduction
Using the same argument as in [ 1 ] , we present a modular version of Krasnosel -

skii ’ s fixed point theorem , result that is well known in Banach spaces . The mod -
ular ρ considered here is convex , satisfies the Fatou property , and satisfies the
∆2− condition . We are interested in the existence of a fixed point for the application
S : B → B; where B is a convex , closed , and bounded subset of Xρ;S = T + U with
T : B → B that satisfies a contraction type hypothesis ( see [ 1 ] ) ; and U : B → B is
rho− hyphen completely continuous .

Since ρ satisfies the ∆2− condition , U being ρ− completely continuous is
equivalent
to the condition U, ‖ · ‖ρ − completely continuous , where ‖ · ‖ρ is the Luxemburg
norm .
On the other hand if T is ρ− contraction , then T is not necessarily ‖ · ‖ ρ−contraction

( see counterexample in [ 5 , page 945 , Ex . 2 . 1 5 ] ) .
We apply our main theorem to the study of solutions to the perturbed integral

equation

u(t) = exp(−t)f0 +

∫ t

0

exp(s− t)(T + h)u(s)ds (1.1)

in the modular space Cϕ = C([0, b], Lϕ), where Lϕ is the Musielak - Orlicz space ,
f0 is a fixed element in Lϕ. Some hypotheses on the operators T and h are stated
below . Also , we present an example of this class of equations .

For more details about modular spaces , we refer the reader to the books edited by
Musielak [ 9 ] and by Kozlowski [ 6 ] . Now recall some definitions .

Let X be an arbitrary vector space over K(K = R or K = C).
( a ) A functional ρ : X → [0,+∞] is called modular if

(i) ρ(x) = 0impliesx = 0.

( i i ) ρ(−x) = ρ(x) for all x in X in the case of X being real .ρ(eitx) = ρ(x) for
any real t in the case of X being complex .
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\centerline {( i i i $ ) \rho ( \alpha x + \beta y ) \ leq \rho
( x ) + \rho ( y ) $ f o r $ \alpha , \beta \geq 0 $ and $ \alpha
+ \beta = 1 . $ }

\noindent I f in p lace o f ( i i i ) the re ho lds

\centerline {( i i i ’ $ ) \rho ( \alpha x + \beta y ) \ leq \alpha
\rho ( x ) + \beta \rho ( y ) $ f o r $ \alpha , \beta \geq
0 $ and $ \alpha + \beta = 1 , $ }

\noindent then the modular $ \rho $ i s c a l l e d convex .
( b ) I f $ \rho $ i s a modular in $ X , $ then the s e t $ X { \rho } = \{

x \ in X : \rho ( \lambda x ) \rightarrow 0 $ as $ \lambda \rightarrow
0 \} $ i s

c a l l e d a modular space .
( c ) ( i ) I f $ \rho $ i s a modular in $ X , $ then $ \mid x \mid { \rho }

= $ i n f $ \{ u > 0 , \rho ( \ f r a c { x }{ u } ) \ leq u \} $ i s a
$ F − $ norm .

\noindent ( i i ) I f $ \rho $ i s a convex modular , then \ h f i l l $ \paral le l x
\paral le l \rho = I n f \{ u > 0 , \rho ( \ f r a c { x }{ u } ) \ leq
1 \} $ i s c a l l e d the

\noindent Luxemburg norm .

\noindent Let $ X { \rho }$ be a modular space . \quad ( a ) A sequence $ ( x { n }
) { n } \ in N $ in $ X { \rho }$ i s s a id to be

( i $ ) \rho − $ convergent to $ x , $ denoted by $ x { n } \rho { \rightarrow }
x , $ i f $ \rho ( x { n } − x ) \rightarrow 0 $ as $ n \rightarrow
+ \ infty . $

( i i $ ) rho−hyphen $ Cauchy i f $ \rho ( x { n } − x { m } ) \rightarrow
0 $ as $ n , m \rightarrow + \ infty . $

( b $ ) X { \rho }$ i s $ \rho − $ complete i f any $ \rho − $ Cauchy sequence i s
$ \rho − $ convergent .

\noindent ( c ) A subset $ B $ o f $ X { \rho }$ i s s a id to be $ rho−hyphen $
c l o s e d i f f o r any sequence $ ( x { n } ) { n } \ in N \subset B , $
such

\noindent that $ x { n } \rho { \rightarrow } x , $ then $ x \ in B . $
Here $ \ r u l e {3em}{0 .4 pt} { B }ˆ{ \rho }$ denotes the c l o s u r e o f $ B $ in the sense o f
$ \rho . $

\centerline{We say that the subset $ A $ o f $ X { \rho }$ i s $ \rho − $ bounded i f : }

\noindent $ \sup { x , y \ in A } \rho ( x − y ) < + \ infty
, $ and l e t the $ rho−hyphen $ diameter o f $ A , $ denoted by $ \delta { \rho }
( A ) , $ to be

\ [ \delta { \rho } ( A ) = \sup { x , y \ in A }ˆ{ \rho ( x }
− y ) . \ ]

\hspace ∗{\ f i l l }Reca l l a l s o that $ \rho $ has the Fatou property i f $ \rho (
x − y ) \ leq $ l im i n f $ \rho ( x { n } − y n ) , $ whenever

\begin { a l i g n ∗}
x { n } \rho { \rightarrow } x and y n \rho { \rightarrow } y .
\end{ a l i g n ∗}

\noindent We say that $ \rho $ s a t i s f i e s the $ \Delta { 2 } − $ cond i t i on i f :
$ \rho ( 2 x { n } ) \rightarrow 0 $ as $ n \rightarrow + \ infty $

whenever $ \rho ( x { n } ) \rightarrow 0 $ as $ n \rightarrow +
\ infty , $ f o r any sequence $ ( x { n } ) { n } \ in N $

in $ X { \rho } . $

\centerline {2 . \quad Main r e s u l t }

\noindent Theorem 2 . 1 . \ h f i l l Let $ \rho $ be a convex modular that s a t i s f i e s the
$ \Delta { 2 } − $ cond i t i on $ , X { \rho }$ be a

\noindent $ \rho − $ complete modular space and $ B $ be a convex $ , \rho
− $ c l o s ed $ , \rho − $ bounded subset o f $ X { \rho } . $ \quad As −

sume that $ U $ and $ T $ are two a p p l i c a t i o n s from $ B $ in to $ B $ such that
$ U $ i s $ \rho − $ complete ly

cont inuous and there \quad e x i s t r e a l numbers $ k > 0 , $ \quad and $ c
> $ \quad max $ ( 1 , k ) $ \quad that s a t i s f y

$ \rho ( c ( Tx − Ty ) ) \ leq k \rho ( x − y ) $
f o r any $ x , y $ in $ B . $ \quad And $ T ( B ) + U ( B
) \subset B . $ \quad Then the

operator $ S = T + U $ has a f i x e d po int .

\noindent Remark 2 . 2 . \ h f i l l Since an operator $ rho−hyphen $ L i p s c h i t z i s not n e c e s s a r i l y
$ \paral le l . \paral le l \rho ˆ{ − L i p s c h i t z } ( $ see

\noindent counterexample in [ 5 , page 945 , Ex . \quad 2 . 1 5 ] ) , then the r e s u l t above g i v e s a modular
v e r s i on o f K r a s n o s e l s k i i ’ s f i x e d po int theorem .

\centerline{We need the f o l l o w i n g lemma f o r proving Theorem 2 . 1 . }

\noindent Lemma 2 . 3 . \ h f i l l Let $ \rho $ be a convex modular and $ X { \rho }$
be a modular space . \ h f i l l I f a subset $ B $

\noindent o f $ X { \rho }$ i s $ \rho − $ bounded then $ B $ i s \quad $ \paral le l
. \paral le l \rho ˆ{ − bounded . }$

\noindent Proof . \ h f i l l Suppose that $ B $ i s not \ h f i l l $ \paral le l . \paral le l
\rho ˆ{ − bounded . }$ So there e x i s t sequences $ ( x { n } ) { n } \ in
N $ and

\noindent $ ( y n ) { n \ in } N $ in $ B $ such that \quad $ \paral le l
x { n } − y n \paral le l \rho \rightarrow + \ infty $ as $ n \rightarrow
+ \ infty . $ \quad Hence f o r any $ A > 1 $

the re e x i s t s $ N \ in N , $ such that i f $ n > N , $ then $ \paral le l
x { n } − y n \paral le l \rho > A $ i . e $ . \paral le l \ f r a c { x { n }
− y n }{ A } \paral le l { \rho } > 1 $

whenever $ n > N . $ \quad This i m p l i e s $ \rho ( \ f r a c { x { n } −
y n }{ A } ) \geq \paral le l \ f r a c { x { n } − y n }{ A } \paral le l { \rho }
> 1 ( $ see [ 9 , p . 8 ] ) . \quad Hence ,

\noindent $ 1 < \rho ( \ f r a c { x { n } − y n }{ A } ) \ leq \ f r a c { 1 }{ A }
\rho ( x { n } − y n ) $ whenever $ n > N . $ So $ A < \rho
( x { n } − y n ) $ f o r any $ n > N . $

This shows that $ B $ i s not $ rho−hyphen $ bounded . Hence , the lemma i s e s t a b l i s h e d
$ . \ square $
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( ii i ) ρ(αx+ βy) ≤ ρ(x) + ρ(y) for α, β ≥ 0 and α+ β = 1.
If in place of ( i ii ) there holds

( i ii ’ ) ρ(αx+ βy) ≤ αρ(x) + βρ(y) for α, β ≥ 0 and α+ β = 1,
then the modular ρ is called convex . ( b ) If ρ is a modular in X, then the set
Xρ = {x ∈ X : ρ(λx) → 0 as λ → 0} is called a modular space . ( c ) ( i ) If ρ is a
modular in X, then | x |ρ= inf {u > 0, ρ(xu ) ≤ u} is a F− norm .
( ii ) If ρ is a convex modular , then ‖ x ‖ ρ = Inf{u > 0, ρ(xu ) ≤ 1} is
called the
Luxemburg norm .
Let Xρ be a modular space . ( a ) A sequence (xn)n ∈ N in Xρ is said to be ( i )ρ−
convergent to x, denoted by xnρ→x, if ρ(xn − x) → 0 as n → +∞. ( ii )rho− hyphen
Cauchy if ρ(xn − xm) → 0 as n,m → +∞. ( b )Xρ is ρ− complete if any ρ− Cauchy
sequence is ρ− convergent .
( c ) A subset B of Xρ is said to be rho − hyphen closed if for any sequence (xn)n ∈
N ⊂ B, such
that xnρ→x, then x ∈ B. Here ρ

B denotes the closure of B in the sense of ρ.
We say that the subset A of Xρ is ρ− bounded if :

supx,y∈A ρ(x − y) < +∞, and let the rho − hyphen diameter of A, denoted by δρ(A),
to be

δρ(A) =
ρ(x
sup
x,y∈A

−y).

Recall also that ρ has the Fatou property if ρ(x− y) ≤ lim inf ρ(xn− yn), whenever

xnρ→xandynρ→y.

We say that ρ satisfies the ∆2− condition if : ρ(2xn) → 0 as n → +∞ whenever
ρ(xn)→ 0 as n→ +∞, for any sequence (xn)n ∈ N in Xρ.

2 . Main result
Theorem 2 . 1 . Let ρ be a convex modular that satisfies the ∆2− condition , Xρ

be a
ρ− complete modular space and B be a convex , ρ− clos ed , ρ− bounded subset of
Xρ. As - sume that U and T are two applications from B into B such that
U is ρ− completely continuous and there exist real numbers k > 0, and
c > max (1, k) that satisfy ρ(c(Tx−Ty)) ≤ kρ(x−y) for any x, y in B. And
T (B) + U(B) ⊂ B. Then the operator S = T + U has a fixed point .
Remark 2 . 2 . Since an operator rho− hyphen Lipschitz is not necessarily
‖ . ‖ ρ−Lipschitz( see
counterexample in [ 5 , page 945 , Ex . 2 . 1 5 ] ) , then the result above gives a
modular version of Krasnoselskii ’ s fixed point theorem .

We need the following lemma for proving Theorem 2 . 1 .
Lemma 2 . 3 . Let ρ be a convex modular and Xρ be a modular space . If a
subset B
of Xρ is ρ− bounded then B is ‖ . ‖ ρ−bounded.
Proof . Suppose that B is not ‖ . ‖ ρ−bounded. So there exist sequences (xn)n ∈ N and
(yn)n∈N in B such that ‖ xn − yn ‖ ρ→ +∞ as n→ +∞. Hence for any A > 1
there exists N ∈ N, such that if n > N, then ‖ xn − yn ‖ ρ > A i . e . ‖ xn−yn

A ‖ρ> 1

whenever n > N. This implies ρ(xn−yn
A ) ≥ ‖ xn−yn

A ‖ρ> 1 ( see [ 9 , p . 8 ] ) .
Hence ,
1 < ρ(xn−yn

A ) ≤ 1
Aρ(xn− yn) whenever n > N. So A < ρ(xn− yn) for any n > N. This

shows that B is not rho− hyphen bounded . Hence , the lemma is established . �
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Proof of Theorem 2 . 1 . Firstly , we show that the operator I − T is a bij ection
from B into U(B)( where I is the identity function ) . Let x in B, and consider the
following sequence defined by yn+1 = Tyn+Ux, with y0 a fixed element in B. Then
the
sequence (yn)n∈N is Cauchy . Indeed ,

ρ(yn+m− yn) = ρ(Tym+n−1− Tyn−1)

= ρ(
1

c
(c(Tyn+m−1− Tyn−1)))

≤ k

c
ρ(ym+ n− 1− yn− 1),

by induction , we have

ρ(ym+ n− yn) ≤ (
k

c
)nρ(ym− y0)

and by hypothesis , B is ρ− bounded , then we have ρ(ym− y0) ≤ δρ(B) <∞ for any

m ∈ N,whichimplies

ρ(ym+ n− yn) ≤ (
k

c
)nδρ(B),

and by hypothesis c > max (1, k) we have (kc )n → 0 as n → +∞.
Therefore , ρ(ym + n − yn) → 0 as n,m → +∞. Which implies that the sequence
(yn)n ∈ N is rho− hyphen
Cauchy . Since Xρ is rho−hyphen complete , B is closed and T is continuous then the
sequence (yn)n ∈ N is convergent to an element y ∈ B and y = Ty + Ux. Indeed ,

ρ(
y − Ty − U(x)

2
) = ρ(

y − yn+ yn− Ty − U(x)

2
)

= ρ(
y − yn+ Tyn−1− Ty

2
)

≤ ρ(y − yn) + ρ(Tyn−1− Ty),

which implies that y − Ty = U(x).
Then it follows that for any x ∈ B, there exists y ∈ B such that (I − T )y = Ux.

Therefore , we get that (I − T )(B) ⊂ U(B)( Indeed , if we suppose that there exists
y ∈ B such that y − Tyelement − slashU(B) i . e . , for any x ∈ B, we have
y−Ty 6= U(x) which is absurd ) , and I−T is a surj ective operator from B into U(B).

Let y1, y2 in B such that (I − T )y1 = (I − T )y2, then y1− y2 = Ty1− Ty2;
therefore ,
ρ(y1− y2) ≤ k

c ρ(y1− y2), and since c > max (1, k) it follows that ρ(y1− y2) = 0 and
y1 = y2. Which shows that I − T is inj ective operator . Therefore , I − T is a bij
ection operator from B into U(B).

Secondly , we show that (I − T )−1 is continuous . Let (xn)n ∈ N ⊂
U(B) be a convergent sequence to x ∈ U(B), and consider the sequence defined
by zn =
(I − T )−1(xn), then (zn)n ∈ N is ρ− Cauchy . Indeed ,

zn+m − zn = zm+n − Tzm+n + Tzm+n − Tzn + Tzn − zn
= xm+n + Tzm+n − Tzn − xn
= xm+n − xn + Tzm+n − Tzn;

therefore , if we take α such that 1
α + 1

c = 1, then
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\noindent Proof o f Theorem 2 . 1 . \quad F i r s t l y , we show that the operator $ I
− T $ i s a b i j e c t i o n from $ B $

in to $ U ( B ) ( $ where $ I $ i s the i d e n t i t y func t i on ) . Let $ x $
in $ B , $ and con s id e r the f o l l o w i n g

sequence de f ined by $ y n + 1 = Ty { n } + Ux , $ with $ y 0 $
a f i x e d element in $ B . $ \quad Then the

\noindent sequence $ ( y n ) { n \ in } N $ i s Cauchy . Indeed ,

\ [\ begin { a l i gned } \rho ( y n + m − y n ) = \rho ( Ty { m
+ n − } 1 − Ty { n − } 1 ) \\

= \rho ( \ f r a c { 1 }{ c } ( c ( Ty { n + m − } 1 − Ty { n
− } 1 ) ) ) \\
\ leq \ f r a c { k }{ c } \rho ( y m + n − 1 − y n − 1 )

, \end{ a l i gned }\ ]

\noindent by induct i on , we have

\ [ \rho ( y m + n − y n ) \ leq ( \ f r a c { k }{ c } ) ˆ{ n }
\rho ( y m − y 0 ) \ ]

\noindent and by hypothes i s $ , B $ i s $ \rho − $ bounded , then we have $ \rho
( y m − y 0 ) \ leq \delta { \rho } ( B ) < \ infty $ f o r any

\begin { a l i g n ∗}
m \ in N , which i m p l i e s \\ \rho ( y m + n − y n ) \ leq

( \ f r a c { k }{ c } ) ˆ{ n } \delta { \rho } ( B ) ,
\end{ a l i g n ∗}

\noindent and by hypothes i s $ c > $ \quad max $ ( 1 , k ) $ \quad we have \quad
$ ( \ f r a c { k }{ c } ) ˆ{ n } \rightarrow 0 $ as $ n \rightarrow + \ infty
. $ \quad There fore ,

$ \rho ( y m + n − y n ) \rightarrow 0 $ as $ n , m
\rightarrow + \ infty . $ \quad Which i m p l i e s that the sequence $ ( y n
) { n } \ in N $ i s $ rho−hyphen $

\noindent Cauchy . S ince $ X { \rho }$ i s $ rho−hyphen $ complete $ , B $
i s c l o s e d and $ T $ i s cont inuous then the sequence

$ ( y n ) { n } \ in N $ i s convergent to an element $ y \ in B $
and $ y = Ty + Ux . $ Indeed ,

\ [\ begin { a l i gned } \rho ( \ f r a c { y − Ty − U ( x ) }{ 2 } ) = \rho
( \ f r a c { y − y n + y n − Ty − U ( x ) }{ 2 } ) \\

= \rho ( \ f r a c { y − y n + Ty { n − } 1 − Ty }{ 2 } ) \\
\ leq \rho ( y − y n ) + \rho ( Ty { n − } 1 − Ty

) , \end{ a l i gned }\ ]

\noindent which i m p l i e s that $ y − Ty = U ( x ) . $

Then i t f o l l o w s that f o r any $ x \ in B , $ there e x i s t s $ y \ in B $ such that
$ ( I − T ) y = Ux . $

There fore , we get that $ ( I − T ) ( B ) \subset U ( B )
( $ Indeed , i f we suppose that the re e x i s t s

$ y \ in B $ such that $ y − Ty element−s l a s h U ( B ) $ i . e . , f o r any
$ x \ in B , $ we have $ y − Ty \not= U ( x ) $ which

i s absurd ) , and $ I − T $ i s a s u r j e c t i v e operator from $ B $ in to $ U
( B ) . $

\hspace ∗{\ f i l l }Let $ y 1 , y 2 $ in $ B $ such that $ ( I − T
) y 1 = ( I − T ) y 2 , $ then $ y 1 − y 2 = Ty
1 − Ty 2 ; $ t h e r e f o r e ,

\noindent $ \rho ( y 1 − y 2 ) \ leq \ f r a c { k }{ c } \rho ( y
1 − y 2 ) , $ and s i n c e $ c > $ max $ ( 1 , k ) $ i t f o l l o w s that
$ \rho ( y 1 − y 2 ) = 0 $

and $ y 1 = y 2 . $ \quad Which shows that $ I − T $ i s i n j e c t i v e operator . \quad There fore
$ , I − T $ i s a

b i j e c t i o n operator from $ B $ in to $ U ( B ) . $

Secondly , \quad we show that \quad $ ( I − T ) ˆ{ − 1 }$ i s cont inuous . \quad Let \quad
$ ( x { n } ) { n } \ in N \subset U ( B ) $ be a

convergent sequence to $ x \ in U ( B ) , $ \quad and cons id e r the sequence de f ined by
$ z { n } = $

\noindent $ ( I − T ) ˆ{ − 1 } ( x { n } ) , $ then $ ( z { n }
) { n } \ in N $ i s $ \rho − $ Cauchy . Indeed ,

\ [\ begin { a l i gned } z { n + m } − z { n } = z { m + n } − Tz { m
+ n } + Tz { m + n } − Tz { n } + Tz { n } − z { n }\\

= x { m + n } + Tz { m + n } − Tz { n } − x { n }\\
= x { m + n } − x { n } + Tz { m + n } − Tz { n } ; \end{ a l i gned }\ ]

\noindent t h e r e f o r e , i f we take $ \alpha $ such that $\ f r a c { 1 }{ \alpha } +
\ f r a c { 1 }{ c } = 1 , $ then

\ [\ begin { a l i gned } \rho ( z { m + n } − z { n } ) = \rho ( \ f r a c { 1 }{ c }
( c ( Tz { m + n } − Tz { n } ) ) + \ f r a c { 1 }{ \alpha } \alpha
( x { m + n } − x { n } ) ) \\
\ leq \ f r a c { k }{ c } \rho ( z { m + n } − z { n } ) + \ f r a c { 1 }{ \alpha }

\rho ( \alpha ( x { m + n } − x { n } ) ) . \end{ a l i gned }\ ]
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Proof of Theorem 2 period 1 period .. Firstly comma we show that the operator I minus T is a bij ection from

B
into U open parenthesis B closing parenthesis open parenthesis where I is the identity function closing paren-

thesis period Let x in B comma and consider the following
sequence defined by y n plus 1 = Ty sub n plus Ux comma with y 0 a fixed element in B period .. Then the
sequence open parenthesis y n closing parenthesis sub n in N is Cauchy period Indeed comma
Line 1 rho open parenthesis y n plus m minus y n closing parenthesis = rho open parenthesis Ty sub m plus n

minus 1 minus Ty sub n minus 1 closing parenthesis Line 2 = rho open parenthesis 1 divided by c open parenthesis
c open parenthesis Ty sub n plus m minus 1 minus Ty sub n minus 1 closing parenthesis closing parenthesis closing
parenthesis Line 3 less or equal k divided by c rho open parenthesis y m plus n minus 1 minus y n minus 1 closing
parenthesis comma

by induction comma we have
rho open parenthesis y m plus n minus y n closing parenthesis less or equal open parenthesis k divided by c

closing parenthesis to the power of n rho open parenthesis y m minus y 0 closing parenthesis
and by hypothesis comma B is rho hyphen bounded comma then we have rho open parenthesis y m minus y

0 closing parenthesis less or equal delta sub rho open parenthesis B closing parenthesis less infinity for any
m in N comma which implies rho open parenthesis y m plus n minus y n closing parenthesis less or equal

open parenthesis k divided by c closing parenthesis to the power of n delta sub rho open parenthesis B closing
parenthesis comma

and by hypothesis c greater .. max open parenthesis 1 comma k closing parenthesis .. we have .. open
parenthesis k divided by c closing parenthesis to the power of n right arrow 0 as n right arrow plus infinity period
.. Therefore comma

rho open parenthesis y m plus n minus y n closing parenthesis right arrow 0 as n comma m right arrow
plus infinity period .. Which implies that the sequence open parenthesis y n closing parenthesis sub n in N is
rho-hyphen

Cauchy period Since X sub rho is rho-hyphen complete comma B is closed and T is continuous then the
sequence

open parenthesis y n closing parenthesis sub n in N is convergent to an element y in B and y = Ty plus Ux
period Indeed comma

Line 1 rho open parenthesis y minus Ty minus U open parenthesis x closing parenthesis divided by 2 closing
parenthesis = rho open parenthesis y minus y n plus y n minus Ty minus U open parenthesis x closing parenthesis
divided by 2 closing parenthesis Line 2 = rho open parenthesis y minus y n plus Ty sub n minus 1 minus Ty
divided by 2 closing parenthesis Line 3 less or equal rho open parenthesis y minus y n closing parenthesis plus
rho open parenthesis Ty sub n minus 1 minus Ty closing parenthesis comma

which implies that y minus Ty = U open parenthesis x closing parenthesis period
Then it follows that for any x in B comma there exists y in B such that open parenthesis I minus T closing

parenthesis y = Ux period
Therefore comma we get that open parenthesis I minus T closing parenthesis open parenthesis B closing

parenthesis subset U open parenthesis B closing parenthesis open parenthesis Indeed comma if we suppose that
there exists

y in B such that y minus Ty element-slash U open parenthesis B closing parenthesis i period e period comma
for any x in B comma we have y minus Ty negationslash-equal U open parenthesis x closing parenthesis which

is absurd closing parenthesis comma and I minus T is a surj ective operator from B into U open parenthesis
B closing parenthesis period

Let y 1 comma y 2 in B such that open parenthesis I minus T closing parenthesis y 1 = open parenthesis I
minus T closing parenthesis y 2 comma then y 1 minus y 2 = Ty 1 minus Ty 2 semicolon therefore comma

rho open parenthesis y 1 minus y 2 closing parenthesis less or equal k divided by c rho open parenthesis y 1
minus y 2 closing parenthesis comma and since c greater max open parenthesis 1 comma k closing parenthesis it
follows that rho open parenthesis y 1 minus y 2 closing parenthesis = 0

and y 1 = y 2 period .. Which shows that I minus T is inj ective operator period .. Therefore comma I minus
T is a

bij ection operator from B into U open parenthesis B closing parenthesis period
Secondly comma .. we show that .. open parenthesis I minus T closing parenthesis to the power of minus 1 is

continuous period .. Let .. open parenthesis x sub n closing parenthesis sub n in N subset U open parenthesis B
closing parenthesis be a

convergent sequence to x in U open parenthesis B closing parenthesis comma .. and consider the sequence
defined by z sub n =

open parenthesis I minus T closing parenthesis to the power of minus 1 open parenthesis x sub n closing
parenthesis comma then open parenthesis z sub n closing parenthesis sub n in N is rho hyphen Cauchy period
Indeed comma

Line 1 z sub n plus m minus z sub n = z sub m plus n minus Tz sub m plus n plus Tz sub m plus n minus Tz
sub n plus Tz sub n minus z sub n Line 2 = x sub m plus n plus Tz sub m plus n minus Tz sub n minus x sub n
Line 3 = x sub m plus n minus x sub n plus Tz sub m plus n minus Tz sub n semicolon

therefore comma if we take alpha such that 1 divided by alpha plus 1 divided by c = 1 comma then
Line 1 rho open parenthesis z sub m plus n minus z sub n closing parenthesis = rho open parenthesis 1

divided by c open parenthesis c open parenthesis Tz sub m plus n minus Tz sub n closing parenthesis closing
parenthesis plus 1 divided by alpha alpha open parenthesis x sub m plus n minus x sub n closing parenthesis
closing parenthesis Line 2 less or equal k divided by c rho open parenthesis z sub m plus n minus z sub n closing
parenthesis plus 1 divided by alpha rho open parenthesis alpha open parenthesis x sub m plus n minus x sub n
closing parenthesis closing parenthesis period

ρ(zm+n − zn) = ρ(
1

c
(c(Tzm+n − Tzn)) +

1

α
α(xm+n − xn))

≤ k

c
ρ(zm+n − zn) +

1

α
ρ(α(xm+n − xn)).



4 A . HAJJI , E . HANEBALY EJDE - 2 0 5 / 1 0 5 Then ,

ρ(zm+n − zn) ≤ c

c− k
1

α
ρ(α(xm+n − xn)).

And since ρ(xm+n − xn) → 0 as m,n → +∞, then by the ∆2− condition ρ(α(xm+n−
xn)) → 0 as m,n → +∞. Therefore , ρ(zm+n − zn) → 0 as m,n → +∞, and by
hypothesis Xρ is rho−hyphen complete , then the sequence (zn)n ∈ N is convergent to
an element z ∈ B. On the other hand , xn = zn − T (zn) is convergent to x = z − T (z).
Indeed ,

ρ(
zn − T (zn)− z + T (z)

2
) ≤ ρ(zn − z) + ρ(T (zn)− T (z)).

Since ρ(zn − z)→ 0 as n→ +∞ and T is continuous , ρ( zn−T (zn)−z+T (z)
2 )→ 0 as

n→ +∞, and by ∆2− condition we have ρ(zn − T (zn)− (z − T (z))→ 0 as n→ +∞.
Therefore , (I − T )−1(xn) converges to (I − T )−1(x), which implies that (I − T )−1 is
continuous .

Finally , we consider the function f defined by

f(x) = (I − T )−1U(x).

Since U is rho−hyphen completely continuous and (I−T )−1 is hyphen− rho continuous
, it follows by
the ∆2− condition that U is ‖ · ‖ρ − completely continuous and (I−T )−1 is ‖ . ‖ ρ−
continuous . Which implies that f is ‖ . ‖ ρ−completely continuous from B into B. By
the ∆2− condition , B is ‖ . ‖ρ − closed . Then , using Lemma 2 . 3 and Schauder ’ s
fixed
point theorem , f has a fixed point . Let x0 be such that f(x0) = x0, then we have
x0 = f(x0) = (I−T )−1U(x0) which implies that x0 = (T +U)(x0). Therefore , S has
a fixed point , which completes the proof . �

The next section presents an application of Theorem 2 . 1 . We study the existence
of solutions in the modular space Cϕ = C([0, b], Lϕ). For details about the spaces Cϕ

and Lϕ, we refer the reader to [ 1 ] and to books edited by Musielak [ 9 ] and
Kozlowski [ 6 ] .

3 . Perturbed integral equations
In this section , we study the existence of solutions to perturbed integral equations

on the Musielak - Orlicz space Lϕ. For this , we begin by setting the functional
framework of this integral equation .
F− u nctional framework . Let Lϕ be the Musielak - Orlicz space . Then both the
modular ρ and its associated F - norm satisfy the Fatou property . Hence forth , we
assume that ρ is convex and satisfies the ∆2− condition ( the F− norm becomes the
Luxemburg norm [ 4 ] ) . Therefore , we have

‖ xn − x ‖ ρ→ 0 ⇐⇒ ρ(xn − x)→ 0

as n → +∞ on Lϕ. This implies that the topologies generated by ‖ . ‖ρ and ρ are
equivalent . Note that , under such conditions on ρ, (Lϕ(Ω), ‖ . ‖ρ) is a Banach space ,

whereΩ = [0, b].

We denote by Cϕ = C([0, b], Lϕ) the space of all rho−hyphen continuous functions
from [0, b] to Lϕ, endowed with the modular ρa defined by ρa(u) = supt∈[0,b] exp
(−@)ρ(u(t)),
where a ≥ 0. On the space Cϕ one can consider the three topologies associated with
the modular ρa ( see [ 9 ] and [ 2 ] ) , the Luxemburg norm ‖ . ‖ρa, and the norm
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Then ,

\ [ \rho ( z { m + n } − z { n } ) \ leq \ f r a c { c }{ c − k } \ f r a c { 1 }{ \alpha }
\rho ( \alpha ( x { m + n } − x { n } ) ) . \ ]

\noindent And s i n c e $ \rho ( x { m + n } − x { n } ) \rightarrow
0 $ as $ m , n \rightarrow + \ infty , $ then by the $ \Delta { 2 }
− $ cond i t i on $ \rho ( \alpha ( x { m + n } − $

$ x { n } ) ) \rightarrow 0 $ as $ m , n \rightarrow + \ infty
. $ \quad There fore $ , \rho ( z { m + n } − z { n } ) \rightarrow
0 $ as $ m , n \rightarrow + \ infty , $ and by

hypothes i s $ X { \rho }$ i s $ rho−hyphen $ complete , then the sequence $ (
z { n } ) { n } \ in N $ i s convergent to an element

$ z \ in B . $ On the other hand $ , x { n } = z { n } − T (
z { n } ) $ i s convergent to $ x = z − T ( z ) . $ Indeed ,

\ [ \rho ( \ f r a c { z { n } − T ( z { n } ) − z + T ( z ) }{ 2 }
) \ leq \rho ( z { n } − z ) + \rho ( T ( z { n } ) −
T ( z ) ) . \ ]

\noindent Since $ \rho ( z { n } − z ) \rightarrow 0 $ as $ n \rightarrow
+ \ infty $ and $ T $ i s cont inuous $ , \rho ( \ f r a c { z { n } − T (
z { n } ) − z + T ( z ) }{ 2 } ) \rightarrow 0 $ as

\noindent $ n \rightarrow + \ infty , $ and by $ \Delta { 2 } − $ cond i t i on we have
$ \rho ( z { n } − T ( z { n } ) − ( z − T ( z ) )
\rightarrow 0 $ as $ n \rightarrow + \ infty . $

\noindent There fore $ , ( I − T ) ˆ{ − 1 } ( x { n } ) $ converges to
$ ( I − T ) ˆ{ − 1 } ( x ) , $ which i m p l i e s that $ ( I −
T ) ˆ{ − 1 }$

i s cont inuous .

\centerline{F i n a l l y , we cons id e r the func t i on $ f $ de f ined by }

\ [ f ( x ) = ( I − T ) ˆ{ − 1 } U ( x ) . \ ]

\noindent Since $ U $ i s $ rho−hyphen $ complete ly cont inuous and $ ( I −
T ) ˆ{ − 1 }$ i s $ hyphen−rho $ cont inuous , i t f o l l o w s by

\noindent the $ \Delta { 2 } − $ cond i t i on that $ U $ i s \ h f i l l $ \paral le l
\cdot \paral le l { \rho } − $ complete ly cont inuous and $ ( I − T ) ˆ{ −
1 }$ i s \ h f i l l $ \paral le l . \paral le l \rho ˆ{ − }$

\noindent cont inuous . Which i m p l i e s that $ f $ i s \ h f i l l $ \paral le l . \paral le l
\rho ˆ{ − complete ly }$ cont inuous from $ B $ in to $ B . $ By

\noindent the $ \Delta { 2 } − $ cond i t i on $ , B $ i s $ \paral le l . \paral le l { \rho }
− $ c l o s e d . \ h f i l l Then , us ing Lemma 2 . 3 and Schauder ’ s f i x e d

\noindent po int theorem $ , f $ has a f i x e d po int . \ h f i l l Let $ x { 0 }$ be such that
$ f ( x { 0 } ) = x { 0 } , $ then we have

\noindent $ x { 0 } = f ( x { 0 } ) = ( I − T ) ˆ{ − 1 }
U ( x { 0 } ) $ which i m p l i e s that $ x { 0 } = ( T + U ) (
x { 0 } ) . $ \quad There fore $ , S $

has a f i x e d po int , which completes the proo f $ . \ square $

The next s e c t i o n pr e s en t s an a p p l i c a t i o n o f Theorem 2 . 1 . We study the e x i s t e n c e
o f s o l u t i o n s in the modular space $ C ˆ{ \varphi } = C ( [ 0 , b ]

, L ˆ{ \varphi } ) . $ \quad For d e t a i l s about the spaces
$ C ˆ{ \varphi }$ and $ L ˆ{ \varphi } , $ we r e f e r the reader to \quad [ 1 ] \quad and to books ed i t ed by Musielak [ 9 ] and

\noindent Kozlowski [ 6 ] .

\centerline {3 . \quad Perturbed i n t e g r a l equat ions }

\hspace ∗{\ f i l l } In t h i s s e c t i o n , we study the e x i s t e n c e o f s o l u t i o n s to perturbed i n t e g r a l equat ions

\noindent on the Musielak − O r l i c z space $ L ˆ{ \varphi } . $ \ h f i l l For t h i s , \ h f i l l we begin by s e t t i n g the f u n c t i o n a l

\noindent framework o f t h i s i n t e g r a l equat ion .

\noindent $ F−u $ n c t i o n a l framework . \ h f i l l Let $ L ˆ{ \varphi }$ be the Musielak − O r l i c z space . \ h f i l l Then both the

\noindent modular $ \rho $ and i t s a s s o c i a t e d F − norm s a t i s f y the Fatou property . \quad Hence f o r t h , we
assume that $ \rho $ i s convex and s a t i s f i e s the $ \Delta { 2 } − $ cond i t i on ( the

$ F − $ norm becomes the
Luxemburg norm [ 4 ] ) . There fore , we have

\ [ \paral le l x { n } − x \paral le l \rho \rightarrow 0 \ i f f \rho
( x { n } − x ) \rightarrow 0 \ ]

\noindent as $ n \rightarrow + \ infty $ on $ L ˆ{ \varphi } . $ \quad This i m p l i e s that the t o p o l o g i e s generated by
$ \paral le l . \paral le l { \rho }$ and $ \rho $ are

equ iva l en t . Note that , under such c o n d i t i o n s on $ \rho , ( L ˆ{ \varphi }
( \Omega ) , \paral le l . \paral le l { \rho } ) $ i s a Banach space ,

\begin { a l i g n ∗}
where \Omega = [ 0 , b ] .
\end{ a l i g n ∗}

We denote by $ C ˆ{ \varphi } = C ( [ 0 , b ] , L ˆ{ \varphi }
) $ the space o f a l l $ rho−hyphen $ cont inuous f u n c t i o n s from $ [ 0 , b
] $
to $ L ˆ{ \varphi } , $ endowed with the modular $ \rho a $ de f ined by $ \rho

a ( u ) = \sup { t \ in [ 0 , b ] }$ exp $ ( − @ )
\rho ( u ( t ) ) , $

\noindent where $ a \geq 0 . $ \quad On the space $ C ˆ{ \varphi }$ one can cons id e r the three t o p o l o g i e s a s s o c i a t e d
with the modular $ \rho a ( $ see [ 9 ] and [ 2 ] ) , the Luxemburg norm $ \paral le l

. \paral le l { \rho a } , $ and the norm

\begin { a l i g n ∗}
\mid . \mid { \ infty } de f i ned by \mid u \mid { \ infty } = \sup { t
\ in [ 0 , b ] } \paral le l u ( t ) \paral le l { \rho } .
\end{ a l i g n ∗}

4 .. A period HAJJI comma E period HANEBALY .. EJDE hyphen 2 0 5 slash 1 0 5
Then comma
rho open parenthesis z sub m plus n minus z sub n closing parenthesis less or equal c divided by c minus k 1

divided by alpha rho open parenthesis alpha open parenthesis x sub m plus n minus x sub n closing parenthesis
closing parenthesis period

And since rho open parenthesis x sub m plus n minus x sub n closing parenthesis right arrow 0 as m comma
n right arrow plus infinity comma then by the Capital Delta sub 2 hyphen condition rho open parenthesis alpha
open parenthesis x sub m plus n minus

x sub n closing parenthesis closing parenthesis right arrow 0 as m comma n right arrow plus infinity period
.. Therefore comma rho open parenthesis z sub m plus n minus z sub n closing parenthesis right arrow 0 as m
comma n right arrow plus infinity comma and by

hypothesis X sub rho is rho-hyphen complete comma then the sequence open parenthesis z sub n closing
parenthesis sub n in N is convergent to an element

z in B period On the other hand comma x sub n = z sub n minus T open parenthesis z sub n closing parenthesis
is convergent to x = z minus T open parenthesis z closing parenthesis period Indeed comma

rho open parenthesis z sub n minus T open parenthesis z sub n closing parenthesis minus z plus T open
parenthesis z closing parenthesis divided by 2 closing parenthesis less or equal rho open parenthesis z sub n minus
z closing parenthesis plus rho open parenthesis T open parenthesis z sub n closing parenthesis minus T open
parenthesis z closing parenthesis closing parenthesis period

Since rho open parenthesis z sub n minus z closing parenthesis right arrow 0 as n right arrow plus infinity and
T is continuous comma rho open parenthesis z sub n minus T open parenthesis z sub n closing parenthesis minus
z plus T open parenthesis z closing parenthesis divided by 2 closing parenthesis right arrow 0 as

n right arrow plus infinity comma and by Capital Delta sub 2 hyphen condition we have rho open parenthesis
z sub n minus T open parenthesis z sub n closing parenthesis minus open parenthesis z minus T open parenthesis
z closing parenthesis closing parenthesis right arrow 0 as n right arrow plus infinity period

Therefore comma open parenthesis I minus T closing parenthesis to the power of minus 1 open parenthesis
x sub n closing parenthesis converges to open parenthesis I minus T closing parenthesis to the power of minus 1
open parenthesis x closing parenthesis comma which implies that open parenthesis I minus T closing parenthesis
to the power of minus 1

is continuous period
Finally comma we consider the function f defined by
f open parenthesis x closing parenthesis = open parenthesis I minus T closing parenthesis to the power of

minus 1 U open parenthesis x closing parenthesis period
Since U is rho-hyphen completely continuous and open parenthesis I minus T closing parenthesis to the power

of minus 1 is hyphen-rho continuous comma it follows by
the Capital Delta sub 2 hyphen condition that U is .... bar times bar sub rho hyphen completely continuous

and open parenthesis I minus T closing parenthesis to the power of minus 1 is .... bar period bar rho to the power
of hyphen

continuous period Which implies that f is .... bar period bar rho to the power of hyphen completely continuous
from B into B period By

the Capital Delta sub 2 hyphen condition comma B is bar period bar sub rho hyphen closed period .... Then
comma using Lemma 2 period 3 and Schauder quoteright s fixed

point theorem comma f has a fixed point period .... Let x sub 0 be such that f open parenthesis x sub 0 closing
parenthesis = x sub 0 comma then we have

x sub 0 = f open parenthesis x sub 0 closing parenthesis = open parenthesis I minus T closing parenthesis to
the power of minus 1 U open parenthesis x sub 0 closing parenthesis which implies that x sub 0 = open parenthesis
T plus U closing parenthesis open parenthesis x sub 0 closing parenthesis period .. Therefore comma S

has a fixed point comma which completes the proof period square
The next section presents an application of Theorem 2 period 1 period We study the existence
of solutions in the modular space C to the power of phi = C open parenthesis open square bracket 0 comma

b closing square bracket comma L to the power of phi closing parenthesis period .. For details about the spaces
C to the power of phi and L to the power of phi comma we refer the reader to .. open square bracket 1 closing

square bracket .. and to books edited by Musielak open square bracket 9 closing square bracket and
Kozlowski open square bracket 6 closing square bracket period
3 period .. Perturbed integral equations
In this section comma we study the existence of solutions to perturbed integral equations
on the Musielak hyphen Orlicz space L to the power of phi period .... For this comma .... we begin by setting

the functional
framework of this integral equation period
F-u nctional framework period .... Let L to the power of phi be the Musielak hyphen Orlicz space period ....

Then both the
modular rho and its associated F hyphen norm satisfy the Fatou property period .. Hence forth comma we
assume that rho is convex and satisfies the Capital Delta sub 2 hyphen condition open parenthesis the F

hyphen norm becomes the
Luxemburg norm open square bracket 4 closing square bracket closing parenthesis period Therefore comma

we have
bar x sub n minus x bar rho right arrow 0 arrowdblleft-arrowdblright rho open parenthesis x sub n minus x

closing parenthesis right arrow 0
as n right arrow plus infinity on L to the power of phi period .. This implies that the topologies generated by

bar period bar sub rho and rho are
equivalent period Note that comma under such conditions on rho comma open parenthesis L to the power of

phi open parenthesis Capital Omega closing parenthesis comma bar period bar sub rho closing parenthesis is a
Banach space comma

where Capital Omega = open square bracket 0 comma b closing square bracket period
We denote by C to the power of phi = C open parenthesis open square bracket 0 comma b closing square

bracket comma L to the power of phi closing parenthesis the space of all rho-hyphen continuous functions from
open square bracket 0 comma b closing square bracket

to L to the power of phi comma endowed with the modular rho a defined by rho a open parenthesis u closing
parenthesis = supremum sub t in open square bracket 0 comma b closing square bracket exp open parenthesis
minus at closing parenthesis rho open parenthesis u open parenthesis t closing parenthesis closing parenthesis
comma

where a greater equal 0 period .. On the space C to the power of phi one can consider the three topologies
associated

with the modular rho a open parenthesis see open square bracket 9 closing square bracket and open square
bracket 2 closing square bracket closing parenthesis comma the Luxemburg norm bar period bar sub rho a comma
and the norm

bar period bar sub infinity defined by bar u bar sub infinity = supremum sub t in open square bracket 0
comma b closing square bracket bar u open parenthesis t closing parenthesis bar sub rho period

| . |∞ definedby | u |∞= sup
t∈[0,b]

‖ u(t) ‖ρ .
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We note that the three t o p o l o g i e s above are equ iva l en t in the f o l l o w i n g sense
$ \rho a ( x { n } − x ) \rightarrow 0 \Leftrightarrow \paral le l

x { n } − x \paral le l { \rho a } \rightarrow 0 \Leftrightarrow \mid
x { n } − x \mid \ infty \rightarrow 0 $ as $ n \rightarrow + \ infty
. $ \quad Indeed , l e t

\noindent $ ( x { n } ) { n } \ in N $ be a sequence in $ C ˆ{ \varphi }$
such that $ \mid x { n } − x \mid { \ infty } \rightarrow 0 $ as $ n
\rightarrow + \ infty $ and with $ x \ in C ˆ{ \varphi } , $

hence f o r a l l $ 0 < \epsilon < 1 $ there e x i s t s $ N \ in N $ such that f o r any
$ n > N $ we have

\ [\ begin { a l i gned } \sup \paral le l x { n } ( t ) − x ( t ) \paral le l { \rho }
\ leq \epsilon < 1 . \\

t \ in [ 0 , b ] \end{ a l i gned }\ ]

\noindent On the other hand $ , \paral le l x { n } ( t ) − x ( t
) \paral le l \rho \ leq \epsilon < 1 $ f o r a l l $ t \ in [ 0 ,
b ] $ i m p l i e s $ \rho ( x { n } ( t ) − x ( t ) ) \ leq $

$ \epsilon < 1 $ f o r a l l $ t \ in [ 0 , b ] . $ Then

\ [\ begin { a l i gned } \sup \exp ( − @ ) \rho ( x { n } ( t ) −
x ( t ) ) \ leq \epsilon \\

t \ in [ 0 , b ] \end{ a l i gned }\ ]

\noindent f o r a l l $ n \geq N . $ \ h f i l l This i m p l i e s $ \rho a ( x { n }
− x ) \rightarrow 0 $ as $ n \rightarrow + \ infty . $ \ h f i l l By the
$ \Delta { 2 } − $ cond i t i on we

\begin { a l i g n ∗}
\ tag ∗{$ have $} \paral le l x { n } − x \paral le l { \rho a } \rightarrow
0 as n \rightarrow + \ infty .
\end{ a l i g n ∗}

Converse ly , by l e t t i n g $ u > 0 $ be such that $ \sup { t \ in [ 0 ,
b ] }$ exp $ ( − @ ) \rho ( \ f r a c { x { n } ( t ) − x (
t ) }{ u } ) \ leq 1 , $
we have

\ [ e ˆ{ − a b } \rho ( \ f r a c { x { n } ( t ) − x ( t ) }{ u }
) \ leq e ˆ{ − @ } \rho ( \ f r a c { x { n } ( t ) − x ( t ) }{ u }
) \ leq 1 \ ]

\noindent f o r a l l $ t \ in [ 0 , b ] . $ This i m p l i e s

\ [ e ˆ{ − a b } \rho ( \ f r a c { x { n } ( t ) − x ( t ) }{ u }
) \ leq \sup { \ in { t } [ 0 , b ] } \exp ( − @ ) \rho (
\ f r a c { x { n } ( t ) − x ( t ) }{ u } ) \ leq 1 . \ ]

\noindent There fore ,

\ [\ begin { a l i gned } A : = \{ u > 0 ; \sup { \ in { t } [ 0 ,
b ] } \exp ( − @ ) \rho ( \ f r a c { x { n } ( t ) − x (
t ) }{ u } ) \ leq 1 \} \\
\subset B : = e ˆ{ − a b } \{ u > 0 ; \rho ( \ f r a c { x { n }

( t ) − x ( t ) }{ u } ) \ leq 1 \} . \end{ a l i gned }\ ]

\noindent Hence , i n f $ ( A ) \geq $ i n f $ ( B ) , $ which i m p l i e s

\ [ \paral le l x { n } − x \paral le l { \rho a } \geq e ˆ{ − a b }
\paral le l x { n } ( t ) − x ( t ) \paral le l { \rho }\ ]

\noindent f o r a l l $ t \ in [ 0 , b ] . $ Hence ,

\ [\ begin { a l i gned } e ˆ{ a b } \paral le l x { n } − x \paral le l \rho a
\geq \sup \paral le l x { n } ( t ) − x ( t ) \paral le l { \rho }
= \mid x { n } − x \mid { \ infty } . \\

t \ in [ 0 , b ] \end{ a l i gned }\ ]

\noindent There fore $ , \mid x { n } − x \mid { \ infty } \rightarrow
0 $ as $ n \rightarrow + \ infty $ i s equ iva l en t to \ h f i l l $ \paral le l x { n }
− x \paral le l { \rho a } \rightarrow 0 $ as $ n \rightarrow + \ infty
. $

\centerline{To study the i n t e g r a l equat ion ( 1 . 1 ) . we s e t the f o l l o w i n g hypotheses : }

\centerline {( H 1 ) \quad Let $ B $ be a convex $ , rho−hyphen $ c l o s e d $ ,
hyphen−rho $ bounded subset o f $ L ˆ{ \varphi } , $ and $ 0 \ in B . $ }

( H 2 ) \quad Let $ T : B \rightarrow B $ be an a p p l i c a t i o n f o r which there e x i s t s a r e a l number
$ k > 0 $

such that $ \rho ( Tx − Ty ) \ leq k \rho ( x − y ) $ f o r a l l
$ x , y \ in B . $ \quad Also l e t $ h : B \rightarrow B $ be

an a p p l i c a t i o n $ \rho − $ complete ly cont inuous such that $ T ( B ) +
h ( B ) \subseteq B . $

\centerline {( H 3 ) \quad Let $ f 0 $ be a f i x e d element o f $ B . $ }

\noindent Theorem 3 . 1 . \quad Under thes e hypotheses and f o r any $ b > 0
, $ \quad the i n t e g r a l equat ion
( 1 . 1 ) has a s o l u t i o n $ u \ in C ˆ{ \varphi } = C ( [ 0 , b

] , L ˆ{ \varphi } ) . $

When we r e s t r i c t our a t t e n t i o n to the Banach space $ ( L ˆ{ \varphi } , \paral le l
. \paral le l { \rho } ) , $ Equation ( 1 . 1 )
can be wr i t t en as

\ [ u ˆ{ \prime } ( t ) + ( I − ( T + h ) ) u ( t )
= 0 . \ ]
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We note that the three topologies above are equivalent in the following sense
rho a open parenthesis x sub n minus x closing parenthesis right arrow 0 Leftrightarrow bar x sub n minus x

bar sub rho a right arrow 0 Leftrightarrow bar x sub n minus x bar infinity right arrow 0 as n right arrow plus
infinity period .. Indeed comma let

open parenthesis x sub n closing parenthesis sub n in N be a sequence in C to the power of phi such that bar
x sub n minus x bar sub infinity right arrow 0 as n right arrow plus infinity and with x in C to the power of phi
comma

hence for all 0 less epsilon less 1 there exists N in N such that for any n greater N we have
Line 1 supremum bar x sub n open parenthesis t closing parenthesis minus x open parenthesis t closing

parenthesis bar sub rho less or equal epsilon less 1 period Line 2 t in open square bracket 0 comma b closing
square bracket

On the other hand comma bar x sub n open parenthesis t closing parenthesis minus x open parenthesis t
closing parenthesis bar rho less or equal epsilon less 1 for all t in open square bracket 0 comma b closing square
bracket implies rho open parenthesis x sub n open parenthesis t closing parenthesis minus x open parenthesis t
closing parenthesis closing parenthesis less or equal

epsilon less 1 for all t in open square bracket 0 comma b closing square bracket period Then
Line 1 supremum exponent open parenthesis minus at closing parenthesis rho open parenthesis x sub n open

parenthesis t closing parenthesis minus x open parenthesis t closing parenthesis closing parenthesis less or equal
epsilon Line 2 t in open square bracket 0 comma b closing square bracket

for all n greater equal N period .... This implies rho a open parenthesis x sub n minus x closing parenthesis
right arrow 0 as n right arrow plus infinity period .... By the Capital Delta sub 2 hyphen condition we

Equation: have .. bar x sub n minus x bar sub rho a right arrow 0 as n right arrow plus infinity period
Conversely comma by letting u greater 0 be such that supremum sub t in open square bracket 0 comma

b closing square bracket exp open parenthesis minus at closing parenthesis rho open parenthesis x sub n open
parenthesis t closing parenthesis minus x open parenthesis t closing parenthesis divided by u closing parenthesis
less or equal 1 comma

we have
e to the power of minus a b rho open parenthesis x sub n open parenthesis t closing parenthesis minus x open

parenthesis t closing parenthesis divided by u closing parenthesis less or equal e to the power of minus at rho open
parenthesis x sub n open parenthesis t closing parenthesis minus x open parenthesis t closing parenthesis divided
by u closing parenthesis less or equal 1

for all t in open square bracket 0 comma b closing square bracket period This implies
e to the power of minus a b rho open parenthesis x sub n open parenthesis t closing parenthesis minus x open

parenthesis t closing parenthesis divided by u closing parenthesis less or equal supremum in t open square bracket
0 comma b closing square bracket exponent open parenthesis minus at closing parenthesis rho open parenthesis x
sub n open parenthesis t closing parenthesis minus x open parenthesis t closing parenthesis divided by u closing
parenthesis less or equal 1 period

Therefore comma
Line 1 A : = open brace u greater 0 semicolon supremum in t open square bracket 0 comma b closing square

bracket exponent open parenthesis minus at closing parenthesis rho open parenthesis x sub n open parenthesis t
closing parenthesis minus x open parenthesis t closing parenthesis divided by u closing parenthesis less or equal
1 closing brace Line 2 subset B : = e to the power of minus a b open brace u greater 0 semicolon rho open
parenthesis x sub n open parenthesis t closing parenthesis minus x open parenthesis t closing parenthesis divided
by u closing parenthesis less or equal 1 closing brace period

Hence comma inf open parenthesis A closing parenthesis greater equal inf open parenthesis B closing paren-
thesis comma which implies

bar x sub n minus x bar sub rho a greater equal e to the power of minus a b bar x sub n open parenthesis t
closing parenthesis minus x open parenthesis t closing parenthesis bar sub rho

for all t in open square bracket 0 comma b closing square bracket period Hence comma
Line 1 e to the power of a b bar x sub n minus x bar rho a greater equal supremum bar x sub n open parenthesis

t closing parenthesis minus x open parenthesis t closing parenthesis bar sub rho = bar x sub n minus x bar sub
infinity period Line 2 t in open square bracket 0 comma b closing square bracket

Therefore comma bar x sub n minus x bar sub infinity right arrow 0 as n right arrow plus infinity is equivalent
to .... bar x sub n minus x bar sub rho a right arrow 0 as n right arrow plus infinity period

To study the integral equation open parenthesis 1 period 1 closing parenthesis period we set the following
hypotheses :

open parenthesis H 1 closing parenthesis .. Let B be a convex comma rho-hyphen closed comma hyphen-rho
bounded subset of L to the power of phi comma and 0 in B period

open parenthesis H 2 closing parenthesis .. Let T : B right arrow B be an application for which there exists a
real number k greater 0

such that rho open parenthesis Tx minus Ty closing parenthesis less or equal k rho open parenthesis x minus
y closing parenthesis for all x comma y in B period .. Also let h : B right arrow B be

an application rho hyphen completely continuous such that T open parenthesis B closing parenthesis plus h
open parenthesis B closing parenthesis subset equal B period

open parenthesis H 3 closing parenthesis .. Let f 0 be a fixed element of B period
Theorem 3 period 1 period .. Under thes e hypotheses and for any b greater 0 comma .. the integral equation
open parenthesis 1 period 1 closing parenthesis has a s o lution u in C to the power of phi = C open parenthesis

open square bracket 0 comma b closing square bracket comma L to the power of phi closing parenthesis period
When we restrict our attention to the Banach space open parenthesis L to the power of phi comma bar period

bar sub rho closing parenthesis comma Equation open parenthesis 1 period 1 closing parenthesis
can be written as
u to the power of prime open parenthesis t closing parenthesis plus open parenthesis I minus open parenthesis

T plus h closing parenthesis closing parenthesis u open parenthesis t closing parenthesis = 0 period
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We note that the three topologies above are equivalent in the following sense ρa(xn−
x)→ 0⇔ ‖ xn − x ‖ρa→ 0⇔| xn − x | ∞ → 0 as n→ +∞. Indeed , let
(xn)n ∈ N be a sequence in Cϕ such that | xn−x |∞→ 0 as n→ +∞ and with x ∈ Cϕ,
hence for all 0 < ε < 1 there exists N ∈ N such that for any n > N we have

sup ‖ xn(t)− x(t) ‖ρ≤ ε < 1.

t ∈ [0, b]

On the other hand , ‖ xn(t)− x(t) ‖ ρ ≤ ε < 1 for all t ∈ [0, b] implies ρ(xn(t)− x(t)) ≤
ε < 1 for all t ∈ [0, b]. Then

sup exp(−@)ρ(xn(t)− x(t)) ≤ ε
t ∈ [0, b]

for all n ≥ N. This implies ρa(xn − x)→ 0 as n→ +∞. By the ∆2− condition we

‖ xn − x ‖ρa→ 0asn→ +∞. have

Conversely , by letting u > 0 be such that supt∈[0,b] exp (−@)ρ(xn(t)−x(t)
u ) ≤ 1, we

have

e−abρ(
xn(t)− x(t)

u
) ≤ e−@ρ(

xn(t)− x(t)

u
) ≤ 1

for all t ∈ [0, b]. This implies

e−abρ(
xn(t)− x(t)

u
) ≤ sup

∈t[0,b]

exp(−@)ρ(
xn(t)− x(t)

u
) ≤ 1.

Therefore ,

A := {u > 0; sup
∈t[0,b]

exp(−@)ρ(
xn(t)− x(t)

u
) ≤ 1}

⊂ B := e−ab{u > 0; ρ(
xn(t)− x(t)

u
) ≤ 1}.

Hence , inf (A) ≥ inf (B), which implies

‖ xn − x ‖ρa≥ e−ab ‖ xn(t)− x(t) ‖ρ
for all t ∈ [0, b]. Hence ,

eab ‖ xn − x ‖ ρa ≥ sup ‖ xn(t)− x(t) ‖ρ=| xn − x |∞ .

t ∈ [0, b]

Therefore , | xn − x |∞→ 0 as n→ +∞ is equivalent to ‖ xn − x ‖ρa→ 0 as n→ +∞.
To study the integral equation ( 1 . 1 ) . we set the following hypotheses :

( H 1 ) Let B be a convex , rho− hyphen closed ,hyphen− rho bounded subset of Lϕ, and 0 ∈ B.
( H 2 ) Let T : B → B be an application for which there exists a real number

k > 0 such that ρ(Tx − Ty) ≤ kρ(x − y) for all x, y ∈ B. Also let h : B → B be an
application ρ− completely continuous such that T (B) + h(B) ⊆ B.

( H 3 ) Let f0 be a fixed element of B.
Theorem 3 . 1 . Under thes e hypotheses and for any b > 0, the integral
equation ( 1 . 1 ) has a s o lution u ∈ Cϕ = C([0, b], Lϕ).

When we restrict our attention to the Banach space (Lϕ, ‖ . ‖ρ), Equation ( 1 . 1 )
can be written as

u′(t) + (I − (T + h))u(t) = 0.



6 A . HAJJI , E . HANEBALY EJDE - 2 0 5 / 1 0 5 When h ≡ 0, Equation ( 1 . 1 )
becomes

u(t) = exp(−t)f0 +

∫ t

0

exp(s− t)Tu(s)ds.

The equation above has been studied in [ 1 ] and [ 3 ] . The proof of Theorem 3 . 1
is based on Lemma 2 . 3 and the next lemma .
Lemma 3 . 2 . If a family M ⊂ Cϕ is equicontinuous in th e s ense of ‖ . ‖ρ,
then M is equicontinuous in the s ense of ρ.
Proof . Recall that if ‖ x ‖ρ< 1, then ρ(x) ≤‖ x ‖ρ ( see [ 9 , p . 2 ] ) . Let 0 < ε < 1,
there
exists δ > 0 such that if | t− t| < δ then ‖ f(t)− f( t) ‖ρ≤ ε < 1 for all
f ∈M.
Hence , ρ(f(t) − f( t)) ≤‖ f(t) − f( t) ‖ ρ ≤ ε for any f ∈ M whenever
| t − t| < δ. This implies that M is rho − hyphen equicontinuous and the proof
is complete . �
Proof of Theorem 3 . 1 . Let a > 0 and ρa be a modular in D = C([0, b], B) defined
by ρa(u) = supt∈[0,b] exp (−@)ρ(u(t)) for u ∈ D( see [ 1 ] ) .

By [ 1 , Prop . 2.1(3)], D is convex , ρa−closed and since B is ρ− bounded , then D

isρa−bounded.

Claim : D is invariant under the operator S given by

Su(t) = exp(−t)f0 +

∫ t

0

exp(s− t)(T + h)u(s)ds.

First , we prove that Su is continuous from [0, b] into (Lϕ, ‖ . ‖ ρ). Let tn, t0 ∈ [0, b]
such that tn → t0 as n → +∞. Since T and h are rho − hyphen continuous , then
(T + h)u is rho− hyphen continuous at t0. Indeed ,

ρ((T + h)u(tn)− (T + h)u(t0))

≤ 1

2
ρ(2(Tu(tn)− Tu(t0)) +

1

2
ρ(2(hu(tn)− hu(t0))).

By the ∆2− condition , we have ρ((T +h)u(tn)− (T +h)u(t0))→ 0 as n→ +∞. Again
by ∆2− condition , (T +h)u is ‖ . ‖ρ − continuous at t0. Hence Su is ‖ . ‖ ρ−continuous

at

t0.

Next , we prove that Su(t) ∈ B, for any t ∈ [0, b]. It is well known that in Banach

space(Lϕ, ‖ . ‖ρ),∫ t

0

exp(s− t)(T + h)u(s)ds

∈ (

∫ t

0

exp(s− t)ds) co‖. ‖ρ{(T +h)u(s), 0 ≤ s ≤ t},

where
‖
co. ‖ρ denotes the closure of the convex hull in the sense of ‖ . ‖ ρ.

Since (T+h)(B) ⊆ B,
∫ t

0
exp (s−t)(T+h)u(s)ds ∈ (1− exp (−t)) co‖. ‖ρ(B).
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When $ h \equiv 0 , $ Equation ( 1 . 1 ) becomes

\ [ u ( t ) = \exp ( − t ) f 0 + \ int ˆ{ t } { 0 } \exp
( s − t ) Tu ( s ) ds . \ ]

\noindent The equat ion above has been s tud i ed in [ 1 ] and [ 3 ] . \quad The proo f o f Theorem 3 . 1 i s
based on Lemma 2 . 3 and the next lemma .

\noindent Lemma 3 . 2 . \quad I f a fami ly $ M \subset C ˆ{ \varphi }$ i s equ icont inuous in th e s ense o f
$ \paral le l . \paral le l { \rho } , $ then $ M $

i s equ icont inuous in the s ense o f $ \rho . $

\noindent Proof . \ h f i l l Reca l l that i f $ \paral le l x \paral le l { \rho } <
1 , $ then $ \rho ( x ) \ leq \paral le l x \paral le l { \rho } ( $
see [ 9 , p . 2 ] ) . Let $ 0 < \epsilon < 1 , $ the re

\noindent e x i s t s $ \delta > 0 $ such that i f $ \mid t − \ r u l e {3em}{0 .4 pt} { t
\mid } < \delta $ then \ h f i l l $ \paral le l f ( t ) − f ( ˆ{ \ r u l e {3em}{0 .4 pt} }
t ) \paral le l { \rho } \ leq \epsilon < 1 $ f o r a l l $ f \ in M . $

\noindent Hence $ , \rho ( f ( t ) − f ( ˆ{ \ r u l e {3em}{0 .4 pt} }
t ) ) \ leq \paral le l f ( t ) − f ( ˆ{ \ r u l e {3em}{0 .4 pt} } t
) \paral le l \rho \ leq \epsilon $ f o r any $ f \ in M $ whenever $ \mid
t − \ r u l e {3em}{0 .4 pt} { t \mid } < \delta . $

This i m p l i e s that $ M $ i s $ rho−hyphen $ equ icont inuous and the proo f i s complete
$ . \ square $

\noindent Proof o f Theorem 3 . 1 . \quad Let $ a > 0 $ and $ \rho a $ be a modular in
$ D = C ( [ 0 , b ] , B ) $ de f ined

by $ \rho a ( u ) = \sup { t \ in [ 0 , b ] }$ exp $ (
− @ ) \rho ( u ( t ) ) $ f o r $ u \ in D ( $ see [ 1 ] ) .

\hspace ∗{\ f i l l }By [ 1 , Prop $ . 2 . 1 ( 3 ) ] , D $ i s convex
$ , \rho a ˆ{ − c l o s e d }$ and s i n c e $ B $ i s $ \rho − $ bounded , then
$ D $

\begin { a l i g n ∗}
i s \rho a ˆ{ − bounded } .
\end{ a l i g n ∗}

\noindent Claim $ : D $ i s i n v a r i a n t under the operator $ S $ given by

\ [ Su ( t ) = \exp ( − t ) f 0 + \ int ˆ{ t } { 0 } \exp
( s − t ) ( T + h ) u ( s ) ds . \ ]

\noindent F i r s t , we prove that $ Su $ i s cont inuous from $ [ 0 , b ] $
in to $ ( L ˆ{ \varphi } , \paral le l . \paral le l \rho ˆ{ ) . }$ \ h f i l l Let
$ t { n } , t { 0 } \ in [ 0 , b ] $

\noindent such that $ t { n } \rightarrow t { 0 }$ as $ n \rightarrow +
\ infty . $ \quad Since $ T $ and $ h $ are $ rho−hyphen $ cont inuous , then
$ ( T + h ) u $ i s

$ rho−hyphen $ cont inuous at $ t { 0 } . $ Indeed ,

\ [\ begin { a l i gned } \rho ( ( T + h ) u ( t { n } ) − ( T
+ h ) u ( t { 0 } ) ) \\
\ leq \ f r a c { 1 }{ 2 } \rho ( 2 ( Tu ( t { n } ) − Tu ( t { 0 }

) ) + \ f r a c { 1 }{ 2 } \rho ( 2 ( hu ( t { n } ) − hu (
t { 0 } ) ) ) . \end{ a l i gned }\ ]

\noindent By the $ \Delta { 2 } − $ cond i t i on , we have $ \rho ( ( T +
h ) u ( t { n } ) − ( T + h ) u ( t { 0 } ) ) \rightarrow
0 $ as $ n \rightarrow + \ infty . $ Again

by $ \Delta { 2 } − $ cond i t i on $ , ( T + h ) u $ i s $ \paral le l
. \paral le l { \rho } − $ cont inuous at $ t { 0 } . $ Hence $ Su $ i s \quad
$ \paral le l . \paral le l \rho ˆ{ − cont inuous }$ at

\begin { a l i g n ∗}
t { 0 } .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }Next , we prove that $ Su ( t ) \ in B , $ f o r any $ t
\ in [ 0 , b ] . $ I t i s we l l known that in Banach

\begin { a l i g n ∗}
space ( L ˆ{ \varphi } , \paral le l . \paral le l { \rho } ) , \\ \ int ˆ{ t } { 0 }
\exp ( s − t ) ( T + h ) u ( s ) ds \\ \ in ( \ int ˆ{ t } { 0 }
\exp ( s − t ) ds ) ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l } . \paral le l { \rho
\{ ( T } + h ) u ( s ) , 0 \ leq s \ leq t \} ,
\end{ a l i g n ∗}

\noindent where $ \ r u l e {3em}{0 .4 pt} { co }ˆ{ \paral le l } . \paral le l { \rho }$
\quad denotes the c l o s u r e o f the convex h u l l in the sense o f $ \paral le l . \paral le l
\rho ˆ{ . }$ \quad Since

$ ( T + h ) ( B ) \subseteq B , \ int ˆ{ t } { 0 }$ exp $ (
s − t ) ( T + h ) u ( s ) ds \ in ( 1 − $ exp $ (
− t ) ) ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l } . \paral le l { \rho (
B ) . }$ \quad But $ B $

i s convex and $ rho−hyphen $ c l o s e d . \quad Thus $ \ r u l e {3em}{0 .4 pt} { co }ˆ{ \paral le l }
. \paral le l { \rho } ( B ) = \overline {\ }{ B } \paral le l . \paral le l
\rho \subset \ r u l e {3em}{0 .4 pt} { B }ˆ{ \rho } = B . $ \quad There fore $ ,
Su ( t ) \ in $

\noindent exp $ ( − t ) B + ( 1 − $ exp $ ( − t ) ) B
\subseteq B $ f o r a l l $ t \ in [ 0 , b ] . $ Hence $ , D $ i s i n v a r i a n t by
$ S . $

Now cons id e r the ope ra to r s $ : T { 1 } u ( t ) = $ exp $ ( − t
) f 0 + \ int ˆ{ t } { 0 }$ exp $ ( s − t ) Tu ( s ) ds $
and

$ h { 1 } u ( t ) = \ int ˆ{ t } { 0 }$ exp $ ( s − t ) hu
( s ) ds . $ \quad Observe that $ S = T { 1 } + h { 1 } . $ Next , we show that
$ T { 1 }$

and $ h { 1 }$ s a t i s f y the hypotheses o f Theorem 2 . 1 .

6 .. A period HAJJI comma E period HANEBALY .. EJDE hyphen 2 0 5 slash 1 0 5
When h equiv 0 comma Equation open parenthesis 1 period 1 closing parenthesis becomes
u open parenthesis t closing parenthesis = exponent open parenthesis minus t closing parenthesis f 0 plus

integral sub 0 to the power of t exponent open parenthesis s minus t closing parenthesis Tu open parenthesis s
closing parenthesis ds period

The equation above has been studied in open square bracket 1 closing square bracket and open square bracket
3 closing square bracket period .. The proof of Theorem 3 period 1 is

based on Lemma 2 period 3 and the next lemma period
Lemma 3 period 2 period .. If a family M subset C to the power of phi is equicontinuous in th e s ense of bar

period bar sub rho comma then M
is equicontinuous in the s ense of rho period
Proof period .... Recall that if bar x bar sub rho less 1 comma then rho open parenthesis x closing parenthesis

less or equal bar x bar sub rho open parenthesis see open square bracket 9 comma p period 2 closing square
bracket closing parenthesis period Let 0 less epsilon less 1 comma there

exists delta greater 0 such that if bar t minus hline sub t bar less delta then .... bar f open parenthesis t closing
parenthesis minus f open parenthesis to the power of hline t closing parenthesis bar sub rho less or equal epsilon
less 1 for all f in M period

Hence comma rho open parenthesis f open parenthesis t closing parenthesis minus f open parenthesis to the
power of hline t closing parenthesis closing parenthesis less or equal bar f open parenthesis t closing parenthesis
minus f open parenthesis to the power of hline t closing parenthesis bar rho less or equal epsilon for any f in M
whenever bar t minus hline sub t bar less delta period

This implies that M is rho-hyphen equicontinuous and the proof is complete period square
Proof of Theorem 3 period 1 period .. Let a greater 0 and rho a be a modular in D = C open parenthesis

open square bracket 0 comma b closing square bracket comma B closing parenthesis defined
by rho a open parenthesis u closing parenthesis = supremum sub t in open square bracket 0 comma b closing

square bracket exp open parenthesis minus at closing parenthesis rho open parenthesis u open parenthesis t closing
parenthesis closing parenthesis for u in D open parenthesis see open square bracket 1 closing square bracket closing
parenthesis period

By open square bracket 1 comma Prop period 2 period 1 open parenthesis 3 closing parenthesis closing square
bracket comma D is convex comma rho a to the power of hyphen closed and since B is rho hyphen bounded
comma then D

is rho a to the power of hyphen bounded period
Claim : D is invariant under the operator S given by
Su open parenthesis t closing parenthesis = exponent open parenthesis minus t closing parenthesis f 0 plus

integral sub 0 to the power of t exponent open parenthesis s minus t closing parenthesis open parenthesis T plus
h closing parenthesis u open parenthesis s closing parenthesis ds period

First comma we prove that Su is continuous from open square bracket 0 comma b closing square bracket into
open parenthesis L to the power of phi comma bar period bar rho to the power of closing parenthesis period ....
Let t sub n comma t sub 0 in open square bracket 0 comma b closing square bracket

such that t sub n right arrow t sub 0 as n right arrow plus infinity period .. Since T and h are rho-hyphen
continuous comma then open parenthesis T plus h closing parenthesis u is

rho-hyphen continuous at t sub 0 period Indeed comma
Line 1 rho open parenthesis open parenthesis T plus h closing parenthesis u open parenthesis t sub n closing

parenthesis minus open parenthesis T plus h closing parenthesis u open parenthesis t sub 0 closing parenthesis
closing parenthesis Line 2 less or equal 1 divided by 2 rho open parenthesis 2 open parenthesis Tu open parenthesis t
sub n closing parenthesis minus Tu open parenthesis t sub 0 closing parenthesis closing parenthesis plus 1 divided
by 2 rho open parenthesis 2 open parenthesis hu open parenthesis t sub n closing parenthesis minus hu open
parenthesis t sub 0 closing parenthesis closing parenthesis closing parenthesis period

By the Capital Delta sub 2 hyphen condition comma we have rho open parenthesis open parenthesis T plus
h closing parenthesis u open parenthesis t sub n closing parenthesis minus open parenthesis T plus h closing
parenthesis u open parenthesis t sub 0 closing parenthesis closing parenthesis right arrow 0 as n right arrow plus
infinity period Again

by Capital Delta sub 2 hyphen condition comma open parenthesis T plus h closing parenthesis u is bar period
bar sub rho hyphen continuous at t sub 0 period Hence Su is .. bar period bar rho to the power of hyphen
continuous at

t sub 0 period
Next comma we prove that Su open parenthesis t closing parenthesis in B comma for any t in open square

bracket 0 comma b closing square bracket period It is well known that in Banach
space open parenthesis L to the power of phi comma bar period bar sub rho closing parenthesis comma

integral sub 0 to the power of t exponent open parenthesis s minus t closing parenthesis open parenthesis T plus
h closing parenthesis u open parenthesis s closing parenthesis ds in open parenthesis integral sub 0 to the power
of t exponent open parenthesis s minus t closing parenthesis ds closing parenthesis to the power of hline co to the
power of bar period bar sub rho open brace open parenthesis T plus h closing parenthesis u open parenthesis s
closing parenthesis comma 0 less or equal s less or equal t closing brace comma

where hline sub co to the power of bar period bar sub rho .. denotes the closure of the convex hull in the sense
of bar period bar rho to the power of period .. Since

open parenthesis T plus h closing parenthesis open parenthesis B closing parenthesis subset equal B comma
integral sub 0 to the power of t exp open parenthesis s minus t closing parenthesis open parenthesis T plus h
closing parenthesis u open parenthesis s closing parenthesis ds in open parenthesis 1 minus exp open parenthesis
minus t closing parenthesis closing parenthesis to the power of hline co to the power of bar period bar sub rho
open parenthesis B closing parenthesis period .. But B

is convex and rho-hyphen closed period .. Thus hline sub co to the power of bar period bar sub rho open
parenthesis B closing parenthesis = overbar B bar period bar rho subset hline sub B to the power of rho = B
period .. Therefore comma Su open parenthesis t closing parenthesis in

exp open parenthesis minus t closing parenthesis B plus open parenthesis 1 minus exp open parenthesis minus
t closing parenthesis closing parenthesis B subset equal B for all t in open square bracket 0 comma b closing
square bracket period Hence comma D is invariant by S period

Now consider the operators : T sub 1 u open parenthesis t closing parenthesis = exp open parenthesis minus
t closing parenthesis f 0 plus integral sub 0 to the power of t exp open parenthesis s minus t closing parenthesis
Tu open parenthesis s closing parenthesis ds and

h sub 1 u open parenthesis t closing parenthesis = integral sub 0 to the power of t exp open parenthesis s
minus t closing parenthesis hu open parenthesis s closing parenthesis ds period .. Observe that S = T sub 1 plus
h sub 1 period Next comma we show that T sub 1

and h sub 1 satisfy the hypotheses of Theorem 2 period 1 period

But B is convex and rho− hyphen closed . Thus
‖
co. ‖ρ (B) = B ‖ . ‖ ρ ⊂

ρ
B = B. Therefore , Su(t) ∈

exp (−t)B + (1− exp (−t))B ⊆ B for all t ∈ [0, b]. Hence , D is invariant by S.

Now consider the operators : T1u(t) = exp (−t)f0 +
∫ t

0
exp (s − t)Tu(s)ds and

h1u(t) =
∫ t

0
exp (s − t)hu(s)ds. Observe that S = T1 + h1. Next , we show that T1

and h1 satisfy the hypotheses of Theorem 2 . 1 .
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( 1 ) We note that , by the same argument in the proof of fixed point theorem ( see
[ 1 ] ) , we show that D is invariant under h1 and T1 and there exists c > max (1, k0)
such that

ρa(c(T1u− T1v)) ≤ k0ρa(u− v), ∀u, v ∈ D,

where 1 < c ≤ eb

eb−1 ,
k0 = c k

1+a and a ≥ k. The same techniques used in the proof

of S(D) ⊂ D are used to establish T1(D) + h1(D) ⊂ D : By taking the hypothesis
T (B) + h(B) ⊂ B, which gives T1u(t) + h1v(t) ∈ exp (−t)B + (1− exp (−t))B ⊂ B for
any t ∈ [0, b] and u, v ∈ D. ( 2 ) Claim : h1 is ρa− completely continuous . Let M ⊂ D,
then h1(M) is equicontin - uous in the sense of ‖ . ‖ρ . Indeed , let u ∈M, we have

h1u(t)− h1u( t)

=

∫ t

0

exp(s− t)hu(s)ds−
∫ t

0

exp(s− t)hu(s)ds

= e−t
∫ t

0

eshu(s)ds− e −t

∫ t

0

eshu(s)ds

= e−t
∫ t

0

eshu(s)ds− e −t

∫ t

0

eshu(s)ds+ e −t

∫ t

0

eshu(s)ds− e −t

∫ t

0

eshu(s)ds

= (e−t − e −t)

∫ t

0

eshu(s)ds+ e −t t∫ teshu(s)ds.

Hence ,

‖ h1u(t)− h1u( t) ‖ ρ ≤| e−t − e −t | bebδ‖. ‖(B)
ρ +δ‖. ‖(B)|

ρ
t∫ tesds |

≤| e−t − e −t | bebδ ‖ . ‖ ρ(B) + δ ‖ . ‖ ρ(B)|et − e t |

On the other hand , the functions t 7→ e−t and t 7→ et are uniformly continuous on the
compact [0, b]. Hence for ε > 0, there exists η1 > 0 such that if | t− t| < η1

then | e−t − e−t |≤ ε
2bebδ‖.‖ρ(B) , and there exists η2 > 0 such that if | t− t| < η2

then

| et − et |≤ ε

2δ‖. ‖
(B)
ρ

.

Hence , there exists η = min (η1, η2) such that if | t− t| < η then
‖ h1u(t)− h1u( t) ‖ρ≤ ε for any u ∈ M. Therefore , h1(M) is equicontinuous
in the sense of ‖ . ‖ρ, and by Lemma 3.2, h1(M) is rho − hyphen equicontinuous .
Otherwise ,

h1u(t) =

∫ t

0

exp(s− t)hu(s)ds ∈ (1− exp(−t)) co‖. ‖ρ{hu(s), 0 ≤ s ≤ t}

⊂ (1− exp(−t)) co‖. ‖ρ(h(B)).
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\noindent ( 1 ) We note that , by the same argument in the proo f o f f i x e d po int theorem ( see

\noindent [ 1 ] ) , we show that $ D $ i s i n v a r i a n t under $ h { 1 }$ and $ T { 1 }$
and there e x i s t s $ c > $ max $ ( 1 , k { 0 } ) $

such that

\ [ \rho a ( c ( T { 1 } u − T { 1 } v ) ) \ leq k { 0 }
\rho a ( u − v ) , \ f o ra l l u , v \ in D , \ ]

\noindent where $ 1 < c \ leq \ f r a c { e ˆ{ b }}{ e ˆ{ b } − 1 } { , } k { 0 }
= c \ f r a c { k }{ 1 + a }$ and $ a \geq k . $ \ h f i l l The same techn iques used in the proo f

\noindent o f $ S ( D ) \subset D $ are used to e s t a b l i s h $ T { 1 } (
D ) + h { 1 } ( D ) \subset D : $ \quad By tak ing the hypothes i s

$ T ( B ) + h ( B ) \subset B , $ which g i v e s $ T { 1 }
u ( t ) + h { 1 } v ( t ) \ in $ exp $ ( − t ) B +
( 1 − $ exp $ ( − t ) ) B \subset B $

f o r any $ t \ in [ 0 , b ] $ and $ u , v \ in D . $
( 2 ) Claim $ : h { 1 }$ i s $ \rho a ˆ{ − }$ complete ly cont inuous . Let

$ M \subset D , $ then $ h { 1 } ( M ) $ i s equ i cont in −
uous in the sense o f $ \paral le l . \paral le l { \rho } . $ Indeed , l e t $ u
\ in M , $ we have

\ [\ begin { a l i gned } h { 1 } u ( t ) − h { 1 } u ( ˆ{ \ r u l e {3em}{0 .4 pt} }
t ) \\
\ r u l e {3em}{0 .4 pt} \\
= \ int ˆ{ t } { 0 } \exp ( s − t ) hu ( s ) ds − \ int ˆ{ t } { 0 }

\exp ( s − \ r u l e {3em}{0 .4 pt} { t ) hu ( s ) ds }\\
\ r u l e {3em}{0 .4 pt} \\
= e ˆ{ − t } \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds − e ˆ{ \ r u l e {3em}{0 .4 pt} { −

t }} \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds \\
\ r u l e {3em}{0 .4 pt} \\
= e ˆ{ − t } \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds − e ˆ{ \ r u l e {3em}{0 .4 pt} { −

t }} \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds + e ˆ{ \ r u l e {3em}{0 .4 pt} { −
t }} \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds − e ˆ{ \ r u l e {3em}{0 .4 pt} { −
t }} \ int ˆ{ t } { 0 } e ˆ{ s } hu ( s ) ds \\

= ( e ˆ{ − t } − e ˆ{ \ r u l e {3em}{0 .4 pt} { − t }} ) \ int ˆ{ t } { 0 }
e ˆ{ s } hu ( s ) ds + e ˆ{ \ r u l e {3em}{0 .4 pt} { − t }} \ r u l e {3em}{0 .4 pt} ˆ{ t } { \ int ˆ{ t }}
e ˆ{ s } hu ( s ) ds . \end{ a l i gned }\ ]

\noindent Hence ,

\ [\ begin { a l i gned } \paral le l h { 1 } u ( t ) − h { 1 } u ( ˆ{ \ r u l e {3em}{0 .4 pt} }
t ) \paral le l \rho \ leq \mid e ˆ{ − t } − e ˆ{ \ r u l e {3em}{0 .4 pt} { −
t }} \mid be ˆ{ b } \delta { \paral le l } . \paral le l { \rho }ˆ{ ( B ) }
+ \delta { \paral le l } . \paral le l { \rho }ˆ{ ( B ) \mid } \ r u l e {3em}{0 .4 pt} ˆ{ t } { \ int ˆ{ t }}
e ˆ{ s } ds \mid \\
\ leq \mid e ˆ{ − t } − e ˆ{ \ r u l e {3em}{0 .4 pt} { − t }} \mid be ˆ{ b }

\delta \paral le l . \paral le l \rho ˆ{ ( B ) } + \delta \paral le l
. \paral le l \rho ˆ{ ( B ) \mid e ˆ{ t }} − e ˆ{\overline {\ }{ t }}
\mid \end{ a l i gned }\ ]

\noindent On the other hand , the f u n c t i o n s $ t \mapsto e ˆ{ − t }$ and $ t
\mapsto e ˆ{ t }$ are uni formly cont inuous on

the compact $ [ 0 , b ] . $ \quad Hence f o r $ \epsilon > 0 , $
the re e x i s t s $ \eta 1 > 0 $ such that i f $ \mid t − \ r u l e {3em}{0 .4 pt} { t
\mid } < \eta 1 $

\ [ \ r u l e {3em}{0 .4 pt} \ ]

\noindent then $ \mid e ˆ{ − t } − e ˆ{ − t } \mid \ leq \ f r a c { \epsilon }{ 2
be ˆ{ b } \delta \paral le l . \paral le l \rho ˆ{ ( B ) }} , $ and there e x i s t s
$ \eta 2 > 0 $ such that i f $ \mid t − \ r u l e {3em}{0 .4 pt} { t \mid }
< \eta 2 $ then

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt} \\ \mid e ˆ{ t } − e ˆ{ t } \mid \ leq \ f r a c { \epsilon }{ 2
\delta { \paral le l } . \paral le l { \rho }ˆ{ ( B ) }} .
\end{ a l i g n ∗}

Hence , \quad the re e x i s t s $ \eta = $ \quad min $ ( \eta 1 , \eta 2
) $ \quad such that i f $ \mid t − \ r u l e {3em}{0 .4 pt} { t \mid } < \eta $
then \quad $ \paral le l h { 1 } u ( t ) − $

$ h { 1 } u ( ˆ{ \ r u l e {3em}{0 .4 pt} } t ) \paral le l { \rho } \ leq \epsilon $
f o r any $ u \ in M . $ \quad There fore $ , h { 1 } ( M ) $ i s equ icont inuous in the sense o f

$ \paral le l . \paral le l { \rho } , $ and by Lemma $ 3 . 2 , h { 1 }
( M ) $ i s $ rho−hyphen $ equ icont inuous . Otherwise ,

\ [\ begin { a l i gned } h { 1 } u ( t ) = \ int ˆ{ t } { 0 } \exp ( s −
t ) hu ( s ) ds \ in ( 1 − \exp ( − t ) ) ˆ{ \ r u l e {3em}{0 .4 pt} }
co ˆ{ \paral le l } . \paral le l { \rho \{ hu ( s ) , } 0 \ leq s
\ leq t \} \\
\subset ( 1 − \exp ( − t ) ) ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l }

. \paral le l { \rho ( h ( B ) ) . }\end{ a l i gned }\ ]

\noindent Hence $ h { 1 } ( M ( t ) ) \subset ( 1 − $ exp $ (
− t ) ) ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l } . \paral le l \rho (
h ( B ) ) $ f o r a l l $ t \ in [ 0 , b ] . $ But $ h ( B
) $ i s $ rho−hyphen $ compact
and by $ \Delta { 2 } − $ cond i t i on $ h ( B ) $ i s \quad $ \paral le l

. \paral le l \rho $ compact , which i m p l i e s that $\overline {\ }{ co } \paral le l

. \paral le l \rho ( h ( B ) ) $ i s com −

\ [ \ r u l e {3em}{0 .4 pt} \ ]

\noindent pact . There fore $ , h { 1 } ( M ( t ) ) $ i s \quad $ \paral le l
. \paral le l \rho $ compact f o r a l l $ t \ in [ 0 , b ] , $ and by Asco l i ’ s theorem

$ \ r u l e {3em}{0 .4 pt} { h { 1 } ( M ) }ˆ{ \mid . \mid { \ infty }}$ \quad i s compact . \quad Hence , by the equ iva l ence o f three t o p o l o g i e s cons ide r ed

\ [ \ r u l e {3em}{0 .4 pt} \ ]

\noindent in f u n c t i o n a l framework $ , h { 1 } ( M ) $ i s $ \rho a ˆ{ − }$
compact . Using the standard techn iques [ 1 0 ,

proo f o f the Theorem 3 page 1 3 ] , we show that $ h { 1 }$ i s $ \paral le l .
\paral le l { \rho a } − $ cont inuous then $ h { 1 }$ i s $ \rho a ˆ{ − }$

cont inuous . \quad Hence $ , h { 1 }$ i s $ \rho a ˆ{ − }$ complete ly cont inuous . \quad I t then f o l l o w s from Theorem
2 . 1 that $ S $ has a f i x e d po int which i s a s o l u t i o n o f the equat ion $ ( 1

. 1 ) . \ square $
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open parenthesis 1 closing parenthesis We note that comma by the same argument in the proof of fixed point

theorem open parenthesis see
open square bracket 1 closing square bracket closing parenthesis comma we show that D is invariant under h

sub 1 and T sub 1 and there exists c greater max open parenthesis 1 comma k sub 0 closing parenthesis
such that
rho a open parenthesis c open parenthesis T sub 1 u minus T sub 1 v closing parenthesis closing parenthesis

less or equal k sub 0 rho a open parenthesis u minus v closing parenthesis comma forall u comma v in D comma
where 1 less c less or equal e to the power of b divided by e to the power of b minus 1 sub comma k sub 0 =

c k divided by 1 plus a and a greater equal k period .... The same techniques used in the proof
of S open parenthesis D closing parenthesis subset D are used to establish T sub 1 open parenthesis D closing

parenthesis plus h sub 1 open parenthesis D closing parenthesis subset D : .. By taking the hypothesis
T open parenthesis B closing parenthesis plus h open parenthesis B closing parenthesis subset B comma which

gives T sub 1 u open parenthesis t closing parenthesis plus h sub 1 v open parenthesis t closing parenthesis in
exp open parenthesis minus t closing parenthesis B plus open parenthesis 1 minus exp open parenthesis minus t
closing parenthesis closing parenthesis B subset B

for any t in open square bracket 0 comma b closing square bracket and u comma v in D period
open parenthesis 2 closing parenthesis Claim : h sub 1 is rho a to the power of hyphen completely continuous

period Let M subset D comma then h sub 1 open parenthesis M closing parenthesis is equicontin hyphen
uous in the sense of bar period bar sub rho period Indeed comma let u in M comma we have
Line 1 h sub 1 u open parenthesis t closing parenthesis minus h sub 1 u open parenthesis to the power of hline

t closing parenthesis Line 2 hline Line 3 = integral sub 0 to the power of t exponent open parenthesis s minus t
closing parenthesis hu open parenthesis s closing parenthesis ds minus integral sub 0 to the power of t exponent
open parenthesis s minus hline sub t closing parenthesis hu open parenthesis s closing parenthesis ds Line 4 hline
Line 5 = e to the power of minus t integral sub 0 to the power of t e to the power of s hu open parenthesis s
closing parenthesis ds minus e to the power of hline minus t integral sub 0 to the power of t e to the power of
s hu open parenthesis s closing parenthesis ds Line 6 hline Line 7 = e to the power of minus t integral sub 0 to
the power of t e to the power of s hu open parenthesis s closing parenthesis ds minus e to the power of hline
minus t integral sub 0 to the power of t e to the power of s hu open parenthesis s closing parenthesis ds plus e
to the power of hline minus t integral sub 0 to the power of t e to the power of s hu open parenthesis s closing
parenthesis ds minus e to the power of hline minus t integral sub 0 to the power of t e to the power of s hu open
parenthesis s closing parenthesis ds Line 8 = open parenthesis e to the power of minus t minus e to the power of
hline minus t closing parenthesis integral sub 0 to the power of t e to the power of s hu open parenthesis s closing
parenthesis ds plus e to the power of hline minus t hline from t to integral to the power of t e to the power of s
hu open parenthesis s closing parenthesis ds period

Hence comma
Line 1 bar h sub 1 u open parenthesis t closing parenthesis minus h sub 1 u open parenthesis to the power of

hline t closing parenthesis bar rho less or equal bar e to the power of minus t minus e to the power of hline minus
t bar be to the power of b delta sub bar period bar sub rho to the power of open parenthesis B closing parenthesis
plus delta sub bar period bar sub rho to the power of open parenthesis B closing parenthesis bar hline from t to
integral to the power of t e to the power of s ds bar Line 2 less or equal bar e to the power of minus t minus e to
the power of hline minus t bar be to the power of b delta bar period bar rho to the power of open parenthesis B
closing parenthesis plus delta bar period bar rho to the power of open parenthesis B closing parenthesis bar e to
the power of t minus e to the power of overbar t bar

On the other hand comma the functions t arrowright-mapsto e to the power of minus t and t arrowright-mapsto
e to the power of t are uniformly continuous on

the compact open square bracket 0 comma b closing square bracket period .. Hence for epsilon greater 0
comma there exists eta 1 greater 0 such that if bar t minus hline sub t bar less eta 1

hline
then bar e to the power of minus t minus e to the power of minus t bar less or equal epsilon divided by 2 be to

the power of b delta bar period bar rho to the power of open parenthesis B closing parenthesis comma and there
exists eta 2 greater 0 such that if bar t minus hline sub t bar less eta 2 then

hline bar e to the power of t minus e to the power of t bar less or equal epsilon divided by 2 delta sub bar
period bar sub rho to the power of open parenthesis B closing parenthesis period

Hence comma .. there exists eta = .. min open parenthesis eta 1 comma eta 2 closing parenthesis .. such that
if bar t minus hline sub t bar less eta then .. bar h sub 1 u open parenthesis t closing parenthesis minus

h sub 1 u open parenthesis to the power of hline t closing parenthesis bar sub rho less or equal epsilon for any
u in M period .. Therefore comma h sub 1 open parenthesis M closing parenthesis is equicontinuous in the sense
of

bar period bar sub rho comma and by Lemma 3 period 2 comma h sub 1 open parenthesis M closing parenthesis
is rho-hyphen equicontinuous period Otherwise comma

Line 1 h sub 1 u open parenthesis t closing parenthesis = integral sub 0 to the power of t exponent open
parenthesis s minus t closing parenthesis hu open parenthesis s closing parenthesis ds in open parenthesis 1 minus
exponent open parenthesis minus t closing parenthesis closing parenthesis to the power of hline co to the power of
bar period bar sub rho open brace hu open parenthesis s closing parenthesis comma 0 less or equal s less or equal
t closing brace Line 2 subset open parenthesis 1 minus exponent open parenthesis minus t closing parenthesis
closing parenthesis to the power of hline co to the power of bar period bar sub rho open parenthesis h open
parenthesis B closing parenthesis closing parenthesis period

Hence h sub 1 open parenthesis M open parenthesis t closing parenthesis closing parenthesis subset open
parenthesis 1 minus exp open parenthesis minus t closing parenthesis closing parenthesis to the power of hline co
to the power of bar period bar rho open parenthesis h open parenthesis B closing parenthesis closing parenthesis for
all t in open square bracket 0 comma b closing square bracket period But h open parenthesis B closing parenthesis
is rho-hyphen compact

and by Capital Delta sub 2 hyphen condition h open parenthesis B closing parenthesis is .. bar period bar rho
compact comma which implies that overbar co bar period bar rho open parenthesis h open parenthesis B closing
parenthesis closing parenthesis is com hyphen

hline
pact period Therefore comma h sub 1 open parenthesis M open parenthesis t closing parenthesis closing

parenthesis is .. bar period bar rho compact for all t in open square bracket 0 comma b closing square bracket
comma and by Ascoli quoteright s theorem

hline sub h sub 1 open parenthesis M closing parenthesis to the power of bar period bar sub infinity .. is
compact period .. Hence comma by the equivalence of three topologies considered

hline
in functional framework comma h sub 1 open parenthesis M closing parenthesis is rho a to the power of hyphen

compact period Using the standard techniques open square bracket 1 0 comma
proof of the Theorem 3 page 1 3 closing square bracket comma we show that h sub 1 is bar period bar sub

rho a hyphen continuous then h sub 1 is rho a to the power of hyphen
continuous period .. Hence comma h sub 1 is rho a to the power of hyphen completely continuous period .. It

then follows from Theorem
2 period 1 that S has a fixed point which is a solution of the equation open parenthesis 1 period 1 closing

parenthesis period square

Hence h1(M(t)) ⊂ (1− exp (−t)) co‖. ‖ ρ(h(B)) for all t ∈ [0, b]. But h(B) is
rho−hyphen compact and by ∆2− condition h(B) is ‖ . ‖ ρ compact , which implies
that co ‖ . ‖ ρ(h(B)) is com -

pact . Therefore , h1(M(t)) is ‖ . ‖ ρ compact for all t ∈ [0, b], and by Ascoli ’ s

theorem
|.|∞
h1(M) is compact . Hence , by the equivalence of three topologies

considered

in functional framework , h1(M) is ρa− compact . Using the standard techniques [ 1 0
, proof of the Theorem 3 page 1 3 ] , we show that h1 is ‖ . ‖ρa − continuous then h1

is ρa− continuous . Hence , h1 is ρa− completely continuous . It then follows from
Theorem 2 . 1 that S has a fixed point which is a solution of the equation (1.1). �
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3 . 1 . \quad Example o f equat ion \quad ( 1 . 1 ) . \quad In t h i s example , we study the e x i s t e n c e o f a

\noindent s o l u t i o n o f the i n t e g r a l equat ion

\begin { a l i g n ∗}
u ( t ) = \exp{ + } { \ int { 0 }}ˆ{ ( } t ˆ{ − } { \exp }ˆ{ t ) f

0 } { ( s }ˆ{ + } { − }ˆ{ \ int } { t } 0{ ) }ˆ{ t } { ( \ int }ˆ{ \exp } { 0 ˆ{ b }} { \exp }ˆ{ (
s − } { ( − }ˆ{ t ) ( \ int ˆ{ b } { 0 }} { \xi ) g 1 ( s }ˆ{ \exp } { , }ˆ{ (
− \xi ) g 2 ( s , } { \xi , u ( \xi ) ) d \xi ) ds }ˆ{ \xi
, } { / }ˆ{ u ( \xi ) ) d \xi ) ds }\ tag ∗{$ ( 3 . 1 ) $}
\end{ a l i g n ∗}

\noindent under the hypotheses s t ated below . Let $ X { \rho }$ be a f i n i t e d imens iona l vec to r subspace
o f $ L ˆ{ \varphi } , $ and $ \rho $ be a convex modular on $ L ˆ{ \varphi }

, $ s a t i s f y i n g the $ \Delta { 2 } − $ cond i t i on . \quad Let $ B $ be

\noindent a convex $ , rho−hyphen $ c l o s e d $ , hyphen−rho $ bounded subset o f
$ X { \rho }$ and $ 0 \ in B . $ \ h f i l l Let $ b > 0 $ very smal l ,

\noindent $ g 1 , g 2 $ be f u n c t i o n s from $ [ 0 , b ] \times
[ 0 , b ] \times B $ in to $ B , \gamma : [ 0 , b ]
\times [ 0 , b ] \times [ 0 , b ] \rightarrow R ˆ{ + }$
and

$ \beta : [ 0 , b ] \times [ 0 , b ] \rightarrow R ˆ{ + }$
be measurable f u n c t i o n s such that :

( H 1 ’ ) \quad ( i $ ) g i ( t , . , x ) : s \mapsto g
i ( t , s , x ) $ where $ i \ in \{ 1 , 2 \} $ are measurable f u n c t i o n s on

$ [ 0 , b ] $ f o r each $ x \ in B $ and f o r almost a l l $ t \ in
[ 0 , b ] . $

\hspace ∗{\ f i l l }( i i $ ) g i ( t , s , . ) : x \mapsto g
i ( t , s , x ) , $ where $ i \ in \{ 1 , 2 \} , $
are $ \rho − $ cont inuous on $ B $ f o r

\ [ almost a l l t , s \ in [ 0 , b ] . \ ]

( H 2 ’ ) \quad For any $ i \ in \{ 1 , 2 \} , \rho ( g i (
t , s , x ) − g i ( \tau , s , x ) ) \ leq \gamma
( t , \tau , s ) $ f o r a l l $ ( t , s , x ) $ and

$ ( \tau , s , x ) $ in \quad $ [ 0 , b ] \times [ 0
, b ] \times B $ and $ \ lim { t \rightarrow \tau } \ int ˆ{ b } { 0 }
\gamma ( t , \tau , s ) ds = 0 $ uni formly f o r

\ [ \tau \ in [ 0 , b ] . \ ]

\hspace ∗{\ f i l l }( H 3 ’ $ ) \rho ( g 2 ( t , s , x ) − g
2 ( t , s , y ) ) \ leq \rho ( x − y ) $ f o r a l l $ (
t , s , x ) $ and $ ( t , s , y ) $ in $ [ 0 , b
] \times $

\ [ [ 0 , b ] \times B . \ ]

\noindent These hypotheses have been used by Martin [ 8 ] .

Now , assume that $ f 0 $ i s a f i x e d element o f $ B , $ and that $ h ,
T $ are the Uryshon

ope ra to r s on $ C ( [ 0 , b ] , B ) $ de f ined by :

\ [\ begin { a l i gned } [ hu ] ( t ) = \ int ˆ{ b } { 0 } \exp ( − s
) g 1 ( t , s , u ( s ) ) ds , \\

[ Tu ] ( t ) = \ int ˆ{ b } { 0 } \exp ( − s ) g 2 (
t , s , u ( s ) ) ds , \end{ a l i gned }\ ]

\noindent f o r $ t \ in [ 0 , b ] $ and $ u \ in ( C ( [ 0
, b ] , B ) , \rho a ) $ with $ ( a > 0 ) . $

\noindent Propos i t i on 3 . 3 . \quad ( 1 ) \quad Under the hypotheses \quad ( H 1 ’ ) −− ( H 3 ’ ) , \quad the operator
$ T $ i s $ \rho a ˆ{ − }$

L i p s c h i t z from $ C ( [ 0 , b ] , B ) $ in to $ C ( [ 0
, b ] , B ) . $
( 2 ) \quad Under the hypotheses ( H 1 ’ ) −− ( H 2 ’ ) , the operator $ h $ i s

$ \rho a ˆ{ − }$ complete ly cont inuous

\begin { a l i g n ∗}
from C ( [ 0 , b ] , B ) in to C ( [ 0 , b ]

, B ) .
\end{ a l i g n ∗}

\noindent Proof . \quad ( 1 ) We show that $ C ( [ 0 , b ] , B ) $
i s i n v a r i a n t by $ T . ( $ i ) Note that $ ( X { \rho } , \paral le l .
\paral le l { \rho } ) $ i s

a Banach space with f i n i t e dimension . \quad By hypothes i s ( H 1 ’ ) ( i $ ) ,
g 2 ( t , . , u ( . ) ) : s \mapsto $

$ g 2 ( t , s , u ( s ) ) $ i s measurable , and s i n c e $ B $
i s $ \rho − $ bounded $ , g 2 ( t , . , u ( . ) ) :
s \mapsto g 2 ( t , s , u ( s ) ) $

i s an i n t e g r a b l e func t i on from $ [ 0 , b ] $ in to $ ( X { \rho } ,
\paral le l . \paral le l { \rho } ) . $ \quad Then f o r $ u \ in C ( [
0 , b ] , B ) , $ we

have

\ [\ begin { a l i gned } [ Tu ] ( t ) \ in \ int ˆ{ b } { 0 } \exp ( −
s ) ds ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l } . \paral le l { \rho \{
g 2 ( t , } s , u ( s ) ) , s \ in [ 0 , b ]
\} \\
\subset ( 1 − \exp ( − b ) ) ˆ{ \ r u l e {3em}{0 .4 pt} } co ˆ{ \paral le l }

. \paral le l \rho ( B ) . \end{ a l i gned }\ ]

\noindent But $ B $ i s convex and $ \rho − $ c l o s e d thus $ \ r u l e {3em}{0 .4 pt} { co }ˆ{ \paral le l }
. \paral le l { \rho ( B ) } = \overline {\ }{ B } \paral le l . \paral le l
\rho \subset \ r u l e {3em}{0 .4 pt} { B }ˆ{ \rho } = B . $ \quad Since $ 0
\ in B $ and

$ 0 < 1 − $ exp $ ( − b ) < 1 , $ we have $ [ Tu ] (
t ) \ in B $ f o r a l l $ t \ in [ 0 , b ] . $

8 .. A period HAJJI comma E period HANEBALY .. EJDE hyphen 2 0 5 slash 1 0 5
3 period 1 period .. Example of equation .. open parenthesis 1 period 1 closing parenthesis period .. In this

example comma we study the existence of a
solution of the integral equation
Equation: open parenthesis 3 period 1 closing parenthesis .. u open parenthesis t closing parenthesis =

exponent plus sub integral sub 0 to the power of open parenthesis t to the power of minus exponent sub open
parenthesis s to the power of t closing parenthesis f 0 to the power of plus sub minus to the power of integral
sub t 0 closing parenthesis sub open parenthesis integral to the power of t sub 0 to the power of b to the power
of exponent sub exponent sub open parenthesis minus to the power of open parenthesis s minus sub xi closing
parenthesis g 1 open parenthesis s to the power of t closing parenthesis open parenthesis integral sub 0 to the
power of b sub comma to the power of exponent sub xi comma u open parenthesis xi closing parenthesis closing
parenthesis d xi closing parenthesis ds to the power of open parenthesis minus xi closing parenthesis g 2 open
parenthesis s comma sub slash to the power of xi comma to the power of u open parenthesis xi closing parenthesis
closing parenthesis d xi closing parenthesis ds

under the hypotheses st ated below period Let X sub rho be a finite dimensional vector subspace
of L to the power of phi comma and rho be a convex modular on L to the power of phi comma satisfying the

Capital Delta sub 2 hyphen condition period .. Let B be
a convex comma rho-hyphen closed comma hyphen-rho bounded subset of X sub rho and 0 in B period ....

Let b greater 0 very small comma
g 1 comma g 2 be functions from open square bracket 0 comma b closing square bracket times open square

bracket 0 comma b closing square bracket times B into B comma gamma : open square bracket 0 comma b closing
square bracket times open square bracket 0 comma b closing square bracket times open square bracket 0 comma
b closing square bracket right arrow R to the power of plus and

beta : open square bracket 0 comma b closing square bracket times open square bracket 0 comma b closing
square bracket right arrow R to the power of plus be measurable functions such that :

open parenthesis H 1 quoteright closing parenthesis .. open parenthesis i closing parenthesis g i open parenthesis
t comma period comma x closing parenthesis : s mapsto-arrowright g i open parenthesis t comma s comma x
closing parenthesis where i in open brace 1 comma 2 closing brace are measurable functions on

open square bracket 0 comma b closing square bracket for each x in B and for almost all t in open square
bracket 0 comma b closing square bracket period

open parenthesis i i closing parenthesis g i open parenthesis t comma s comma period closing parenthesis : x
mapsto-arrowright g i open parenthesis t comma s comma x closing parenthesis comma where i in open brace 1
comma 2 closing brace comma are rho hyphen continuous on B for

almost all t comma s in open square bracket 0 comma b closing square bracket period
open parenthesis H 2 quoteright closing parenthesis .. For any i in open brace 1 comma 2 closing brace comma

rho open parenthesis g i open parenthesis t comma s comma x closing parenthesis minus g i open parenthesis
tau comma s comma x closing parenthesis closing parenthesis less or equal gamma open parenthesis t comma tau
comma s closing parenthesis for all open parenthesis t comma s comma x closing parenthesis and

open parenthesis tau comma s comma x closing parenthesis in .. open square bracket 0 comma b closing
square bracket times open square bracket 0 comma b closing square bracket times B and limint sub t right arrow
tau integral sub 0 to the power of b gamma open parenthesis t comma tau comma s closing parenthesis ds = 0
uniformly for

tau in open square bracket 0 comma b closing square bracket period
open parenthesis H 3 quoteright closing parenthesis rho open parenthesis g 2 open parenthesis t comma s comma

x closing parenthesis minus g 2 open parenthesis t comma s comma y closing parenthesis closing parenthesis less
or equal rho open parenthesis x minus y closing parenthesis for all open parenthesis t comma s comma x closing
parenthesis and open parenthesis t comma s comma y closing parenthesis in open square bracket 0 comma b
closing square bracket times

open square bracket 0 comma b closing square bracket times B period
These hypotheses have been used by Martin open square bracket 8 closing square bracket period
Now comma assume that f 0 is a fixed element of B comma and that h comma T are the Uryshon
operators on C open parenthesis open square bracket 0 comma b closing square bracket comma B closing

parenthesis defined by :
Line 1 open square bracket hu closing square bracket open parenthesis t closing parenthesis = integral sub 0

to the power of b exponent open parenthesis minus s closing parenthesis g 1 open parenthesis t comma s comma u
open parenthesis s closing parenthesis closing parenthesis ds comma Line 2 open square bracket Tu closing square
bracket open parenthesis t closing parenthesis = integral sub 0 to the power of b exponent open parenthesis minus
s closing parenthesis g 2 open parenthesis t comma s comma u open parenthesis s closing parenthesis closing
parenthesis ds comma

for t in open square bracket 0 comma b closing square bracket and u in open parenthesis C open parenthe-
sis open square bracket 0 comma b closing square bracket comma B closing parenthesis comma rho a closing
parenthesis with open parenthesis a greater 0 closing parenthesis period

Proposition 3 period 3 period .. open parenthesis 1 closing parenthesis .. Under the hypotheses .. open
parenthesis H 1 quoteright closing parenthesis endash open parenthesis H 3 quoteright closing parenthesis comma
.. the operator T is rho a to the power of hyphen

Lipschitz from C open parenthesis open square bracket 0 comma b closing square bracket comma B closing
parenthesis into C open parenthesis open square bracket 0 comma b closing square bracket comma B closing
parenthesis period

open parenthesis 2 closing parenthesis .. Under the hypotheses open parenthesis H 1 quoteright closing
parenthesis endash open parenthesis H 2 quoteright closing parenthesis comma the operator h is rho a to the
power of hyphen completely continuous

from C open parenthesis open square bracket 0 comma b closing square bracket comma B closing parenthesis
into C open parenthesis open square bracket 0 comma b closing square bracket comma B closing parenthesis
period

Proof period .. open parenthesis 1 closing parenthesis We show that C open parenthesis open square bracket 0
comma b closing square bracket comma B closing parenthesis is invariant by T period open parenthesis i closing
parenthesis Note that open parenthesis X sub rho comma bar period bar sub rho closing parenthesis is

a Banach space with finite dimension period .. By hypothesis open parenthesis H 1 quoteright closing parenthe-
sis open parenthesis i closing parenthesis comma g 2 open parenthesis t comma period comma u open parenthesis
period closing parenthesis closing parenthesis : s mapsto-arrowright

g 2 open parenthesis t comma s comma u open parenthesis s closing parenthesis closing parenthesis is mea-
surable comma and since B is rho hyphen bounded comma g 2 open parenthesis t comma period comma u open
parenthesis period closing parenthesis closing parenthesis : s arrowright-mapsto g 2 open parenthesis t comma s
comma u open parenthesis s closing parenthesis closing parenthesis

is an integrable function from open square bracket 0 comma b closing square bracket into open parenthesis X
sub rho comma bar period bar sub rho closing parenthesis period .. Then for u in C open parenthesis open square
bracket 0 comma b closing square bracket comma B closing parenthesis comma we

have
Line 1 open square bracket Tu closing square bracket open parenthesis t closing parenthesis in integral sub

0 to the power of b exponent open parenthesis minus s closing parenthesis ds to the power of hline co to the
power of bar period bar sub rho open brace g 2 open parenthesis t comma s comma u open parenthesis s closing
parenthesis closing parenthesis comma s in open square bracket 0 comma b closing square bracket closing brace
Line 2 subset open parenthesis 1 minus exponent open parenthesis minus b closing parenthesis closing parenthesis
to the power of hline co to the power of bar period bar rho open parenthesis B closing parenthesis period

But B is convex and rho hyphen closed thus hline sub co to the power of bar period bar sub rho open parenthesis
B closing parenthesis = overbar B bar period bar rho subset hline sub B to the power of rho = B period .. Since
0 in B and

0 less 1 minus exp open parenthesis minus b closing parenthesis less 1 comma we have open square bracket
Tu closing square bracket open parenthesis t closing parenthesis in B for all t in open square bracket 0 comma b
closing square bracket period

8 A . HAJJI , E . HANEBALY EJDE - 2 0 5 / 1 0 5 3 . 1 . Example of equation (
1 . 1 ) . In this example , we study the existence of a
solution of the integral equation

u(t) = exp +
(∫
0

t−exp
t)f0
(s

+
−

∫
t 0)

t
(
∫ exp

0b
(s−
exp

t)(
∫ b
0

(−
exp
ξ)g1(s

(−ξ)g2(s,
,

ξ,
ξ,u(ξ))dξ)ds

u(ξ))dξ)ds
/ (3.1)

under the hypotheses st ated below . Let Xρ be a finite dimensional vector subspace of
Lϕ, and ρ be a convex modular on Lϕ, satisfying the ∆2− condition . Let B be
a convex , rho− hyphen closed ,hyphen− rho bounded subset of Xρ and 0 ∈ B.
Let b > 0 very small ,
g1, g2 be functions from [0, b] × [0, b] × B into B, γ : [0, b] × [0, b] × [0, b] → R+ and
β : [0, b]× [0, b]→ R+ be measurable functions such that :

( H 1 ’ ) ( i )gi(t, ., x) : s 7→ gi(t, s, x) where i ∈ {1, 2} are measurable functions
on [0, b] for each x ∈ B and for almost all t ∈ [0, b].

( i i )gi(t, s, .) : x 7→ gi(t, s, x), where i ∈ {1, 2}, are ρ− continuous on B for

almostallt, s ∈ [0, b].

( H 2 ’ ) For any i ∈ {1, 2}, ρ(gi(t, s, x)− gi(τ, s, x)) ≤ γ(t, τ, s) for all (t, s, x) and

(τ, s, x) in [0, b]× [0, b]×B and limt→τ
∫ b

0
γ(t, τ, s)ds = 0 uniformly for

τ ∈ [0, b].

( H 3 ’ ) ρ(g2(t, s, x)− g2(t, s, y)) ≤ ρ(x− y) for all (t, s, x) and (t, s, y) in [0, b]×

[0, b]×B.
These hypotheses have been used by Martin [ 8 ] .

Now , assume that f0 is a fixed element of B, and that h, T are the Uryshon operators
on C([0, b], B) defined by :

(t) =

∫ b

0

exp(−s)g1(t, s, u(s))ds,

[Tu](t) =

∫ b

0

exp(−s)g2(t, s, u(s))ds,

for t ∈ [0, b] and u ∈ (C([0, b], B), ρa) with (a > 0).
Proposition 3 . 3 . ( 1 ) Under the hypotheses ( H 1 ’ ) – ( H 3 ’ ) , the
operator T is ρa− Lipschitz from C([0, b], B) into C([0, b], B). ( 2 ) Under the
hypotheses ( H 1 ’ ) – ( H 2 ’ ) , the operator h is ρa− completely continuous

fromC([0, b], B)intoC([0, b], B).

Proof . ( 1 ) We show that C([0, b], B) is invariant by T. ( i ) Note that (Xρ, ‖ . ‖ρ) is
a Banach space with finite dimension . By hypothesis ( H 1 ’ ) ( i ), g2(t, ., u(.)) : s 7→
g2(t, s, u(s)) is measurable , and since B is ρ− bounded , g2(t, ., u(.)) : s 7→ g2(t, s, u(s))
is an integrable function from [0, b] into (Xρ, ‖ . ‖ρ). Then for u ∈ C([0, b], B), we
have

(t) ∈
∫ b

0

exp(−s)ds co‖. ‖ρ{g2(t, s, u(s)), s ∈ [0, b]}

⊂ (1− exp(−b)) co‖. ‖ ρ(B).

But B is convex and ρ− closed thus
‖
co. ‖ρ(B)= B ‖ . ‖ ρ ⊂ ρ

B = B.
Since 0 ∈ B and 0 < 1− exp (−b) < 1, we have [Tu](t) ∈ B for all t ∈ [0, b].
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continuous from [0, b] into (B, ρ). Indeed , let
(tn)n ∈ N be a sequence and r in [0, b] such that tn → r as n→ +∞ and we have

[Tu](tn)− [Tu](r) =

∫ b

0

exp(−s)(g2(tn, s, u(s))− g2(r, s, u(s)))ds.

Let K = {s0, s1, ..., sm} be a subdivision of [0, b]. Then
∑m−1
i=0 (si+1 − si)e−six(si) is

‖ . ‖ρ − convergent . Thus rho−hyphen converges to
∫ b

0
exp (−s)x(s)ds in

Xρ when | K | =

sup{| si+1 − si |, i = 0, ...,m− 1} → 0asm→ +∞.Since∫ b

0

exp(−s)(g2(t, s, u(s))− g2(τ, s, u(s)))ds

m− 1

= lim
∑

(si+1 − si) exp(−si)(g2(t, si, u(si))− g2(τ, si, u(si))),

i = 0

and
∑m−1
i=0 (si+1 − si) exp (−si) ≤

∫ b
0

exp (−s)ds = 1− exp (−b) < 1, then by the
Fatou property we have :

ρ([Tu](tn)− [Tu](r))

m− 1

≤ lim inf
∑

(si+1 − si) exp (−si)ρ(g2(tn, si, u(si))− g2(r, si, u(si)))

i = 0

m− 1

≤ lim inf
∑

(si+1 − si) exp (−si)γ(tn, r, si)

i = 0

≤
∫ b

0

exp(−s)γ(tn, r, s)ds

≤
∫ b

0

γ(tn, r, s)ds

Hence by hypothesis ( H 2 ’ )Tu is ρ− continuous at r. ( 2 ) We show that T is ρa−

Lipschitz . Let u, v in C([0, b], B), we have .

ρ([Tu](t)− [Tv](t))

m− 1

≤ lim inf
∑

(si+1 − si)( exp (−si))ρ(g2(t, si, u(si))− g2(t, si, v(si)))

i = 0

m− 1

≤ lim inf
∑

(si+1 − si) exp (−si)ρ(u(si)− v(si))

i = 0

m− 1

≤ lim inf
∑

(si+1 − si) exp (asi)ρa(u− v).
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( i i ) Let $ u \ in C ( [ 0 , b ] , B ) $ then $ Tu $ i s cont inuous from

$ [ 0 , b ] $ in to $ ( B , \rho ) . $ \quad Indeed , l e t

\noindent $ ( t { n } ) { n } \ in N $ be a sequence and $ r $ in $ [
0 , b ] $ such that $ t { n } \rightarrow r $ as $ n \rightarrow
+ \ infty $ and we have

\ [ [ Tu ] ( t { n } ) − [ Tu ] ( r ) = \ int ˆ{ b } { 0 }
\exp ( − s ) ( g 2 ( t { n } , s , u ( s ) ) −
g 2 ( r , s , u ( s ) ) ) ds . \ ]

\noindent Let $ K = \{ s { 0 } , s { 1 } , . . . , s { m }
\} $ be a s u b d i v i s i o n o f $ [ 0 , b ] . $ Then $ \sum ˆ{ m − 1 } { i
= 0 } ( s { i + 1 } − s { i } ) e ˆ{ − s { i }} x ( s { i }
) $

i s \quad $ \paral le l . \paral le l { \rho } − $ convergent . \quad Thus \quad
$ rho−hyphen $ converges \quad to \quad $ \ int ˆ{ b } { 0 }$ exp $ ( − s
) x ( s ) ds $ \quad in $ X { \rho }$ \quad when \quad $ \mid K
\mid = $

\begin { a l i g n ∗}
\sup \{ \mid s { i + 1 } − s { i } \mid , i = 0 , .

. . , m − 1 \} \rightarrow 0 as m \rightarrow + \ infty

. S ince \\ \ int ˆ{ b } { 0 } \exp ( − s ) ( g 2 ( t , s
, u ( s ) ) − g 2 ( \tau , s , u ( s ) ) )
ds \\ m − 1 \\ = \ lim \sum ( s { i + 1 } − s { i } ) \exp
( − s { i } ) ( g 2 ( t , s { i } , u ( s { i } ) )
− g 2 ( \tau , s { i } , u ( s { i } ) ) ) , \\ i =
0
\end{ a l i g n ∗}

\noindent and $ \sum ˆ{ m − 1 } { i = 0 } ( s { i + 1 } − s { i }
) $ exp $ ( − s { i } ) \ leq \ int ˆ{ b } { 0 }$ exp $ ( − s )
ds = 1 − $ exp $ ( − b ) < 1 , $ then by the

Fatou property we have :

\ [\ begin { a l i gned } \rho ( [ Tu ] ( t { n } ) − [ Tu ] ( r
) ) \\

m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( − s { i } ) \rho ( g 2 ( t { n } , s { i } , u (
s { i } ) ) − g 2 ( r , s { i } , u ( s { i } ) ) ) $
}

\ [\ begin { a l i gned } i = 0 \\
m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( − s { i } ) \gamma ( t { n } , r , s { i } ) $ }

\ [\ begin { a l i gned } i = 0 \\
\ leq \ int ˆ{ b } { 0 } \exp ( − s ) \gamma ( t { n } , r ,

s ) ds \\
\ leq \ int ˆ{ b } { 0 } \gamma ( t { n } , r , s ) ds \end{ a l i gned }\ ]

\noindent Hence by hypothes i s ( H 2 ’ $ ) Tu $ i s $ \rho − $ cont inuous at
$ r . $

( 2 ) We show that $ T $ i s $ \rho a ˆ{ − }$ L i p s c h i t z . Let $ u , v $
in $ C ( [ 0 , b ] , B ) , $ we have .

\ [\ begin { a l i gned } \rho ( [ Tu ] ( t ) − [ Tv ] ( t )
) \\

m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) ( $
exp $ ( − s { i } ) ) \rho ( g 2 ( t , s { i } , u (
s { i } ) ) − g 2 ( t , s { i } , v ( s { i } ) ) ) $
}

\ [\ begin { a l i gned } i = 0 \\
m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( − s { i } ) \rho ( u ( s { i } ) − v ( s { i } )
) $ }

\ [\ begin { a l i gned } i = 0 \\
m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( as { i } ) \rho a ( u − v ) . $ }

\ [ i = 0 \ ]

\noindent There fore ,

\centerline{exp $ ( − @ ) \rho ( [ Tu ] ( t ) − [ Tv
] ( t ) ) \ leq $ exp $ ( − @ ) ( \ int ˆ{ b } { 0 }$ exp $ (
as ) ds ) \rho a ( u − v ) $ }

\ [ \ leq \ f r a c { e ˆ{ ba } − 1 }{ a } \rho a ( u − v ) . \ ]
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open parenthesis ii closing parenthesis Let u in C open parenthesis open square bracket 0 comma b closing

square bracket comma B closing parenthesis then Tu is continuous from open square bracket 0 comma b closing
square bracket into open parenthesis B comma rho closing parenthesis period .. Indeed comma let

open parenthesis t sub n closing parenthesis sub n in N be a sequence and r in open square bracket 0 comma
b closing square bracket such that t sub n right arrow r as n right arrow plus infinity and we have

open square bracket Tu closing square bracket open parenthesis t sub n closing parenthesis minus open square
bracket Tu closing square bracket open parenthesis r closing parenthesis = integral sub 0 to the power of b
exponent open parenthesis minus s closing parenthesis open parenthesis g 2 open parenthesis t sub n comma s
comma u open parenthesis s closing parenthesis closing parenthesis minus g 2 open parenthesis r comma s comma
u open parenthesis s closing parenthesis closing parenthesis closing parenthesis ds period

Let K = open brace s sub 0 comma s sub 1 comma period period period comma s sub m closing brace be a
subdivision of open square bracket 0 comma b closing square bracket period Then sum sub i = 0 to the power
of m minus 1 open parenthesis s sub i plus 1 minus s sub i closing parenthesis e to the power of minus s sub i x
open parenthesis s sub i closing parenthesis

is .. bar period bar sub rho hyphen convergent period .. Thus .. rho-hyphen converges .. to .. integral sub 0
to the power of b exp open parenthesis minus s closing parenthesis x open parenthesis s closing parenthesis ds ..
in X sub rho .. when .. bar K bar =

supremum open brace bar s sub i plus 1 minus s sub i bar comma i = 0 comma period period period comma
m minus 1 closing brace right arrow 0 as m right arrow plus infinity period Since integral sub 0 to the power of b
exponent open parenthesis minus s closing parenthesis open parenthesis g 2 open parenthesis t comma s comma
u open parenthesis s closing parenthesis closing parenthesis minus g 2 open parenthesis tau comma s comma u
open parenthesis s closing parenthesis closing parenthesis closing parenthesis ds m minus 1 = limint sum open
parenthesis s sub i plus 1 minus s sub i closing parenthesis exponent open parenthesis minus s sub i closing
parenthesis open parenthesis g 2 open parenthesis t comma s sub i comma u open parenthesis s sub i closing
parenthesis closing parenthesis minus g 2 open parenthesis tau comma s sub i comma u open parenthesis s sub i
closing parenthesis closing parenthesis closing parenthesis comma i = 0

and sum sub i = 0 to the power of m minus 1 open parenthesis s sub i plus 1 minus s sub i closing parenthesis
exp open parenthesis minus s sub i closing parenthesis less or equal integral sub 0 to the power of b exp open
parenthesis minus s closing parenthesis ds = 1 minus exp open parenthesis minus b closing parenthesis less 1
comma then by the

Fatou property we have :
Line 1 rho open parenthesis open square bracket Tu closing square bracket open parenthesis t sub n closing

parenthesis minus open square bracket Tu closing square bracket open parenthesis r closing parenthesis closing
parenthesis Line 2 m minus 1

less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis
minus s sub i closing parenthesis rho open parenthesis g 2 open parenthesis t sub n comma s sub i comma u open
parenthesis s sub i closing parenthesis closing parenthesis minus g 2 open parenthesis r comma s sub i comma u
open parenthesis s sub i closing parenthesis closing parenthesis closing parenthesis

Line 1 i = 0 Line 2 m minus 1
less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis

minus s sub i closing parenthesis gamma open parenthesis t sub n comma r comma s sub i closing parenthesis
Line 1 i = 0 Line 2 less or equal integral sub 0 to the power of b exponent open parenthesis minus s closing

parenthesis gamma open parenthesis t sub n comma r comma s closing parenthesis ds Line 3 less or equal integral
sub 0 to the power of b gamma open parenthesis t sub n comma r comma s closing parenthesis ds

Hence by hypothesis open parenthesis H 2 quoteright closing parenthesis Tu is rho hyphen continuous at r
period

open parenthesis 2 closing parenthesis We show that T is rho a to the power of hyphen Lipschitz period
Let u comma v in C open parenthesis open square bracket 0 comma b closing square bracket comma B closing
parenthesis comma we have period

Line 1 rho open parenthesis open square bracket Tu closing square bracket open parenthesis t closing parenthe-
sis minus open square bracket Tv closing square bracket open parenthesis t closing parenthesis closing parenthesis
Line 2 m minus 1

less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis open parenthesis exp
open parenthesis minus s sub i closing parenthesis closing parenthesis rho open parenthesis g 2 open parenthesis t
comma s sub i comma u open parenthesis s sub i closing parenthesis closing parenthesis minus g 2 open parenthesis
t comma s sub i comma v open parenthesis s sub i closing parenthesis closing parenthesis closing parenthesis

Line 1 i = 0 Line 2 m minus 1
less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis

minus s sub i closing parenthesis rho open parenthesis u open parenthesis s sub i closing parenthesis minus v open
parenthesis s sub i closing parenthesis closing parenthesis

Line 1 i = 0 Line 2 m minus 1
less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis

as sub i closing parenthesis rho a open parenthesis u minus v closing parenthesis period
i = 0
Therefore comma
exp open parenthesis minus at closing parenthesis rho open parenthesis open square bracket Tu closing square

bracket open parenthesis t closing parenthesis minus open square bracket Tv closing square bracket open paren-
thesis t closing parenthesis closing parenthesis less or equal exp open parenthesis minus at closing parenthesis
open parenthesis integral sub 0 to the power of b exp open parenthesis as closing parenthesis ds closing parenthesis
rho a open parenthesis u minus v closing parenthesis

less or equal e to the power of ba minus 1 divided by a rho a open parenthesis u minus v closing parenthesis
period

i = 0

Therefore ,

exp (−@)ρ([Tu](t)− [Tv](t)) ≤ exp (−@)(
∫ b

0
exp (as)ds) ρa(u− v)

≤ eba − 1

a
ρa(u− v).
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ρa([Tu]− [Tv]) ≤ eba − 1

a
ρa(u− v).

( 3 ) Using the same argument of ( 1 ) , we show that C([0, b], B) is invariant by h.
( 4 ) Now , we claim that h(C([0, b], B)) is equicontinuous in the sense of ρ, and
ρa− compact . We have :

[hu](t)− [hu](τ) =

∫ b

0

exp(−s)(g1(t, s, u(s))− g1(τ, s, u(s)))ds.

We easily obtain

ρ([hu](t)− [hu](τ)) ≤
∫ b

0

γ(t, τ, s)ds,

by using again the same argument in ( 1 ) . And since , limt→τ
∫ b

0
γ(t, τ, s)ds = 0

uniformly for τ ∈ [0, b], then h(C([0, b], B)) is rho − hyphen equicontinuous .
On the other hand , since B is rho−hyphen bounded then , h(C([0, b], B)) is ρa−bounded

subset of C([0, b], B). Indeed , let u, v in C([0, b], B), we have

[hu](t)− [hv](t) =

∫ b

0

exp(−s)(g1(t, s, u(s))− g1(t, s, v(s)))ds.

Again from ( 1 ) , we obtain

ρ([hu](t)− [hv](t))

m− 1

≤ lim inf
∑

(si+1 − si) exp (−si)ρ(g1(t, si, u(si))− g1(t, si, v(si)))

i = 0

m− 1

≤ lim inf
∑

(si+1 − si) exp (−si)δρ(B)

i = 0

≤ (

∫ b

0

exp(−s)ds) δρ(B).

Hence ,

ρa([hu]− [hv]) ≤ (1− e−b)δρ(B) <∞

Therefore , h(C([0, b], B)) is a ρa−bounded subset of C([0, b], B) and by Lemma 2 . 3 , it
is ‖ . ‖ρa − bounded subset of C([0, b], B). On the other hand , since (Xρ, ‖ . ‖ ρ) is a
Ba -

nach space with finite dimensional , then for each t ∈ [0, b] we have h(C([0, b], B))(t)

is ‖ . ‖ ρ−compact. Thus , by Ascoli ’ s theorem we have h(C([0, b], B)) is ‖ . ‖ ρa−compact,
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Hence ,

\ [ \rho a ( [ Tu ] − [ Tv ] ) \ leq \ f r a c { e ˆ{ ba } − 1 }{ a }
\rho a ( u − v ) . \ ]

\noindent ( 3 ) Using the same argument o f ( 1 ) , we show that $ C ( [ 0
, b ] , B ) $ i s i n v a r i a n t by $ h . $

\noindent ( 4 ) \quad Now , \quad we cla im that $ h ( C ( [ 0 , b
] , B ) ) $ \quad i s equ icont inuous in the sense o f $ \rho , $ \quad and

$ \rho a ˆ{ − }$ compact . We have :

\ [ [ hu ] ( t ) − [ hu ] ( \tau ) = \ int ˆ{ b } { 0 }
\exp ( − s ) ( g 1 ( t , s , u ( s ) ) − g
1 ( \tau , s , u ( s ) ) ) ds . \ ]

\noindent We e a s i l y obta in

\ [ \rho ( [ hu ] ( t ) − [ hu ] ( \tau ) ) \ leq \ int ˆ{ b } { 0 }
\gamma ( t , \tau , s ) ds , \ ]

\noindent by us ing again the same argument in ( 1 ) . \ h f i l l And s i n c e $ , \ lim { t
\rightarrow \tau } \ int ˆ{ b } { 0 } \gamma ( t , \tau , s ) ds
= 0 $

\noindent uni formly f o r $ \tau \ in [ 0 , b ] , $ \quad then $ h
( C ( [ 0 , b ] , B ) ) $ \quad i s $ rho−hyphen $ equ icont inuous . \quad On the other
hand , s i n c e $ B $ i s $ rho−hyphen $ bounded then $ , h ( C ( [ 0

, b ] , B ) ) $ i s $ \rho a ˆ{ − bounded }$ subset o f $ C (
[ 0 , b ] , B ) . $
Indeed , l e t $ u , v $ in $ C ( [ 0 , b ] , B ) , $ we have

\ [ [ hu ] ( t ) − [ hv ] ( t ) = \ int ˆ{ b } { 0 } \exp
( − s ) ( g 1 ( t , s , u ( s ) ) − g 1 (
t , s , v ( s ) ) ) ds . \ ]

\noindent Again from ( 1 ) , we obta in

\ [\ begin { a l i gned } \rho ( [ hu ] ( t ) − [ hv ] ( t )
) \\

m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( − s { i } ) \rho ( g 1 ( t , s { i } , u ( s { i }
) ) − g 1 ( t , s { i } , v ( s { i } ) ) ) $ }

\ [\ begin { a l i gned } i = 0 \\
m − 1 \end{ a l i gned }\ ]

\centerline{ $ \ leq $ l im i n f $ \sum ( s { i + 1 } − s { i } ) $ exp
$ ( − s { i } ) \delta { \rho } ( B ) $ }

\ [\ begin { a l i gned } i = 0 \\
\ leq ( \ int ˆ{ b } { 0 } \exp ( − s ) ds ) \delta { \rho } (

B ) . \end{ a l i gned }\ ]

\noindent Hence ,

\ [ \rho a ( [ hu ] − [ hv ] ) \ leq ( 1 − e ˆ{ − b }
) \delta { \rho } ( B ) < \ infty \ ]

\noindent There fore $ , h ( C ( [ 0 , b ] , B ) ) $ i s a
$ \rho a ˆ{ − bounded }$ subset o f $ C ( [ 0 , b ] , B ) $
and by Lemma 2 . 3 , i t

i s $ \paral le l . \paral le l { \rho a } − $ bounded subset o f $ C ( [
0 , b ] , B ) . $ On the other hand , s i n c e $ ( X { \rho } ,
\paral le l . \paral le l \rho ˆ{ ) }$ i s a Ba −

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}

\noindent nach space with f i n i t e d imens iona l , then f o r each $ t \ in [ 0 ,
b ] $ we have $ h ( C ( [ 0 , b ] , B ) ) ( t ) $

\ [ \ r u l e {3em}{0 .4 pt} \ ]

\noindent i s $ \paral le l . \paral le l \rho ˆ{ − compact . }$ Thus , by Asco l i ’ s theorem we have
$ h ( C ( [ 0 , b ] , B ) ) $ i s $ \paral le l . \paral le l
\rho a ˆ{ − compact , }$

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt} \ tag ∗{$ \ r u l e {3em}{0 .4 pt} $}
\end{ a l i g n ∗}

\noindent then $ h ( C ( [ 0 , b ] , B ) ) $ i s $ \rho
a ˆ{ − }$ compact . \quad Hence f o r any $ M \subset C ( [ 0 , b ]
, B ) , $ we have $ h ( M ) $

i s $ \rho a ˆ{ − }$ compact . Using the standard techn iques [ 1 0 , Theorem 3 page 1 3 ] , we that
$ h $

i s \quad $ \paral le l . \paral le l \rho a ˆ{ − cont inuous }$ then $ h $
i s $ \rho a ˆ{ − cont inuous } { . }$ So $ h $ i s $ \rho a ˆ{ − }$ complete ly cont inuous
$ . \ square $

\noindent Acknowledgment . \ h f i l l The authors would l i k e to thank the anonymous r e f e r e e s f o r

\noindent t h e i r s u g g e s t i o n s and i n t e r e s t i n g remarks .

\centerline{Refe rences }

[ 1 ] Taleb A . Ait , E . Hanebaly ; A f i x e d po int theorem and i t s a p p l i c a t i o n to i n t e g r a l equat ions in
modular func t i on spaces , Proc . Amer . Math . Soc . 1 28 , no 2 , 41 9 − 426 ( 2000 ) .

[ 2 ] A . H a j j i ; Forme Equiva lente $ \grave{a} $ l a Condit ion $ \Delta { 2 }$
et Certa ins r $ \acute{e} $ s u l t a t s de s $ \acute{e} $ para t i on s dans l e s

Espaces Modulaires , Math . FA / 509482 v 1 .

1 0 .. A period HAJJI comma E period HANEBALY .. EJDE hyphen 2 0 5 slash 1 0 5
Hence comma
rho a open parenthesis open square bracket Tu closing square bracket minus open square bracket Tv closing

square bracket closing parenthesis less or equal e to the power of ba minus 1 divided by a rho a open parenthesis
u minus v closing parenthesis period

open parenthesis 3 closing parenthesis Using the same argument of open parenthesis 1 closing parenthesis
comma we show that C open parenthesis open square bracket 0 comma b closing square bracket comma B closing
parenthesis is invariant by h period

open parenthesis 4 closing parenthesis .. Now comma .. we claim that h open parenthesis C open parenthesis
open square bracket 0 comma b closing square bracket comma B closing parenthesis closing parenthesis .. is
equicontinuous in the sense of rho comma .. and

rho a to the power of hyphen compact period We have :
open square bracket hu closing square bracket open parenthesis t closing parenthesis minus open square bracket

hu closing square bracket open parenthesis tau closing parenthesis = integral sub 0 to the power of b exponent
open parenthesis minus s closing parenthesis open parenthesis g 1 open parenthesis t comma s comma u open
parenthesis s closing parenthesis closing parenthesis minus g 1 open parenthesis tau comma s comma u open
parenthesis s closing parenthesis closing parenthesis closing parenthesis ds period

We easily obtain
rho open parenthesis open square bracket hu closing square bracket open parenthesis t closing parenthesis

minus open square bracket hu closing square bracket open parenthesis tau closing parenthesis closing parenthesis
less or equal integral sub 0 to the power of b gamma open parenthesis t comma tau comma s closing parenthesis
ds comma

by using again the same argument in open parenthesis 1 closing parenthesis period .... And since comma limint
sub t right arrow tau integral sub 0 to the power of b gamma open parenthesis t comma tau comma s closing
parenthesis ds = 0

uniformly for tau in open square bracket 0 comma b closing square bracket comma .. then h open parenthesis
C open parenthesis open square bracket 0 comma b closing square bracket comma B closing parenthesis closing
parenthesis .. is rho-hyphen equicontinuous period .. On the other

hand comma since B is rho-hyphen bounded then comma h open parenthesis C open parenthesis open square
bracket 0 comma b closing square bracket comma B closing parenthesis closing parenthesis is rho a to the power
of hyphen bounded subset of C open parenthesis open square bracket 0 comma b closing square bracket comma
B closing parenthesis period

Indeed comma let u comma v in C open parenthesis open square bracket 0 comma b closing square bracket
comma B closing parenthesis comma we have

open square bracket hu closing square bracket open parenthesis t closing parenthesis minus open square bracket
hv closing square bracket open parenthesis t closing parenthesis = integral sub 0 to the power of b exponent open
parenthesis minus s closing parenthesis open parenthesis g 1 open parenthesis t comma s comma u open parenthesis
s closing parenthesis closing parenthesis minus g 1 open parenthesis t comma s comma v open parenthesis s closing
parenthesis closing parenthesis closing parenthesis ds period

Again from open parenthesis 1 closing parenthesis comma we obtain
Line 1 rho open parenthesis open square bracket hu closing square bracket open parenthesis t closing parenthesis

minus open square bracket hv closing square bracket open parenthesis t closing parenthesis closing parenthesis
Line 2 m minus 1

less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis
minus s sub i closing parenthesis rho open parenthesis g 1 open parenthesis t comma s sub i comma u open
parenthesis s sub i closing parenthesis closing parenthesis minus g 1 open parenthesis t comma s sub i comma v
open parenthesis s sub i closing parenthesis closing parenthesis closing parenthesis

Line 1 i = 0 Line 2 m minus 1
less or equal lim inf sum open parenthesis s sub i plus 1 minus s sub i closing parenthesis exp open parenthesis

minus s sub i closing parenthesis delta sub rho open parenthesis B closing parenthesis
Line 1 i = 0 Line 2 less or equal open parenthesis integral sub 0 to the power of b exponent open parenthesis

minus s closing parenthesis ds closing parenthesis delta sub rho open parenthesis B closing parenthesis period
Hence comma
rho a open parenthesis open square bracket hu closing square bracket minus open square bracket hv closing

square bracket closing parenthesis less or equal open parenthesis 1 minus e to the power of minus b closing
parenthesis delta sub rho open parenthesis B closing parenthesis less infinity

Therefore comma h open parenthesis C open parenthesis open square bracket 0 comma b closing square bracket
comma B closing parenthesis closing parenthesis is a rho a to the power of hyphen bounded subset of C open
parenthesis open square bracket 0 comma b closing square bracket comma B closing parenthesis and by Lemma
2 period 3 comma it

is bar period bar sub rho a hyphen bounded subset of C open parenthesis open square bracket 0 comma b
closing square bracket comma B closing parenthesis period On the other hand comma since open parenthesis X
sub rho comma bar period bar rho to the power of closing parenthesis is a Ba hyphen

hline
nach space with finite dimensional comma then for each t in open square bracket 0 comma b closing square

bracket we have h open parenthesis C open parenthesis open square bracket 0 comma b closing square bracket
comma B closing parenthesis closing parenthesis open parenthesis t closing parenthesis

hline
is bar period bar rho to the power of hyphen compact period Thus comma by Ascoli quoteright s theorem

we have h open parenthesis C open parenthesis open square bracket 0 comma b closing square bracket comma B
closing parenthesis closing parenthesis is bar period bar rho a to the power of hyphen compact comma

Equation: hline .. hline
then h open parenthesis C open parenthesis open square bracket 0 comma b closing square bracket comma B

closing parenthesis closing parenthesis is rho a to the power of hyphen compact period .. Hence for any M subset
C open parenthesis open square bracket 0 comma b closing square bracket comma B closing parenthesis comma
we have h open parenthesis M closing parenthesis

is rho a to the power of hyphen compact period Using the standard techniques open square bracket 1 0 comma
Theorem 3 page 1 3 closing square bracket comma we that h

is .. bar period bar rho a to the power of hyphen continuous then h is rho a to the power of hyphen continuous
sub period So h is rho a to the power of hyphen completely continuous period square
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