
\noindent E l e c t r o n i c Journal o f D i f f e r e n t i a l Equations , Vol . 2007 ( 2007 ) , No . 52 , pp . 1 −− 1 0 .
ISSN : 1 72 − 6691 . URL : http : / / e jde . math . t x s t a t e . edu or http : / / e j de . math . unt . edu
f tp e jde . math . t x s t a t e . edu ( l o g i n : f tp )

\centerline{EXISTENCE \quad OF $ \psi − $ BOUNDED \quad SOLUTIONS \quad FOR }

\centerline{NONHOMOGENEOUS \quad LINEAR DIFFERENTIAL EQUATIONS }

\centerline{PHAM NGOC BOI }

\centerline{Abstract . \quad In t h i s a r t i c l e we pre sent a nece s sa ry and s u f f i c i e n t cond i t i on f o r }

\centerline{ the e x i s t e n c e o f $ \psi − $ bounded s o l u t i o n on $ R $ o f the nonhomogeneous l i n e a r d i f − }

\centerline{ f e r e n t i a l equat ion $ x ˆ{ \prime } = A ( t ) x + f (
t ) . $ We a s s o c i a t e that with the cond i t i on o f }

\centerline{ the concept $ \psi − $ dichotomy on $ R $ o f the homogeneous l i n e a r d i f f e r e n t i a l equat ion }

\ [ x ˆ{ \prime } = A ( t ) x . \ ]

\centerline {1 . \quad In t roduc t i on }

\hspace ∗{\ f i l l }The e x i s t e n c e o f $ \psi − $ bounded and $ \psi − $ s t a b l e s o l u t i o n s on
$ R { + }$ \quad f o r systems o f or −

\noindent dinary d i f f e r e n t i a l equat ions has been s tud i ed by many authors ; \quad s ee f o r exam −
p l e Akinyele \quad [ 1 ] , \quad Avramescu \quad [ 2 ] , \quad Constantin \quad [ 4 ] , \quad Diamandescu \quad [ 5 , 6 , \quad 7 ] . \quad Denote

\noindent by $ R ˆ{ d }$ the $ d − $ dimens iona l Eucl idean space . \ h f i l l Elements in t h i s space are denoted

\noindent by $ x = ( x { 1 } , x { 2 } , . . . , x { d } ) ˆ{ T }$
and t h e i r norm by \quad $ \paral le l x \paral le l = $ max $ \{ \mid x { 1 }
\mid , \mid x { 2 } \mid , . . . , \mid x { d } \mid \}
. $ \quad For

r e a l $ d \times d $ matr i ce s , \quad we \quad d e f i n e norm \quad $ \mid A
\mid = \sup { \paral le l } x \paral le l \ l e q s l a n t 1 \paral le l Ax \paral le l
. $ \quad Let $ R { + } = [ 0 , \ infty ) , $

\noindent $ R { − } = ( − \ infty , 0 ] , J = R { − } , R { + }$
or $ R $ and $ \psi i : J \rightarrow ( 0 , \ infty ) , i
= 1 , 2 , . . . , d $ be con −

t inuous f u n c t i o n s . Set

\ [ \psi = diag [ \psi 1 , \psi 2 , . . . , \psi d ]
. \ ]

\noindent D e f i n i t i o n 1 . 1 . \quad A func t i on $ f : J \rightarrow R ˆ{ d }$
i s s a id to be

\centerline{ $ \bullet \psi − $ bounded on $ J $ i f $ \psi ( t ) f
( t ) $ i s bounded on $ J . $ }

\hspace ∗{\ f i l l } $ \bullet \psi − $ i n t e g r a b l e on $ J $ i f $ f ( t ) $
i s measurable and $ \psi ( t ) f ( t ) $ i s Lebesgue i n t e g r a b l e

\centerline{on $ J . $ }

\hspace ∗{\ f i l l } $ \bullet \psi − $ i n t e g r a l l y bounded on $ J $ i f $ f (
t ) $ i s measurable and the Lebesgue i n t e g r a l s

\centerline{ $ \ int ˆ{ t + 1 } { t } \paral le l \psi ( u ) f ( u
) \paral le l du $ are uni formly bounded f o r any $ t , t + 1 \ in J
. $ }

\centerline{ In $ R ˆ{ d } , $ con s i d e r the f o l l o w i n g equat ions }

\begin { a l i g n ∗}
x ˆ{ \prime } = A ( t ) x + f ( t ) , \ tag ∗{$ ( 1 . 1

) $}\\ x ˆ{ \prime } = A ( t ) x . \ tag ∗{$ ( 1 . 2 ) $}
\end{ a l i g n ∗}

\noindent where $ A ( t ) $ i s cont inuous matrix on $ J , f ( t
) $ i s a cont inuous func t i on on $ J . $ Let $ Y ( t ) $

be fundamental matrix o f ( 1 . 2 ) with $ Y ( 0 ) = I { d } , $ the i d e n t i t y
$ d \times d $ matrix . \quad The

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}
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EXISTENCE OF ψ− BOUNDED SOLUTIONS FOR
NONHOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS

PHAM NGOC BOI

Abstract . In this article we present a necessary and sufficient condition for

the existence of ψ− bounded solution on R of the nonhomogeneous linear dif -

ferential equation x′ = A(t)x+ f(t). We associate that with the condition of

the concept ψ− dichotomy on R of the homogeneous linear differential equation

x′ = A(t)x.

1 . Introduction
The existence of ψ− bounded and ψ− stable solutions on R+ for systems of or -

dinary differential equations has been studied by many authors ; see for exam - ple
Akinyele [ 1 ] , Avramescu [ 2 ] , Constantin [ 4 ] , Diamandescu [ 5 , 6
, 7 ] . Denote
by Rd the d− dimensional Euclidean space . Elements in this space are denoted
by x = (x1, x2, ..., xd)

T and their norm by ‖ x ‖ = max {| x1 |, | x2 |, ..., | xd |}.
For real d × d matrices , we define norm | A | = sup‖ x ‖6 1 ‖ Ax ‖ . Let
R+ = [0,∞),
R− = (−∞, 0], J = R−,R+ or R and ψi : J → (0,∞), i = 1, 2, ..., d be
con - tinuous functions . Set

ψ = diag[ψ1, ψ2, ..., ψd].

Definition 1 . 1 . A function f : J → Rd is said to be
•ψ− bounded on J if ψ(t)f(t) is bounded on J.

•ψ− integrable on J if f(t) is measurable and ψ(t)f(t) is Lebesgue integrable
on J.

•ψ− integrally bounded on J if f(t) is measurable and the Lebesgue integrals∫ t+1

t
‖ ψ(u)f(u) ‖ du are uniformly bounded for any t, t+ 1 ∈ J.

In Rd, consider the following equations

x′ = A(t)x+ f(t), (1.1)

x′ = A(t)x. (1.2)

where A(t) is continuous matrix on J, f(t) is a continuous function on J. Let Y (t) be
fundamental matrix of ( 1 . 2 ) with Y (0) = Id, the identity d× d matrix . The
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\noindent 2 \quad P . N . BOI \quad EJDE − 2 7 / 5 2
$ d \times d $ matr i ce s $ P { 1 } , P { 2 }$ i s s a id to be the pa i r o f the supplementary p r o j e c t i o n s i f

\begin { a l i g n ∗}
P ˆ{ 2 } { 1 } = P { 1 } , P ˆ{ 2 } { 2 } = P { 2 } , P { 1 } +

P { 2 } = I { d } .
\end{ a l i g n ∗}

\noindent D e f i n i t i o n \ h f i l l 1 . 2 . \ h f i l l The equat ion \ h f i l l ( 1 . 2 ) \ h f i l l i s s a id to have a
$ \psi − $ exponent i a l dichotomy

\noindent on $ J $ i f the re e x i s t p o s i t i v e cons tant s $ K , L , \alpha
, \beta $ and a pa i r o f the supplementary
p r o j e c t i o n s $ P { 1 } , P { 2 }$ such that

\begin { a l i g n ∗}
\mid \psi ( t ) Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) \psi ˆ{ −

1 } ( s ) \mid \ l e q s l a n t Ke ˆ{ − \alpha ( t − s ) } f o r s
\ l e q s l a n t t , s , t \ in J , \ tag ∗{$ ( 1 . 3 ) $}\\ \mid \psi
( t ) Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) \psi ˆ{ − 1 } (
s ) \mid \ l e q s l a n t Le ˆ{ \beta ( t − s ) } f o r t \ l e q s l a n t
s , s , t \ in J . \ tag ∗{$ ( 1 . 4 ) $}
\end{ a l i g n ∗}

\noindent The equat ion ( 1 . 2 ) i s s a id to have a $ \psi − $ ord inary dichotomy on
$ J $ i f ( 1 . 3 ) , ( 1 . 4 ) hold

\begin { a l i g n ∗}
with \alpha = \beta = 0 .
\end{ a l i g n ∗}

We say that ( 1 . 2 ) has a $ \psi − $ bounded grow i f f o r some f i x e d $ h >
0 $ the re e x i s t s a

constant $ C \ geq s l an t 1 $ such that every s o l u t i o n $ x ( t ) $ o f ( 1 . 2 ) i s s a t i s f i e d

\begin { a l i g n ∗}
\paral le l \psi ( t ) x ( t ) \paral le l \ l e q s l a n t C \paral le l
\psi ( s ) x ( s ) \paral le l f o r s \ l e q s l a n t t \ l e q s l a n t
s + h , s , t \ in J . \ tag ∗{$ ( 1 . 5 ) $}
\end{ a l i g n ∗}

\noindent Remark \ h f i l l 1 . 3 . \ h f i l l I t i s easy to see that i f ( 1 . 2 ) has a $ \psi
− $ exponent i a l dichotomy on

\noindent $ R { + }$ and on $ R { − }$ with a pa i r o f the supplementary p r o j e c t i o n s
$ P { 1 } , P { 2 }$ then ( 1 . 2 ) has

a $ \psi − $ exponent i a l dichotomy on $ R $ with the pa i r o f the supplementary p r o j e c t i o n s

\begin { a l i g n ∗}
P { 1 } , P { 2 } .
\end{ a l i g n ∗}

\noindent Theorem 1 . 4 ( [ 3 , 5 , 7 ] ) . \quad ( a ) The equat ion ( 1 . 1 ) has at l e a s t one
$ \psi − $ bounded s o l u t i o n

on $ R { + }$ f o r every $ \psi − $ i n t e g r a b l e func t i on $ f $ on $ R { + }$
i f and only i f ( 1 . 2 ) has a $ \psi − $ o rd inary
dichotomy on $ R { + } . $
( b ) The equat ion ( 1 . 1 ) has at l e a s t one $ \psi − $ bounded s o l u t i o n on

$ R { + }$ f o r every $ \psi − $ i n t e −
g r a l l y bounded func t i on $ f $ on $ R { + }$ i f and only i f ( 1 . 2 ) has a $ \psi
− $ exponent i a l dichotomy

on $ R { + } . $
( c ) Suppose that ( 1 . 2 ) has a $ \psi − $ bounded grow on $ R { + } . $
\quad Then , ( 1 . 1 ) has at l e a s t one

$ \psi − $ bounded s o l u t i o n on $ R { + }$ f o r every $ \psi − $ bounded func t i on
$ f $ \quad on $ R { + }$ \quad i f and only i f

( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on $ R { + } . $

\noindent Theorem 1 . 5 ( [ 7 ] ) . \quad Suppose that ( 1 . 1 ) has a $ \psi − $
exponent i a l dichotomy on $ R { + }$ and ,

$ P { 1 } \not= 0 , P { 2 } \not= 0 . $ \quad I f $ \ lim { t \rightarrow
\ infty } \paral le l \psi ( t ) f ( t ) \paral le l = 0 $ then every
$ \psi − $ bounded s o l u t i o n $ x ( t ) $ \quad o f

( 1 . 1 ) i s such that $ \ lim { t \rightarrow \ infty } \paral le l \psi (
t ) x ( t ) \paral le l = 0 . $

\centerline {2 . \quad P r e l i m i n a r i e s }

\noindent Lemma 2 . 1 . \quad ( a ) Let ( 1 . 2 ) \quad has a $ \psi − $ exponent i a l dichotomy on
$ R { + }$ \quad with a pa i r o f

the supplementary p r o j e c t i o n s $ P { 1 } , P { 2 } . $ \quad I f $ Q 1
, Q 2 $ \quad i s a pa i r o f the supplementary
p r o j e c t i o n s such that $ ImP { 1 } = ImQ 1 , $ then ( 1 . 2 ) a l s o has a

$ \psi − $ exponent i a l dichotomy
on $ R { + }$ with the pa i r o f the supplementary p r o j e c t i o n s $ Q 1 , Q

2 . $
( b ) Let ( 1 . 2 ) have a $ \psi − $ exponent i a l dichotomy on $ R { − }$ with a pa i r o f the supplemen −
tary p r o j e c t i o n s $ P { 1 } , P { 2 } . $ \quad I f $ Q 1 , Q 2 $
\quad i s a pa i r o f supplementary p r o j e c t i o n s such that

$ ImP { 2 } = ImQ 2 , $ then ( 1 . 2 ) a l s o has a $ \psi − $ exponent i a l dichotomy on
$ R { − }$ with the pa i r

o f th e supplementary p r o j e c t i o n s $ Q 1 , Q 2 . $

\noindent Proof . \quad F i r s t , we prove in the case o f $ J = R { + } . $ Note that ( 1 . 2 ) has a
$ \psi − $ exponent i a l

dichotomy on $ R { + }$ with the pa i r o f the supplementary p r o j e c t i o n s $ P { 1 }
, P { 2 }$ i f only i f
f o l l o w i n g s t atements are s a t i s f i e d :

\hspace ∗{\ f i l l } $ \paral le l \psi ( t ) Y ( t ) P { 1 } \xi \paral le l
\ l e q s l a n t K ˆ{ \prime } e ˆ{ − \alpha ( t − s ) } \paral le l \psi
( s ) Y ( s ) \xi \paral le l $ \quad f o r a l l $ \xi \ in R ˆ{ d }$
and $ t \ geq s l an t s \ geq s l an t 0 , ( 2 . 1 ) $

\hspace ∗{\ f i l l } $ \paral le l \psi ( t ) Y ( t ) P { 2 } \xi \paral le l
\ l e q s l a n t L ˆ{ \prime } e ˆ{ \beta ( t − s ) } \paral le l \psi (
s ) Y ( s ) \xi \paral le l $ \quad f o r a l l $ \xi \ in R ˆ{ d }$
and $ s \ geq s l an t t \ geq s l an t 0 . ( 2 . 2 ) $

2 .. P period N period BOI .. EJDE hyphen 2 7 slash 5 2
d times d matrices P sub 1 comma P sub 2 is said to be the pair of the supplementary projections if
P sub 1 to the power of 2 = P sub 1 comma P sub 2 to the power of 2 = P sub 2 comma P sub 1 plus P sub

2 = I sub d period
Definition .... 1 period 2 period .... The equation .... open parenthesis 1 period 2 closing parenthesis .... is

said to have a psi hyphen exponential dichotomy
on J if there exist positive constants K comma L comma alpha comma beta and a pair of the supplementary
projections P sub 1 comma P sub 2 such that
Equation: open parenthesis 1 period 3 closing parenthesis .. bar psi open parenthesis t closing parenthesis Y

open parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis
psi to the power of minus 1 open parenthesis s closing parenthesis bar leqslant Ke to the power of minus alpha
open parenthesis t minus s closing parenthesis for s leqslant t comma s comma t in J comma Equation: open
parenthesis 1 period 4 closing parenthesis .. bar psi open parenthesis t closing parenthesis Y open parenthesis t
closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis psi to the power of
minus 1 open parenthesis s closing parenthesis bar leqslant Le to the power of beta open parenthesis t minus s
closing parenthesis for t leqslant s comma s comma t in J period

The equation open parenthesis 1 period 2 closing parenthesis is said to have a psi hyphen ordinary dichotomy
on J if open parenthesis 1 period 3 closing parenthesis comma open parenthesis 1 period 4 closing parenthesis hold

with alpha = beta = 0 period
We say that open parenthesis 1 period 2 closing parenthesis has a psi hyphen bounded grow if for some fixed

h greater 0 there exists a
constant C geqslant 1 such that every solution x open parenthesis t closing parenthesis of open parenthesis 1

period 2 closing parenthesis is satisfied
Equation: open parenthesis 1 period 5 closing parenthesis .. bar psi open parenthesis t closing parenthesis

x open parenthesis t closing parenthesis bar leqslant C bar psi open parenthesis s closing parenthesis x open
parenthesis s closing parenthesis bar for s leqslant t leqslant s plus h comma s comma t in J period

Remark .... 1 period 3 period .... It is easy to see that if open parenthesis 1 period 2 closing parenthesis has a
psi hyphen exponential dichotomy on

R sub plus and on R sub minus with a pair of the supplementary projections P sub 1 comma P sub 2 then
open parenthesis 1 period 2 closing parenthesis has

a psi hyphen exponential dichotomy on R with the pair of the supplementary projections
P sub 1 comma P sub 2 period
Theorem 1 period 4 open parenthesis open square bracket 3 comma 5 comma 7 closing square bracket closing

parenthesis period .. open parenthesis a closing parenthesis The equation open parenthesis 1 period 1 closing
parenthesis has at least one psi hyphen bounded s o lution

on R sub plus for every psi hyphen integrable function f on R sub plus if and only if open parenthesis 1 period
2 closing parenthesis has a psi hyphen o rdinary

dichotomy on R sub plus period
open parenthesis b closing parenthesis The equation open parenthesis 1 period 1 closing parenthesis has at

least one psi hyphen bounded s o lution on R sub plus for every psi hyphen inte hyphen
grally bounded function f on R sub plus if and only if open parenthesis 1 period 2 closing parenthesis has a

psi hyphen exponential dichotomy
on R sub plus period
open parenthesis c closing parenthesis Suppose that open parenthesis 1 period 2 closing parenthesis has a psi

hyphen bounded grow on R sub plus period .. Then comma open parenthesis 1 period 1 closing parenthesis has
at least one

psi hyphen bounded s o lution on R sub plus for every psi hyphen bounded function f .. on R sub plus .. if
and only if

open parenthesis 1 period 2 closing parenthesis has a psi hyphen exponential dichotomy on R sub plus period
Theorem 1 period 5 open parenthesis open square bracket 7 closing square bracket closing parenthesis period

.. Suppose that open parenthesis 1 period 1 closing parenthesis has a psi hyphen exponential dichotomy on R sub
plus and comma

P sub 1 negationslash-equal 0 comma P sub 2 negationslash-equal 0 period .. If limint sub t right arrow
infinity bar psi open parenthesis t closing parenthesis f open parenthesis t closing parenthesis bar = 0 then every
psi hyphen bounded s o lution x open parenthesis t closing parenthesis .. of

open parenthesis 1 period 1 closing parenthesis is such that limint sub t right arrow infinity bar psi open
parenthesis t closing parenthesis x open parenthesis t closing parenthesis bar = 0 period

2 period .. Preliminaries
Lemma 2 period 1 period .. open parenthesis a closing parenthesis Let open parenthesis 1 period 2 closing

parenthesis .. has a psi hyphen exponential dichotomy on R sub plus .. with a pair of
the supplementary projections P sub 1 comma P sub 2 period .. If Q 1 comma Q 2 .. is a pair of the

supplementary
projections such that ImP sub 1 = ImQ 1 comma then open parenthesis 1 period 2 closing parenthesis als o

has a psi hyphen exponential dichotomy
on R sub plus with the pair of the supplementary projections Q 1 comma Q 2 period
open parenthesis b closing parenthesis Let open parenthesis 1 period 2 closing parenthesis have a psi hyphen

exponential dichotomy on R sub minus with a pair of the supplemen hyphen
tary projections P sub 1 comma P sub 2 period .. If Q 1 comma Q 2 .. is a pair of supplementary projections

such that
ImP sub 2 = ImQ 2 comma then open parenthesis 1 period 2 closing parenthesis als o has a psi hyphen

exponential dichotomy on R sub minus with the pair
of th e supplementary projections Q 1 comma Q 2 period
Proof period .. First comma we prove in the case of J = R sub plus period Note that open parenthesis 1 period

2 closing parenthesis has a psi hyphen exponential
dichotomy on R sub plus with the pair of the supplementary projections P sub 1 comma P sub 2 if only if
following st atements are satisfied :
bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 xi bar leqslant

K to the power of prime e to the power of minus alpha open parenthesis t minus s closing parenthesis bar psi open
parenthesis s closing parenthesis Y open parenthesis s closing parenthesis xi bar .. for all xi in R to the power of
d and t geqslant s geqslant 0 comma open parenthesis 2 period 1 closing parenthesis

bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 2 xi bar leqslant
L to the power of prime e to the power of beta open parenthesis t minus s closing parenthesis bar psi open
parenthesis s closing parenthesis Y open parenthesis s closing parenthesis xi bar .. for all xi in R to the power of
d and s geqslant t geqslant 0 period open parenthesis 2 period 2 closing parenthesis

2 P . N . BOI EJDE - 2 7 / 5 2 d × d matrices P1, P2 is said to be the pair of the
supplementary projections if

P 2
1 = P1, P

2
2 = P2, P1 + P2 = Id.

Definition 1 . 2 . The equation ( 1 . 2 ) is said to have a ψ− exponential
dichotomy
on J if there exist positive constants K,L, α, β and a pair of the supplementary projec-
tions P1, P2 such that

| ψ(t)Y (t)P1Y
−1(s)ψ−1(s) |6 Ke−α(t−s) fors 6 t, s, t ∈ J, (1.3)

| ψ(t)Y (t)P2Y
−1(s)ψ−1(s) |6 Leβ(t−s) fort 6 s, s, t ∈ J. (1.4)

The equation ( 1 . 2 ) is said to have a ψ− ordinary dichotomy on J if ( 1 . 3 ) , ( 1 .
4 ) hold

withα = β = 0.

We say that ( 1 . 2 ) has a ψ− bounded grow if for some fixed h > 0 there exists a
constant C > 1 such that every solution x(t) of ( 1 . 2 ) is satisfied

‖ ψ(t)x(t) ‖ 6 C ‖ ψ(s)x(s) ‖ fors 6 t 6 s+ h, s, t ∈ J. (1.5)

Remark 1 . 3 . It is easy to see that if ( 1 . 2 ) has a ψ− exponential dichotomy on
R+ and on R− with a pair of the supplementary projections P1, P2 then ( 1 . 2 ) has a
ψ− exponential dichotomy on R with the pair of the supplementary projections

P1, P2.

Theorem 1 . 4 ( [ 3 , 5 , 7 ] ) . ( a ) The equation ( 1 . 1 ) has at least one ψ−
bounded s o lution on R+ for every ψ− integrable function f on R+ if and only if
( 1 . 2 ) has a ψ− o rdinary dichotomy on R+. ( b ) The equation ( 1 . 1 ) has at
least one ψ− bounded s o lution on R+ for every ψ− inte - grally bounded function
f on R+ if and only if ( 1 . 2 ) has a ψ− exponential dichotomy on R+. ( c )
Suppose that ( 1 . 2 ) has a ψ− bounded grow on R+. Then , ( 1 . 1 ) has at least
one ψ− bounded s o lution on R+ for every ψ− bounded function f on R+ if
and only if ( 1 . 2 ) has a ψ− exponential dichotomy on R+.
Theorem 1 . 5 ( [ 7 ] ) . Suppose that ( 1 . 1 ) has a ψ− exponential dichotomy
on R+ and , P1 6= 0, P2 6= 0. If limt→∞ ‖ ψ(t)f(t) ‖= 0 then every ψ− bounded s
o lution x(t) of ( 1 . 1 ) is such that limt→∞ ‖ ψ(t)x(t) ‖ = 0.

2 . Preliminaries
Lemma 2 . 1 . ( a ) Let ( 1 . 2 ) has a ψ− exponential dichotomy on R+

with a pair of the supplementary projections P1, P2. If Q1, Q2 is a pair of the
supplementary projections such that ImP1 = ImQ1, then ( 1 . 2 ) als o has a ψ−
exponential dichotomy on R+ with the pair of the supplementary projections Q1, Q2. (
b ) Let ( 1 . 2 ) have a ψ− exponential dichotomy on R− with a pair of the supplemen
- tary projections P1, P2. If Q1, Q2 is a pair of supplementary projections such
that ImP2 = ImQ2, then ( 1 . 2 ) als o has a ψ− exponential dichotomy on R−
with the pair of th e supplementary projections Q1, Q2.
Proof . First , we prove in the case of J = R+. Note that ( 1 . 2 ) has a ψ−
exponential dichotomy on R+ with the pair of the supplementary projections P1, P2 if
only if following st atements are satisfied :



‖ ψ(t)Y (t)P1ξ ‖ 6 K ′e−α(t−s) ‖ ψ(s)Y (s)ξ ‖ for all ξ ∈ Rd and
t > s > 0, (2.1)

‖ ψ(t)Y (t)P2ξ ‖6 L′eβ(t−s) ‖ ψ(s)Y (s)ξ ‖ for all ξ ∈ Rd and s > t > 0. (2.2)



\noindent EJDE − 2 0 7 / 5 2 \quad EXISTENCE OF $ \psi − $ BOUNDED SOLUTIONS \quad 3
In f a c t , i f ( 1 . 3 ) and ( 1 . 4 ) are t rue , we have f o r any vec to r $ y \ in

R ˆ{ d }$

\ [\ begin { a l i gned } \paral le l \psi ( t ) Y ( t ) P { 1 } Y ˆ{ −
1 } ( s ) \psi ˆ{ − 1 } ( s ) y \paral le l \ l e q s l a n t Ke ˆ{ −
\alpha ( t − s ) } \paral le l y \paral le l f o r t \ geq s l an t s
\ geq s l an t 0 , \\
\paral le l \psi ( t ) Y ( t ) P { 2 } Y ˆ{ − 1 } ( s )

\psi ˆ{ − 1 } ( s ) y \paral le l \ l e q s l a n t Le ˆ{ \beta ( t −
s ) } \paral le l y \paral le l f o r s \ geq s l an t t \ geq s l an t 0 . \end{ a l i gned }\ ]

\noindent Choose $ y = \psi ( s ) Y ( s ) \xi , $ we obta in ( 2 . 1 ) , ( 2 . 2 ) . Converse ly , suppose that i n e q u a l i t i e s

\noindent ( 2 . 1 ) , \ h f i l l ( 2 . 2 ) are t rue . \ h f i l l For any vec to r $ y \ in
R ˆ{ d } , $ putt ing $ \xi = Y ˆ{ − 1 } ( s ) \psi ˆ{ − 1 } (
s ) y $ we get

\noindent ( 1 . 3 ) , ( 1 . 4 ) .

Now prove the lemma . \quad I t f o l l o w s from $ KerP { 2 } = ImP { 1 } = ImQ
1 = KerQ 2 $ that

$ P { 2 } Q 1 = 0 . $ Hence $ P { 1 } Q 1 = P { 1 } Q 1
+ P { 2 } Q 1 = Q 1 . $ S i m i l a r l y $ Q 1 ˆ{ P } 1 = P { 1 }
. $ Then

\begin { a l i g n ∗}
P { 1 } − Q 1 = P ˆ{ 2 } { 1 } − P { 1 } Q 1 = P { 1 } (

P { 2 } − Q 2 ) , \ tag ∗{$ ( 2 . 3 ) $}\\ P { 1 } − Q 1 =
− Q 1 ˆ{ P } 2 = P { 1 } P { 2 } − Q 1 ˆ{ P } 2 = ( P { 1 }
− Q 1 ) P { 2 } . \ tag ∗{$ ( 2 . 4 ) $}
\end{ a l i g n ∗}

\noindent For each $ u \ in R ˆ{ d } , $ put $ \xi = ( P { 1 } − Q
1 ) u . $ \quad The r e l a t i o n ( 2 . 3 ) i m p l i e s that $ \xi \ in ImP { 1 }
, $
then $ P { 1 } \xi = \xi . $ Result from ( 2 . 1 ) , f o r $ s = 0 $

that

\begin { a l i g n ∗}
\paral le l \psi ( t ) Y ( t ) [ P { 1 } − Q 1 ] u \paral le l
\ l e q s l a n t K ˆ{ \prime } e ˆ{ − \alpha t } \paral le l \psi ( 0 ) [
P { 1 } − Q 1 ] u \paral le l , t \ geq s l an t 0 . \ tag ∗{$ ( 2
. 5 ) $}
\end{ a l i g n ∗}

\noindent By ( 2 . 4 ) we conclude

\begin { a l i g n ∗}
K ˆ{ \prime } e ˆ{ − \alpha t } \paral le l \psi ( 0 ) [ P { 1 }
− Q 1 ] u \paral le l ={ \ l e q s l a n t } K ˆ{ K ˆ{ \prime } { \prime } e }ˆ{ −
\alpha t { \paral le l }} { \mid \psi ( 0 ) \mid }ˆ{ \psi }ˆ{ ( 0 ) } { \mid
P { 1 }}ˆ{ [ P } { − }ˆ{ 1 } { Q 1 }ˆ{ − } { \mid e }ˆ{ Q 1 ] P } { −
\alpha t { \paral le l }}ˆ{ 2 ˆ{ u }} { P { 2 } u }ˆ{ \paral le l } { \paral le l }
, t \ geq s l an t 0 . \ tag ∗{$ ( 2 . 6 ) $}
\end{ a l i g n ∗}

\noindent Applying ( 2 . 2 ) , f o r $ t = 0 , $ we get

\begin { a l i g n ∗}
\paral le l P { 2 } u \paral le l = \paral le l \psi ˆ{ − 1 } ( 0 )
\psi ( 0 ) P { 2 } u \paral le l \\ \ l e q s l a n t \mid \psi ˆ{ − 1 } (
0 ) \mid \paral le l \psi ( 0 ) P { 2 } u \paral le l \ tag ∗{$ ( 2
. 7 ) $}\\ \ l e q s l a n t L ˆ{ \prime } e ˆ{ − \beta s } \mid \psi ˆ{ −
1 } ( 0 ) \mid \paral le l \psi ( s ) Y ( s ) u \paral le l
, f o r s \ geq s l an t 0 .
\end{ a l i g n ∗}

\noindent The r e l a t i o n s ( 2 . 5 ) −− ( 2 . 7 ) imply

\begin { a l i g n ∗}
\paral le l \psi ( t ) Y ( t ) [ P { 1 } − Q 1 ] u \paral le l
\ l e q s l a n t { \ l e q s l a n t } K ˆ{ K ˆ{ \prime } L } { 1 }ˆ{ \prime { \mid \psi (
0 ) \mid }} { e ˆ{ \beta ( t − s ) }} \paral le l \mid { \psi }ˆ{ \psi ˆ{ −
1 } ( 0 ) \mid } { ( s ) Y ( s ) }ˆ{ \mid P { 1 }} { u } \paral le l
−{ , } Q { f o r }ˆ{ 1 } \mid e{ − }ˆ{ \alpha t }{ t }ˆ{ e } { , s }ˆ{ − \beta } { \ geq s l an t }ˆ{ t { \paral le l }} { 0
. } \psi ( s ) Y ( s ) u \paral le l \ tag ∗{$ ( 2 . 8 ) $}
\end{ a l i g n ∗}

\noindent On the other hand , by ( 2 . 2 ) we get

\begin { a l i g n ∗}
\paral le l \psi ( t ) Y ( t ) P { 2 } u \paral le l \ l e q s l a n t

L ˆ{ \prime } e ˆ{ \beta ( t − s ) } \paral le l \psi ( sY ( s
) ) u \paral le l , f o r 0 \ l e q s l a n t t \ l e q s l a n t s . \ tag ∗{$ (
2 . 9 ) $}
\end{ a l i g n ∗}

\noindent I t f o l l o w s from $ Q 2 = P { 2 } + P { 1 } − Q 1 , (
2 . 8 ) $ and ( 2 . 9 ) that

\begin { a l i g n ∗}
\paral le l \psi ( t ) Y ( t ) Q 2 ˆ{ u } \paral le l \ l e q s l a n t
\paral le l \psi ( t ) Y ( t ) P { 2 } u \paral le l + \paral le l
\psi ( t ) Y ( t ) [ P { 1 } − Q 1 ] u \paral le l \\ \ l e q s l a n t
( L ˆ{ \prime } + K { 1 } ) e ˆ{ \beta ( t − s ) } \paral le l
\psi ( s ) Y ( s ) u \paral le l \ tag ∗{$ ( 2 . 1 0 ) $}\\ \ l e q s l a n t
L { 2 } e ˆ{ \beta ( t − s ) } \paral le l \psi ( s ) Y (
s ) u \paral le l , f o r 0 \ l e q s l a n t t \ l e q s l a n t s .
\end{ a l i g n ∗}

\noindent S i m i l a r l y , f o r $ u \ in R ˆ{ d } , $ we have

\begin { a l i g n ∗}
\paral le l \psi ( t ) Y ( t ) Q 1 ˆ{ u } \paral le l \ l e q s l a n t

K { 2 } e ˆ{ − \alpha ( t − s ) } \paral le l \psi ( s ) Y
( s ) u \paral le l , f o r 0 \ l e q s l a n t s \ l e q s l a n t t . \ tag ∗{$ (
2 . 1 1 ) $}
\end{ a l i g n ∗}

\noindent Then from t h i s i n e q u a l i t y , ( 2 . 1 0 ) and the preced ing note i t f o l l o w s that ( 1 . 2 ) has
a $ \psi − $ exponent i a l dichotomy on $ R { + }$ with the pa i r o f the supplementary p r o j e c t i o n s

$ Q 1 , Q 2 . $ In the case o f $ J = R { − } , $ the proo f i s s i m i l a r
$ . \ square $

EJDE hyphen 2 0 7 slash 5 2 .. EXISTENCE OF psi hyphen BOUNDED SOLUTIONS .. 3
In fact comma if open parenthesis 1 period 3 closing parenthesis and open parenthesis 1 period 4 closing

parenthesis are true comma we have for any vector y in R to the power of d
Line 1 bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 Y to the

power of minus 1 open parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing
parenthesis y bar leqslant Ke to the power of minus alpha open parenthesis t minus s closing parenthesis bar y
bar for t geqslant s geqslant 0 comma Line 2 bar psi open parenthesis t closing parenthesis Y open parenthesis t
closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis psi to the power of
minus 1 open parenthesis s closing parenthesis y bar leqslant Le to the power of beta open parenthesis t minus s
closing parenthesis bar y bar for s geqslant t geqslant 0 period

Choose y = psi open parenthesis s closing parenthesis Y open parenthesis s closing parenthesis xi comma we
obtain open parenthesis 2 period 1 closing parenthesis comma open parenthesis 2 period 2 closing parenthesis
period Conversely comma suppose that inequalities

open parenthesis 2 period 1 closing parenthesis comma .... open parenthesis 2 period 2 closing parenthesis are
true period .... For any vector y in R to the power of d comma putting xi = Y to the power of minus 1 open
parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing parenthesis y we get

open parenthesis 1 period 3 closing parenthesis comma open parenthesis 1 period 4 closing parenthesis period
Now prove the lemma period .. It follows from KerP sub 2 = ImP sub 1 = ImQ 1 = KerQ 2 that
P sub 2 Q 1 = 0 period Hence P sub 1 Q 1 = P sub 1 Q 1 plus P sub 2 Q 1 = Q 1 period Similarly Q 1 to

the power of P 1 = P sub 1 period Then
Equation: open parenthesis 2 period 3 closing parenthesis .. P sub 1 minus Q 1 = P sub 1 to the power of 2

minus P sub 1 Q 1 = P sub 1 open parenthesis P sub 2 minus Q 2 closing parenthesis comma Equation: open
parenthesis 2 period 4 closing parenthesis .. P sub 1 minus Q 1 = minus Q 1 to the power of P 2 = P sub 1 P
sub 2 minus Q 1 to the power of P 2 = open parenthesis P sub 1 minus Q 1 closing parenthesis P sub 2 period

For each u in R to the power of d comma put xi = open parenthesis P sub 1 minus Q 1 closing parenthesis u
period .. The relation open parenthesis 2 period 3 closing parenthesis implies that xi in ImP sub 1 comma

then P sub 1 xi = xi period Result from open parenthesis 2 period 1 closing parenthesis comma for s = 0 that
Equation: open parenthesis 2 period 5 closing parenthesis .. bar psi open parenthesis t closing parenthesis

Y open parenthesis t closing parenthesis open square bracket P sub 1 minus Q 1 closing square bracket u bar
leqslant K to the power of prime e to the power of minus alpha t bar psi open parenthesis 0 closing parenthesis
open square bracket P sub 1 minus Q 1 closing square bracket u bar comma t geqslant 0 period

By open parenthesis 2 period 4 closing parenthesis we conclude
Equation: open parenthesis 2 period 6 closing parenthesis .. K to the power of prime e to the power of minus

alpha t bar psi open parenthesis 0 closing parenthesis open square bracket P sub 1 minus Q 1 closing square
bracket u bar = leqslant K to the power of K sub prime to the power of prime e sub bar psi open parenthesis 0
closing parenthesis bar to the power of minus alpha t sub bar to the power of psi sub bar P sub 1 to the power of
open parenthesis 0 closing parenthesis sub minus to the power of open square bracket P sub Q 1 to the power of
1 sub bar e to the power of minus sub minus alpha t sub bar to the power of Q 1 closing square bracket P sub P
sub 2 u to the power of 2 to the power of u sub bar to the power of bar comma t geqslant 0 period

Applying open parenthesis 2 period 2 closing parenthesis comma for t = 0 comma we get
bar P sub 2 u bar = bar psi to the power of minus 1 open parenthesis 0 closing parenthesis psi open parenthesis

0 closing parenthesis P sub 2 u bar Equation: open parenthesis 2 period 7 closing parenthesis .. leqslant bar psi to
the power of minus 1 open parenthesis 0 closing parenthesis bar bar psi open parenthesis 0 closing parenthesis P
sub 2 u bar leqslant L to the power of prime e to the power of minus beta s bar psi to the power of minus 1 open
parenthesis 0 closing parenthesis bar bar psi open parenthesis s closing parenthesis Y open parenthesis s closing
parenthesis u bar comma for s geqslant 0 period

The relations open parenthesis 2 period 5 closing parenthesis endash open parenthesis 2 period 7 closing
parenthesis imply

Equation: open parenthesis 2 period 8 closing parenthesis .. bar psi open parenthesis t closing parenthesis Y
open parenthesis t closing parenthesis open square bracket P sub 1 minus Q 1 closing square bracket u bar leqslant
sub leqslant K sub 1 to the power of K to the power of prime L sub e to the power of beta open parenthesis t
minus s closing parenthesis to the power of prime sub bar psi open parenthesis 0 closing parenthesis bar bar bar
psi sub open parenthesis s closing parenthesis Y open parenthesis s closing parenthesis to the power of psi to the
power of minus 1 open parenthesis 0 closing parenthesis bar sub u to the power of bar P sub 1 bar minus comma
Q for to the power of 1 bar e minus to the power of alpha t t sub comma s to the power of e sub geqslant to the
power of minus beta sub 0 period to the power of t sub bar psi open parenthesis s closing parenthesis Y open
parenthesis s closing parenthesis u bar

On the other hand comma by open parenthesis 2 period 2 closing parenthesis we get
Equation: open parenthesis 2 period 9 closing parenthesis .. bar psi open parenthesis t closing parenthesis

Y open parenthesis t closing parenthesis P sub 2 u bar leqslant L to the power of prime e to the power of beta
open parenthesis t minus s closing parenthesis bar psi open parenthesis sY open parenthesis s closing parenthesis
closing parenthesis u bar comma for 0 leqslant t leqslant s period

It follows from Q 2 = P sub 2 plus P sub 1 minus Q 1 comma open parenthesis 2 period 8 closing parenthesis
and open parenthesis 2 period 9 closing parenthesis that

bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis Q 2 to the power of u
bar leqslant bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 2 u bar
plus bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis open square bracket
P sub 1 minus Q 1 closing square bracket u bar Equation: open parenthesis 2 period 1 0 closing parenthesis
.. leqslant open parenthesis L to the power of prime plus K sub 1 closing parenthesis e to the power of beta
open parenthesis t minus s closing parenthesis bar psi open parenthesis s closing parenthesis Y open parenthesis
s closing parenthesis u bar leqslant L sub 2 e to the power of beta open parenthesis t minus s closing parenthesis
bar psi open parenthesis s closing parenthesis Y open parenthesis s closing parenthesis u bar comma for 0 leqslant
t leqslant s period

Similarly comma for u in R to the power of d comma we have
Equation: open parenthesis 2 period 1 1 closing parenthesis .. bar psi open parenthesis t closing parenthesis

Y open parenthesis t closing parenthesis Q 1 to the power of u bar leqslant K sub 2 e to the power of minus alpha
open parenthesis t minus s closing parenthesis bar psi open parenthesis s closing parenthesis Y open parenthesis
s closing parenthesis u bar comma for 0 leqslant s leqslant t period

Then from this inequality comma open parenthesis 2 period 1 0 closing parenthesis and the preceding note it
follows that open parenthesis 1 period 2 closing parenthesis has

a psi hyphen exponential dichotomy on R sub plus with the pair of the supplementary projections
Q 1 comma Q 2 period In the case of J = R sub minus comma the proof is similar period square

EJDE - 2 0 7 / 5 2 EXISTENCE OF ψ− BOUNDED SOLUTIONS 3 In fact , if ( 1 . 3 ) and
( 1 . 4 ) are true , we have for any vector y ∈ Rd

‖ ψ(t)Y (t)P1Y
−1(s)ψ−1(s)y ‖ 6 Ke−α(t−s) ‖ y ‖ fort > s > 0,

‖ ψ(t)Y (t)P2Y
−1(s)ψ−1(s)y ‖6 Leβ(t−s) ‖ y ‖ fors > t > 0.

Choose y = ψ(s)Y (s)ξ, we obtain ( 2 . 1 ) , ( 2 . 2 ) . Conversely , suppose that
inequalities
( 2 . 1 ) , ( 2 . 2 ) are true . For any vector y ∈ Rd, putting ξ = Y −1(s)ψ−1(s)y we get
( 1 . 3 ) , ( 1 . 4 ) .

Now prove the lemma . It follows from KerP2 = ImP1 = ImQ1 = KerQ2 that
P2Q1 = 0. Hence P1Q1 = P1Q1 + P2Q1 = Q1. Similarly Q1P 1 = P1. Then

P1 −Q1 = P 2
1 − P1Q1 = P1(P2 −Q2), (2.3)

P1 −Q1 = −Q1P 2 = P1P2 −Q1P 2 = (P1 −Q1)P2. (2.4)

For each u ∈ Rd, put ξ = (P1 −Q1)u. The relation ( 2 . 3 ) implies that ξ ∈ ImP1,
then P1ξ = ξ. Result from ( 2 . 1 ) , for s = 0 that

‖ ψ(t)Y (t)[P1 −Q1]u ‖6 K ′e−αt ‖ ψ(0)[P1 −Q1]u ‖, t > 0. (2.5)

By ( 2 . 4 ) we conclude

K ′e−αt ‖ ψ(0)[P1 −Q1]u ‖ = 6KK′′e
−αt‖
|ψ(0)|

ψ(0)
|P1

[P
−

1
Q1
−
|e
Q1]P
−αt‖

2u

P2u
‖
‖, t > 0. (2.6)

Applying ( 2 . 2 ) , for t = 0, we get

‖ P2u ‖= ‖ ψ−1(0)ψ(0)P2u ‖
6| ψ−1(0) |‖ ψ(0)P2u ‖ (2.7)

6 L′e−βs | ψ−1(0) |‖ ψ(s)Y (s)u ‖, fors > 0.

The relations ( 2 . 5 ) – ( 2 . 7 ) imply

‖ ψ(t)Y (t)[P1 −Q1]u ‖66 KK′L
1

′|ψ(0)|

eβ(t−s)
‖|ψ
−1(0)|

ψ
|P1

(s)Y (s)u ‖ −,Q
1
for | e−αtte,s

−β
>

t‖
0.ψ(s)Y (s)u ‖

(2.8)

On the other hand , by ( 2 . 2 ) we get

‖ ψ(t)Y (t)P2u ‖6 L′eβ(t−s) ‖ ψ(sY (s))u ‖, for0 6 t 6 s. (2.9)

It follows from Q2 = P2 + P1 −Q1, (2.8) and ( 2 . 9 ) that

‖ ψ(t)Y (t)Q2u ‖6 ‖ ψ(t)Y (t)P2u ‖ + ‖ ψ(t)Y (t)[P1 −Q1]u ‖
6 (L′ +K1)eβ(t−s) ‖ ψ(s)Y (s)u ‖ (2.10)

6 L2e
β(t−s) ‖ ψ(s)Y (s)u ‖, for0 6 t 6 s.

Similarly , for u ∈ Rd, we have

‖ ψ(t)Y (t)Q1u ‖ 6 K2e
−α(t−s) ‖ ψ(s)Y (s)u ‖, for0 6 s 6 t. (2.11)

Then from this inequality , ( 2 . 1 0 ) and the preceding note it follows that ( 1 . 2 )
has a ψ− exponential dichotomy on R+ with the pair of the supplementary projections
Q1, Q2. In the case of J = R−, the proof is similar . �



\noindent 4 \ h f i l l P . N . BOI \ h f i l l EJDE − 2 7 / 5 2

\noindent Remark 2 . 2 . \ h f i l l ( a ) Suppose that ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on
$ R { + }$ with

\noindent a pa i r o f supplementary p r o j e c t i o n s $ P { 1 } , P { 2 } . $ \quad The s e t
$ P { 1 } R ˆ{ d }$ i s the subspace o f $ R ˆ{ d }$

c o n s i s t i n g o f the va lue s $ x ( 0 ) $ o f a l l $ \psi − $ bounded s o l u t i o n s
$ x ( t ) $ on $ R { + }$ o f ( 1 . 2 ) . In f a c t ,

\noindent denote by $ X { 1 }$ t h i s subspace , i f $ v \ in P { 1 } R ˆ{ d }$
then $ v \ in X { 1 }$ by v i r t u e o f ( 2 . 1 ) . Converse ly

i f $ u \ in X { 1 } , $ \quad we have to show that $ P { 2 } u = 0
. $ \quad Suppose otherwi s e that $ P { 2 } u \not= 0 , $
by ( 2 . 1 ) , ( 2 . 2 ) we have $ \paral le l \psi ( t ) Y ( t )

P { 1 } u \paral le l $ i s bounded and the l i m i t o f $ \paral le l \psi ( t
) Y ( t ) P { 2 } u \paral le l $

i s $ \ infty , $ \quad as $ t $ tend to $ \ infty . $ \quad Denote $ y $
the s o l u t i o n o f $ ( 1 . 2 ) , y ( 0 ) = u . $ \quad The r e l a t i o n

$ \psi ( t ) y ( t ) − \psi ( t ) Y ( t ) P { 1 }
u = \psi ( t ) Y ( t ) P { 2 } u $ f o l l o w s that $ y $ i s non
$ \psi − $ bounded on $ R { + } , $

which i s a c o n t r a d i c t i o n .

\noindent ( b ) S i m i l a r l y i f ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on
$ R { − }$ with a pa i r o f supple −

\noindent mentary p r o j e c t i o n s $ P { 1 } , P { 2 }$ then the s e t $ P { 2 }
R ˆ{ d }$ i s the subspace o f $ R ˆ{ d }$ c o n s i s t i n g o f

the va lue s $ x ( 0 ) $ o f a l l $ \psi − $ bounded s o l u t i o n s $ x (
t ) $ on $ R { − }$ o f ( 1 . 2 ) .

( c ) Suppose that ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on $ R , $
then ( 1 . 2 ) has no

n o n t r i v i a l $ \psi − $ bounded s o l u t i o n on $ R . $ \quad In f a c t i f $ x
( t ) $ i s the $ \psi − $ bounded s o l u t i o n o f

( 1 . 2 ) on $ R $ then i t i s $ \psi − $ bounded on $ R { + }$ and on $ R { − }
. $ Because equat ion ( 1 . 2 ) has a $ \psi − $

exponent i a l dichotomy on $ R { + } , $ and on $ R { − }$ with a pa i r o f supplementary p r o j e c t i o n s
$ P { 1 } , P { 2 } , $ by preced ing n o t i c e we have $ P { 2 } x ( 0

) = 0 $ and $ P { 1 } x ( 0 ) = 0 . $ \quad Hence $ x ( 0
) = 0 , $

then $ x ( t ) $ i s the t r i v i a l s o l u t i o n o f ( 1 . 2 ) .

\noindent Lemma 2 . 3 ( [ 8 ] ) . \quad Let $ h ( t ) $ be a non − negat ive , l o c a l l y i n t e g r a b l e such that

\centerline{ $ \ int ˆ{ t + 1 } { t } h ( s ) ds \ l e q s l a n t c , $
\quad f o r a l l $ t \ in R $ }

\noindent I f $ \theta > 0 $ then , f o r a l l $ t \ in R , $

\begin { a l i g n ∗}
\ int ˆ{ \ infty } { t } e ˆ{ − \theta ( s − t ) } h ( s ) ds
\ l e q s l a n t c [ 1 − e ˆ{ − \theta } ] ˆ{ − 1 } , \ tag ∗{$ ( 2 .
1 2 ) $}\\ i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \theta ( t −
s ) } h ( s ) ds \ l e q s l a n t c [ 1 − e ˆ{ − \theta } ] ˆ{ −
1 } . \ tag ∗{$ ( 2 . 1 3 ) $}
\end{ a l i g n ∗}

\noindent Proof . \quad We prove ( 2 . 1 2 ) , the proo f o f ( 2 . 1 3 ) i s s i m i l a r .

\ [\ begin { a l i gned } \ int ˆ{ t + m + 1 } { t + m } e ˆ{ − \theta (
s − t ) } h ( s ) ds \ l e q s l a n t \ int ˆ{ t + m + 1 } { t
+ m } e ˆ{ − \theta ( t + m ) } e ˆ{ \theta t } h ( s )
ds \\

= \ int ˆ{ t + m + 1 } { t + m } e ˆ{ − \theta m } h ( s
) ds \ l e q s l a n t ce ˆ{ − \theta m }\end{ a l i gned }\ ]

\noindent i m p l i e s that

\begin { a l i g n ∗}
\ int ˆ{ \ infty } { t } e ˆ{ − \theta ( s − t ) } h ( s ) ds

= \sum ˆ{ m = 0 } { \ infty } \ int ˆ{ t + m + 1 } { t + m } e ˆ{ −
\theta ( s − t ) } h ( s ) ds \ l e q s l a n t c { m }ˆ{ \sum }ˆ{ =
0 } { \ infty } e ˆ{ − \theta m } = c [ 1 − e ˆ{ − \theta } ] ˆ{ −
1 }\\ \ square
\end{ a l i g n ∗}

\noindent Lemma 2 . 4 . \quad Equation ( 1 . 1 ) has at l e a s t one $ \psi − $ bounded s o l u t i o n on
$ R $ f o r every

$ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R $ i f and only i f the fo l lowing three c o n d i t i o n s
are s a t i s f i e d :

( 1 ) \quad Equation ( 1 . 1 ) has at l e a s t one s o l u t i o n on $ R , \psi − $
bounded on $ R { + }$ f o r every

$ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R { + }$

( 2 ) \quad Equation ( 1 . 1 ) has at l e a s t one s o l u t i o n on $ R , \psi − $
bounded on $ R { − }$ f o r every

$ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R { − } . $
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Remark 2 period 2 period .... open parenthesis a closing parenthesis Suppose that open parenthesis 1 period

2 closing parenthesis has a psi hyphen exponential dichotomy on R sub plus with
a pair of supplementary projections P sub 1 comma P sub 2 period .. The set P sub 1 R to the power of d is

the subspace of R to the power of d
consisting of the values x open parenthesis 0 closing parenthesis of all psi hyphen bounded solutions x open

parenthesis t closing parenthesis on R sub plus of open parenthesis 1 period 2 closing parenthesis period In fact
comma

denote by X sub 1 this subspace comma if v in P sub 1 R to the power of d then v in X sub 1 by virtue of
open parenthesis 2 period 1 closing parenthesis period Conversely

if u in X sub 1 comma .. we have to show that P sub 2 u = 0 period .. Suppose otherwise that P sub 2 u
negationslash-equal 0 comma

by open parenthesis 2 period 1 closing parenthesis comma open parenthesis 2 period 2 closing parenthesis we
have bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 u bar is
bounded and the limit of bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis
P sub 2 u bar

is infinity comma .. as t tend to infinity period .. Denote y the solution of open parenthesis 1 period 2 closing
parenthesis comma y open parenthesis 0 closing parenthesis = u period .. The relation

psi open parenthesis t closing parenthesis y open parenthesis t closing parenthesis minus psi open parenthesis t
closing parenthesis Y open parenthesis t closing parenthesis P sub 1 u = psi open parenthesis t closing parenthesis
Y open parenthesis t closing parenthesis P sub 2 u follows that y is non psi hyphen bounded on R sub plus comma

which is a contradiction period
open parenthesis b closing parenthesis Similarly if open parenthesis 1 period 2 closing parenthesis has a psi

hyphen exponential dichotomy on R sub minus with a pair of supple hyphen
mentary projections P sub 1 comma P sub 2 then the set P sub 2 R to the power of d is the subspace of R to

the power of d consisting of
the values x open parenthesis 0 closing parenthesis of all psi hyphen bounded solutions x open parenthesis t

closing parenthesis on R sub minus of open parenthesis 1 period 2 closing parenthesis period
open parenthesis c closing parenthesis Suppose that open parenthesis 1 period 2 closing parenthesis has a psi

hyphen exponential dichotomy on R comma then open parenthesis 1 period 2 closing parenthesis has no
nontrivial psi hyphen bounded solution on R period .. In fact if x open parenthesis t closing parenthesis is the

psi hyphen bounded solution of
open parenthesis 1 period 2 closing parenthesis on R then it is psi hyphen bounded on R sub plus and on R

sub minus period Because equation open parenthesis 1 period 2 closing parenthesis has a psi hyphen
exponential dichotomy on R sub plus comma and on R sub minus with a pair of supplementary projections
P sub 1 comma P sub 2 comma by preceding notice we have P sub 2 x open parenthesis 0 closing parenthesis

= 0 and P sub 1 x open parenthesis 0 closing parenthesis = 0 period .. Hence x open parenthesis 0 closing
parenthesis = 0 comma

then x open parenthesis t closing parenthesis is the trivial solution of open parenthesis 1 period 2 closing
parenthesis period

Lemma 2 period 3 open parenthesis open square bracket 8 closing square bracket closing parenthesis period ..
Let h open parenthesis t closing parenthesis be a non hyphen negative comma locally integrable such that

integral sub t to the power of t plus 1 h open parenthesis s closing parenthesis ds leqslant c comma .. for al l
t in R

If theta greater 0 then comma for all t in R comma
Equation: open parenthesis 2 period 1 2 closing parenthesis .. integral sub t to the power of infinity e to the

power of minus theta open parenthesis s minus t closing parenthesis h open parenthesis s closing parenthesis ds
leqslant c open square bracket 1 minus e to the power of minus theta closing square bracket to the power of minus
1 comma Equation: open parenthesis 2 period 1 3 closing parenthesis .. integraldisplay-minus to the power of t
sub infinity e to the power of minus theta open parenthesis t minus s closing parenthesis h open parenthesis s
closing parenthesis ds leqslant c open square bracket 1 minus e to the power of minus theta closing square bracket
to the power of minus 1 period

Proof period .. We prove open parenthesis 2 period 1 2 closing parenthesis comma the proof of open parenthesis
2 period 1 3 closing parenthesis is similar period

Line 1 integral sub t plus m to the power of t plus m plus 1 e to the power of minus theta open parenthesis s
minus t closing parenthesis h open parenthesis s closing parenthesis ds leqslant integral sub t plus m to the power
of t plus m plus 1 e to the power of minus theta open parenthesis t plus m closing parenthesis e to the power of
theta t h open parenthesis s closing parenthesis ds Line 2 = integral sub t plus m to the power of t plus m plus
1 e to the power of minus theta m h open parenthesis s closing parenthesis ds leqslant ce to the power of minus
theta m

implies that
integral sub t to the power of infinity e to the power of minus theta open parenthesis s minus t closing

parenthesis h open parenthesis s closing parenthesis ds = sum from m = 0 to infinity integral sub t plus m to
the power of t plus m plus 1 e to the power of minus theta open parenthesis s minus t closing parenthesis h open
parenthesis s closing parenthesis ds leqslant c sub m to the power of sum from = 0 to infinity e to the power of
minus theta m = c open square bracket 1 minus e to the power of minus theta closing square bracket to the power
of minus 1 square

Lemma 2 period 4 period .. Equation open parenthesis 1 period 1 closing parenthesis has at least one psi
hyphen bounded s o lution on R for every

psi hyphen integrally bounded function f on R if and only if the fo l lowing three conditions
are satisfied :
open parenthesis 1 closing parenthesis .. Equation open parenthesis 1 period 1 closing parenthesis has at least

one s o lution on R comma psi hyphen bounded on R sub plus for every
psi hyphen integrally bounded function f on R sub plus
open parenthesis 2 closing parenthesis .. Equation open parenthesis 1 period 1 closing parenthesis has at least

one s o lution on R comma psi hyphen bounded on R sub minus for every
psi hyphen integrally bounded function f on R sub minus period
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Remark 2 . 2 . ( a ) Suppose that ( 1 . 2 ) has a ψ− exponential dichotomy on R+

with
a pair of supplementary projections P1, P2. The set P1Rd is the subspace of Rd con-
sisting of the values x(0) of all ψ− bounded solutions x(t) on R+ of ( 1 . 2 ) . In fact
,
denote by X1 this subspace , if v ∈ P1Rd then v ∈ X1 by virtue of ( 2 . 1 ) . Conversely if
u ∈ X1, we have to show that P2u = 0. Suppose otherwise that P2u 6=
0, by ( 2 . 1 ) , ( 2 . 2 ) we have ‖ ψ(t)Y (t)P1u ‖ is bounded and the limit of
‖ ψ(t)Y (t)P2u ‖ is ∞, as t tend to ∞. Denote y the solution of (1.2), y(0) =
u. The relation ψ(t)y(t)− ψ(t)Y (t)P1u = ψ(t)Y (t)P2u follows that y is non ψ−
bounded on R+, which is a contradiction .
( b ) Similarly if ( 1 . 2 ) has a ψ− exponential dichotomy on R− with a pair of supple
-
mentary projections P1, P2 then the set P2Rd is the subspace of Rd consisting of the
values x(0) of all ψ− bounded solutions x(t) on R− of ( 1 . 2 ) .

( c ) Suppose that ( 1 . 2 ) has a ψ− exponential dichotomy on R, then ( 1 . 2 ) has
no nontrivial ψ− bounded solution on R. In fact if x(t) is the ψ− bounded solution of
( 1 . 2 ) on R then it is ψ− bounded on R+ and on R−. Because equation ( 1 . 2 ) has a
ψ− exponential dichotomy on R+, and on R− with a pair of supplementary projections
P1, P2, by preceding notice we have P2x(0) = 0 and P1x(0) = 0. Hence x(0) = 0, then
x(t) is the trivial solution of ( 1 . 2 ) .
Lemma 2 . 3 ( [ 8 ] ) . Let h(t) be a non - negative , locally integrable such that∫ t+1

t
h(s)ds 6 c, for al l t ∈ R

If θ > 0 then , for all t ∈ R,

∫ ∞
t

e−θ(s−t)h(s)ds 6 c[1− e−θ]−1, (2.12)

integraldisplay −minust∞e−θ(t−s)h(s)ds 6 c[1− e−θ]−1. (2.13)

Proof . We prove ( 2 . 1 2 ) , the proof of ( 2 . 1 3 ) is similar .∫ t+m+1

t+m

e−θ(s−t)h(s)ds 6
∫ t+m+1

t+m

e−θ(t+m)eθth(s)ds

=

∫ t+m+1

t+m

e−θmh(s)ds 6 ce−θm

implies that

∫ ∞
t

e−θ(s−t)h(s)ds =

m=0∑
∞

∫ t+m+1

t+m

e−θ(s−t)h(s)ds 6 c
∑
m

=0
∞ e−θm = c[1− e−θ]−1

�

Lemma 2 . 4 . Equation ( 1 . 1 ) has at least one ψ− bounded s o lution on R
for every ψ− integrally bounded function f on R if and only if the fo l lowing three
conditions are satisfied :

( 1 ) Equation ( 1 . 1 ) has at least one s o lution on R, ψ− bounded on R+ for
every ψ− integrally bounded function f on R+

( 2 ) Equation ( 1 . 1 ) has at least one s o lution on R, ψ− bounded on R− for
every ψ− integrally bounded function f on R−.



\noindent EJDE − 2 0 7 / 5 2 \ h f i l l EXISTENCE OF $ \psi − $ BOUNDED SOLUTIONS \ h f i l l 5

( 3 ) \quad Every s o l u t i o n o f ( 1 . 2 ) i s th e sum of two s o l u t i o n o f ( 1 . 2 ) , \quad one o f that i s
$ \psi − $ bounded on $ R { + } , $ another i s $ \psi − $ bounded on

$ R { − } . $

\noindent Proo $ f−per iod $ \quad Suppose the three c o n d i t i o n s are s a t i s f i e d we have to prove that ( 1 . 1 ) has
at l e a s t one $ \psi − $ bounded s o l u t i o n on $ R $ f o r every $ \psi − $ i n t e g r a l l y bounded func t i on

$ f $ on
$ R . $ Every $ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R $ i s

$ \psi − $ i n t e g r a l l y bounded func t i on $ f $
on $ R { + }$ and on $ R { − } . $ Then f o r each $ \psi − $ i n t e g r a l l y bounded func t i on

$ f $ on $ R $ e x i s t s the
s o l u t i o n $ y 1 $ and $ y 2 $ o f ( 1 . 1 ) , which i s de f i ned on $ R $ and corre spond ing

$ \psi − $ bounded on

\noindent $ R { + }$ and on $ R { − } . $ Denote by $ x ( t ) $ the s o l u t i o n o f ( 1 . 2 ) such that
$ x ( 0 ) = y 2 ( 0 ) − y 1 ( 0 ) . $

\noindent By 3 , we get $ x ( t ) = x { 1 } ( t ) + x { 2 }
( t ) , $ here $ x { 1 } , x { 2 }$ are two s o l u t i o n s o f ( 1 . 2 ) , that are

corre spond ing $ \psi − $ bounded s o l u t i o n on $ R { + }$ and $ R { − } . $
Set $ z { 1 } = y 1 + x { 1 } , z { 2 } = y 2 − x { 2 }
. $
Hence $ z { 1 }$ \quad and $ z { 2 }$ \quad are the s o l u t i o n s o f ( 1 . 1 ) \quad corre spond ing

$ \psi − $ bounded s o l u t i o n

\noindent on $ R { + }$ and on $ R { − } . $ \ h f i l l Further $ , z { 2 }
( 0 ) = y 2 ( 0 ) − x { 2 } ( 0 ) = y 1 ( 0 )
+ x { 1 } ( 0 ) = z { 1 } ( 0 ) , $ then

\noindent $ z { 1 } = z { 2 } . $ Consequently $ z { 1 }$ i s a $ \psi
− $ bounded s o l u t i o n on $ R $ o f ( 1 . 1 ) .

Converse ly , now i f ( 1 . 1 ) has at l e a s t one $ \psi − $ bounded s o l u t i o n on
$ R $ f o r every $ \psi − $

i n t e g r a l l y bounded func t i on $ f $ on $ R $ we have to prove three cond i t i on are s a t i s f i e d .
The c o n d i t i o n s 1 , 2 are s a t i s f i e d s i n c e every $ \psi − $ i n t e g r a l l y bounded func t i on

$ f $ on $ R { + }$
, or $ R { − }$ i s the r e s t r i c t i o n o f a $ \psi − $ i n t e g r a l l y bounded func t i on

$ f $ on $ R . $ \quad We prove
that the cond i t i on 3 i s s a t i s f i e d . Set

\ [ h ( t ) = \ l e f t \{\ begin { a l i gned } & 0 f o r \mid t \mid \ geq s l an t
1 \\

& 1 f o r t = 0 \\
& l i n e a r f o r t \ in [ − 1 , 0 ] , t \ in [ 0 , 1

] \end{ a l i gned }\ right . \ ]

\noindent Fix a s o l u t i o n $ x ( t ) $ o f ( 1 . 2 ) . \quad Then $ h ( t
) x ( t ) $ i s a $ \psi − $ i n t e g r a l l y bounded func t i on on

$ R . $ Set $ y ( t ) = x ( t ) \ int ˆ{ t } { 0 } h (
s ) ds , $ we have

\ [ y ˆ{ \prime } ( t ) = A ( t ) x ( t ) \ int ˆ{ t } { 0 }
h ( s ) ds + h ( t ) x ( t ) = A ( t ) y (
t ) + h ( t ) x ( t ) . \ ]

\centerline{By hypothes i s , the equat ion }

\ [ y ˆ{ \prime } ( t ) = A ( t ) y ( t ) + h ( t )
x ( t ) \ ]

\noindent has a s o l u t i o n $ \widetilde{y} ( t ) , $ \ h f i l l which i s $ \psi
− $ bounded on $ R . $ \ h f i l l Set $ x { 1 } ( t ) = \widetilde{y}
( t ) − y ( t ) + \ f r a c { 1 }{ 2 } x ( t ) $

\noindent and $ x { 2 } ( t ) = \widetilde{y} ( t ) + y (
t ) + \ f r a c { 1 }{ 2 } x ( t ) . $ \quad I t f o l l o w s from $ \ int ˆ{ 0 } { −
1 } h ( t ) dt = \ int ˆ{ 1 } { 0 } h ( t ) dt = \ f r a c { 1 }{ 2 }$
that

$ x { 1 } ( t ) = \widetilde{y} ( t ) $ f o r $ t \ geq s l an t 1
; x { 2 } ( t ) = \widetilde{y} ( t ) $ f o r $ t \ l e q s l a n t −
1 . $ \quad Then $ x { 1 } , x { 2 }$ are the cor re spond ing

$ \psi − $ bounded s o l u t i o n s on $ R { + } , R { − }$ o f ( 1 . 2 ) . \quad Consequently the s o l u t i o n
$ x ( t ) $ o f ( 1 . 2 )

i s the sum of two s o l u t i o n s $ x { 1 } ( t ) $ \quad and $ x { 2 } ( t
) $ \quad o f \quad ( 1 . 2 ) , \quad those s o l u t i o n s s a t i s f y the

\noindent cond i t i on 3 . The lemma i s proved $ . \ square $

\centerline {3 . \quad Main r e s u l t s }

\noindent Theorem 3 . 1 . \quad Equation ( 1 . 1 ) has at l e a s t one $ \psi − $
bounded s o l u t i o n on $ R { − }$ f o r every

$ \psi − $ i n t e g r a l l y bounded func t i on $ f $ \quad on $ R { − }$ \quad i f and only i f \quad ( 1 . 2 ) \quad has a
$ \psi − $ exponent i a l

\noindent dichotomy on $ R { − } . $

\noindent Proof . \ h f i l l This Theorem can be shown as in [ 3 , Theorem 3 . 3 ] . We g ive the main s t ep s

\noindent o f the proo f as f o l l o w s . In the proo f o f ‘ ‘ i f part ’ ’ : Suppose that $ \ int ˆ{ t } { t
− 1 } \paral le l \psi ( s ) f ( s ) \paral le l ds \ l e q s l a n t
c $
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open parenthesis 3 closing parenthesis .. Every s o lution of open parenthesis 1 period 2 closing parenthesis is

th e sum of two s o lution of open parenthesis 1 period 2 closing parenthesis comma .. one of that is
psi hyphen bounded on R sub plus comma another is psi minus bounded on R sub minus period
Proo f-period .. Suppose the three conditions are satisfied we have to prove that open parenthesis 1 period 1

closing parenthesis has
at least one psi hyphen bounded solution on R for every psi hyphen integrally bounded function f on
R period Every psi hyphen integrally bounded function f on R is psi hyphen integrally bounded function f
on R sub plus and on R sub minus period Then for each psi hyphen integrally bounded function f on R exists

the
solution y 1 and y 2 of open parenthesis 1 period 1 closing parenthesis comma which is defined on R and

corresponding psi hyphen bounded on
R sub plus and on R sub minus period Denote by x open parenthesis t closing parenthesis the solution of

open parenthesis 1 period 2 closing parenthesis such that x open parenthesis 0 closing parenthesis = y 2 open
parenthesis 0 closing parenthesis minus y 1 open parenthesis 0 closing parenthesis period

By 3 comma we get x open parenthesis t closing parenthesis = x sub 1 open parenthesis t closing parenthesis
plus x sub 2 open parenthesis t closing parenthesis comma here x sub 1 comma x sub 2 are two solutions of open
parenthesis 1 period 2 closing parenthesis comma that are

corresponding psi hyphen bounded solution on R sub plus and R sub minus period Set z sub 1 = y 1 plus x
sub 1 comma z sub 2 = y 2 minus x sub 2 period

Hence z sub 1 .. and z sub 2 .. are the solutions of open parenthesis 1 period 1 closing parenthesis ..
corresponding psi hyphen bounded solution

on R sub plus and on R sub minus period .... Further comma z sub 2 open parenthesis 0 closing parenthesis
= y 2 open parenthesis 0 closing parenthesis minus x sub 2 open parenthesis 0 closing parenthesis = y 1 open
parenthesis 0 closing parenthesis plus x sub 1 open parenthesis 0 closing parenthesis = z sub 1 open parenthesis
0 closing parenthesis comma then

z sub 1 = z sub 2 period Consequently z sub 1 is a psi hyphen bounded solution on R of open parenthesis 1
period 1 closing parenthesis period

Conversely comma now if open parenthesis 1 period 1 closing parenthesis has at least one psi hyphen bounded
solution on R for every psi hyphen

integrally bounded function f on R we have to prove three condition are satisfied period
The conditions 1 comma 2 are satisfied since every psi hyphen integrally bounded function f on R sub plus
comma or R sub minus is the restriction of a psi hyphen integrally bounded function f on R period .. We prove
that the condition 3 is satisfied period Set
h open parenthesis t closing parenthesis = Case 1 0 for bar t bar geqslant 1 Case 2 1 for t = 0 Case 3 linear

for t in open square bracket minus 1 comma 0 closing square bracket comma t in open square bracket 0 comma 1
closing square bracket

Fix a solution x open parenthesis t closing parenthesis of open parenthesis 1 period 2 closing parenthesis period
.. Then h open parenthesis t closing parenthesis x open parenthesis t closing parenthesis is a psi hyphen integrally
bounded function on

R period Set y open parenthesis t closing parenthesis = x open parenthesis t closing parenthesis integral sub
0 to the power of t h open parenthesis s closing parenthesis ds comma we have

y to the power of prime open parenthesis t closing parenthesis = A open parenthesis t closing parenthesis x
open parenthesis t closing parenthesis integral sub 0 to the power of t h open parenthesis s closing parenthesis
ds plus h open parenthesis t closing parenthesis x open parenthesis t closing parenthesis = A open parenthesis t
closing parenthesis y open parenthesis t closing parenthesis plus h open parenthesis t closing parenthesis x open
parenthesis t closing parenthesis period

By hypothesis comma the equation
y to the power of prime open parenthesis t closing parenthesis = A open parenthesis t closing parenthesis y

open parenthesis t closing parenthesis plus h open parenthesis t closing parenthesis x open parenthesis t closing
parenthesis

has a solution y-tildewide open parenthesis t closing parenthesis comma .... which is psi hyphen bounded on R
period .... Set x sub 1 open parenthesis t closing parenthesis = tildewide-y open parenthesis t closing parenthesis
minus y open parenthesis t closing parenthesis plus 1 divided by 2 x open parenthesis t closing parenthesis

and x sub 2 open parenthesis t closing parenthesis = y-tildewide open parenthesis t closing parenthesis plus
y open parenthesis t closing parenthesis plus 1 divided by 2 x open parenthesis t closing parenthesis period .. It
follows from integral sub minus 1 to the power of 0 h open parenthesis t closing parenthesis dt = integral sub 0
to the power of 1 h open parenthesis t closing parenthesis dt = 1 divided by 2 that

x sub 1 open parenthesis t closing parenthesis = y-tildewide open parenthesis t closing parenthesis for t geqslant
1 semicolon x sub 2 open parenthesis t closing parenthesis = tildewide-y open parenthesis t closing parenthesis
for t leqslant minus 1 period .. Then x sub 1 comma x sub 2 are the corresponding

psi hyphen bounded solutions on R sub plus comma R sub minus of open parenthesis 1 period 2 closing
parenthesis period .. Consequently the solution x open parenthesis t closing parenthesis of open parenthesis 1
period 2 closing parenthesis

is the sum of two solutions x sub 1 open parenthesis t closing parenthesis .. and x sub 2 open parenthesis t
closing parenthesis .. of .. open parenthesis 1 period 2 closing parenthesis comma .. those solutions satisfy the

condition 3 period The lemma is proved period square
3 period .. Main results
Theorem 3 period 1 period .. Equation open parenthesis 1 period 1 closing parenthesis has at least one psi

hyphen bounded s o lution on R sub minus for every
psi hyphen integrally bounded function f .. on R sub minus .. if and only if .. open parenthesis 1 period 2

closing parenthesis .. has a psi hyphen exponential
dichotomy on R sub minus period
Proof period .... This Theorem can be shown as in open square bracket 3 comma Theorem 3 period 3 closing

square bracket period We give the main steps
of the proof as follows period In the proof of quotedblleft if part quotedblright : Suppose that integral sub t

minus 1 to the power of t bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis
bar ds leqslant c
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( 3 ) Every s o lution of ( 1 . 2 ) is th e sum of two s o lution of ( 1 . 2 ) ,
one of that is ψ− bounded on R+, another is ψ− bounded on R−.
Proo f − period Suppose the three conditions are satisfied we have to prove that (
1 . 1 ) has at least one ψ− bounded solution on R for every ψ− integrally bounded
function f on R. Every ψ− integrally bounded function f on R is ψ− integrally bounded
function f on R+ and on R−. Then for each ψ− integrally bounded function f on R
exists the solution y1 and y2 of ( 1 . 1 ) , which is defined on R and corresponding ψ−
bounded on
R+ and on R−. Denote by x(t) the solution of ( 1 . 2 ) such that x(0) = y2(0)− y1(0).
By 3 , we get x(t) = x1(t) + x2(t), here x1, x2 are two solutions of ( 1 . 2 ) , that are
corresponding ψ− bounded solution on R+ and R−. Set z1 = y1 + x1, z2 = y2 − x2.
Hence z1 and z2 are the solutions of ( 1 . 1 ) corresponding ψ− bounded solution
on R+ and on R−. Further , z2(0) = y2(0)− x2(0) = y1(0) + x1(0) = z1(0), then
z1 = z2. Consequently z1 is a ψ− bounded solution on R of ( 1 . 1 ) .

Conversely , now if ( 1 . 1 ) has at least one ψ− bounded solution on R for every
ψ− integrally bounded function f on R we have to prove three condition are satisfied .
The conditions 1 , 2 are satisfied since every ψ− integrally bounded function f on R+

, or R− is the restriction of a ψ− integrally bounded function f on R. We prove that
the condition 3 is satisfied . Set

h(t) =


0 for | t |> 1

1 fort = 0

linear fort ∈ [−1, 0], t ∈ [0, 1]

Fix a solution x(t) of ( 1 . 2 ) . Then h(t)x(t) is a ψ− integrally bounded function

on R. Set y(t) = x(t)
∫ t
0
h(s)ds, we have

y′(t) = A(t)x(t)

∫ t

0

h(s)ds+ h(t)x(t) = A(t)y(t) + h(t)x(t).

By hypothesis , the equation

y′(t) = A(t)y(t) + h(t)x(t)

has a solution ỹ(t), which is ψ− bounded on R. Set x1(t) = ỹ(t)− y(t) + 1
2x(t)

and x2(t) = ỹ(t) + y(t) + 1
2x(t). It follows from

∫ 0

−1 h(t)dt =
∫ 1

0
h(t)dt = 1

2 that
x1(t) = ỹ(t) for t > 1;x2(t) = ỹ(t) for t 6 −1. Then x1, x2 are the corresponding ψ−
bounded solutions on R+,R− of ( 1 . 2 ) . Consequently the solution x(t) of ( 1 . 2 )
is the sum of two solutions x1(t) and x2(t) of ( 1 . 2 ) , those solutions satisfy
the
condition 3 . The lemma is proved . �

3 . Main results
Theorem 3 . 1 . Equation ( 1 . 1 ) has at least one ψ− bounded s o lution on
R− for every ψ− integrally bounded function f on R− if and only if ( 1 . 2 )
has a ψ− exponential
dichotomy on R−.
Proof . This Theorem can be shown as in [ 3 , Theorem 3 . 3 ] . We give the main
steps
of the proof as follows . In the proof of “ if part ” : Suppose that

∫ t
t−1 ‖ ψ(s)f(s) ‖

ds 6 c
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f o r $ t \ l e q s l a n t 0 . $ By us ing Lemma 2 . 3 we get

\ [\ begin { a l i gned } \paral le l i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } \psi ( t
) Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) ds \paral le l \ l e q s l a n t
minus−i n t e g r a l d i s p l a y ˆ{ t } { \ infty } \mid \psi ( t ) Y ( t )
P { 1 } Y ˆ{ − 1 } ( s ) \psi ˆ{ − 1 } ( s ) \mid \paral le l
\psi ( s ) f ( s ) \paral le l ds \\
\ l e q s l a n t i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \alpha ( t −

s ) } \paral le l \psi ( s ) f ( s ) \paral le l ds \ l e q s l a n t
c ( 1 − e ˆ{ − \alpha } ) ˆ{ − 1 }\end{ a l i gned }\ ]

\noindent and

\ [\ begin { a l i gned } \paral le l \ int ˆ{ 0 } { t } \psi ( t ) Y ( t )
P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) ds \paral le l \ l e q s l a n t \ int ˆ{ 0 } { t }
e ˆ{ − \beta ( s − t ) } \paral le l \psi ( s ) f ( s )
\paral le l ds \\
\ l e q s l a n t \ int ˆ{ \ infty } { t } e ˆ{ − \beta ( s − t ) } \paral le l

\psi ( s ) f ( s ) \paral le l ds \ l e q s l a n t c ( 1 − e ˆ{ −
\beta } ) ˆ{ − 1 } . \end{ a l i gned }\ ]

\noindent I t f o l l o w s that the func t i on

\ [ \widetilde{x} ( t ) = minus−i n t e g r a l d i s p l a y ˆ{ t } { \ infty } \psi
( t ) Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) f ( s ) ds
− \ int ˆ{ 0 } { t } \psi ( t ) Y ( t ) P { 2 } Y ˆ{ − 1 } (
s ) f ( s ) ds \ ]

\noindent i s bounded on $ R . $ Hence the func t i on

\ [\ begin { a l i gned } x ( t ) = \psi ˆ{ − 1 } ( t ) \widetilde{x}
( t ) \\

= i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } \psi ( t ) Y ( t ) P { 1 }
Y ˆ{ − 1 } ( s ) f ( s ) ds − \ int ˆ{ 0 } { t } \psi ( t
) Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) ds \end{ a l i gned }\ ]

\noindent i s $ \psi − $ bounded on $ R { − } . $ On the other hand

\ [\ begin { a l i gned } x ˆ{ \prime } ( t ) = A ( t ) ( i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) f ( s ) ds − \ int ˆ{ 0 } { t }
Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) ds ) \\

+ Y ( t ) P { 1 } Y ˆ{ − 1 } ( t ) f ( t ) + Y (
t ) P { 2 } Y ˆ{ − 1 } ( t ) f ( t ) \\

= A ( t ) x ( t ) + f ( t ) , \end{ a l i gned }\ ]

\noindent i t i m p l i e s that $ x ( t ) $ i s a s o l u t i o n o f ( 1 . 1 ) .
In the proo f o f ‘ ‘ only i f part ’ ’ : The s e t

\ [ \widetilde{C} { \psi } = \{ x : R { − } \rightarrow R ˆ{ d } :
x \ ]

\noindent i s $ \psi − $ bounded and cont inuous on $ R { − } \} . $ I t i s a Banach space with the norm
$ \paral le l x \paral le l { C−e { \psi }} = $

\noindent $ \sup t \ l e q s l a n t 0 \paral le l \psi ( t ) x ( t
) \paral le l . $ \quad The f i r s t s tep : \quad we show that \quad ( 1 . 1 ) \quad has a unique
$ \psi − $ bounded

s o l u t i o n $ x ( t ) $ with $ x ( 0 ) \ in \widetilde{X} { 1 } =
P { 1 } R ˆ{ d }$ f o r each $ f \ in \widetilde{C} { \psi }$ and \quad $ \paral le l
x \paral le l C−e { \psi } \ l e q s l a n t r \paral le l f \paral le l { e−C { \psi }}
, $ here $ r $

\noindent i s a p o s i t i v e constant independent o f $ f . $

The next s t ep s o f the proo f are s i m i l a r to the proo f o f [ 3 , Theorem 3 . 3 ] , with the
corre spond ing replacement ( f o r example r e p l a c e $ t \ geq s l an t t { 0 } \ geq s l an t

0 $ by $ 0 \ geq s l an t t { 0 } \ geq s l an t t , P { 1 }$ by
$ − P { 2 } , P { 2 }$ by $ − P { 1 } , \ infty $ by $ − \ infty

, − \ infty $ by $ \ infty , . . . ) . \ square $

\noindent Theorem 3 . 2 . \quad The equat ion ( 1 . 1 ) has a unique $ \psi − $
bounded s o l u t i o n on $ R $ f o r ev −

ery $ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R $ i f and only i f ( 1 . 2 ) has a
$ \psi − $ exponent i a l

dichotomy on $ R . $

\noindent Proof . \ h f i l l F i r s t , we prove the ‘ ‘ i f ’ ’ part . By Lemma 2 . 3 and in the same way as in the

\noindent proo f o f Theorem 3 . 1 , the func t i on

\ [ x ( t ) = − ˆ{ t } \ infty Y ( t ) P { 1 } Y ˆ{ − 1 } (
s ) f ( s ) ds − \ int ˆ{ \ infty } { t } Y ( t ) P { 2 }
Y ˆ{ − 1 } ( s ) f ( s ) ds \ ]

6 .. P period N period BOI .. EJDE hyphen 2 7 slash 5 2
for t leqslant 0 period By using Lemma 2 period 3 we get
Line 1 bar integraldisplay-minus to the power of t sub infinity psi open parenthesis t closing parenthesis Y

open parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis ds
bar leqslant minus-integraldisplay to the power of t sub infinity bar psi open parenthesis t closing parenthesis Y
open parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis psi
to the power of minus 1 open parenthesis s closing parenthesis bar bar psi open parenthesis s closing parenthesis
f open parenthesis s closing parenthesis bar ds Line 2 leqslant integraldisplay-minus to the power of t sub infinity
e to the power of minus alpha open parenthesis t minus s closing parenthesis bar psi open parenthesis s closing
parenthesis f open parenthesis s closing parenthesis bar ds leqslant c open parenthesis 1 minus e to the power of
minus alpha closing parenthesis to the power of minus 1

and
Line 1 bar integral sub t to the power of 0 psi open parenthesis t closing parenthesis Y open parenthesis t

closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s
closing parenthesis ds bar leqslant integral sub t to the power of 0 e to the power of minus beta open parenthesis s
minus t closing parenthesis bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis
bar ds Line 2 leqslant integral sub t to the power of infinity e to the power of minus beta open parenthesis s minus
t closing parenthesis bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis bar
ds leqslant c open parenthesis 1 minus e to the power of minus beta closing parenthesis to the power of minus 1
period

It follows that the function
x-tildewide open parenthesis t closing parenthesis = minus-integraldisplay to the power of t sub infinity psi

open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 Y to the power of minus
1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds minus integral sub t to the
power of 0 psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 2 Y to the
power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds

is bounded on R period Hence the function
Line 1 x open parenthesis t closing parenthesis = psi to the power of minus 1 open parenthesis t closing

parenthesis x-tildewide open parenthesis t closing parenthesis Line 2 = integraldisplay-minus to the power of t
sub infinity psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 Y to the
power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds minus integral
sub t to the power of 0 psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub
2 Y to the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds

is psi hyphen bounded on R sub minus period On the other hand
Line 1 x to the power of prime open parenthesis t closing parenthesis = A open parenthesis t closing parenthesis

open parenthesis integraldisplay-minus to the power of t sub infinity Y open parenthesis t closing parenthesis P
sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis
ds minus integral sub t to the power of 0 Y open parenthesis t closing parenthesis P sub 2 Y to the power of
minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds closing parenthesis Line
2 plus Y open parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis t closing
parenthesis f open parenthesis t closing parenthesis plus Y open parenthesis t closing parenthesis P sub 2 Y to
the power of minus 1 open parenthesis t closing parenthesis f open parenthesis t closing parenthesis Line 3 = A
open parenthesis t closing parenthesis x open parenthesis t closing parenthesis plus f open parenthesis t closing
parenthesis comma

it implies that x open parenthesis t closing parenthesis is a solution of open parenthesis 1 period 1 closing
parenthesis period

In the proof of quotedblleft only if part quotedblright : The set
C-tildewide sub psi = open brace x : R sub minus right arrow R to the power of d : x
is psi hyphen bounded and continuous on R sub minus closing brace period It is a Banach space with the norm

bar x bar sub C-e sub psi =
supremum t leqslant 0 bar psi open parenthesis t closing parenthesis x open parenthesis t closing parenthesis

bar period .. The first step : .. we show that .. open parenthesis 1 period 1 closing parenthesis .. has a unique
psi hyphen bounded

solution x open parenthesis t closing parenthesis with x open parenthesis 0 closing parenthesis in X-tildewide
sub 1 = P sub 1 R to the power of d for each f in tildewide-C sub psi and .. bar x bar C-e sub psi leqslant r bar f
bar sub e-C sub psi comma here r

is a positive constant independent of f period
The next steps of the proof are similar to the proof of open square bracket 3 comma Theorem 3 period 3

closing square bracket comma with the
corresponding replacement open parenthesis for example replace t geqslant t sub 0 geqslant 0 by 0 geqslant t

sub 0 geqslant t comma P sub 1 by
minus P sub 2 comma P sub 2 by minus P sub 1 comma infinity by minus infinity comma minus infinity by

infinity comma period period period closing parenthesis period square
Theorem 3 period 2 period .. The equation open parenthesis 1 period 1 closing parenthesis has a unique psi

hyphen bounded s o lution on R for ev hyphen
ery psi hyphen integrally bounded function f on R if and only if open parenthesis 1 period 2 closing parenthesis

has a psi hyphen exponential
dichotomy on R period
Proof period .... First comma we prove the quotedblleft if quotedblright part period By Lemma 2 period 3

and in the same way as in the
proof of Theorem 3 period 1 comma the function
x open parenthesis t closing parenthesis = minus to the power of t infinity Y open parenthesis t closing

parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing
parenthesis ds minus integral sub t to the power of infinity Y open parenthesis t closing parenthesis P sub 2 Y to
the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds

6 P . N . BOI EJDE - 2 7 / 5 2 for t 6 0. By using Lemma 2 . 3 we get

‖ integraldisplay −minust∞ψ(t)Y (t)P1Y
−1(s)ds ‖ 6 minus− integraldisplayt∞ | ψ(t)Y (t)P1Y

−1(s)ψ−1(s) |‖ ψ(s)f(s) ‖ ds
6 integraldisplay −minust∞e−α(t−s) ‖ ψ(s)f(s) ‖ ds 6 c(1− e−α)−1

and

‖
∫ 0

t

ψ(t)Y (t)P2Y
−1(s)f(s)ds ‖ 6

∫ 0

t

e−β(s−t) ‖ ψ(s)f(s) ‖ ds

6
∫ ∞
t

e−β(s−t) ‖ ψ(s)f(s) ‖ ds 6 c(1− e−β)−1.

It follows that the function

x̃(t) = minus−integraldisplayt∞ψ(t)Y (t)P1Y
−1(s)f(s)ds−

∫ 0

t

ψ(t)Y (t)P2Y
−1(s)f(s)ds

is bounded on R . Hence the function

x(t) = ψ−1(t)x̃(t)

= integraldisplay −minust∞ψ(t)Y (t)P1Y
−1(s)f(s)ds−

∫ 0

t

ψ(t)Y (t)P2Y
−1(s)f(s)ds

is ψ− bounded on R−. On the other hand

x′(t) = A(t)(integraldisplay −minust∞Y (t)P1Y
−1(s)f(s)ds−

∫ 0

t

Y (t)P2Y
−1(s)f(s)ds)

+Y (t)P1Y
−1(t)f(t) + Y (t)P2Y

−1(t)f(t)

= A(t)x(t) + f(t),

it implies that x(t) is a solution of ( 1 . 1 ) . In the proof of “ only if part ” : The set

C̃ψ = {x : R− → Rd : x

is ψ− bounded and continuous on R−}. It is a Banach space with the norm ‖ x ‖C−eψ=
sup t 6 0 ‖ ψ(t)x(t) ‖ . The first step : we show that ( 1 . 1 ) has a unique ψ−
bounded solution x(t) with x(0) ∈ X̃1 = P1Rd for each f ∈ C̃ψ and ‖ x ‖ C − eψ 6
r ‖ f ‖e−Cψ , here r
is a positive constant independent of f.

The next steps of the proof are similar to the proof of [ 3 , Theorem 3 . 3 ] , with
the corresponding replacement ( for example replace t > t0 > 0 by 0 > t0 > t, P1 by
−P2, P2 by −P1,∞ by −∞,−∞ by ∞, ...). �
Theorem 3 . 2 . The equation ( 1 . 1 ) has a unique ψ− bounded s o lution on
R for ev - ery ψ− integrally bounded function f on R if and only if ( 1 . 2 ) has a
ψ− exponential dichotomy on R.
Proof . First , we prove the “ if ” part . By Lemma 2 . 3 and in the same way as in
the
proof of Theorem 3 . 1 , the function

x(t) = −t∞Y (t)P1Y
−1(s)f(s)ds−

∫ ∞
t

Y (t)P2Y
−1(s)f(s)ds
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continuous on R. Moreover ,

x′(t) = A(t)(−t∞Y (t)P1Y
−1(s)f(s)ds−

∫ ∞
t

Y (t)P2Y
−1(s)f(s)ds)

+Y (t)P1Y
−1(t)f(t)− Y (t)P2Y

−1(t)f(t)

= A(t)x(t) + f(t),

it follows that x(t) is a solution of ( 1 . 1 ) .
The uniqueness of the solution x(t) result from ( 1 . 2 ) having no nontrivial ψ−

bounded solution on R( Remark 2 . 2 ) . Suppose that y is a ψ− bounded solution
of ( 1 . 1 ) then x− y is a ψ− bounded solution of ( 1 . 2 ) on R. We conclude x = y
since x− y is the trivial solution of ( 1 . 2 ) .

We prove the “ only if ” par t Suppos tha ( 1 . 1 ha uniqu ψ−
bounded solution on R for every ψ− integrally bounded function f on R, we have to
prove that ( 1 . 1 )
has a ψ− exponential dichotomy on R. By Lemma 2 . 4 , Theorem 1 . 4 and Theorem
3 . 1 we get ( 1 . 2 ) has a ψ− exponential dichotomy on R+ with a pair of the
supplementary projections P1, P2 and has a ψ− exponential dichotomy on R−. with
a pair of the supplementary projections Q1, Q2. Remark 2 . 2 follows that P1Rd is the
subspace of Rd consisting of the values x(0) of all ψ− bounded solutions x(t) on R+ of
( 1 . 2 ) and

Q2R
d

is the subspace of Rd consisting of the values x(0) of all ψ− bounded solutions
x(t) on R− of ( 1 . 2 ) . We are going to prove that

Rd = P1Rd ⊕Q2R
d

. (3.1)

For each u ∈ Rd, denote by x = x(t) the solution of (1.2), x(0) = u. By Lemma 2 . 4 we
get x = x1 + x2, where x1, x2 are the solutions of ( 1 . 2 ) corresponding ψ− bounded

on R+,R−. It follows from Remark 2 . 2 that x1(0) ∈ P1Rd and x2(0) ∈ Q2R
d

. It
follows from u = x1(0) + x2(0), that

Rd = P1Rd +Q2R
d

. (3.2)

By hypothesis ( 1 . 1 ) with f = 0 has unique ψ− bounded solution on R i . e . ( 1 . 2
) have

no nontrivial ψ− bounded solution on R. For any v ∈ P1Rd ∩Q2R
d

, denote by x(t) the
solution of ( 1 . 2 ) such that x(0) = v. Then x(t) is the ψ− bounded solution of ( 1
. 2 ) , it implies that x(t) is the trivial solution . Hence v = 0. Consequently

P1Rd ∩Q2R
d

= 0. (3.3)

The relations ( 3 . 2 ) and ( 3 . 3 ) imply ( 3 . 1 ) . Now , we prove the existence of
a pair supplementary projections , for which ( 1 . 1 ) has a ψ− exponential dichotomy
on R.
Choose the projection P of Rd such that ImP = P1Rd , ker P = Q2R

d

.

By Lemma 2 . 1 , ( 1 . 2 ) has a ψ− exponential dichotomy on R+, and have a ψ−
exponential dichotomy on R− with the pair of the supplementary projections P, Id−P.
From Remark 1 . 3 it follows that ( 1 . 2 ) has a ψ− exponential dichotomy on R with
the pair of the supplementary projections P, Id − P. The proof is complete . �
Theorem 3 . 3 . Suppose that ( 1 . 2 ) has a ψ− exponential dichotomy on R.
If
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i s $ \psi − $ bounded and cont inuous on $ R . $ Moreover ,

\ [\ begin { a l i gned } x ˆ{ \prime } ( t ) = A ( t ) ( − ˆ{ t } \ infty
Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) f ( s ) ds − \ int ˆ{ \ infty } { t }
Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) ds ) \\

+ Y ( t ) P { 1 } Y ˆ{ − 1 } ( t ) f ( t ) − Y (
t ) P { 2 } Y ˆ{ − 1 } ( t ) f ( t ) \\

= A ( t ) x ( t ) + f ( t ) , \end{ a l i gned }\ ]

\noindent i t f o l l o w s that $ x ( t ) $ i s a s o l u t i o n o f ( 1 . 1 ) .

The uniqueness o f the s o l u t i o n $ x ( t ) $ r e s u l t from ( 1 . 2 ) having no n o n t r i v i a l
$ \psi − $

bounded s o l u t i o n on $ R ( $ Remark 2 . 2 ) . \quad Suppose that $ y $ i s a
$ \psi − $ bounded s o l u t i o n o f

( 1 . 1 ) then $ x − y $ i s a $ \psi − $ bounded s o l u t i o n o f ( 1 . 2 ) on
$ R . $ \quad We conclude $ x = y $ s i n c e

$ x − y $ i s the t r i v i a l s o l u t i o n o f ( 1 . 2 ) .

We prove the \quad ‘ ‘ only i f ’ ’ \quad par t \quad Suppos \quad tha \quad ( 1 . 1 \quad ha \quad uniqu
$ \psi − $ bounded s o l u t i o n

on $ R $ f o r every $ \psi − $ i n t e g r a l l y bounded func t i on $ f $ on $ R
, $ we have to prove that ( 1 . 1 )

\noindent has a $ \psi − $ exponent i a l dichotomy on $ R . $ By Lemma 2 . 4 , Theorem 1 . 4 and Theorem 3 . 1
we get ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on $ R { + }$ with a pa i r o f the supplementary
p r o j e c t i o n s $ P { 1 } , P { 2 }$ and has a $ \psi − $ exponent i a l dichotomy on

$ R { − } . $ \quad with a pa i r o f the
supplementary p r o j e c t i o n s $ Q 1 , Q 2 . $ Remark 2 . 2 f o l l o w s that $ P { 1 }

R ˆ{ d }$ i s the subspace o f
$ R ˆ{ d }$ c o n s i s t i n g o f the va lue s $ x ( 0 ) $ o f a l l $ \psi − $ bounded s o l u t i o n s

$ x ( t ) $ on $ R { + }$ o f ( 1 . 2 ) and

\noindent $ Q 2 ˆ{ R ˆ{ d }}$ i s the subspace o f $ R ˆ{ d }$ c o n s i s t i n g o f the va lue s
$ x ( 0 ) $ o f a l l $ \psi − $ bounded s o l u t i o n s

$ x ( t ) $ on $ R { − }$ o f ( 1 . 2 ) . We are going to prove that

\begin { a l i g n ∗}
R ˆ{ d } = P { 1 } R ˆ{ d } \oplus Q 2 ˆ{ R ˆ{ d }} { . }\ tag ∗{$ ( 3

. 1 ) $}
\end{ a l i g n ∗}

\noindent For each $ u \ in R ˆ{ d } , $ denote by $ x = x ( t ) $
the s o l u t i o n o f $ ( 1 . 2 ) , x ( 0 ) = u . $ By Lemma 2 . 4
we get $ x = x { 1 } + x { 2 } , $ where $ x { 1 } , x { 2 }$ are the s o l u t i o n s o f ( 1 . 2 ) cor re spond ing

$ \psi − $ bounded

\noindent on $ R { + } , R { − } . $ \quad I t f o l l o w s from Remark 2 . 2 that
$ x { 1 } ( 0 ) \ in P { 1 } R ˆ{ d }$ and $ x { 2 } ( 0 ) \ in
Q 2 ˆ{ R ˆ{ d }} { . }$ \quad I t

f o l l o w s from $ u = x { 1 } ( 0 ) + x { 2 } ( 0 ) , $ that

\begin { a l i g n ∗}
R ˆ{ d } = P { 1 } R ˆ{ d } + Q 2 ˆ{ R ˆ{ d }} { . }\ tag ∗{$ ( 3 .

2 ) $}
\end{ a l i g n ∗}

\noindent By hypothes i s ( 1 . 1 ) with $ f = 0 $ has unique $ \psi − $ bounded s o l u t i o n on
$ R $ i . e . \ h f i l l ( 1 . 2 ) have

\noindent no n o n t r i v i a l $ \psi − $ bounded s o l u t i o n on $ R . $ For any $ v
\ in P { 1 } R ˆ{ d } \cap Q 2 ˆ{ R ˆ{ d }} { , }$ denote by $ x ( t
) $

the s o l u t i o n o f ( 1 . 2 ) such that $ x ( 0 ) = v . $ \quad Then $ x
( t ) $ i s the $ \psi − $ bounded s o l u t i o n o f

( 1 . 2 ) , i t i m p l i e s that $ x ( t ) $ i s the t r i v i a l s o l u t i o n . Hence $ v
= 0 . $ Consequently

\begin { a l i g n ∗}
P { 1 } R ˆ{ d } \cap Q 2 ˆ{ R ˆ{ d }} = 0 . \ tag ∗{$ ( 3 . 3 ) $}
\end{ a l i g n ∗}

\noindent The r e l a t i o n s ( 3 . 2 ) and ( 3 . 3 ) imply ( 3 . 1 ) . \quad Now , we prove the e x i s t e n c e o f a pa i r
supplementary p r o j e c t i o n s , f o r which ( 1 . 1 ) has a $ \psi − $ exponent i a l dichotomy on

$ R . $

\noindent Choose the p r o j e c t i o n $ P $ o f $ R ˆ{ d }$ such that $ ImP = P { 1 }
R ˆ{ d } , $ \quad ker $ P = Q 2 ˆ{ R ˆ{ d }} { . }$ \quad By

Lemma 2 . 1 , ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on $ R { + }
, $ and have a $ \psi − $ exponent i a l
dichotomy on $ R { − }$ with the pa i r o f the supplementary p r o j e c t i o n s $ P ,

I { d } − P . $ \quad From
Remark 1 . 3 i t f o l l o w s that ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on

$ R $ with the pa i r
o f the supplementary p r o j e c t i o n s $ P , I { d } − P . $ The proo f i s complete

$ . \ square $

\noindent Theorem 3 . 3 . \quad Suppose that ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on
$ R . $ \quad I f

\begin { a l i g n ∗}
\ lim { \rightarrow { t } \pm \ infty } \ int ˆ{ t + 1 } { t } \paral le l
\psi ( s ) f ( s ) \paral le l ds = 0 \ tag ∗{$ ( 3 . 4 ) $}
\end{ a l i g n ∗}

\noindent then the $ \psi − $ bounded s o l u t i o n o f ( 1 . 1 ) i s such that

\begin { a l i g n ∗}
\ lim { \rightarrow { t } \pm \ infty } \paral le l \psi ( t ) x (

t ) \paral le l = 0 . \ tag ∗{$ ( 3 . 5 ) $}
\end{ a l i g n ∗}
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is psi hyphen bounded and continuous on R period Moreover comma
Line 1 x to the power of prime open parenthesis t closing parenthesis = A open parenthesis t closing parenthesis

open parenthesis minus to the power of t infinity Y open parenthesis t closing parenthesis P sub 1 Y to the power
of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing parenthesis ds minus integral sub t to
the power of infinity Y open parenthesis t closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis
s closing parenthesis f open parenthesis s closing parenthesis ds closing parenthesis Line 2 plus Y open parenthesis
t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis t closing parenthesis f open parenthesis
t closing parenthesis minus Y open parenthesis t closing parenthesis P sub 2 Y to the power of minus 1 open
parenthesis t closing parenthesis f open parenthesis t closing parenthesis Line 3 = A open parenthesis t closing
parenthesis x open parenthesis t closing parenthesis plus f open parenthesis t closing parenthesis comma

it follows that x open parenthesis t closing parenthesis is a solution of open parenthesis 1 period 1 closing
parenthesis period

The uniqueness of the solution x open parenthesis t closing parenthesis result from open parenthesis 1 period
2 closing parenthesis having no nontrivial psi hyphen

bounded solution on R open parenthesis Remark 2 period 2 closing parenthesis period .. Suppose that y is a
psi hyphen bounded solution of

open parenthesis 1 period 1 closing parenthesis then x minus y is a psi hyphen bounded solution of open
parenthesis 1 period 2 closing parenthesis on R period .. We conclude x = y since

x minus y is the trivial solution of open parenthesis 1 period 2 closing parenthesis period
We prove the .. quotedblleft only if quotedblright .. par t .. Suppos .. tha .. open parenthesis 1 period 1 .. ha

.. uniqu psi hyphen bounded solution
on R for every psi hyphen integrally bounded function f on R comma we have to prove that open parenthesis

1 period 1 closing parenthesis
has a psi hyphen exponential dichotomy on R period By Lemma 2 period 4 comma Theorem 1 period 4 and

Theorem 3 period 1
we get open parenthesis 1 period 2 closing parenthesis has a psi hyphen exponential dichotomy on R sub plus

with a pair of the supplementary
projections P sub 1 comma P sub 2 and has a psi hyphen exponential dichotomy on R sub minus period ..

with a pair of the
supplementary projections Q 1 comma Q 2 period Remark 2 period 2 follows that P sub 1 R to the power of

d is the subspace of
R to the power of d consisting of the values x open parenthesis 0 closing parenthesis of all psi hyphen bounded

solutions x open parenthesis t closing parenthesis on R sub plus of open parenthesis 1 period 2 closing parenthesis
and

Q 2 to the power of R to the power of d is the subspace of R to the power of d consisting of the values x open
parenthesis 0 closing parenthesis of all psi hyphen bounded solutions

x open parenthesis t closing parenthesis on R sub minus of open parenthesis 1 period 2 closing parenthesis
period We are going to prove that

Equation: open parenthesis 3 period 1 closing parenthesis .. R to the power of d = P sub 1 R to the power of
d oplus Q 2 to the power of R to the power of d sub period

For each u in R to the power of d comma denote by x = x open parenthesis t closing parenthesis the solution
of open parenthesis 1 period 2 closing parenthesis comma x open parenthesis 0 closing parenthesis = u period By
Lemma 2 period 4

we get x = x sub 1 plus x sub 2 comma where x sub 1 comma x sub 2 are the solutions of open parenthesis 1
period 2 closing parenthesis corresponding psi hyphen bounded

on R sub plus comma R sub minus period .. It follows from Remark 2 period 2 that x sub 1 open parenthesis
0 closing parenthesis in P sub 1 R to the power of d and x sub 2 open parenthesis 0 closing parenthesis in Q 2 to
the power of R to the power of d sub period .. It

follows from u = x sub 1 open parenthesis 0 closing parenthesis plus x sub 2 open parenthesis 0 closing
parenthesis comma that

Equation: open parenthesis 3 period 2 closing parenthesis .. R to the power of d = P sub 1 R to the power of
d plus Q 2 to the power of R to the power of d sub period

By hypothesis open parenthesis 1 period 1 closing parenthesis with f = 0 has unique psi hyphen bounded
solution on R i period e period .... open parenthesis 1 period 2 closing parenthesis have

no nontrivial psi hyphen bounded solution on R period For any v in P sub 1 R to the power of d cap Q 2 to
the power of R to the power of d sub comma denote by x open parenthesis t closing parenthesis

the solution of open parenthesis 1 period 2 closing parenthesis such that x open parenthesis 0 closing parenthesis
= v period .. Then x open parenthesis t closing parenthesis is the psi hyphen bounded solution of

open parenthesis 1 period 2 closing parenthesis comma it implies that x open parenthesis t closing parenthesis
is the trivial solution period Hence v = 0 period Consequently

Equation: open parenthesis 3 period 3 closing parenthesis .. P sub 1 R to the power of d cap Q 2 to the power
of R to the power of d = 0 period

The relations open parenthesis 3 period 2 closing parenthesis and open parenthesis 3 period 3 closing parenthesis
imply open parenthesis 3 period 1 closing parenthesis period .. Now comma we prove the existence of a pair

supplementary projections comma for which open parenthesis 1 period 1 closing parenthesis has a psi hyphen
exponential dichotomy on R period

Choose the projection P of R to the power of d such that ImP = P sub 1 R to the power of d comma .. ker P
= Q 2 to the power of R to the power of d sub period .. By

Lemma 2 period 1 comma open parenthesis 1 period 2 closing parenthesis has a psi hyphen exponential
dichotomy on R sub plus comma and have a psi hyphen exponential

dichotomy on R sub minus with the pair of the supplementary projections P comma I sub d minus P period
.. From

Remark 1 period 3 it follows that open parenthesis 1 period 2 closing parenthesis has a psi hyphen exponential
dichotomy on R with the pair

of the supplementary projections P comma I sub d minus P period The proof is complete period square
Theorem 3 period 3 period .. Suppose that open parenthesis 1 period 2 closing parenthesis has a psi hyphen

exponential dichotomy on R period .. If
Equation: open parenthesis 3 period 4 closing parenthesis .. limint right arrow t plusminux infinity integral

sub t to the power of t plus 1 bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis
bar ds = 0

then the psi hyphen bounded s o lution of open parenthesis 1 period 1 closing parenthesis is such that
Equation: open parenthesis 3 period 5 closing parenthesis .. limint right arrow t plusminux infinity bar psi

open parenthesis t closing parenthesis x open parenthesis t closing parenthesis bar = 0 period

lim
→t±∞

∫ t+1

t

‖ ψ(s)f(s) ‖ ds = 0 (3.4)

then the ψ− bounded s o lution of ( 1 . 1 ) is such that

lim
→t±∞

‖ ψ(t)x(t) ‖ = 0. (3.5)
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Proof . \quad By Theorem 3 . 2 , the unique s o l u t i o n o f ( 1 . 1 ) i s

\ [\ begin { a l i gned } x ( t ) = i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } Y
( t ) P { 1 } Y ˆ{ − 1 } ( s ) f ( s ) ds − \ int ˆ{ \ infty } { t }
Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) ds . \\
\paral le l \psi ( t ) x ( t ) \paral le l \ l e q s l a n t i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }

\paral le l \psi ( t ) Y ( t ) P { 1 } Y ˆ{ − 1 } ( s )
f ( s ) \paral le l ds + \ int ˆ{ \ infty } { t } \paral le l \psi (
t ) Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) f ( s ) \paral le l
ds \\
\ l e q s l a n t K i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \alpha ( t

− s ) } \paral le l \psi ( s ) f ( s ) \paral le l ds + L
\ int ˆ{ \ infty } { t } e ˆ{ − \beta ( s − t ) } \paral le l \psi (
s ) f ( s ) \paral le l ds \\
\ l e q s l a n t K { 1 } \{ i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } e ˆ{ − \alpha

( t − s ) } \paral le l \psi ( s ) f ( s ) \paral le l ds
+ \ int ˆ{ \ infty } { t } e ˆ{ − \beta ( s − t ) } \paral le l \psi
( s ) f ( s ) \paral le l ds \} , \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }( 3 . 6 )

\noindent where $ K 1 = $ max $ \{ K , L \} . $ \quad Denote by
$ \gamma = $ min $ \{ \alpha , \beta \} . $ \quad Under the hypothes i s ( 3 . 4 ) ,

f o r a g iven $ \varepsilon > 0 , $ the re e x i s t s $ T > 0 $ such that

\ [ \ int ˆ{ t + 1 } { t } \paral le l \psi ( s ) f ( s ) \paral le l
ds < \ f r a c { \varepsilon }{ 2 K { 1 }} ( 1 − e ˆ{ − \gamma } ) f o r
\mid t \mid > T . \ ]

\noindent Then from Lemma 2 . 3 and i n e q u a l i t y ( 3 . 6 ) i t f o l l o w that

\ [\ begin { a l i gned } \paral le l \psi ( t ) x ( t ) \paral le l \ l e q s l a n t
K { 1 ˆ{ \ r u l e {3em}{0 .4 pt} } { 2 K }}ˆ{ \varepsilon ( 1 } { 1 } − e ˆ{ −
\gamma } ) [ ( 1 − e ˆ{ − \alpha } ) ˆ{ − 1 } + ( 1 − e ˆ{ −
\beta } ) ˆ{ − 1 } ] \\
\ l e q s l a n t K { 1 ˆ{ \ r u l e {3em}{0 .4 pt} } { 2 K }}ˆ{ \varepsilon ( 1 } { 1 }

− e ˆ{ − \gamma } ) 2 ( 1 − e ˆ{ − \gamma } ) ˆ{ − 1 } = \varepsilon
f o r a l l \mid t \mid > T , \end{ a l i gned }\ ]

\noindent t h i s i m p l i e s ( 3 . 5 ) . The proo f i s complete $ . \ square $
Coro l l a ry 3 . 4 . \quad Suppose that ( 1 . 2 ) has a $ \psi − $ exponent i a l dichotomy on

$ R . $ \quad I f

\begin { a l i g n ∗}
\ lim { \rightarrow { t } \pm \ infty } \paral le l \psi ( t ) f (

t ) \paral le l = 0 \ tag ∗{$ ( 3 . 7 ) $}
\end{ a l i g n ∗}

\noindent then the $ \psi − $ bounded s o l u t i o n o f ( 1 . 1 ) i s such that

\begin { a l i g n ∗}
\ lim { \rightarrow { t } \pm \ infty } \paral le l \psi ( t ) x (

t ) \paral le l = 0 . \ tag ∗{$ ( 3 . 8 ) $}
\end{ a l i g n ∗}

\noindent Proof . \quad I t i s easy to see that ( 3 . 7 ) i m p l i e s $ ( 3 . 4
) \ square $
Now , we cons id e r the perturbed equat ion

\begin { a l i g n ∗}
x ˆ{ \prime } ( t ) = [ A ( t ) + B ( t ) ] x (

t ) \ tag ∗{$ ( 3 . 9 ) $}
\end{ a l i g n ∗}

\noindent where $ B ( t ) $ i s a $ d \times d $ cont inuous matrix func t i on on
$ R . $ \quad We have the f o l l o w i n g

r e s u l t .

\noindent Theorem 3 . 5 . \ h f i l l Suppose that \ h f i l l ( 1 . 2 ) \ h f i l l has a $ \psi
− $ exponent i a l dichotomy on $ R . $ \ h f i l l I f $ \delta = $

\noindent $ \sup { t \ in R } \ int ˆ{ t + 1 } { t } \mid \psi ( s
) B ( s ) \psi ˆ{ − 1 } ( s ) \mid ds $ i s s u f f i c i e n t l y smal l , then ( 3 . 9 ) has a
$ \psi − $ exponent i a l

\noindent dichotomy on $ R . $

\noindent Proof . \quad By Theorem 3 . 2 i t s u f f i c e s to show that the equat ion

\begin { a l i g n ∗}
x ˆ{ \prime } ( t ) = [ A ( t ) + B ( t ) ] x (

t ) + f ( t ) \ tag ∗{$ ( 3 . 1 0 ) $}
\end{ a l i g n ∗}

\noindent has a unique $ \psi − $ bounded s o l u t i o n on $ R $ f o r every $ \psi
− $ i n t e g r a l l y bounded $ f $ func t i on

\noindent on $ R . $ Denote by $ G { \psi }$ the s e t

\centerline{ $ G { \psi } = \{ x : R \rightarrow R ˆ{ d } : x $ i s
$ \psi − $ bounded and cont inuous on $ R \} . $ }
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Proof period .. By Theorem 3 period 2 comma the unique solution of open parenthesis 1 period 1 closing

parenthesis is
Line 1 x open parenthesis t closing parenthesis = integraldisplay-minus to the power of t sub infinity Y open

parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis f open
parenthesis s closing parenthesis ds minus integral sub t to the power of infinity Y open parenthesis t closing
parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis f open parenthesis s closing
parenthesis ds period Line 2 bar psi open parenthesis t closing parenthesis x open parenthesis t closing parenthesis
bar leqslant integraldisplay-minus to the power of t sub infinity bar psi open parenthesis t closing parenthesis Y
open parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis f
open parenthesis s closing parenthesis bar ds plus integral sub t to the power of infinity bar psi open parenthesis
t closing parenthesis Y open parenthesis t closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis
s closing parenthesis f open parenthesis s closing parenthesis bar ds Line 3 leqslant K integraldisplay-minus to
the power of t sub infinity e to the power of minus alpha open parenthesis t minus s closing parenthesis bar psi
open parenthesis s closing parenthesis f open parenthesis s closing parenthesis bar ds plus L integral sub t to
the power of infinity e to the power of minus beta open parenthesis s minus t closing parenthesis bar psi open
parenthesis s closing parenthesis f open parenthesis s closing parenthesis bar ds Line 4 leqslant K sub 1 open
brace integraldisplay-minus to the power of t sub infinity e to the power of minus alpha open parenthesis t minus
s closing parenthesis bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis bar
ds plus integral sub t to the power of infinity e to the power of minus beta open parenthesis s minus t closing
parenthesis bar psi open parenthesis s closing parenthesis f open parenthesis s closing parenthesis bar ds closing
brace comma

open parenthesis 3 period 6 closing parenthesis
where K 1 = max open brace K comma L closing brace period .. Denote by gamma = min open brace alpha

comma beta closing brace period .. Under the hypothesis open parenthesis 3 period 4 closing parenthesis comma
for a given epsilon greater 0 comma there exists T greater 0 such that
integral sub t to the power of t plus 1 bar psi open parenthesis s closing parenthesis f open parenthesis s closing

parenthesis bar ds less epsilon divided by 2 K sub 1 open parenthesis 1 minus e to the power of minus gamma
closing parenthesis for bar t bar greater T period

Then from Lemma 2 period 3 and inequality open parenthesis 3 period 6 closing parenthesis it follow that
Line 1 bar psi open parenthesis t closing parenthesis x open parenthesis t closing parenthesis bar leqslant K

sub 1 to the power of hline sub 2 K sub 1 to the power of epsilon open parenthesis 1 minus e to the power of
minus gamma closing parenthesis open square bracket open parenthesis 1 minus e to the power of minus alpha
closing parenthesis to the power of minus 1 plus open parenthesis 1 minus e to the power of minus beta closing
parenthesis to the power of minus 1 closing square bracket Line 2 leqslant K sub 1 to the power of hline sub 2 K
sub 1 to the power of epsilon open parenthesis 1 minus e to the power of minus gamma closing parenthesis 2 open
parenthesis 1 minus e to the power of minus gamma closing parenthesis to the power of minus 1 = epsilon for all
bar t bar greater T comma

this implies open parenthesis 3 period 5 closing parenthesis period The proof is complete period square
Corollary 3 period 4 period .. Suppose that open parenthesis 1 period 2 closing parenthesis has a psi hyphen

exponential dichotomy on R period .. If
Equation: open parenthesis 3 period 7 closing parenthesis .. limint right arrow t plusminux infinity bar psi

open parenthesis t closing parenthesis f open parenthesis t closing parenthesis bar = 0
then the psi hyphen bounded s o lution of open parenthesis 1 period 1 closing parenthesis is such that
Equation: open parenthesis 3 period 8 closing parenthesis .. limint right arrow t plusminux infinity bar psi

open parenthesis t closing parenthesis x open parenthesis t closing parenthesis bar = 0 period
Proof period .. It is easy to see that open parenthesis 3 period 7 closing parenthesis implies open parenthesis

3 period 4 closing parenthesis square
Now comma we consider the perturbed equation
Equation: open parenthesis 3 period 9 closing parenthesis .. x to the power of prime open parenthesis t closing

parenthesis = open square bracket A open parenthesis t closing parenthesis plus B open parenthesis t closing
parenthesis closing square bracket x open parenthesis t closing parenthesis

where B open parenthesis t closing parenthesis is a d times d continuous matrix function on R period .. We
have the following

result period
Theorem 3 period 5 period .... Suppose that .... open parenthesis 1 period 2 closing parenthesis .... has a psi

hyphen exponential dichotomy on R period .... If delta =
supremum sub t in R integral sub t to the power of t plus 1 bar psi open parenthesis s closing parenthesis B

open parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing parenthesis bar ds is
sufficiently small comma then open parenthesis 3 period 9 closing parenthesis has a psi hyphen exponential

dichotomy on R period
Proof period .. By Theorem 3 period 2 it suffices to show that the equation
Equation: open parenthesis 3 period 1 0 closing parenthesis .. x to the power of prime open parenthesis t

closing parenthesis = open square bracket A open parenthesis t closing parenthesis plus B open parenthesis t
closing parenthesis closing square bracket x open parenthesis t closing parenthesis plus f open parenthesis t closing
parenthesis

has a unique psi hyphen bounded solution on R for every psi hyphen integrally bounded f function
on R period Denote by G sub psi the set
G sub psi = open brace x : R right arrow R to the power of d : x is psi hyphen bounded and continuous on

R closing brace period

8 P . N . BOI EJDE - 2 7 / 5 2 Proof . By Theorem 3 . 2 , the unique solution of (
1 . 1 ) is

x(t) = integraldisplay −minust∞Y (t)P1Y
−1(s)f(s)ds−

∫ ∞
t

Y (t)P2Y
−1(s)f(s)ds.

‖ ψ(t)x(t) ‖6 integraldisplay −minust∞ ‖ ψ(t)Y (t)P1Y
−1(s)f(s) ‖ ds+

∫ ∞
t

‖ ψ(t)Y (t)P2Y
−1(s)f(s) ‖ ds

6 Kintegraldisplay −minust∞e−α(t−s) ‖ ψ(s)f(s) ‖ ds+ L

∫ ∞
t

e−β(s−t) ‖ ψ(s)f(s) ‖ ds

6 K1{integraldisplay −minust∞e−α(t−s) ‖ ψ(s)f(s) ‖ ds+

∫ ∞
t

e−β(s−t) ‖ ψ(s)f(s) ‖ ds},

( 3 . 6 )
where K1 = max {K,L}. Denote by γ = min {α, β}. Under the hypothesis ( 3 . 4
) , for a given ε > 0, there exists T > 0 such that∫ t+1

t

‖ ψ(s)f(s) ‖ ds < ε

2K1
(1− e−γ) for | t |> T.

Then from Lemma 2 . 3 and inequality ( 3 . 6 ) it follow that

‖ ψ(t)x(t) ‖ 6 Kε (1
12K

1 − e−γ)[(1− e−α)−1 + (1− e−β)−1]

6 Kε (1
12K

1 − e−γ)2(1− e−γ)−1 = ε forall | t |> T,

this implies ( 3 . 5 ) . The proof is complete . � Corollary 3 . 4 . Suppose that
( 1 . 2 ) has a ψ− exponential dichotomy on R. If

lim
→t±∞

‖ ψ(t)f(t) ‖= 0 (3.7)

then the ψ− bounded s o lution of ( 1 . 1 ) is such that

lim
→t±∞

‖ ψ(t)x(t) ‖ = 0. (3.8)

Proof . It is easy to see that ( 3 . 7 ) implies (3.4) � Now , we consider the
perturbed equation

x′(t) = [A(t) +B(t)]x(t) (3.9)

where B(t) is a d× d continuous matrix function on R. We have the following result .
Theorem 3 . 5 . Suppose that ( 1 . 2 ) has a ψ− exponential dichotomy on R. If
δ =
supt∈R

∫ t+1

t
| ψ(s)B(s)ψ−1(s) | ds is sufficiently small , then ( 3 . 9 ) has a ψ−

exponential
dichotomy on R.
Proof . By Theorem 3 . 2 it suffices to show that the equation

x′(t) = [A(t) +B(t)]x(t) + f(t) (3.10)

has a unique ψ− bounded solution on R for every ψ− integrally bounded f function
on R. Denote by Gψ the set

Gψ = {x : R→ Rd : x is ψ− bounded and continuous on R}.
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I t i s we l l − known that $ G { \psi }$ i s a r e a l Banach space with the norm

\ [ \paral le l x \paral le l G { \psi } = \sup { t \ in R } \paral le l
\psi ( t ) x ( t ) \paral le l . \ ]

\noindent Consider the mapping $ T : G { \psi } \rightarrow G { \psi }$
which i s de f ined by

\ [\ begin { a l i gned } Tz ( t ) = − ˆ{ t } \ infty Y ( t ) P { 1 }
Y ˆ{ − 1 } ( s ) [ B ( s ) z ( s ) + f ( s ) ]
ds \\
− \ int ˆ{ \ infty } { t } Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) [

B ( s ) z ( s ) + f ( s ) ] ds . \end{ a l i gned }\ ]

\noindent I t i s easy v e r i f i e d that $ Tz \ in G { \psi } . $ More ever i f $ z { 1 }
, z { 2 } \ in G { \psi }$ then

\ [\ begin { a l i gned } \paral le l Tz { 1 } − Tz { 2 } \paral le l G { \psi }\\
\ l e q s l a n t i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } \mid \psi ( t ) Y

( t ) P { 1 } Y ˆ{ − 1 } ( s ) \psi ˆ{ − 1 } ( s ) \mid
\mid \psi ( s ) B ( s ) \psi ˆ{ − 1 } ( s ) \mid \paral le l
\psi ( s ) z { 1 } ( s ) − \psi ( s ) z { 2 } ( s )
\paral le l ds \\

+ \ int ˆ{ \ infty } { t } \mid \psi ( t ) Y ( t ) P { 2 } Y ˆ{ −
1 } ( s ) \psi ˆ{ − 1 } ( s ) \mid \mid \psi ( s ) B
( s ) \psi ˆ{ − 1 } ( s ) \mid \paral le l \psi ( s ) z { 1 }
( s ) − \psi ( s ) z { 2 } ( s ) \paral le l ds \end{ a l i gned }\ ]

\noindent By Lemma 2 . 3 , we have

\ [\ begin { a l i gned } \paral le l Tz { 1 } − Tz { 2 } \paral le l G { \psi } \ l e q s l a n t
K \paral le l z { 1 } − z { 2 } \paral le l G { \psi } − ˆ{ t } \ infty
e ˆ{ − \alpha ( t − s ) } \mid \psi ( s ) B ( s ) \psi ˆ{ −
1 } ( s ) \mid ds \\

+ L \paral le l z { 1 } − z { 2 } \paral le l G { \psi } \ int ˆ{ \ infty } { t }
e ˆ{ \beta ( t − s ) } \mid \psi ( s ) B ( s ) \psi ˆ{ −
1 } ( s ) \mid ds \\
\ l e q s l a n t \delta [ K ( 1 − e ˆ{ − \alpha } ) ˆ{ − 1 } + L

( 1 − e ˆ{ − \beta } ) ˆ{ − 1 } ] \paral le l z { 1 } − z { 2 }
\paral le l G { \psi }\end{ a l i gned }\ ]

\noindent Hence , by the con t ra c t i on p r i n c i p l e , i f $ \delta [ K ( 1 −
e ˆ{ − \alpha } ) ˆ{ − 1 } + L ( 1 − e ˆ{ − \beta } ) ˆ{ − 1 }
] < 1 , $ then
the mapping $ T $ has a unique f i x e d po int . Denoting t h i s f i x e d po int by $ z

, $ we have

\ [\ begin { a l i gned } z ( t ) = i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty } Y
( t ) P { 1 } Y ˆ{ − 1 } ( s ) [ B ( s ) z ( s )
+ f ( s ) ] ds \\
− \ int ˆ{ \ infty } { t } Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) [

B ( s ) z ( s ) + f ( s ) ] ds . \end{ a l i gned }\ ]

\noindent I t f o l l o w s that $ z ( t ) $ i s a s o l u t i o n on $ R $ o f ( 3 . 1 0 ) .

Now , we prove the uniqueness o f t h i s s o l u t i o n . \quad Suppose that $ x ( t
) $ i s a a r b i t r a r y

$ \psi − $ bounded s o l u t i o n on $ R $ o f ( 3 . 1 0 ) . Consider the func t i on

\ [\ begin { a l i gned } y ( t ) = x ( t ) − i n t e g r a l d i s p l a y−minus ˆ{ t } { \ infty }
Y ( t ) P { 1 } Y ˆ{ − 1 } ( s ) [ B ( s ) x ( s
) + f ( s ) ] ds \\

+ \ int ˆ{ \ infty } { t } Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) [
B ( s ) x ( s ) + f ( s ) ] ds . \end{ a l i gned }\ ]

\noindent I t i s easy to see that $ y ( t ) $ i s a $ \psi − $ bounded s o l u t i o n on
$ R $ o f ( 1 . 2 ) . Then from Theorem

3 . 2 f o l l o w s that $ y ( t ) $ i s the t r i v i a l s o l u t i o n . Then

\ [\ begin { a l i gned } x ( t ) = − ˆ{ t } \ infty Y ( t ) P { 1 }
Y ˆ{ − 1 } ( s ) [ B ( s ) x ( s ) + f ( s ) ]
ds \\
− \ int ˆ{ \ infty } { t } Y ( t ) P { 2 } Y ˆ{ − 1 } ( s ) [

B ( s ) x ( s ) + f ( s ) ] ds . \end{ a l i gned }\ ]
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It is well hyphen known that G sub psi is a real Banach space with the norm
bar x bar G sub psi = supremum t in R bar psi open parenthesis t closing parenthesis x open parenthesis t

closing parenthesis bar period
Consider the mapping T : G sub psi right arrow G sub psi which is defined by
Line 1 Tz open parenthesis t closing parenthesis = minus to the power of t infinity Y open parenthesis t

closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis open square bracket
B open parenthesis s closing parenthesis z open parenthesis s closing parenthesis plus f open parenthesis s closing
parenthesis closing square bracket ds Line 2 minus integral sub t to the power of infinity Y open parenthesis t
closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis open square bracket
B open parenthesis s closing parenthesis z open parenthesis s closing parenthesis plus f open parenthesis s closing
parenthesis closing square bracket ds period

It is easy verified that Tz in G sub psi period More ever if z sub 1 comma z sub 2 in G sub psi then
Line 1 bar Tz sub 1 minus Tz sub 2 bar G sub psi Line 2 leqslant integraldisplay-minus to the power of t sub

infinity bar psi open parenthesis t closing parenthesis Y open parenthesis t closing parenthesis P sub 1 Y to the
power of minus 1 open parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing
parenthesis bar bar psi open parenthesis s closing parenthesis B open parenthesis s closing parenthesis psi to the
power of minus 1 open parenthesis s closing parenthesis bar bar psi open parenthesis s closing parenthesis z sub 1
open parenthesis s closing parenthesis minus psi open parenthesis s closing parenthesis z sub 2 open parenthesis
s closing parenthesis bar ds Line 3 plus integral sub t to the power of infinity bar psi open parenthesis t closing
parenthesis Y open parenthesis t closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing
parenthesis psi to the power of minus 1 open parenthesis s closing parenthesis bar bar psi open parenthesis s
closing parenthesis B open parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing
parenthesis bar bar psi open parenthesis s closing parenthesis z sub 1 open parenthesis s closing parenthesis minus
psi open parenthesis s closing parenthesis z sub 2 open parenthesis s closing parenthesis bar ds

By Lemma 2 period 3 comma we have
Line 1 bar Tz sub 1 minus Tz sub 2 bar G sub psi leqslant K bar z sub 1 minus z sub 2 bar G sub psi minus

to the power of t infinity e to the power of minus alpha open parenthesis t minus s closing parenthesis bar psi
open parenthesis s closing parenthesis B open parenthesis s closing parenthesis psi to the power of minus 1 open
parenthesis s closing parenthesis bar ds Line 2 plus L bar z sub 1 minus z sub 2 bar G sub psi integral sub t to the
power of infinity e to the power of beta open parenthesis t minus s closing parenthesis bar psi open parenthesis s
closing parenthesis B open parenthesis s closing parenthesis psi to the power of minus 1 open parenthesis s closing
parenthesis bar ds Line 3 leqslant delta open square bracket K open parenthesis 1 minus e to the power of minus
alpha closing parenthesis to the power of minus 1 plus L open parenthesis 1 minus e to the power of minus beta
closing parenthesis to the power of minus 1 closing square bracket bar z sub 1 minus z sub 2 bar G sub psi

Hence comma by the contraction principle comma if delta open square bracket K open parenthesis 1 minus e
to the power of minus alpha closing parenthesis to the power of minus 1 plus L open parenthesis 1 minus e to the
power of minus beta closing parenthesis to the power of minus 1 closing square bracket less 1 comma then

the mapping T has a unique fixed point period Denoting this fixed point by z comma we have
Line 1 z open parenthesis t closing parenthesis = integraldisplay-minus to the power of t sub infinity Y open

parenthesis t closing parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis open
square bracket B open parenthesis s closing parenthesis z open parenthesis s closing parenthesis plus f open
parenthesis s closing parenthesis closing square bracket ds Line 2 minus integral sub t to the power of infinity Y
open parenthesis t closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis
open square bracket B open parenthesis s closing parenthesis z open parenthesis s closing parenthesis plus f open
parenthesis s closing parenthesis closing square bracket ds period

It follows that z open parenthesis t closing parenthesis is a solution on R of open parenthesis 3 period 1 0
closing parenthesis period

Now comma we prove the uniqueness of this solution period .. Suppose that x open parenthesis t closing
parenthesis is a arbitrary

psi hyphen bounded solution on R of open parenthesis 3 period 1 0 closing parenthesis period Consider the
function

Line 1 y open parenthesis t closing parenthesis = x open parenthesis t closing parenthesis minus integraldisplay-
minus to the power of t sub infinity Y open parenthesis t closing parenthesis P sub 1 Y to the power of minus
1 open parenthesis s closing parenthesis open square bracket B open parenthesis s closing parenthesis x open
parenthesis s closing parenthesis plus f open parenthesis s closing parenthesis closing square bracket ds Line 2 plus
integral sub t to the power of infinity Y open parenthesis t closing parenthesis P sub 2 Y to the power of minus
1 open parenthesis s closing parenthesis open square bracket B open parenthesis s closing parenthesis x open
parenthesis s closing parenthesis plus f open parenthesis s closing parenthesis closing square bracket ds period

It is easy to see that y open parenthesis t closing parenthesis is a psi hyphen bounded solution on R of open
parenthesis 1 period 2 closing parenthesis period Then from Theorem

3 period 2 follows that y open parenthesis t closing parenthesis is the trivial solution period Then
Line 1 x open parenthesis t closing parenthesis = minus to the power of t infinity Y open parenthesis t closing

parenthesis P sub 1 Y to the power of minus 1 open parenthesis s closing parenthesis open square bracket B
open parenthesis s closing parenthesis x open parenthesis s closing parenthesis plus f open parenthesis s closing
parenthesis closing square bracket ds Line 2 minus integral sub t to the power of infinity Y open parenthesis t
closing parenthesis P sub 2 Y to the power of minus 1 open parenthesis s closing parenthesis open square bracket
B open parenthesis s closing parenthesis x open parenthesis s closing parenthesis plus f open parenthesis s closing
parenthesis closing square bracket ds period

EJDE - 2 0 7 / 5 2 EXISTENCE OF ψ− BOUNDED SOLUTIONS 9 It is well - known that
Gψ is a real Banach space with the norm

‖ x ‖ Gψ = sup
t∈R
‖ ψ(t)x(t) ‖ .

Consider the mapping T : Gψ → Gψ which is defined by

Tz(t) = −t∞Y (t)P1Y
−1(s)[B(s)z(s) + f(s)]ds

−
∫ ∞
t

Y (t)P2Y
−1(s)[B(s)z(s) + f(s)]ds.

It is easy verified that Tz ∈ Gψ. More ever if z1, z2 ∈ Gψ then

‖ Tz1 − Tz2 ‖ Gψ
6 integraldisplay −minust∞ | ψ(t)Y (t)P1Y

−1(s)ψ−1(s) || ψ(s)B(s)ψ−1(s) |‖ ψ(s)z1(s)− ψ(s)z2(s) ‖ ds

+

∫ ∞
t

| ψ(t)Y (t)P2Y
−1(s)ψ−1(s) || ψ(s)B(s)ψ−1(s) |‖ ψ(s)z1(s)− ψ(s)z2(s) ‖ ds

By Lemma 2 . 3 , we have

‖ Tz1 − Tz2 ‖ Gψ 6 K ‖ z1 − z2 ‖ Gψ −t∞e−α(t−s) | ψ(s)B(s)ψ−1(s) | ds

+L ‖ z1 − z2 ‖ Gψ
∫ ∞
t

eβ(t−s) | ψ(s)B(s)ψ−1(s) | ds

6 δ[K(1− e−α)−1 + L(1− e−β)−1] ‖ z1 − z2 ‖ Gψ

Hence , by the contraction principle , if δ[K(1− e−α)−1 + L(1− e−β)−1] < 1, then the
mapping T has a unique fixed point . Denoting this fixed point by z, we have

z(t) = integraldisplay −minust∞Y (t)P1Y
−1(s)[B(s)z(s) + f(s)]ds

−
∫ ∞
t

Y (t)P2Y
−1(s)[B(s)z(s) + f(s)]ds.

It follows that z(t) is a solution on R of ( 3 . 1 0 ) .
Now , we prove the uniqueness of this solution . Suppose that x(t) is a arbitrary

ψ− bounded solution on R of ( 3 . 1 0 ) . Consider the function

y(t) = x(t)− integraldisplay −minust∞Y (t)P1Y
−1(s)[B(s)x(s) + f(s)]ds

+

∫ ∞
t

Y (t)P2Y
−1(s)[B(s)x(s) + f(s)]ds.

It is easy to see that y(t) is a ψ− bounded solution on R of ( 1 . 2 ) . Then from
Theorem 3 . 2 follows that y(t) is the trivial solution . Then

x(t) = −t∞Y (t)P1Y
−1(s)[B(s)x(s) + f(s)]ds

−
∫ ∞
t

Y (t)P2Y
−1(s)[B(s)x(s) + f(s)]ds.
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\noindent Hence $ x ( t ) $ i s the f i x e d po int o f mapping $ T . $ \quad From the uniqueness o f t h i s po int , i t
f o l l o w s that $ x = z . $ The proo f i s complete $ . \ square $

\noindent Coro l l a ry 3 . 6 . \ h f i l l Suppose that \ h f i l l ( 1 . 2 ) has a $ \psi − $
exponent i a l dichotomy on $ R . $ \ h f i l l I f $ \delta = $

\noindent $ \sup { t \ in R } \mid \psi ( t ) B ( t ) \psi ˆ{ −
1 } ( t ) \mid $ \quad i s s u f f i c i e n t l y smal l , \quad then \quad ( 3 . 9 ) \quad has \quad a
$ \psi − $ exponent i a l d i −

chotomy on $ R . $
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Hence x open parenthesis t closing parenthesis is the fixed point of mapping T period .. From the uniqueness

of this point comma it
follows that x = z period The proof is complete period square
Corollary 3 period 6 period .... Suppose that .... open parenthesis 1 period 2 closing parenthesis has a psi
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Hence x(t) is the fixed point of mapping T. From the uniqueness of this point , it
follows that x = z. The proof is complete . �
Corollary 3 . 6 . Suppose that ( 1 . 2 ) has a ψ− exponential dichotomy on R. If
δ =
supt∈R | ψ(t)B(t)ψ−1(t) | is sufficiently small , then ( 3 . 9 ) has a ψ−
exponential di - chotomy on R.
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