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\noindent A \ h f i l l SEMILINEAR ELLIPTIC \ h f i l l PROBLEM INVOLVING \ h f i l l NONLINEAR

\centerline{BOUNDARY CONDITION AND \quad SIGN − CHANGING \quad POTENTIAL }

\centerline{TSUNG − FANG WU }

\centerline{Abstract . \quad In t h i s paper , we study the m u l t i p l i c i t y o f n o n t r i v i a l nonnegat ive }

\centerline{ s o l u t i o n s f o r a s e m i l i n e a r e l l i p t i c equat ion i n v o l v i n g non l in ea r boundary con − }

\centerline{ d i t i o n and s i gn − changing p o t e n t i a l . With the help o f the Nehari mani fo ld , we }

\centerline{prove that the s e m i l i n e a r e l l i p t i c equat ion : }

\ [\ begin { a l i gned } − \Delta u + u = \lambda f ( x ) \mid u
\mid ˆ{ q − 2 } u in \Omega , \\
\ f r a c { \partial u }{ \partial \nu } = g ( x ) \mid u \mid ˆ{ p
− 2 } u on \partial \Omega , \end{ a l i gned }\ ]

\centerline{has at l e a s t two n o n t r i v i a l nonnegat ive s o l u t i o n s f o r $ \lambda $ i s s u f f i c i e n t l y smal l . }

\centerline {1 . \quad In t roduc t i on }

\hspace ∗{\ f i l l } In t h i s paper , we cons id e r the m u l t i p l i c i t y o f n o n t r i v i a l nonnegat ive s o l u t i o n s f o r

\noindent the f o l l o w i n g s e m i l i n e a r e l l i p t i c equat ion

\begin { a l i g n ∗}
− \Delta u + u = \lambda f ( x ) \mid u \mid ˆ{ q −

2 } u in \Omega , \\\ f r a c { \partial u }{ \partial \nu } = g ( x
) \mid u \mid ˆ{ p − 2 } u on \partial \Omega , \ tag ∗{$ ( 1
. 1 ) $}
\end{ a l i g n ∗}

\noindent where $ 1 < q < 2 < p < \ f r a c { 2 ( N − 1 ) }{ N
− 2 } { , } \lambda > 0 , \Omega $ i s a bounded domain in $ R ˆ{ N }$
with smooth

boundary $ , \ f r a c { \partial }{ \partial \nu }$ \quad i s the outer normal d e r i v a t i v e and
$ f , g : \overline {\ }{ \Omega } \rightarrow R $ are cont inuous

f u n c t i o n s which change s i gn in $\overline {\ }{ \Omega } { . }$ \quad Assoc iated with ( 1 . 1 ) , we cons id e r the energy

\begin { a l i g n ∗}
f u n c t i o n a l J { \lambda } in H ˆ{ 1 } ( \Omega ) , \\ J { \lambda }

( u ) = \ f r a c { 1 }{ 2 } \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − \ f r a c { \lambda }{ q }
\ int { \Omega } f \mid u \mid ˆ{ q } dx − \ r u l e {3em}{0 .4 pt} ˆ{ p } { 1 }
\ int { \partial \Omega } g \mid u \mid ˆ{ p } ds .
\end{ a l i g n ∗}

\noindent where $ ds $ i s the measure on the boundary and \ h f i l l $ \paral le l u
\paral le l 2{ H } { 1 } = \ int { \Omega } \mid \nabla u \mid ˆ{ 2 } +
u ˆ{ 2 } dx . $ I t i s we l l

\noindent known that $ J { \lambda }$ i s o f $ C ˆ{ 1 }$ in $ H ˆ{ 1 } ( \Omega
) $ and the s o l u t i o n s o f equat ion ( 1 . 1 ) are the c r i t i c a l

po in t s o f the energy f u n c t i o n a l $ J { \lambda } . $

The f a c t that the number o f s o l u t i o n s o f equat ion ( 1 . 1 ) i s a f f e c t e d by the non −
l i n e a r boundary c o n d i t i o n s has been the fo cus o f a grea t dea l o f r e s ea r ch in r e c ent
years . Garcia − Azorero , Pera l and Ross i [ 1 0 ] have i n v e s t i g a t e d ( 1 . 1 ) when

$ f \equiv g \equiv 1 . $

\begin { a l i g n ∗}
\ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}
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A SEMILINEAR ELLIPTIC PROBLEM INVOLVING NONLINEAR
BOUNDARY CONDITION AND SIGN - CHANGING POTENTIAL

TSUNG - FANG WU

Abstract . In this paper , we study the multiplicity of nontrivial nonnegative

solutions for a semilinear elliptic equation involving nonlinear boundary con -

dition and sign - changing potential . With the help of the Nehari manifold , we

prove that the semilinear elliptic equation :

−∆u+ u = λf(x) | u |q−2 u inΩ,

∂u

∂ν
= g(x) | u |p−2 u on∂Ω,

has at least two nontrivial nonnegative solutions for λ is sufficiently small .

1 . Introduction
In this paper , we consider the multiplicity of nontrivial nonnegative solutions for

the following semilinear elliptic equation

−∆u+ u = λf(x) | u |q−2 u inΩ,

∂u

∂ν
= g(x) | u |p−2 u on∂Ω, (1.1)

where 1 < q < 2 < p < 2(N−1)
N−2 ,

λ > 0,Ω is a bounded domain in RN with smooth

boundary , ∂
∂ν is the outer normal derivative and f, g : Ω → R are contin-

uous functions which change sign in Ω. Associated with ( 1 . 1 ) , we consider the
energy

functionalJλinH1(Ω),

Jλ(u) =
1

2
‖ u ‖2H 1 −

λ

q

∫
Ω

f | u |q dx− p
1

∫
∂Ω

g | u |p ds.

where ds is the measure on the boundary and ‖ u ‖ 2H1 =
∫

Ω
| ∇u |2 +u2dx. It is well

known that Jλ is of C1 in H1(Ω) and the solutions of equation ( 1 . 1 ) are the critical
points of the energy functional Jλ.

The fact that the number of solutions of equation ( 1 . 1 ) is affected by the non -
linear boundary conditions has been the fo cus of a great deal of research in recent years
. Garcia - Azorero , Peral and Rossi [ 1 0 ] have investigated ( 1 . 1 ) when f ≡ g ≡ 1.
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\noindent 2 \ h f i l l T . − F . WU \ h f i l l EJDE − 2 0 6 / 1 3 1

\noindent They found that the re e x i s t p o s i t i v e numbers $ \Lambda { 1 } , \Lambda { 2 }$
with $ \Lambda { 1 } \ leq \Lambda { 2 }$ such that equa −

t i on ( 1 . 1 ) admits at l e a s t two p o s i t i v e s o l u t i o n s f o r $ \lambda \ in ( 0
, \Lambda { 1 } ) $ and no p o s i t i v e so lu −
t i on e x i s t s f o r $ \lambda > \Lambda { 2 } . $ Also see Chipot − Chlebik − Fi l a − S h a f r i r [ 4 ] , Chipot − S h a f r i r − Fi l a

\noindent [ 5 ] , F l o r e s − de l Pino [ 8 ] , Hu [ 1 1 ] , P i e r r o t t i − T e r r a c i n i [ 1 4 ] and T e r r a c c i n i [ 1 6 ] where
problems s i m i l a r to equat ion ( 1 . 1 ) have been s tud i ed .

The purpose o f t h i s paper i s to con s id e r the m u l t i p l i c i t y o f n o n t r i v i a l nonnegat ive
s o l u t i o n s o f equat ion ( 1 . 1 ) with s i gn − changing p o t e n t i a l . \quad We prove that equat ion
( 1 . 1 ) has at l e a s t two n o n t r i v i a l nonnegat ive s o l u t i o n s f o r $ \lambda $ i s s u f f i c i e n t l y smal l .

\noindent Theorem 1 . 1 . \quad There e x i s t s $ \lambda { 0 } > 0 $ such that f o r
$ \lambda \ in ( 0 , \lambda { 0 } ) , $ equat ion ( 1 . 1 ) has at

l e a s t two n o n t r i v i a l nonnegat ive s o l u t i o n s .

\hspace ∗{\ f i l l }Among the other i n t e r e s t i n g problems which are s i m i l a r o f equat ion ( 1 . 1 ) , Ambro −

\noindent s e t t i − Brez i s − Cerami [ 3 ] have i n v e s t i g a t e d the equat ion

\begin { a l i g n ∗}
− \Delta u = \lambda \mid { u } u \mid ˆ{ q − } { = }ˆ{ 2 { u }} { 0 }

+ { on } \mid u \mid ˆ{ p − }{ \partial }ˆ{ 2 { u }} { \Omega , } in
\Omega , \ tag ∗{$ ( 1 . 2 ) $}
\end{ a l i g n ∗}

\noindent where $ 1 < q < 2 < p \ leq \ f r a c { 2 N }{ N − 2 } { . }$
They proved that the re e x i s t s $ \lambda { 0 } > 0 $ such that ( 1 . 2 )

\noindent admits at l e a s t two p o s i t i v e s o l u t i o n s f o r $ \lambda \ in ( 0 ,
\lambda { 0 } ) , $ has a p o s i t i v e s o l u t i o n f o r

$ \lambda = \lambda { 0 } , $ and no p o s i t i v e s o l u t i o n f o r $ \lambda >
\lambda { 0 } . $ \quad Actua l ly , Adimurthi − Pace l l a − Yadava

[ 1 ] , Damasce l l i − Gross i − Pace l l a [ 6 ] , Ouyang − Shi [ 1 3 ] and Tang [ 1 7 ] proved that the re

\noindent e x i s t s $ \lambda { 0 } > 0 $ such that equat ion ( 1 . 2 ) in the un i t b a l l
$ B ˆ{ N } ( 0 ; 1 ) $ has exac t l y two

p o s i t i v e s o l u t i o n s f o r $ \lambda \ in ( 0 , \lambda { 0 } ) , $ has exac t l y one p o s i t i v e s o l u t i o n f o r
$ \lambda = \lambda { 0 }$ and

no p o s i t i v e s o l u t i o n e x i s t s f o r $ \lambda > \lambda { 0 } . $ \quad G e n e r a l i z a t i o n s o f the r e s u l t o f equat ion
( 1 . 2 ) were done by Ambrosetti − Azorero − Pera l [ 2 ] , de F igue i r edo − Gossez − Ubi l l a [ 9 ]
and Wu [ 1 8 ] .

This paper i s organ ized as f o l l o w s . In s e c t i o n 2 , we g ive some notat ion and pre −
l i m i n a r i e s . In s e c t i o n 3 , we prove that ( 1 . 1 ) has at l e a s t two n o n t r i v i a l nonnegat ive
s o l u t i o n s f o r $ \lambda $ i s s u f f i c i e n t l y smal l .

\centerline {2 . \quad Notation and P r e l i m i n a r i e s }

\hspace ∗{\ f i l l }Throughout t h i s s e c t i o n , we denote by $ S { p } , C { p }$ the best Sobolev embedding and

\noindent t r a c e constant f o r the ope ra to r s $ H ˆ{ 1 } ( \Omega ) \rightarrow
L ˆ{ p } ( \Omega ) , H ˆ{ 1 } ( \Omega ) \rightarrow L ˆ{ p } (
\partial \Omega ) , $ r e s p e c t i v e l y .
Now , we cons id e r the Nehari minimizat ion problem : For $ \lambda > 0 , $

\begin { a l i g n ∗}
\alpha { \lambda } = \ inf \{ J { \lambda } ( u ) : u \ in M { \lambda }
\} , \\ where M { \lambda } = \{ u \ in H ˆ{ 1 } ( \Omega ) \setminus
\{ 0 \} : \ langle J ˆ{ \prime } { \lambda } ( u ) , u \rangle
= 0 \} . De f i ne \\ \psi \lambda ( u ) = \ langle J ˆ{ \prime } { \lambda }
( u ) , u \rangle = \paral le l u \paral le l ˆ{ 2 } { H } { 1 } −
\lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx − \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds . \\ Then f o r u \ in M { \lambda }
, \\ \ langle \psi ˆ{ \prime } { \lambda } ( u ) , u \rangle = 2
\paral le l u \paral le l ˆ{ 2 } { H } { 1 } − \lambda q \ int { \Omega } f
\mid u \mid ˆ{ q } dx − p \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds .
\end{ a l i g n ∗}

\noindent S i m i l a r l y to the method used in Tarante l l o [ 1 5 ] , we s p l i t $ M { \lambda }$
in to three par t s :

\ [\ begin { a l i gned } M ˆ{ + } { \lambda } = \{ u \ in M { \lambda } : \ langle
\psi ˆ{ \prime } { \lambda } ( u ) , u \rangle > 0 \} , \\

M ˆ{ 0 } { \lambda } = \{ u \ in M { \lambda } : \ langle \psi ˆ{ \prime } { \lambda }
( u ) , u \rangle = 0 \} , \\

M ˆ{ − } { \lambda } = \{ u \ in M { \lambda } : \ langle \psi ˆ{ \prime } { \lambda }
( u ) , u \rangle < 0 \} . \end{ a l i gned }\ ]

\noindent Then , we have the f o l l o w i n g r e s u l t s .

2 .... T period hyphen F period WU .... EJDE hyphen 2 0 6 slash 1 3 1
They found that there exist positive numbers Capital Lambda sub 1 comma Capital Lambda sub 2 with

Capital Lambda sub 1 less or equal Capital Lambda sub 2 such that equa hyphen
tion open parenthesis 1 period 1 closing parenthesis admits at least two positive solutions for lambda in open

parenthesis 0 comma Capital Lambda sub 1 closing parenthesis and no positive solu hyphen
tion exists for lambda greater Capital Lambda sub 2 period Also see Chipot hyphen Chlebik hyphen Fila

hyphen Shafrir open square bracket 4 closing square bracket comma Chipot hyphen Shafrir hyphen Fila
open square bracket 5 closing square bracket comma Flores hyphen del Pino open square bracket 8 closing

square bracket comma Hu open square bracket 1 1 closing square bracket comma Pierrotti hyphen Terracini open
square bracket 1 4 closing square bracket and Terraccini open square bracket 1 6 closing square bracket where

problems similar to equation open parenthesis 1 period 1 closing parenthesis have been studied period
The purpose of this paper is to consider the multiplicity of nontrivial nonnegative
solutions of equation open parenthesis 1 period 1 closing parenthesis with sign hyphen changing potential

period .. We prove that equation
open parenthesis 1 period 1 closing parenthesis has at least two nontrivial nonnegative solutions for lambda

is sufficiently small period
Theorem 1 period 1 period .. There exists lambda sub 0 greater 0 such that for lambda in open parenthesis 0

comma lambda sub 0 closing parenthesis comma equation open parenthesis 1 period 1 closing parenthesis has at
least two nontrivial nonnegative s o lutions period
Among the other interesting problems which are similar of equation open parenthesis 1 period 1 closing

parenthesis comma Ambro hyphen
setti hyphen Brezis hyphen Cerami open square bracket 3 closing square bracket have investigated the equation
Equation: open parenthesis 1 period 2 closing parenthesis .. minus Capital Delta u = lambda bar u u bar sub

= to the power of q minus sub 0 to the power of 2 sub u plus on bar u bar to the power of p minus partialdiff
sub Capital Omega comma to the power of 2 sub u in Capital Omega comma

where 1 less q less 2 less p less or equal 2 N divided by N minus 2 sub period They proved that there exists
lambda sub 0 greater 0 such that open parenthesis 1 period 2 closing parenthesis

admits at least two positive solutions for lambda in open parenthesis 0 comma lambda sub 0 closing parenthesis
comma has a positive solution for

lambda = lambda sub 0 comma and no positive solution for lambda greater lambda sub 0 period .. Actually
comma Adimurthi hyphen Pacella hyphen Yadava

open square bracket 1 closing square bracket comma Damascelli hyphen Grossi hyphen Pacella open square
bracket 6 closing square bracket comma Ouyang hyphen Shi open square bracket 1 3 closing square bracket and
Tang open square bracket 1 7 closing square bracket proved that there

exists lambda sub 0 greater 0 such that equation open parenthesis 1 period 2 closing parenthesis in the unit
ball B to the power of N open parenthesis 0 semicolon 1 closing parenthesis has exactly two

positive solutions for lambda in open parenthesis 0 comma lambda sub 0 closing parenthesis comma has exactly
one positive solution for lambda = lambda sub 0 and

no positive solution exists for lambda greater lambda sub 0 period .. Generalizations of the result of equation
open parenthesis 1 period 2 closing parenthesis were done by Ambrosetti hyphen Azorero hyphen Peral open

square bracket 2 closing square bracket comma de Figueiredo hyphen Gossez hyphen Ubilla open square bracket
9 closing square bracket

and Wu open square bracket 1 8 closing square bracket period
This paper is organized as follows period In section 2 comma we give some notation and pre hyphen
liminaries period In section 3 comma we prove that open parenthesis 1 period 1 closing parenthesis has at

least two nontrivial nonnegative
solutions for lambda is sufficiently small period
2 period .. Notation and Preliminaries
Throughout this section comma we denote by S sub p comma C sub p the best Sobolev embedding and
trace constant for the operators H to the power of 1 open parenthesis Capital Omega closing parenthesis right

arrow L to the power of p open parenthesis Capital Omega closing parenthesis comma H to the power of 1 open
parenthesis Capital Omega closing parenthesis right arrow L to the power of p open parenthesis partialdiff Capital
Omega closing parenthesis comma respectively period

Now comma we consider the Nehari minimization problem : For lambda greater 0 comma
alpha sub lambda = inf open brace J sub lambda open parenthesis u closing parenthesis : u in M sub lambda

closing brace comma where M sub lambda = open brace u in H to the power of 1 open parenthesis Capital Omega
closing parenthesis backslash open brace 0 closing brace : angbracketleft J sub lambda to the power of prime
open parenthesis u closing parenthesis comma u right angbracket = 0 closing brace period Define psi lambda open
parenthesis u closing parenthesis = angbracketleft J sub lambda to the power of prime open parenthesis u closing
parenthesis comma u right angbracket = bar u bar sub H to the power of 2 sub 1 minus lambda integral sub
Capital Omega f bar u bar to the power of q dx minus integral sub partialdiff Capital Omega g bar u bar to the
power of p ds period Then for u in M sub lambda comma angbracketleft psi sub lambda to the power of prime
open parenthesis u closing parenthesis comma u right angbracket = 2 bar u bar sub H to the power of 2 sub 1
minus lambda q integral sub Capital Omega f bar u bar to the power of q dx minus p integral sub partialdiff
Capital Omega g bar u bar to the power of p ds period

Similarly to the method used in Tarantello open square bracket 1 5 closing square bracket comma we split M
sub lambda into three parts :

Line 1 M sub lambda to the power of plus = open brace u in M sub lambda : angbracketleft psi sub lambda
to the power of prime open parenthesis u closing parenthesis comma u right angbracket greater 0 closing brace
comma Line 2 M sub lambda to the power of 0 = open brace u in M sub lambda : angbracketleft psi sub lambda
to the power of prime open parenthesis u closing parenthesis comma u right angbracket = 0 closing brace comma
Line 3 M sub lambda to the power of minus = open brace u in M sub lambda : angbracketleft psi sub lambda to
the power of prime open parenthesis u closing parenthesis comma u right angbracket less 0 closing brace period

Then comma we have the following results period

2 T . - F . WU EJDE - 2 0 6 / 1 3 1

They found that there exist positive numbers Λ1,Λ2 with Λ1 ≤ Λ2 such that equa -
tion ( 1 . 1 ) admits at least two positive solutions for λ ∈ (0,Λ1) and no positive solu -
tion exists for λ > Λ2. Also see Chipot - Chlebik - Fila - Shafrir [ 4 ] , Chipot - Shafrir
- Fila
[ 5 ] , Flores - del Pino [ 8 ] , Hu [ 1 1 ] , Pierrotti - Terracini [ 1 4 ] and Terraccini [ 1
6 ] where problems similar to equation ( 1 . 1 ) have been studied .

The purpose of this paper is to consider the multiplicity of nontrivial nonnegative
solutions of equation ( 1 . 1 ) with sign - changing potential . We prove that equation
( 1 . 1 ) has at least two nontrivial nonnegative solutions for λ is sufficiently small .
Theorem 1 . 1 . There exists λ0 > 0 such that for λ ∈ (0, λ0), equation ( 1 . 1
) has at least two nontrivial nonnegative s o lutions .

Among the other interesting problems which are similar of equation ( 1 . 1 ) ,
Ambro -
setti - Brezis - Cerami [ 3 ] have investigated the equation

−∆u = λ |u u |q−=
2u
0 +on | u |p− ∂2u

Ω, inΩ, (1.2)

where 1 < q < 2 < p ≤ 2N
N−2 .

They proved that there exists λ0 > 0 such that ( 1 . 2 )

admits at least two positive solutions for λ ∈ (0, λ0), has a positive solution for
λ = λ0, and no positive solution for λ > λ0. Actually , Adimurthi - Pacella - Yadava
[ 1 ] , Damascelli - Grossi - Pacella [ 6 ] , Ouyang - Shi [ 1 3 ] and Tang [ 1 7 ] proved
that there
exists λ0 > 0 such that equation ( 1 . 2 ) in the unit ball BN (0; 1) has exactly two
positive solutions for λ ∈ (0, λ0), has exactly one positive solution for λ = λ0 and no
positive solution exists for λ > λ0. Generalizations of the result of equation ( 1 . 2 )
were done by Ambrosetti - Azorero - Peral [ 2 ] , de Figueiredo - Gossez - Ubilla [ 9 ]
and Wu [ 1 8 ] .

This paper is organized as follows . In section 2 , we give some notation and pre -
liminaries . In section 3 , we prove that ( 1 . 1 ) has at least two nontrivial nonnegative
solutions for λ is sufficiently small .

2 . Notation and Preliminaries
Throughout this section , we denote by Sp, Cp the best Sobolev embedding and

trace constant for the operators H1(Ω)→ Lp(Ω), H1(Ω)→ Lp(∂Ω), respectively . Now
, we consider the Nehari minimization problem : For λ > 0,

αλ = inf{Jλ(u) : u ∈Mλ},
whereMλ = {u ∈ H1(Ω) \ {0} : 〈J ′λ(u), u〉 = 0}.Define

ψλ(u) = 〈J ′λ(u), u〉 =‖ u ‖2H 1 − λ
∫

Ω

f | u |q dx−
∫
∂Ω

g | u |p ds.

Thenforu ∈Mλ,

〈ψ′λ(u), u〉 = 2 ‖ u ‖2H 1 − λq
∫

Ω

f | u |q dx− p
∫
∂Ω

g | u |p ds.

Similarly to the method used in Tarantello [ 1 5 ] , we split Mλ into three parts :

M+
λ = {u ∈Mλ : 〈ψ′λ(u), u〉 > 0},

M0
λ = {u ∈Mλ : 〈ψ′λ(u), u〉 = 0},

M−λ = {u ∈Mλ : 〈ψ′λ(u), u〉 < 0}.

Then , we have the following results .
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\noindent Lemma 2 . 1 . \quad There e x i s t s $ \lambda { 1 } > 0 $ such that f o r ea ch
$ \lambda \ in ( 0 , \lambda { 1 } ) $ we have $ M ˆ{ 0 } { \lambda }
= \phi . $

Proof . \quad We cons id e r the f o l l o w i n g two ca s e s .

\noindent Case ( I $ ) : u \ in M { \lambda }$ and $ \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds \ leq 0 . $ We have

\ [ \lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx = \paral le l u
\paral le l 2{ H } { 1 } − \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds . \ ]

\noindent Thus ,

\begin { a l i g n ∗}
\ langle \psi ˆ{ \prime } { \lambda } ( u ) , u \rangle = 2 \paral le l

u \paral le l ˆ{ 2 } { H } { 1 } − \lambda q \ int { \Omega } f \mid u
\mid ˆ{ q } dx − p \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds \\ = ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 } + ( q
− p ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds > 0 \\ and
so u \ in M ˆ{ + } { \lambda } .
\end{ a l i g n ∗}

\noindent Case ( I I $ ) : u \ in M { \lambda }$ and $ \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds > 0 . $ \quad Suppose that $ M ˆ{ 0 } { \lambda }
\not= \phi $ f o r a l l $ \lambda > 0 . $ \quad I f

$ u \ in M ˆ{ 0 } { \lambda ˆ{ , }}$ then we have

\ [\ begin { a l i gned } 0 = \ langle \psi ˆ{ \prime } { \lambda } ( u ) , u
\rangle = 2 \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − \lambda q \ int { \Omega }
f \mid u \mid ˆ{ q } dx − p \ int { \partial \Omega } g \mid u
\mid ˆ{ p } ds \\

= ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 } − ( p −
q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds . \end{ a l i gned }\ ]

\noindent Thus ,

\begin { a l i g n ∗}
\paral le l u \paral le l ˆ{ 2 } { H } { 1 } = p \ f r a c { − q }{ 2 − q }
\ int { \partial \Omega } g \mid u \mid ˆ{ p } ds \ tag ∗{$ ( 2 . 1
) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx = \paral le l u \paral le l ˆ{ 2 } { H } { 1 }
− \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds = \ f r a c { p −
2 }{ 2 − q } \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds . \ tag ∗{$ (
2 . 2 ) $}
\end{ a l i g n ∗}

\noindent Moreover ,

EJDE hyphen 2 0 6 slash 1 3 1 .... A SEMILINEAR ELLIPTIC PROBLEM .... 3
Lemma 2 period 1 period .. There exists lambda sub 1 greater 0 such that for ea ch lambda in open parenthesis

0 comma lambda sub 1 closing parenthesis we have M sub lambda to the power of 0 = phi period
Proof period .. We consider the following two cases period
Case open parenthesis I closing parenthesis : u in M sub lambda and integral sub partialdiff Capital Omega

g bar u bar to the power of p ds less or equal 0 period We have
lambda integral sub Capital Omega f bar u bar to the power of q dx = bar u bar 2 H sub 1 minus integral

sub partialdiff Capital Omega g bar u bar to the power of p ds period
Thus comma
angbracketleft psi sub lambda to the power of prime open parenthesis u closing parenthesis comma u right

angbracket = 2 bar u bar sub H to the power of 2 sub 1 minus lambda q integral sub Capital Omega f bar u bar
to the power of q dx minus p integral sub partialdiff Capital Omega g bar u bar to the power of p ds = open
parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 plus open parenthesis q minus p closing parenthesis
integral sub partialdiff Capital Omega g bar u bar to the power of p ds greater 0 and so u in M sub lambda to
the power of plus period

Case open parenthesis II closing parenthesis : u in M sub lambda and integral sub partialdiff Capital Omega g
bar u bar to the power of p ds greater 0 period .. Suppose that M sub lambda to the power of 0 negationslash-equal
phi for all lambda greater 0 period .. If

u in M sub lambda to the power of comma to the power of 0 then we have
Line 1 0 = angbracketleft psi sub lambda to the power of prime open parenthesis u closing parenthesis comma

u right angbracket = 2 bar u bar sub H to the power of 2 sub 1 minus lambda q integral sub Capital Omega f
bar u bar to the power of q dx minus p integral sub partialdiff Capital Omega g bar u bar to the power of p ds
Line 2 = open parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 minus open parenthesis p minus q
closing parenthesis integral sub partialdiff Capital Omega g bar u bar to the power of p ds period

Thus comma
Equation: open parenthesis 2 period 1 closing parenthesis .. bar u bar sub H to the power of 2 sub 1 = p

minus q divided by 2 minus q integral sub partialdiff Capital Omega g bar u bar to the power of p ds
and
Equation: open parenthesis 2 period 2 closing parenthesis .. lambda integral sub Capital Omega f bar u bar

to the power of q dx = bar u bar sub H to the power of 2 sub 1 minus integral sub partialdiff Capital Omega g
bar u bar to the power of p ds = p minus 2 divided by 2 minus q integral sub partialdiff Capital Omega g bar u
bar to the power of p ds period

Moreover comma

EJDE - 2 0 6 / 1 3 1 A SEMILINEAR ELLIPTIC PROBLEM 3

Lemma 2 . 1 . There exists λ1 > 0 such that for ea ch λ ∈ (0, λ1) we have
M0

λ = φ. Proof . We consider the following two cases .
Case ( I ) : u ∈Mλ and

∫
∂Ω
g | u |p ds ≤ 0. We have

λ

∫
Ω

f | u |q dx = ‖ u ‖ 2H1 −
∫
∂Ω

g | u |p ds.

Thus ,

〈ψ′λ(u), u〉 = 2 ‖ u ‖2H 1 − λq
∫

Ω

f | u |q dx− p
∫
∂Ω

g | u |p ds

= (2− q) ‖ u ‖ 2H1 + (q − p)
∫
∂Ω

g | u |p ds > 0

andsou ∈M+
λ .

Case ( II ) : u ∈Mλ and
∫
∂Ω
g | u |p ds > 0. Suppose that M0

λ 6= φ for all λ > 0. If
u ∈M0

λ, then we have

0 = 〈ψ′λ(u), u〉 = 2 ‖ u ‖2H 1 − λq
∫

Ω

f | u |q dx− p
∫
∂Ω

g | u |p ds

= (2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω

g | u |p ds.

Thus ,

‖ u ‖2H 1 = p
−q

2− q

∫
∂Ω

g | u |p ds (2.1)

and

λ

∫
Ω

f | u |q dx =‖ u ‖2H 1 −
∫
∂Ω

g | u |p ds =
p− 2

2− q

∫
∂Ω

g | u |p ds. (2.2)

Moreover ,
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where $ K ( p , q ) = ( ˆ{ l i n e−minus−q 2 } { p − q } ) ˆ{ (

p − 1 ) / ( p − 2 ) } ( ˆ{ minus−l i n e−p }ˆ{ 2 } { 2 − q } )
. $ \quad Then $ I { \lambda } ( u ) = 0 $ f o r a l l $ u \ in M ˆ{ 0 } { \lambda ˆ{ . }}$
\quad Indeed ,

\noindent from ( 2 . 1 ) and ( 2 . 2 ) i t f o l l o w s that f o r $ u \ in M ˆ{ 0 } { \lambda }$
we have

\ [ I { \lambda } ( u ) = K ( p , q ) ( \ f r a c { \paral le l u
\paral le l ˆ{ 2 ( p − 1 ) } { H ˆ{ 1 }}}{ \ int { \partial \Omega } g
\mid u \mid ˆ{ p } ds }ˆ{ ) } 1 / ( p − 1 ) − \lambda \ int { \Omega }
f \mid u \mid ˆ{ q } dx \ ]

4 .. T period hyphen F period WU .. EJDE hyphen 2 0 6 slash 1 3 1
where K open parenthesis p comma q closing parenthesis = open parenthesis sub p minus q to the power

of line-minus-q 2 closing parenthesis to the power of open parenthesis p minus 1 closing parenthesis slash open
parenthesis p minus 2 closing parenthesis open parenthesis to the power of minus-line-p sub 2 minus q to the
power of 2 closing parenthesis period .. Then I sub lambda open parenthesis u closing parenthesis = 0 for all u
in M sub lambda to the power of period to the power of 0 .. Indeed comma

from open parenthesis 2 period 1 closing parenthesis and open parenthesis 2 period 2 closing parenthesis it
follows that for u in M sub lambda to the power of 0 we have

I sub lambda open parenthesis u closing parenthesis = K open parenthesis p comma q closing parenthesis open
parenthesis bar u bar sub H to the power of 1 to the power of 2 open parenthesis p minus 1 closing parenthesis
divided by integral sub partialdiff Capital Omega g bar u bar to the power of p ds to the power of closing
parenthesis 1 slash open parenthesis p minus 1 closing parenthesis minus lambda integral sub Capital Omega f
bar u bar to the power of q dx

4 T . - F . WU EJDE - 2 0 6 / 1 3 1 whereK(p, q) = (line−minus−q2p−q )(p−1)/(p−2)(minus−line−p2
2−q).

Then Iλ(u) = 0 for all u ∈M0
λ. Indeed ,

from ( 2 . 1 ) and ( 2 . 2 ) it follows that for u ∈M0
λ we have

Iλ(u) = K(p, q)(
‖ u ‖2(p−1)

H1∫
∂Ω
g | u |p ds

)

1/(p− 1)− λ
∫

Ω

f | u |q dx
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Proof . \quad ( i ) Case ( I $ ) : \ int { \partial \Omega } g \mid u
\mid ˆ{ p } ds \ leq 0 . $ We have

\ [ \lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx = \paral le l u
\paral le l 2{ H } { 1 } − \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds > 0 . \ ]

\noindent Case ( I I $ ) : \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds > 0 . $ We have

\ [ \paral le l u \paral le l 2{ H } { 1 } − \lambda \ int { \Omega } f \mid
u \mid ˆ{ q } dx − \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds = 0 \ ]

\noindent and

\ [ \paral le l u \paral le l ˆ{ 2 } { H } { 1 } > p \ f r a c { − q }{ 2 − q }
\ int { \partial \Omega } g \mid u \mid ˆ{ p } ds . \ ]

\noindent Thus ,

\ [ \lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx = \paral le l u
\paral le l 2{ H } { 1 } − \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds > \ f r a c { p − 2 }{ 2 − q } \ int { \partial \Omega } g \mid u
\mid ˆ{ p } ds > 0 . \ ]

\noindent ( i i ) S ince

\ [ ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 } − ( p − q
) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds = \ langle \psi ˆ{ \prime } { \lambda }
( u ) , u \rangle < 0 . \ ]

\noindent I t f o l l o w s that $ \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds > 0 . $ This completes the proo f $ . \ square $

For each $ u \ in M ˆ{ − } { \lambda } , $ we wr i t e

\ [ t { \max } = ( \ f r a c { ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 }}{ (
p − q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds }ˆ{ ) }
1 / ( p − 2 ) < 1 . \ ]

\noindent Then we have the f o l l o w i n g lemma .

\noindent Lemma 2 . 4 . \ h f i l l Let $ p ˆ{ ∗ } = l i n e−p { p − q }$ and $ \lambda { 2 }
= ( ˆ{ minus−l i n e−p 2 } { p − q } ) ( ˆ{ l i n e−minus−q 2 } { p − q }
) \ f r a c { 2 − q }{ p − 2 } C ˆ{\ f r a c { p ( 2 − q ) }{ 2 − p }} { p }
S ˆ{ − q } { p } \paral le l f \paral le l ˆ{ − 1 } { L p ˆ{ ∗ }} . $ \ h f i l l Then f o r

\noindent each $ u \ in M ˆ{ − } { \lambda }$ and $ \lambda \ in ( 0 ,
\lambda { 2 } ) , $ we have

\centerline {( i ) \quad i f $ \ int { \Omega } f \mid u \mid ˆ{ q } dx \ leq
0 , $ then $ J { \lambda } ( u ) = \sup { t \geq 0 } J { \lambda }
( tu ) > 0 ; $ }

\hspace ∗{\ f i l l }( i i ) \quad i f $ \ int { \Omega } f \mid u \mid ˆ{ q } dx
> 0 , $ then th e re i s a unique $ 0 < t ˆ{ + } = t ˆ{ + } ( u )
< t { \max }$ such that

\ [\ begin { a l i gned } t ˆ{ + } u \ in M ˆ{ + } { \lambda } and \\
J { \lambda } ( t ˆ{ + } u ) = 0 \ leq t ˆ{ i } \ leq ˆ{ nf } { t { \max }}

J { \lambda } ( tu ) , J { \lambda } ( u ) = \sup { \geq { t }
t { \max }} J { \lambda } ( tu ) . \end{ a l i gned }\ ]

\noindent Proof . \quad Fix $ u \ in M ˆ{ − } { \lambda } . $ Let

\ [ h ( t ) = t ˆ{ 2 − q } \paral le l u \paral le l ˆ{ 2 } { H } { 1 }
− t ˆ{ p − q } \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds
f o r t \geq 0 . \ ]

\noindent We have $ h ( 0 ) = 0 , h ( t ) \rightarrow −
\ infty $ as $ t \rightarrow \ infty , h ( t ) $ ach i eve s i t s maximum at
$ t { \max } , $

i n c r e a s i n g f o r $ t \ in [ 0 , t { \max } ) $ and dec r ea s ing f o r $ t
\ in ( t { \max } , \ infty ) . $ Moreover ,

\ [\ begin { a l i gned } h ( t { \max } ) \\
= ( \ f r a c { ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 }}{ ( p

− q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds }ˆ{ ) } \ f r a c { 2
− q }{ p − 2 } \paral le l u \paral le l 2{ H } { 1 } − ( \ f r a c { ( 2
− q ) \paral le l u \paral le l ˆ{ 2 } { H ˆ{ 1 }}}{ ( p − q ) \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds }ˆ{ ) } \ f r a c { p − q }{ p − 2 } \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds \\

= \paral le l u \paral le l q{ H } { 1 } [ ( ˆ{ 2 { \underline{\ } } − } { p }ˆ{ q } { −
q } ) \ f r a c { 2 − q }{ p − 2 } − ( ˆ{ 2 { \underline{\ } } − } { p }ˆ{ q } { −
q } ) \ f r a c { p − q }{ p − 2 } ] ( \ f r a c { \paral le l u \paral le l ˆ{ p } { H ˆ{ 1 }}}{ \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds }ˆ{ ) } \ f r a c { 2 − q }{ p − 2 }\end{ a l i gned }\ ]
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Proof period .. open parenthesis i closing parenthesis Case open parenthesis I closing parenthesis : integral

sub partialdiff Capital Omega g bar u bar to the power of p ds less or equal 0 period We have
lambda integral sub Capital Omega f bar u bar to the power of q dx = bar u bar 2 H sub 1 minus integral

sub partialdiff Capital Omega g bar u bar to the power of p ds greater 0 period
Case open parenthesis II closing parenthesis : integral sub partialdiff Capital Omega g bar u bar to the power

of p ds greater 0 period We have
bar u bar 2 H sub 1 minus lambda integral sub Capital Omega f bar u bar to the power of q dx minus integral

sub partialdiff Capital Omega g bar u bar to the power of p ds = 0
and
bar u bar sub H to the power of 2 sub 1 greater p minus q divided by 2 minus q integral sub partialdiff Capital

Omega g bar u bar to the power of p ds period
Thus comma
lambda integral sub Capital Omega f bar u bar to the power of q dx = bar u bar 2 H sub 1 minus integral

sub partialdiff Capital Omega g bar u bar to the power of p ds greater p minus 2 divided by 2 minus q integral
sub partialdiff Capital Omega g bar u bar to the power of p ds greater 0 period

open parenthesis ii closing parenthesis Since
open parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 minus open parenthesis p minus q closing

parenthesis integral sub partialdiff Capital Omega g bar u bar to the power of p ds = angbracketleft psi sub
lambda to the power of prime open parenthesis u closing parenthesis comma u right angbracket less 0 period

It follows that integral sub partialdiff Capital Omega g bar u bar to the power of p ds greater 0 period This
completes the proof period square

For each u in M sub lambda to the power of minus comma we write
t sub maximum = open parenthesis open parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 divided

by open parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega g bar u bar to the power
of p ds to the power of closing parenthesis 1 slash open parenthesis p minus 2 closing parenthesis less 1 period

Then we have the following lemma period
Lemma 2 period 4 period .... Let p to the power of * = line-p p minus q and lambda sub 2 = open parenthesis

sub p minus q to the power of minus-line-p 2 closing parenthesis open parenthesis sub p minus q to the power of
line-minus-q 2 closing parenthesis 2 minus q divided by p minus 2 C sub p to the power of p open parenthesis 2
minus q closing parenthesis divided by 2 minus p S sub p to the power of minus q bar f bar sub L p to the power
of * to the power of minus 1 period .... Then for

each u in M sub lambda to the power of minus and lambda in open parenthesis 0 comma lambda sub 2 closing
parenthesis comma we have

open parenthesis i closing parenthesis .. if integral sub Capital Omega f bar u bar to the power of q dx less
or equal 0 comma then J sub lambda open parenthesis u closing parenthesis = supremum sub t greater equal 0 J
sub lambda open parenthesis tu closing parenthesis greater 0 semicolon

open parenthesis i i closing parenthesis .. if integral sub Capital Omega f bar u bar to the power of q dx
greater 0 comma then th ere is a unique 0 less t to the power of plus = t to the power of plus open parenthesis u
closing parenthesis less t sub maximum such that

Line 1 t to the power of plus u in M sub lambda to the power of plus and Line 2 J sub lambda open parenthesis
t to the power of plus u closing parenthesis = 0 less or equal t to the power of i less or equal sub t sub maximum
to the power of nf J sub lambda open parenthesis tu closing parenthesis comma J sub lambda open parenthesis
u closing parenthesis = supremum greater equal t t sub maximum J sub lambda open parenthesis tu closing
parenthesis period

Proof period .. Fix u in M sub lambda to the power of minus period Let
h open parenthesis t closing parenthesis = t to the power of 2 minus q bar u bar sub H to the power of 2 sub

1 minus t to the power of p minus q integral sub partialdiff Capital Omega g bar u bar to the power of p ds for t
greater equal 0 period

We have h open parenthesis 0 closing parenthesis = 0 comma h open parenthesis t closing parenthesis right
arrow minus infinity as t right arrow infinity comma h open parenthesis t closing parenthesis achieves its maximum
at t sub maximum comma

increasing for t in open square bracket 0 comma t sub maximum closing parenthesis and decreasing for t in
open parenthesis t sub maximum comma infinity closing parenthesis period Moreover comma

Line 1 h open parenthesis t sub maximum closing parenthesis Line 2 = open parenthesis open parenthesis 2
minus q closing parenthesis bar u bar 2 H sub 1 divided by open parenthesis p minus q closing parenthesis integral
sub partialdiff Capital Omega g bar u bar to the power of p ds to the power of closing parenthesis 2 minus q
divided by p minus 2 bar u bar 2 H sub 1 minus open parenthesis open parenthesis 2 minus q closing parenthesis
bar u bar sub H to the power of 1 to the power of 2 divided by open parenthesis p minus q closing parenthesis
integral sub partialdiff Capital Omega g bar u bar to the power of p ds to the power of closing parenthesis p
minus q divided by p minus 2 integral sub partialdiff Capital Omega g bar u bar to the power of p ds Line 3 =
bar u bar q H sub 1 open square bracket open parenthesis sub p to the power of 2 underbar minus sub minus q to
the power of q closing parenthesis 2 minus q divided by p minus 2 minus open parenthesis sub p to the power of 2
underbar minus sub minus q to the power of q closing parenthesis p minus q divided by p minus 2 closing square
bracket open parenthesis bar u bar sub H to the power of 1 to the power of p divided by integral sub partialdiff
Capital Omega g bar u bar to the power of p ds to the power of closing parenthesis 2 minus q divided by p minus
2

EJDE - 2 0 6 / 1 3 1 A SEMILINEAR ELLIPTIC PROBLEM 5 Proof . ( i ) Case ( I
) :

∫
∂Ω
g | u |p ds ≤ 0. We have

λ

∫
Ω

f | u |q dx = ‖ u ‖ 2H1 −
∫
∂Ω

g | u |p ds > 0.

Case ( II ) :
∫
∂Ω
g | u |p ds > 0. We have

‖ u ‖ 2H1 − λ
∫

Ω

f | u |q dx−
∫
∂Ω

g | u |p ds = 0

and

‖ u ‖2H 1 > p
−q

2− q

∫
∂Ω

g | u |p ds.

Thus ,

λ

∫
Ω

f | u |q dx = ‖ u ‖ 2H1 −
∫
∂Ω

g | u |p ds > p− 2

2− q

∫
∂Ω

g | u |p ds > 0.

( ii ) Since

(2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω

g | u |p ds = 〈ψ′λ(u), u〉 < 0.

It follows that
∫
∂Ω
g | u |p ds > 0. This completes the proof . � For each u ∈M−λ , we

write

tmax = (
(2− q) ‖ u ‖ 2H1

(p− q)
∫
∂Ω
g | u |p ds

)

1/(p− 2) < 1.

Then we have the following lemma .
Lemma 2 . 4 . Let p∗ = line− pp−q and

λ2 = (minus−line−p2p−q )(line−minus−q2p−q ) 2−q
p−2C

p(2−q)
2−p

p S−qp ‖ f ‖−1
Lp∗ . Then for

each u ∈M−λ and λ ∈ (0, λ2), we have
( i ) if

∫
Ω
f | u |q dx ≤ 0, then Jλ(u) = supt≥0 Jλ(tu) > 0;

( i i ) if
∫

Ω
f | u |q dx > 0, then th ere is a unique 0 < t+ = t+(u) < tmax such

that

t+u ∈M+
λ and

Jλ(t+u) = 0 ≤ ti ≤nf
tmax

Jλ(tu), Jλ(u) = sup
≥ttmax

Jλ(tu).

Proof . Fix u ∈M−λ . Let

h(t) = t2−q ‖ u ‖2H 1 − tp−q
∫
∂Ω

g | u |p ds fort ≥ 0.

We have h(0) = 0, h(t) → −∞ as t → ∞, h(t) achieves its maximum at tmax,
increasing for t ∈ [0, tmax) and decreasing for t ∈ (tmax,∞). Moreover ,

h(tmax)

= (
(2− q) ‖ u ‖ 2H1

(p− q)
∫
∂Ω
g | u |p ds

)
2− q
p− 2

‖ u ‖ 2H1 − (
(2− q) ‖ u ‖2H1

(p− q)
∫
∂Ω
g | u |p ds

)
p− q
p− 2

∫
∂Ω

g | u |p ds

= ‖ u ‖ qH1[(
2 −
p

q
−q)

2− q
p− 2

− (
2 −
p

q
−q)

p− q
p− 2

](
‖ u ‖pH1∫

∂Ω
g | u |p ds

)
2− q
p− 2



\noindent 6 \quad T . − F . WU \quad EJDE − 2 0 6 / 1 3 1
( i $ ) : \ int { \Omega } f \mid u \mid ˆ{ q } dx \ leq 0 . $
\quad There i s a unique $ t ˆ{ − } > t { \max }$ such that $ h ( t ˆ{ − }
) = \lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx $

\begin { a l i g n ∗}
and h ˆ{ \prime } ( t ˆ{ − } ) < 0 . Now , \\ ( 2 − q )
\paral le l t ˆ{ − } u \paral le l 2{ H } { 1 } − ( p − q ) \ int { \partial
\Omega } \mid t ˆ{ − } u \mid ˆ{ p } ds \\ = ( t ˆ{ − } ) ˆ{ 1 + q }
[ ( 2 − q ) ( t ˆ{ − } ) ˆ{ 1 − q } \paral le l u \paral le l
2{ H } { 1 } − ( p − q ) ( t ˆ{ − } ) ˆ{ p − q − 1 } \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds ] \\ = ( t ˆ{ − } ) ˆ{ 1 + q }
h ˆ{ \prime } ( t ˆ{ − } ) < 0 ,
\end{ a l i g n ∗}

\noindent and

\ [\ begin { a l i gned } \ langle J ˆ{ \prime } { \lambda } ( t ˆ{ − } u ) , t ˆ{ − }
u \rangle \\

= ( t ˆ{ − } ) ˆ{ 2 } \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − (
t ˆ{ − } ) ˆ{ q } \lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx −
( t ˆ{ − } ) ˆ{ p } \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds \\

= ( t ˆ{ − } ) ˆ{ q } [ h ( t ˆ{ − } ) − \lambda \ int { \Omega }
f \mid u \mid ˆ{ q } dx ] = 0 . \end{ a l i gned }\ ]

\noindent Thus $ , t ˆ{ − } u \ in M ˆ{ − } { \lambda }$ or $ t ˆ{ − } =
1 . $ S ince f o r $ t > t { \max } , $ we have

\begin { a l i g n ∗}
( 2 − q ) \paral le l tu \paral le l ˆ{ 2 } { H } { 1 } − ( p −

q ) \ int { \partial \Omega } g \mid tu \mid ˆ{ p } ds < 0 , \\\ f r a c { d ˆ{ 2 }}{ dt ˆ{ 2 }}
J { \lambda } ( tu ) < 0 , \\\ f r a c { d }{ dt } J { \lambda } ( tu
) = t \paral le l u \paral le l 2{ H } { 1 } − \lambda t ˆ{ q − 1 }
\ int { \Omega } f \mid u \mid ˆ{ q } dx − t ˆ{ p − 1 } \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds = 0 f o r t = t ˆ{ − } . \\ Thus
, J { \lambda } ( u ) = \sup { t \geq 0 } J { \lambda } ( tu
) . Moreover , \\ J { \lambda } ( u ) \geq J { \lambda } ( tu
) \geq \ f r a c { t ˆ{ 2 }}{ 2 } \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − \ f r a c { t ˆ{ p }}{ p }
\ int { \partial \Omega } g \mid u \mid ˆ{ p } ds f o r a l l t \geq
0 .
\end{ a l i g n ∗}

\noindent By rout in e computations $ , g ( t ) = \ f r a c { t ˆ{ 2 }}{ 2 }
\paral le l u \paral le l 2{ H } { 1 } − \ f r a c { t ˆ{ p }}{ p } \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds $ ach i eve s i t s maximum at

\begin { a l i g n ∗}
t { 0 } = ( \paral le l u \paral le l 2{ H } { 1 } / \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds ) ˆ{ 1 / ( p − 2 ) } . Thus
, \\ J { \lambda } ( u ) \geq p \ f r a c { − 2 }{ 2 p } ( \ f r a c { \paral le l
u \paral le l p{ H } { 1 }}{ \ int { \partial \Omega } g \mid u \mid ˆ{ p }
ds }ˆ{ ) } \ f r a c { 2 }{ p − 2 } > 0 .
\end{ a l i g n ∗}

\noindent ( i i $ ) : \ int { \Omega } f \mid u \mid ˆ{ q } dx > 0
. $ By ( 2 . 6 ) and

\ [ h ( 0 ) = 0 < \lambda \ int { \Omega } f \mid u \mid ˆ{ q }
dx \ leq \lambda \paral le l f \paral le l L p ˆ{ ∗ } S ˆ{ q } { p } \paral le l
u \paral le l ˆ{ q } { H ˆ{ 1 }}\ ]

6 .. T period hyphen F period WU .. EJDE hyphen 2 0 6 slash 1 3 1
open parenthesis i closing parenthesis : integral sub Capital Omega f bar u bar to the power of q dx less or

equal 0 period .. There is a unique t to the power of minus greater t sub maximum such that h open parenthesis
t to the power of minus closing parenthesis = lambda integral sub Capital Omega f bar u bar to the power of q
dx

and h to the power of prime open parenthesis t to the power of minus closing parenthesis less 0 period Now
comma open parenthesis 2 minus q closing parenthesis bar t to the power of minus u bar 2 H sub 1 minus open
parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega bar t to the power of minus u bar
to the power of p ds = open parenthesis t to the power of minus closing parenthesis to the power of 1 plus q open
square bracket open parenthesis 2 minus q closing parenthesis open parenthesis t to the power of minus closing
parenthesis to the power of 1 minus q bar u bar 2 H sub 1 minus open parenthesis p minus q closing parenthesis
open parenthesis t to the power of minus closing parenthesis to the power of p minus q minus 1 integral sub
partialdiff Capital Omega g bar u bar to the power of p ds closing square bracket = open parenthesis t to the
power of minus closing parenthesis to the power of 1 plus q h to the power of prime open parenthesis t to the
power of minus closing parenthesis less 0 comma

and
Line 1 angbracketleft J sub lambda to the power of prime open parenthesis t to the power of minus u closing

parenthesis comma t to the power of minus u right angbracket Line 2 = open parenthesis t to the power of minus
closing parenthesis to the power of 2 bar u bar sub H to the power of 2 sub 1 minus open parenthesis t to the
power of minus closing parenthesis to the power of q lambda integral sub Capital Omega f bar u bar to the
power of q dx minus open parenthesis t to the power of minus closing parenthesis to the power of p integral sub
partialdiff Capital Omega g bar u bar to the power of p ds Line 3 = open parenthesis t to the power of minus
closing parenthesis to the power of q open square bracket h open parenthesis t to the power of minus closing
parenthesis minus lambda integral sub Capital Omega f bar u bar to the power of q dx closing square bracket =
0 period

Thus comma t to the power of minus u in M sub lambda to the power of minus or t to the power of minus =
1 period Since for t greater t sub maximum comma we have

open parenthesis 2 minus q closing parenthesis bar tu bar sub H to the power of 2 sub 1 minus open parenthesis
p minus q closing parenthesis integral sub partialdiff Capital Omega g bar tu bar to the power of p ds less 0 comma
d to the power of 2 divided by dt to the power of 2 J sub lambda open parenthesis tu closing parenthesis less
0 comma d divided by dt J sub lambda open parenthesis tu closing parenthesis = t bar u bar 2 H sub 1 minus
lambda t to the power of q minus 1 integral sub Capital Omega f bar u bar to the power of q dx minus t to the
power of p minus 1 integral sub partialdiff Capital Omega g bar u bar to the power of p ds = 0 for t = t to
the power of minus period Thus comma J sub lambda open parenthesis u closing parenthesis = supremum sub
t greater equal 0 J sub lambda open parenthesis tu closing parenthesis period Moreover comma J sub lambda
open parenthesis u closing parenthesis greater equal J sub lambda open parenthesis tu closing parenthesis greater
equal t to the power of 2 divided by 2 bar u bar sub H to the power of 2 sub 1 minus t to the power of p divided
by p integral sub partialdiff Capital Omega g bar u bar to the power of p ds for all t greater equal 0 period

By routine computations comma g open parenthesis t closing parenthesis = t to the power of 2 divided by 2
bar u bar 2 H sub 1 minus t to the power of p divided by p integral sub partialdiff Capital Omega g bar u bar to
the power of p ds achieves its maximum at

t sub 0 = open parenthesis bar u bar 2 H sub 1 slash integral sub partialdiff Capital Omega g bar u bar to the
power of p ds closing parenthesis to the power of 1 slash open parenthesis p minus 2 closing parenthesis period
Thus comma J sub lambda open parenthesis u closing parenthesis greater equal p minus 2 divided by 2 p open
parenthesis bar u bar p H sub 1 divided by integral sub partialdiff Capital Omega g bar u bar to the power of p
ds to the power of closing parenthesis 2 divided by p minus 2 greater 0 period

open parenthesis ii closing parenthesis : integral sub Capital Omega f bar u bar to the power of q dx greater
0 period By open parenthesis 2 period 6 closing parenthesis and

h open parenthesis 0 closing parenthesis = 0 less lambda integral sub Capital Omega f bar u bar to the power
of q dx less or equal lambda bar f bar L p to the power of * S sub p to the power of q bar u bar sub H to the
power of 1 to the power of q

6 T . - F . WU EJDE - 2 0 6 / 1 3 1 ( i ) :
∫

Ω
f | u |q dx ≤ 0. There is a unique

t− > tmax such that h(t−) = λ
∫

Ω
f | u |q dx

andh′(t−) < 0.Now,

(2− q) ‖ t−u ‖ 2H1 − (p− q)
∫
∂Ω

| t−u |p ds

= (t−)1+q[(2− q)(t−)1−q ‖ u ‖ 2H1 − (p− q)(t−)p−q−1

∫
∂Ω

g | u |p ds]

= (t−)1+qh′(t−) < 0,

and

〈J ′λ(t−u), t−u〉

= (t−)2 ‖ u ‖2H 1 − (t−)qλ

∫
Ω

f | u |q dx− (t−)p
∫
∂Ω

g | u |p ds

= (t−)q[h(t−)− λ
∫

Ω

f | u |q dx] = 0.

Thus , t−u ∈M−λ or t− = 1. Since for t > tmax, we have

(2− q) ‖ tu ‖2H 1 − (p− q)
∫
∂Ω

g | tu |p ds < 0,

d2

dt2
Jλ(tu) < 0,

d

dt
Jλ(tu) = t ‖ u ‖ 2H1 − λtq−1

∫
Ω

f | u |q dx− tp−1

∫
∂Ω

g | u |p ds = 0 fort = t−.

Thus, Jλ(u) = sup
t≥0

Jλ(tu).Moreover,

Jλ(u) ≥ Jλ(tu) ≥ t2

2
‖ u ‖2H 1 −

tp

p

∫
∂Ω

g | u |p ds forallt ≥ 0.

By routine computations , g(t) = t2

2 ‖ u ‖ 2H1− tp

p

∫
∂Ω
g | u |p ds achieves its maximum

at

t0 = (‖ u ‖ 2H1/

∫
∂Ω

g | u |p ds)1/(p−2).Thus,

Jλ(u) ≥ p−2

2p
(
‖ u ‖ pH1∫
∂Ω
g | u |p ds

)
2

p− 2
> 0.

( ii ) :
∫

Ω
f | u |q dx > 0. By ( 2 . 6 ) and

h(0) = 0 < λ

∫
Ω

f | u |q dx ≤ λ ‖ f ‖ Lp∗Sqp ‖ u ‖
q
H1
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λ , t−u ∈

M−λ , and Jλ(t−u) ≥ Jλ(tu) ≥ Jλ(t+u) for each
t ∈ [t+, t−] and Jλ(t+u) ≤ Jλ(tu) for each t ∈ [0, t+]. Thus , t− = 1 and

Jλ(u) = sup
t≥0

Jλ(tu), Jλ(t+u) = 0 ≤ ti ≤nf
tmax

Jλ(tu).

This completes the proof . � Next , we establish the existence of nontrivial nonnegative
solutions for the equa -
tion

−∆u+ uu == λ0f(xon) | u |q− ∂2u
Ω, inΩ, (2.7)

Associated with equation ( 2 . 7 ) , we consider the energy functional

Kλ(u) =
1

2
‖ u ‖2H 1 −

λ

q

∫
Ω

f | u |q dx

and the minimization problem

βλ = inf{Kλ(u) : u ∈ Nλ},

where Nλ = {u ∈ H1
0 (Ω) \ {0} : 〈K ′λ(u), u〉 = 0}. Then we have the following result .

Theorem 2 . 5 . Suppose that λ > 0. Then equation ( 2 . 7 ) has a nontrivial
nonneg -
ative s o lution vλ with Kλ(vλ) = βλ < 0.
Proof . First , we need to show that Kλ is bounded below on Nλ and βλ < 0. Then

foru ∈ Nλ,

‖ u ‖ 2H1 = λ

∫
Ω

f | u |q dx ≤ λ ‖ f ‖ Lq∗S−
q
2

p ‖ u ‖qH1 .

where p∗ = p p
−q .

This implies

‖ u ‖ H1 ≤ (λ ‖ f ‖ Lp∗S−
q
2

p )
1

2− q
. (2.8)

Hence ,

Kλ(u) =
1

2
‖ u ‖ H1 − λ

q

∫
Ω

f | u |q dx

= (
1

2
− 1

q

)

‖ u ‖2H 1

≤ (
1

2
− 1

q

)

(λ ‖ f ‖ Lp∗S−
q
2

p )
1

2− q
for all u ∈ Nλ and βλ < 0. Let {vn} be a minimizing sequence for Kλ on Nλ. Then by
( 2 . 8 ) and the compact imbedding theorem , there exist a subsequence {vn} and
vλ in H1

0 (Ω) such that

vn ⇀ vλ weaklyinH1
0 (Ω)

and

vn → vλ stronglyinLq(Ω). (2.9)



\noindent EJDE − 2 0 6 / 1 3 1 \quad A SEMILINEAR ELLIPTIC PROBLEM \quad 7
We have $ t ˆ{ + } u \ in M ˆ{ + } { \lambda } , t ˆ{ − } u \ in M ˆ{ − } { \lambda }

, $ \quad and $ J { \lambda } ( t ˆ{ − } u ) \geq J { \lambda } (
tu ) \geq J { \lambda } ( t ˆ{ + } u ) $ \quad f o r each

\noindent $ t \ in [ t ˆ{ + } , t ˆ{ − } ] $ and $ J { \lambda } (
t ˆ{ + } u ) \ leq J { \lambda } ( tu ) $ f o r each $ t \ in [ 0
, t ˆ{ + } ] . $ Thus $ , t ˆ{ − } = 1 $ and

\ [ J { \lambda } ( u ) = \sup { t \geq 0 } J { \lambda } ( tu
) , J { \lambda } ( t ˆ{ + } u ) = 0 \ leq t ˆ{ i } \ leq ˆ{ nf } { t { \max }}
J { \lambda } ( tu ) . \ ]

\noindent This completes the proo f $ . \ square $
Next , we e s t a b l i s h the e x i s t e n c e o f n o n t r i v i a l nonnegat ive s o l u t i o n s f o r the equa −

\noindent t i on

\begin { a l i g n ∗}
− \Delta u + u { u } = { = } \lambda { 0 } f ( x { on } ) \mid

u \mid ˆ{ q − }{ \partial }ˆ{ 2 { u }} { \Omega , } in \Omega , \ tag ∗{$ (
2 . 7 ) $}
\end{ a l i g n ∗}

\noindent Assoc iated with equat ion ( 2 . 7 ) , we cons id e r the energy f u n c t i o n a l

\ [ K { \lambda } ( u ) = \ f r a c { 1 }{ 2 } \paral le l u \paral le l ˆ{ 2 } { H } { 1 }
− \ f r a c { \lambda }{ q } \ int { \Omega } f \mid u \mid ˆ{ q } dx \ ]

\noindent and the minimizat ion problem

\ [ \beta \lambda = \ inf \{ K { \lambda } ( u ) : u \ in N { \lambda }
\} , \ ]

\noindent where $ N { \lambda } = \{ u \ in H ˆ{ 1 } { 0 } ( \Omega
) \setminus \{ 0 \} : \ langle K ˆ{ \prime } { \lambda } ( u )
, u \rangle = 0 \} . $ Then we have the f o l l o w i n g r e s u l t .
Theorem 2 . 5 . \quad Suppose that $ \lambda > 0 . $ \quad Then equat ion ( 2 . 7 ) has a n o n t r i v i a l nonneg −

\noindent a t i v e s o l u t i o n $ v { \lambda }$ with $ K { \lambda } ( v { \lambda }
) = \beta \lambda < 0 . $

\noindent Proof . \ h f i l l F i r s t , we need to show that $ K { \lambda }$ i s bounded below on
$ N { \lambda }$ and $ \beta \lambda < 0 . $ Then

\begin { a l i g n ∗}
f o r u \ in N { \lambda } , \\ \paral le l u \paral le l 2{ H } { 1 } =
\lambda \ int { \Omega } f \mid u \mid ˆ{ q } dx \ leq \lambda \paral le l
f \paral le l L q ˆ{ ∗ } S ˆ{ − \ f r a c { q }{ 2 }} { p } \paral le l u \paral le l ˆ{ q } { H ˆ{ 1 }}
.
\end{ a l i g n ∗}

\noindent where $ p ˆ{ ∗ } = p \ f r a c { p }{ − q } { . }$ This i m p l i e s

\begin { a l i g n ∗}
\paral le l u \paral le l H ˆ{ 1 } \ leq ( \lambda \paral le l f \paral le l

L p ˆ{ ∗ } S ˆ{ − \ f r a c { q }{ 2 }} { p } ) \ f r a c { 1 }{ 2 − q } . \ tag ∗{$ (
2 . 8 ) $}
\end{ a l i g n ∗}

\noindent Hence ,

\ [\ begin { a l i gned } K { \lambda } ( u ) = \ f r a c { 1 }{ 2 } \paral le l u \paral le l
H ˆ{ 1 } − \ f r a c { \lambda }{ q } \ int { \Omega } f \mid u \mid ˆ{ q } dx \\

= ( \ f r a c { 1 }{ 2 } − \ f r a c { 1 }{ q }ˆ{ ) } \paral le l u \paral le l ˆ{ 2 } { H } { 1 }\\
\ leq ( \ f r a c { 1 }{ 2 } − \ f r a c { 1 }{ q }ˆ{ ) } ( \lambda \paral le l f

\paral le l L p ˆ{ ∗ } S ˆ{ − \ f r a c { q }{ 2 }} { p } ) \ f r a c { 1 }{ 2 − q }\end{ a l i gned }\ ]

\noindent f o r a l l $ u \ in N { \lambda }$ and $ \beta \lambda < 0 . $
Let $ \{ v { n } \} $ be a minimizing sequence f o r $ K { \lambda }$ on $ N { \lambda }
. $ Then
by ( 2 . 8 ) and the compact imbedding theorem , the re e x i s t a subsequence $ \{

v { n } \} $ and

\noindent $ v { \lambda }$ in $ H ˆ{ 1 } { 0 } ( \Omega ) $ such that

\ [ v { n } \rightharpoonup v { \lambda } weakly in H ˆ{ 1 } { 0 } ( \Omega
) \ ]

\noindent and

\begin { a l i g n ∗}
v { n } \rightarrow v { \lambda } s t r o n g l y in L ˆ{ q } ( \Omega )

. \ tag ∗{$ ( 2 . 9 ) $}
\end{ a l i g n ∗}

\noindent F i r s t , we cla im that $ \ int { \Omega } f \mid v { \lambda } \mid ˆ{ q }
dx > 0 . $ I f not ,

\ [ K { \lambda } ( v { n } ) \geq \ f r a c { 1 }{ 2 } \paral le l v { \lambda }
\paral le l 2{ H } { 1 } − \ f r a c { \lambda }{ q } \ int { \Omega } f \mid v { \lambda }
\mid ˆ{ q } dx + o ( 1 ) \geq \ f r a c { 1 }{ 2 } \paral le l v { \lambda }
\paral le l ˆ{ 2 } { H } { 1 } + o ( 1 ) , \ ]

EJDE hyphen 2 0 6 slash 1 3 1 .. A SEMILINEAR ELLIPTIC PROBLEM .. 7
We have t to the power of plus u in M sub lambda to the power of plus comma t to the power of minus u in M

sub lambda to the power of minus comma .. and J sub lambda open parenthesis t to the power of minus u closing
parenthesis greater equal J sub lambda open parenthesis tu closing parenthesis greater equal J sub lambda open
parenthesis t to the power of plus u closing parenthesis .. for each

t in open square bracket t to the power of plus comma t to the power of minus closing square bracket and J sub
lambda open parenthesis t to the power of plus u closing parenthesis less or equal J sub lambda open parenthesis
tu closing parenthesis for each t in open square bracket 0 comma t to the power of plus closing square bracket
period Thus comma t to the power of minus = 1 and

J sub lambda open parenthesis u closing parenthesis = supremum t greater equal 0 J sub lambda open
parenthesis tu closing parenthesis comma J sub lambda open parenthesis t to the power of plus u closing parenthesis
= 0 less or equal t to the power of i less or equal sub t sub maximum to the power of nf J sub lambda open
parenthesis tu closing parenthesis period

This completes the proof period square
Next comma we establish the existence of nontrivial nonnegative solutions for the equa hyphen
tion
Equation: open parenthesis 2 period 7 closing parenthesis .. minus Capital Delta u plus u sub u = sub =

lambda sub 0 f open parenthesis x sub on closing parenthesis bar u bar to the power of q minus partialdiff sub
Capital Omega comma to the power of 2 sub u in Capital Omega comma

Associated with equation open parenthesis 2 period 7 closing parenthesis comma we consider the energy
functional

K sub lambda open parenthesis u closing parenthesis = 1 divided by 2 bar u bar sub H to the power of 2 sub
1 minus lambda divided by q integral sub Capital Omega f bar u bar to the power of q dx

and the minimization problem
beta lambda = inf open brace K sub lambda open parenthesis u closing parenthesis : u in N sub lambda

closing brace comma
where N sub lambda = open brace u in H sub 0 to the power of 1 open parenthesis Capital Omega closing

parenthesis backslash open brace 0 closing brace : angbracketleft K sub lambda to the power of prime open
parenthesis u closing parenthesis comma u right angbracket = 0 closing brace period Then we have the following
result period

Theorem 2 period 5 period .. Suppose that lambda greater 0 period .. Then equation open parenthesis 2
period 7 closing parenthesis has a nontrivial nonneg hyphen

ative s o lution v sub lambda with K sub lambda open parenthesis v sub lambda closing parenthesis = beta
lambda less 0 period

Proof period .... First comma we need to show that K sub lambda is bounded below on N sub lambda and
beta lambda less 0 period Then

for u in N sub lambda comma bar u bar 2 H sub 1 = lambda integral sub Capital Omega f bar u bar to the
power of q dx less or equal lambda bar f bar L q to the power of * S sub p to the power of minus q divided by 2
bar u bar sub H to the power of 1 to the power of q period

where p to the power of * = p p divided by minus q sub period This implies
Equation: open parenthesis 2 period 8 closing parenthesis .. bar u bar H to the power of 1 less or equal open

parenthesis lambda bar f bar L p to the power of * S sub p to the power of minus q divided by 2 closing parenthesis
1 divided by 2 minus q period

Hence comma
Line 1 K sub lambda open parenthesis u closing parenthesis = 1 divided by 2 bar u bar H to the power of 1

minus lambda divided by q integral sub Capital Omega f bar u bar to the power of q dx Line 2 = parenleftbig 1
divided by 2 minus 1 divided by q to the power of parenrightbig bar u bar sub H to the power of 2 sub 1 Line 3
less or equal parenleftbig 1 divided by 2 minus 1 divided by q to the power of parenrightbig parenleftbig lambda
bar f bar L p to the power of * S sub p to the power of minus q divided by 2 parenrightbig 1 divided by 2 minus q

for all u in N sub lambda and beta lambda less 0 period Let open brace v sub n closing brace be a minimizing
sequence for K sub lambda on N sub lambda period Then

by open parenthesis 2 period 8 closing parenthesis and the compact imbedding theorem comma there exist a
subsequence open brace v sub n closing brace and

v sub lambda in H sub 0 to the power of 1 open parenthesis Capital Omega closing parenthesis such that
v sub n rightharpoonup v sub lambda weakly in H sub 0 to the power of 1 open parenthesis Capital Omega

closing parenthesis
and
Equation: open parenthesis 2 period 9 closing parenthesis .. v sub n right arrow v sub lambda strongly in L

to the power of q open parenthesis Capital Omega closing parenthesis period
First comma we claim that integral sub Capital Omega f bar v sub lambda bar to the power of q dx greater

0 period If not comma
K sub lambda open parenthesis v sub n closing parenthesis greater equal 1 divided by 2 bar v sub lambda

bar 2 H sub 1 minus lambda divided by q integral sub Capital Omega f bar v sub lambda bar to the power of q
dx plus o open parenthesis 1 closing parenthesis greater equal 1 divided by 2 bar v sub lambda bar sub H to the
power of 2 sub 1 plus o open parenthesis 1 closing parenthesis comma

First , we claim that
∫

Ω
f | vλ |q dx > 0. If not ,

Kλ(vn) ≥ 1

2
‖ vλ ‖ 2H1 −

λ

q

∫
Ω

f | vλ |q dx+ o(1) ≥ 1

2
‖ vλ ‖2H 1 + o(1),
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\noindent t h i s c o n t r a d i c t s $ K { \lambda } ( v { n } ) \rightarrow \beta
\lambda ( \Omega ) < 0 $ as $ n \rightarrow \ infty . $ \ h f i l l Thus
$ , \ int { \Omega } f \mid v { \lambda } \mid ˆ{ q } dx > 0 . $ \ h f i l l In

\noindent p a r t i c u l a r $ , v { \lambda } equ iva lence−n e g a t i o n s l a s h 0 . $ \quad Now , \quad we prove that
$ v { n } \rightarrow v { \lambda }$ s t r o n g l y in $ H ˆ{ 1 } { 0 } ( \Omega
) . $ \quad Suppose

otherwi se , then \quad $ \paral le l v { \lambda } \paral le l H ˆ{ 1 } < $ l im
$ \ inf { n \rightarrow \ infty } \paral le l v { n } \paral le l H ˆ{ 1 }$
and so

\ [ \paral le l v { \lambda } \paral le l ˆ{ 2 } { H } { 1 } − \lambda \ int { \Omega }
f \mid v { \lambda } \mid ˆ{ q } dx < \ lim { n \rightarrow \ infty }
\ inf ( \paral le l v { n } \paral le l ˆ{ 2 } { H } { 1 } − \lambda \ int { \Omega }
f \mid v { n } \mid ˆ{ q } dx ) = 0 . \ ]

\noindent Since $ \ int { \Omega } f \mid v { \lambda } \mid ˆ{ q } dx >
0 , $ the re i s a unique $ t { 0 } \not= 1 $ such that $ t { 0 } v { \lambda }
\ in N { \lambda } . $ Thus ,

\ [ t { 0 } v { n } \rightharpoonup t { 0 } v { \lambda } weakly in H ˆ{ 1 } { 0 }
( \Omega ) . \ ]

\noindent Moreover ,

\ [ K { \lambda } ( t { 0 } v { \lambda } ) < K { \lambda } ( v { \lambda }
) < \ lim { n \rightarrow \ infty } K { \lambda } ( v { n } ) = \beta
\lambda , \ ]

\noindent which i s a c o n t r a d i c t i o n . Hence $ v { n } \rightarrow v { \lambda }$
s t r o n g l y in $ H ˆ{ 1 } { 0 } ( \Omega ) . $ This i m p l i e s $ v { \lambda }
\ in N { \lambda }$

and

\ [ K { \lambda } ( v { n } ) \rightarrow K { \lambda } ( v { \lambda }
) = \beta \lambda as n \rightarrow \ infty . \ ]

\noindent Since $ K { \lambda } ( v { \lambda } ) = K { \lambda } (
\paral le l v { \lambda } \paral le l ) $ \ h f i l l and \ h f i l l $ \paral le l v { \lambda }
\paral le l \ in N { \lambda } , $ \ h f i l l without l o s s o f g e n e r a l i t y , \ h f i l l we may

\noindent assume that $ v { \lambda }$ i s a n o n t r i v i a l nonnegat ive s o l u t i o n o f equat ion
$ ( 2 . 7 ) . \ square $

Then we have the f o l l o w i n g r e s u l t s .

\begin { a l i g n ∗}
\ tag ∗{$ Lemma 2 . 6 . $} ( i ) \alpha { \lambda } \ leq \lambda { \alpha }ˆ{ + }
\ leq \beta \lambda < 0 ;
\end{ a l i g n ∗}

\noindent ( i i $ ) J { \lambda }$ i s coe r c i v e and bounded below on $ M { \lambda }$
f o r a l l $ \lambda \ in ( 0 , p \ f r a c { p − 2 }{ − q } ] . $
Proof . \quad ( i ) Let $ v { \lambda }$ be a p o s i t i v e s o l u t i o n o f equat ion ( 2 . 7 ) such that

$ K ( v { \lambda } ) = \beta \lambda . $

\noindent Since $ v { \lambda } \ in C ˆ{ 2 } ( ˆ{ \ r u l e {3em}{0 .4 pt} } \Omega
) . $ Then we have $ \ int { \partial \Omega } g \mid v { \lambda } \mid ˆ{ p }
ds = 0 $ and $ v { \lambda } \ in M ˆ{ + } { \lambda } . $ This i m p l i e s

\begin { a l i g n ∗}
J { \lambda } ( v { \lambda } ) = \ f r a c { 1 }{ 2 } \paral le l v { \lambda }
\paral le l 2{ H } { 1 } − \ f r a c { \lambda }{ q } \ int { \Omega } f \mid v { \lambda }
\mid ˆ{ q } dx = \beta \lambda < 0 \\ and so \alpha { \lambda } \ leq
\lambda { \alpha }ˆ{ + } \ leq \beta \lambda < 0 .
\end{ a l i g n ∗}

\noindent ( i i ) For $ u \ in M { \lambda } , $ we have \quad $ \paral le l
u \paral le l 2{ H } { 1 } = \lambda \ int { \Omega } f \mid u \mid ˆ{ q }
dx + \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds . $ Then by the H
$ \ddot{o} $ l d e r

and Young i n e q u a l i t i e s ,

\ [ J { \lambda } ( u ) = \ f r a c { p − 2 }{ 2 p } \paral le l u \paral le l ˆ{ 2 } { H } { 1 }
− \lambda ( ˆ{ p } \ f r a c { − q }{ pq }ˆ{ ) } \ int { \Omega } f \mid u
\mid ˆ{ q } dx \ ]
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this contradicts K sub lambda open parenthesis v sub n closing parenthesis right arrow beta lambda open

parenthesis Capital Omega closing parenthesis less 0 as n right arrow infinity period .... Thus comma integral sub
Capital Omega f bar v sub lambda bar to the power of q dx greater 0 period .... In

particular comma v sub lambda equivalence-negationslash 0 period .. Now comma .. we prove that v sub n
right arrow v sub lambda strongly in H sub 0 to the power of 1 open parenthesis Capital Omega closing parenthesis
period .. Suppose

otherwise comma then .. bar v sub lambda bar H to the power of 1 less lim inf sub n right arrow infinity bar
v sub n bar H to the power of 1 and so

bar v sub lambda bar sub H to the power of 2 sub 1 minus lambda integral sub Capital Omega f bar v sub
lambda bar to the power of q dx less limint n right arrow infinity inf open parenthesis bar v sub n bar sub H to
the power of 2 sub 1 minus lambda integral sub Capital Omega f bar v sub n bar to the power of q dx closing
parenthesis = 0 period

Since integral sub Capital Omega f bar v sub lambda bar to the power of q dx greater 0 comma there is a
unique t sub 0 negationslash-equal 1 such that t sub 0 v sub lambda in N sub lambda period Thus comma

t sub 0 v sub n rightharpoonup t sub 0 v sub lambda weakly in H sub 0 to the power of 1 open parenthesis
Capital Omega closing parenthesis period

Moreover comma
K sub lambda open parenthesis t sub 0 v sub lambda closing parenthesis less K sub lambda open parenthesis

v sub lambda closing parenthesis less limint n right arrow infinity K sub lambda open parenthesis v sub n closing
parenthesis = beta lambda comma

which is a contradiction period Hence v sub n right arrow v sub lambda strongly in H sub 0 to the power of
1 open parenthesis Capital Omega closing parenthesis period This implies v sub lambda in N sub lambda

and
K sub lambda open parenthesis v sub n closing parenthesis right arrow K sub lambda open parenthesis v sub

lambda closing parenthesis = beta lambda as n right arrow infinity period
Since K sub lambda open parenthesis v sub lambda closing parenthesis = K sub lambda open parenthesis bar

v sub lambda bar closing parenthesis .... and .... bar v sub lambda bar in N sub lambda comma .... without loss
of generality comma .... we may

assume that v sub lambda is a nontrivial nonnegative solution of equation open parenthesis 2 period 7 closing
parenthesis period square

Then we have the following results period
Equation: Lemma 2 period 6 period .. open parenthesis i closing parenthesis alpha sub lambda less or equal

lambda alpha to the power of plus less or equal beta lambda less 0 semicolon
open parenthesis i i closing parenthesis J sub lambda is coe rcive and bounded below on M sub lambda for all

lambda in open parenthesis 0 comma p p minus 2 divided by minus q closing square bracket period
Proof period .. open parenthesis i closing parenthesis Let v sub lambda be a positive solution of equation open

parenthesis 2 period 7 closing parenthesis such that K open parenthesis v sub lambda closing parenthesis = beta
lambda period

Since v sub lambda in C to the power of 2 open parenthesis to the power of hline Capital Omega closing
parenthesis period Then we have integral sub partialdiff Capital Omega g bar v sub lambda bar to the power of
p ds = 0 and v sub lambda in M sub lambda to the power of plus period This implies

J sub lambda open parenthesis v sub lambda closing parenthesis = 1 divided by 2 bar v sub lambda bar 2 H
sub 1 minus lambda divided by q integral sub Capital Omega f bar v sub lambda bar to the power of q dx = beta
lambda less 0 and so alpha sub lambda less or equal lambda alpha to the power of plus less or equal beta lambda
less 0 period

open parenthesis ii closing parenthesis For u in M sub lambda comma we have .. bar u bar 2 H sub 1 =
lambda integral sub Capital Omega f bar u bar to the power of q dx plus integral sub partialdiff Capital Omega
g bar u bar to the power of p ds period Then by the H dieresis-o lder

and Young inequalities comma
J sub lambda open parenthesis u closing parenthesis = p minus 2 divided by 2 p bar u bar sub H to the power

of 2 sub 1 minus lambda parenleftbig to the power of p minus q divided by pq to the power of parenrightbig
integral sub Capital Omega f bar u bar to the power of q dx
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this contradicts Kλ(vn) → βλ(Ω) < 0 as n→∞. Thus
,

∫
Ω
f | vλ |q dx > 0. In

particular , vλ equivalence − negationslash0. Now , we prove that vn → vλ
strongly in H1

0 (Ω). Suppose otherwise , then ‖ vλ ‖ H1 < lim infn→∞ ‖ vn ‖ H1

and so

‖ vλ ‖2H 1 − λ
∫

Ω

f | vλ |q dx < lim
n→∞

inf(‖ vn ‖2H 1 − λ
∫

Ω

f | vn |q dx) = 0.

Since
∫

Ω
f | vλ |q dx > 0, there is a unique t0 6= 1 such that t0vλ ∈ Nλ. Thus ,

t0vn ⇀ t0vλ weaklyinH1
0 (Ω).

Moreover ,

Kλ(t0vλ) < Kλ(vλ) < lim
n→∞

Kλ(vn) = βλ,

which is a contradiction . Hence vn → vλ strongly in H1
0 (Ω). This implies vλ ∈ Nλ and

Kλ(vn)→ Kλ(vλ) = βλ asn→∞.

Since Kλ(vλ) = Kλ(‖ vλ ‖) and ‖ vλ ‖ ∈ Nλ, without loss of generality , we
may
assume that vλ is a nontrivial nonnegative solution of equation (2.7). � Then we have
the following results .

(i) αλ ≤ λ+
α ≤ βλ < 0; Lemma2.6.

( i i ) Jλ is coe rcive and bounded below on Mλ for all λ ∈ (0, pp−2
−q ]. Proof . ( i

) Let vλ be a positive solution of equation ( 2 . 7 ) such that K(vλ) = βλ.
Since vλ ∈ C2( Ω). Then we have

∫
∂Ω
g | vλ |p ds = 0 and vλ ∈M+

λ . This implies

Jλ(vλ) =
1

2
‖ vλ ‖ 2H1 −

λ

q

∫
Ω

f | vλ |q dx = βλ < 0

andsoαλ ≤ λ+
α ≤ βλ < 0.

( ii ) For u ∈Mλ, we have ‖ u ‖ 2H1 = λ
∫

Ω
f | u |q dx+

∫
∂Ω
g | u |p ds. Then by the

H ö lder and Young inequalities ,

Jλ(u) =
p− 2

2p
‖ u ‖2H 1 − λ(p

−q
pq

) ∫
Ω

f | u |q dx
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\centerline {3 . \quad Proof o f Theorem 1 . 1 }

\centerline{ F i r s t , we w i l l use the idea o f Ni − Takagi [ 1 2 ] to get the f o l l o w i n g r e s u l t s . }

\noindent Lemma 3 . 1 . \ h f i l l For ea ch $ u \ in M { \lambda } , $ \ h f i l l the re e x i s t
$ \epsilon > 0 $ and a d i f f e r e n t i a b l e func t i on

\noindent $ \xi : B ( 0 ; \epsilon ) \subset H ˆ{ 1 } ( \Omega
) \rightarrow R ˆ{ + }$ such that $ \xi ( 0 ) = 1 , $ th e func t i on
$ \xi ( v ) ( u − v ) \ in M { \lambda }$ and

\begin { a l i g n ∗}
\ langle \xi ˆ{ \prime } ( 0 ) , v \rangle = \ f r a c { 2 \ int { \Omega }
\nabla u \nabla vdx − \lambda q \ int { \Omega } f \mid u \mid ˆ{ q
− 2 } uvdx − p \ int { \partial \Omega } g \mid u \mid ˆ{ p −
2 } uvds }{ ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 } − ( p
− q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds }\ tag ∗{$ (
3 . 1 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ v \ in H ˆ{ 1 } ( \Omega ) . $
Proof . \quad For $ u \ in M { \lambda } , $ d e f i n e a func t i on $ F : R
\times H ˆ{ 1 } ( \Omega ) \rightarrow R $ by

\begin { a l i g n ∗}
F { u } ( \xi , w ) = \ langle J ˆ{ \prime } { \lambda } ( \xi

( u − w ) ) , \xi ( u − w ) \rangle \\ = \xi ˆ{ 2 } \ int { \Omega }
\mid \nabla ( u − w ) \mid ˆ{ 2 } + ( u − w ) ˆ{ 2 } dx
− \xi ˆ{ q } \lambda \ int { \Omega } f \mid u − w \mid ˆ{ q } dx \\ −
\xi ˆ{ p } \ int { \partial \Omega } g \mid u − w \mid ˆ{ p } ds . \\ Then
F { u } ( 1 , 0 ) = \ langle J ˆ{ \prime } { \lambda } ( u )
, u \rangle = 0 and \\\ f r a c { d }{ d \xi } F { u } ( 1 , 0 )

= 2 \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − \lambda q \ int { \partial
\Omega } f \mid u \mid ˆ{ q } dx − p \ int { \partial \Omega } g
\mid u \mid ˆ{ p } ds \\ = ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 }
− ( p − q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds
\not= 0 .
\end{ a l i g n ∗}

\noindent According to the i m p l i c i t f unc t i on theorem , the re e x i s t $ \epsilon >
0 $ and a d i f f e r e n t i a b l e

func t i on $ \xi : B ( 0 ; \epsilon ) \subset H ˆ{ 1 } ( \Omega
) \rightarrow R $ such that $ \xi ( 0 ) = 1 , $

\ [ \ langle \xi ˆ{ \prime } ( 0 ) , v \rangle = \ f r a c { 2 \ int { \Omega }
\nabla u \nabla vdx − \lambda q \ int { \Omega } f \mid u \mid ˆ{ q
− 2 } uvdx − p \ int { \partial \Omega } g \mid u \mid ˆ{ p −
2 } uvds }{ ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 } − ( p
− q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds }\ ]

\noindent and

\ [ F { u } ( \xi ( v ) , v ) = 0 f o r a l l v \ in B (
0 ; \epsilon ) \ ]

\noindent which i s equ iva l en t to

\ [\ begin { a l i gned } \ langle J ˆ{ \prime } { \lambda } ( \xi ( v ) ( u
− v ) ) , \xi ( v ) ( u − v ) \rangle = 0 f o r a l l
v \ in B ( 0 ; \epsilon ) , \\

that i s \xi ( v ) ( u − v ) \ in M { \lambda } . \ square \end{ a l i gned }\ ]

\noindent Lemma 3 . 2 . \ h f i l l For ea ch $ u \ in M ˆ{ − } { \lambda } , $ \ h f i l l the re e x i s t
$ \epsilon > 0 $ and a d i f f e r e n t i a b l e func t i on

\noindent $ \xi ˆ{ − } : B ( 0 ; \epsilon ) \subset H ˆ{ 1 } (
\Omega ) \rightarrow R ˆ{ + }$ such that $ \xi ˆ{ − } ( 0 ) = 1
, $ the func t i on $ \xi ˆ{ − } ( v ) ( u − v ) \ in M ˆ{ − } { \lambda }$
and

\begin { a l i g n ∗}
\ langle ( \xi ˆ{ − } ) ˆ{ \prime } ( 0 ) , v \rangle = \ f r a c { 2
\ int { \Omega } \nabla u \nabla vdx − \lambda q \ int { \Omega } f
\mid u \mid ˆ{ q − 2 } uvdx − p \ int { \partial \Omega } g \mid
u \mid ˆ{ p − 2 } uvds }{ ( 2 − q ) \paral le l u \paral le l 2{ H } { 1 }
− ( p − q ) \ int { \partial \Omega } g \mid u \mid ˆ{ p } ds }\ tag ∗{$ (
3 . 2 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ v \ in H ˆ{ 1 } ( \Omega ) . $

\noindent Proof . \quad S im i l a r to the argument in Lemma 3 . 1 , the re e x i s t $ \epsilon
> 0 $ and a d i f f e r e n t i a b l e

func t i on $ \xi ˆ{ − } : B ( 0 ; \epsilon ) \subset H ˆ{ 1 } (
\Omega ) \rightarrow R $ such that $ \xi ˆ{ − } ( 0 ) = 1 $ and
$ \xi ˆ{ − } ( v ) ( u − v ) \ in M { \lambda }$

f o r a l l $ v \ in B ( 0 ; \epsilon ) . $ S ince

\ [ \ langle \psi ˆ{ \prime } { \lambda } ( u ) , u \rangle = ( 2
− q ) \paral le l u \paral le l ˆ{ 2 } { H } { 1 } − ( p − q ) \ int { \partial
\Omega } g \mid u \mid ˆ{ p } ds < 0 . \ ]
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3 period .. Proof of Theorem 1 period 1
First comma we will use the idea of Ni hyphen Takagi open square bracket 1 2 closing square bracket to get

the following results period
Lemma 3 period 1 period .... For ea ch u in M sub lambda comma .... there exist epsilon greater 0 and a

differentiable function
xi : B open parenthesis 0 semicolon epsilon closing parenthesis subset H to the power of 1 open parenthesis

Capital Omega closing parenthesis right arrow R to the power of plus such that xi open parenthesis 0 closing
parenthesis = 1 comma th e function xi open parenthesis v closing parenthesis open parenthesis u minus v closing
parenthesis in M sub lambda and

Equation: open parenthesis 3 period 1 closing parenthesis .. angbracketleft xi to the power of prime open
parenthesis 0 closing parenthesis comma v right angbracket = 2 integral sub Capital Omega nabla u nabla vdx
minus lambda q integral sub Capital Omega f bar u bar to the power of q minus 2 uvdx minus p integral sub
partialdiff Capital Omega g bar u bar to the power of p minus 2 uvds divided by open parenthesis 2 minus q closing
parenthesis bar u bar 2 H sub 1 minus open parenthesis p minus q closing parenthesis integral sub partialdiff
Capital Omega g bar u bar to the power of p ds

for al l v in H to the power of 1 open parenthesis Capital Omega closing parenthesis period
Proof period .. For u in M sub lambda comma define a function F : R times H to the power of 1 open

parenthesis Capital Omega closing parenthesis right arrow R by
F sub u open parenthesis xi comma w closing parenthesis = angbracketleft J sub lambda to the power of

prime open parenthesis xi open parenthesis u minus w closing parenthesis closing parenthesis comma xi open
parenthesis u minus w closing parenthesis right angbracket = xi to the power of 2 integral sub Capital Omega
bar nabla open parenthesis u minus w closing parenthesis bar to the power of 2 plus open parenthesis u minus w
closing parenthesis to the power of 2 dx minus xi to the power of q lambda integral sub Capital Omega f bar u
minus w bar to the power of q dx minus xi to the power of p integral sub partialdiff Capital Omega g bar u minus
w bar to the power of p ds period Then F sub u open parenthesis 1 comma 0 closing parenthesis = angbracketleft
J sub lambda to the power of prime open parenthesis u closing parenthesis comma u right angbracket = 0 and d
divided by d xi F sub u open parenthesis 1 comma 0 closing parenthesis = 2 bar u bar sub H to the power of 2
sub 1 minus lambda q integral sub partialdiff Capital Omega f bar u bar to the power of q dx minus p integral
sub partialdiff Capital Omega g bar u bar to the power of p ds = open parenthesis 2 minus q closing parenthesis
bar u bar 2 H sub 1 minus open parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega
g bar u bar to the power of p ds negationslash-equal 0 period

According to the implicit function theorem comma there exist epsilon greater 0 and a differentiable
function xi : B open parenthesis 0 semicolon epsilon closing parenthesis subset H to the power of 1 open

parenthesis Capital Omega closing parenthesis right arrow R such that xi open parenthesis 0 closing parenthesis
= 1 comma

angbracketleft xi to the power of prime open parenthesis 0 closing parenthesis comma v right angbracket =
2 integral sub Capital Omega nabla u nabla vdx minus lambda q integral sub Capital Omega f bar u bar to the
power of q minus 2 uvdx minus p integral sub partialdiff Capital Omega g bar u bar to the power of p minus 2
uvds divided by open parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 minus open parenthesis p
minus q closing parenthesis integral sub partialdiff Capital Omega g bar u bar to the power of p ds

and
F sub u open parenthesis xi open parenthesis v closing parenthesis comma v closing parenthesis = 0 for all v

in B open parenthesis 0 semicolon epsilon closing parenthesis
which is equivalent to
Line 1 angbracketleft J sub lambda to the power of prime open parenthesis xi open parenthesis v closing

parenthesis open parenthesis u minus v closing parenthesis closing parenthesis comma xi open parenthesis v
closing parenthesis open parenthesis u minus v closing parenthesis right angbracket = 0 for all v in B open
parenthesis 0 semicolon epsilon closing parenthesis comma Line 2 that is xi open parenthesis v closing parenthesis
open parenthesis u minus v closing parenthesis in M sub lambda period square

Lemma 3 period 2 period .... For ea ch u in M sub lambda to the power of minus comma .... the re exist
epsilon greater 0 and a differentiable function

xi to the power of minus : B open parenthesis 0 semicolon epsilon closing parenthesis subset H to the power
of 1 open parenthesis Capital Omega closing parenthesis right arrow R to the power of plus such that xi to the
power of minus open parenthesis 0 closing parenthesis = 1 comma the function xi to the power of minus open
parenthesis v closing parenthesis open parenthesis u minus v closing parenthesis in M sub lambda to the power
of minus

and
Equation: open parenthesis 3 period 2 closing parenthesis .. angbracketleft open parenthesis xi to the power of

minus closing parenthesis to the power of prime open parenthesis 0 closing parenthesis comma v right angbracket
= 2 integral sub Capital Omega nabla u nabla vdx minus lambda q integral sub Capital Omega f bar u bar to
the power of q minus 2 uvdx minus p integral sub partialdiff Capital Omega g bar u bar to the power of p minus
2 uvds divided by open parenthesis 2 minus q closing parenthesis bar u bar 2 H sub 1 minus open parenthesis p
minus q closing parenthesis integral sub partialdiff Capital Omega g bar u bar to the power of p ds

for al l v in H to the power of 1 open parenthesis Capital Omega closing parenthesis period
Proof period .. Similar to the argument in Lemma 3 period 1 comma there exist epsilon greater 0 and a

differentiable
function xi to the power of minus : B open parenthesis 0 semicolon epsilon closing parenthesis subset H to the

power of 1 open parenthesis Capital Omega closing parenthesis right arrow R such that xi to the power of minus
open parenthesis 0 closing parenthesis = 1 and xi to the power of minus open parenthesis v closing parenthesis
open parenthesis u minus v closing parenthesis in M sub lambda

for all v in B open parenthesis 0 semicolon epsilon closing parenthesis period Since
angbracketleft psi sub lambda to the power of prime open parenthesis u closing parenthesis comma u right

angbracket = open parenthesis 2 minus q closing parenthesis bar u bar sub H to the power of 2 sub 1 minus open
parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega g bar u bar to the power of p ds
less 0 period
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3 . Proof of Theorem 1 . 1
First , we will use the idea of Ni - Takagi [ 1 2 ] to get the following results .

Lemma 3 . 1 . For ea ch u ∈Mλ, there exist ε > 0 and a differentiable function
ξ : B(0; ε) ⊂ H1(Ω)→ R+ such that ξ(0) = 1, th e function ξ(v)(u− v) ∈Mλ and

〈ξ′(0), v〉 =
2
∫

Ω
∇u∇vdx− λq

∫
Ω
f | u |q−2 uvdx− p

∫
∂Ω
g | u |p−2 uvds

(2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω
g | u |p ds

(3.1)

for al l v ∈ H1(Ω). Proof . For u ∈Mλ, define a function F : R×H1(Ω)→ R by

Fu(ξ, w) = 〈J ′λ(ξ(u− w)), ξ(u− w)〉

= ξ2

∫
Ω

| ∇(u− w) |2 +(u− w)2dx− ξqλ
∫

Ω

f | u− w |q dx

−ξp
∫
∂Ω

g | u− w |p ds.

ThenFu(1, 0) = 〈J ′λ(u), u〉 = 0and

d

dξ
Fu(1, 0) = 2 ‖ u ‖2H 1 − λq

∫
∂Ω

f | u |q dx− p
∫
∂Ω

g | u |p ds

= (2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω

g | u |p ds 6= 0.

According to the implicit function theorem , there exist ε > 0 and a differentiable
function ξ : B(0; ε) ⊂ H1(Ω)→ R such that ξ(0) = 1,

〈ξ′(0), v〉 =
2
∫

Ω
∇u∇vdx− λq

∫
Ω
f | u |q−2 uvdx− p

∫
∂Ω
g | u |p−2 uvds

(2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω
g | u |p ds

and

Fu(ξ(v), v) = 0 forallv ∈ B(0; ε)

which is equivalent to

〈J ′λ(ξ(v)(u− v)), ξ(v)(u− v)〉 = 0 forallv ∈ B(0; ε),

thatisξ(v)(u− v) ∈Mλ. �

Lemma 3 . 2 . For ea ch u ∈M−λ , the re exist ε > 0 and a differentiable function
ξ− : B(0; ε) ⊂ H1(Ω) → R+ such that ξ−(0) = 1, the function ξ−(v)(u − v) ∈ M−λ
and

〈(ξ−)′(0), v〉 =
2
∫

Ω
∇u∇vdx− λq

∫
Ω
f | u |q−2 uvdx− p

∫
∂Ω
g | u |p−2 uvds

(2− q) ‖ u ‖ 2H1 − (p− q)
∫
∂Ω
g | u |p ds

(3.2)

for al l v ∈ H1(Ω).
Proof . Similar to the argument in Lemma 3 . 1 , there exist ε > 0 and a differentiable
function ξ− : B(0; ε) ⊂ H1(Ω)→ R such that ξ−(0) = 1 and ξ−(v)(u− v) ∈Mλ for all
v ∈ B(0; ε). Since

〈ψ′λ(u), u〉 = (2− q) ‖ u ‖2H 1 − (p− q)
∫
∂Ω

g | u |p ds < 0.
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Thus , by the c o n t i n u i t y o f the func t i on $ \xi ˆ{ − } , $ we have

\ [\ begin { a l i gned } \ langle \psi ˆ{ \prime } { \lambda } ( \xi ˆ{ − } ( v )
( u − v ) ) , \xi ˆ{ − } ( v ) ( u − v ) \rangle \\

= ( 2 − q ) \paral le l \xi ˆ{ − } ( v ) ( u − v ) \paral le l
2{ H } { 1 } − ( p − q ) \ int { \partial \Omega } g \mid \xi ˆ{ − }
( v ) ( u − v ) \mid ˆ{ p } ds < 0 \end{ a l i gned }\ ]

\noindent i f $ \epsilon $ s u f f i c i e n t l y smal l , t h i s i m p l i e s that $ \xi ˆ{ − } (
v ) ( u − v ) \ in M ˆ{ − } { \lambda } . \ square $

Propos i t i on 3 . 3 . \quad Let $ \lambda { 0 } = $ min $ \{ \lambda { 1 }
, \lambda { 2 } , l i n e−p−minus { p − q }ˆ{ 1 \} } { , }$ \quad Then f o r
$ \lambda \ in ( 0 , \lambda { 0 } ) : $

\centerline {( i ) \quad There e x i s t s a minimizing s equence $ \{ u { n } \}
\subset M { \lambda }$ such that }

\ [\ begin { a l i gned } J { \lambda } ( u { n } ) = \alpha { \lambda } + o
( 1 ) , \\

J ˆ{ \prime } { \lambda } ( u { n } ) = o ( 1 ) in H ˆ{ ∗ } (
\Omega ) ; \end{ a l i gned }\ ]

\centerline {( i i ) \quad the re e x i s t s a minimizing s equence $ \{ u { n } \}
\subset M ˆ{ − } { \lambda }$ such that }

\ [\ begin { a l i gned } J { \lambda } ( u { n } ) = \alpha ˆ{ − } { \lambda }
+ o ( 1 ) , \\

J ˆ{ \prime } { \lambda } ( u { n } ) = o ( 1 ) in H ˆ{ ∗ } (
\Omega ) . \end{ a l i gned }\ ]

\noindent Proof . \quad ( i ) By Lemma 2 . 6 ( i i ) and the Ekeland v a r i a t i o n a l p r i n c i p l e [ 7 ] , the r e e x i s t s
a minimizing sequence $ \{ u { n } \} \subset M { \lambda }$ such that

\begin { a l i g n ∗}
J { \lambda } ( u { n } ) < \alpha { \lambda } + \ f r a c { 1 }{ n } { , }\ tag ∗{$ (

3 . 3 ) $}\\ J { \lambda } ( u { n } ) < J { \lambda } ( w )
+ \ f r a c { 1 }{ n } \paral le l w − u { n } \paral le l H ˆ{ 1 } f o r each
w \ in M { \lambda } . \ tag ∗{$ ( 3 . 4 ) $}
\end{ a l i g n ∗}

\noindent By tak ing $ n $ l a r g e , from Lemma 2 . 6 ( i ) , we have

\begin { a l i g n ∗}
J { \lambda } ( u { n } ) ={ < } ( { \alpha } \ f r a c { 1 }{ 2 } { \lambda } −{ + }

H ˆ{ 1 }ˆ{ . } { \ r u l e {3em}{0 .4 pt} ˆ{ n } { p \ f r a c { 1 }{ 1 }ˆ{ ) }} { < }ˆ{ \paral le l
u { n }} \ f r a c { \paral le l { \beta \lambda }}{ 2 }ˆ{ 2 }} − ( \ f r a c { 1 }{ q }
− \ r u l e {3em}{0 .4 pt} ˆ{ p } { 1 } ) \lambda \ int { \Omega } f \mid u { n }
\mid ˆ{ q } dx \ tag ∗{$ ( 3 . 5 ) $}
\end{ a l i g n ∗}

\noindent This i m p l i e s

\begin { a l i g n ∗}
\paral le l f \paral le l L p ˆ{ ∗ } S ˆ{ q } { p } \paral le l u { n } \paral le l ˆ{ q } { H ˆ{ 1 }}
\geq \ int { \Omega } f \mid u { n } \mid ˆ{ q } dx > \ f r a c { − pq }{ 2
\lambda ( p − q ) } \beta \lambda > 0 . \ tag ∗{$ ( 3 . 6
) $}
\end{ a l i g n ∗}

\noindent Consequently $ , u { n } \ne 0 $ and putt ing toge the r ( 3 . 5 ) , ( 3 . 6 ) and the H
$ \ddot{o} $ l d e r i n e q u a l i t y ,

we obta in

\begin { a l i g n ∗}
\paral le l u { n } \paral le l H ˆ{ 1 } > [ \ f r a c { − pq }{ 2 \lambda

( p − q ) } \beta \lambda ˆ{ S }ˆ{ − q } { p } \paral le l f \paral le l
−{ L }ˆ{ 1 } { p } { ∗ } ] 1 / q \ tag ∗{$ ( 3 . 7 ) $}\\ \paral le l
u { n } \paral le l H ˆ{ 1 } < [ \ f r a c { 2 ( p − q ) }{ ( p −
2 ) q } \paral le l f \paral le l L p ˆ{ ∗ } S ˆ{ q } { p } ] 1 /
( 2 − q ) \ tag ∗{$ ( 3 . 8 ) $}
\end{ a l i g n ∗}

\noindent Now , we show that

\ [ \paral le l J ˆ{ \prime } { \lambda } ( u { n } ) \paral le l H − 1
\rightarrow 0 as n \rightarrow \ infty . \ ]

\noindent Applying Lemma 3 . 1 with $ u { n }$ to obta in the f u n c t i o n s $ \xi { n }
: B ( 0 ; \epsilon { n } ) \rightarrow R ˆ{ + }$ f o r some

$ \epsilon { n } > 0 , $ such that $ \xi { n } ( w ) ( u { n }
− w ) \ in M { \lambda } . $ \quad Choose $ 0 < \rho < \epsilon { n }
. $ \quad Let $ u \ in H ˆ{ 1 } ( \Omega ) $ with

\noindent $ u equ iva lence−n e g a t i o n s l a s h 0 $ and l e t $ w { \rho } = l i n e−rho{ \paral le l }ˆ{ u } { u
\paral le l H ˆ{ 1 } . }$ \quad We s e t $ \eta { \rho } = \xi { n } ( w { \rho }
) ( u { n } − w { \rho } ) . $ \quad Since $ \eta { \rho } \ in M { \lambda }
, $ we
deduce from ( 3 . 4 ) that

\ [ J { \lambda } ( \eta { \rho } ) − J { \lambda } ( u { n } ) \geq
− \ f r a c { 1 }{ n } \paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 }\ ]

1 0 .. T period hyphen F period WU .. EJDE hyphen 2 0 6 slash 1 3 1
Thus comma by the continuity of the function xi to the power of minus comma we have
Line 1 angbracketleft psi sub lambda to the power of prime open parenthesis xi to the power of minus open

parenthesis v closing parenthesis open parenthesis u minus v closing parenthesis closing parenthesis comma xi to
the power of minus open parenthesis v closing parenthesis open parenthesis u minus v closing parenthesis right
angbracket Line 2 = open parenthesis 2 minus q closing parenthesis bar xi to the power of minus open parenthesis
v closing parenthesis open parenthesis u minus v closing parenthesis bar 2 H sub 1 minus open parenthesis p minus
q closing parenthesis integral sub partialdiff Capital Omega g bar xi to the power of minus open parenthesis v
closing parenthesis open parenthesis u minus v closing parenthesis bar to the power of p ds less 0

if epsilon sufficiently small comma this implies that xi to the power of minus open parenthesis v closing
parenthesis open parenthesis u minus v closing parenthesis in M sub lambda to the power of minus period square

Proposition 3 period 3 period .. Let lambda sub 0 = min open brace lambda sub 1 comma lambda sub 2
comma line-p-minus p minus q to the power of 1 closing brace sub comma .. Then for lambda in open parenthesis
0 comma lambda sub 0 closing parenthesis :

open parenthesis i closing parenthesis .. There exists a minimizing s equence open brace u sub n closing brace
subset M sub lambda such that

Line 1 J sub lambda open parenthesis u sub n closing parenthesis = alpha sub lambda plus o open parenthesis
1 closing parenthesis comma Line 2 J sub lambda to the power of prime open parenthesis u sub n closing
parenthesis = o open parenthesis 1 closing parenthesis in H to the power of * open parenthesis Capital Omega
closing parenthesis semicolon

open parenthesis i i closing parenthesis .. there exists a minimizing s equence open brace u sub n closing brace
subset M sub lambda to the power of minus such that

Line 1 J sub lambda open parenthesis u sub n closing parenthesis = alpha sub lambda to the power of minus
plus o open parenthesis 1 closing parenthesis comma Line 2 J sub lambda to the power of prime open parenthesis
u sub n closing parenthesis = o open parenthesis 1 closing parenthesis in H to the power of * open parenthesis
Capital Omega closing parenthesis period

Proof period .. open parenthesis i closing parenthesis By Lemma 2 period 6 open parenthesis i i closing
parenthesis and the Ekeland variational principle open square bracket 7 closing square bracket comma there
exists

a minimizing sequence open brace u sub n closing brace subset M sub lambda such that
Equation: open parenthesis 3 period 3 closing parenthesis .. J sub lambda open parenthesis u sub n closing

parenthesis less alpha sub lambda plus 1 divided by n sub comma Equation: open parenthesis 3 period 4 closing
parenthesis .. J sub lambda open parenthesis u sub n closing parenthesis less J sub lambda open parenthesis w
closing parenthesis plus 1 divided by n bar w minus u sub n bar H to the power of 1 for each w in M sub lambda
period

By taking n large comma from Lemma 2 period 6 open parenthesis i closing parenthesis comma we have
Equation: open parenthesis 3 period 5 closing parenthesis .. J sub lambda open parenthesis u sub n closing

parenthesis = less open parenthesis alpha 1 divided by 2 sub lambda minus plus H to the power of 1 from period
to hline from n to p 1 divided by 1 to the power of closing parenthesis sub less to the power of bar u sub n bar
beta lambda divided by 2 to the power of 2 minus open parenthesis 1 divided by q minus hline from p to 1 closing
parenthesis lambda integral sub Capital Omega f bar u sub n bar to the power of q dx

This implies
Equation: open parenthesis 3 period 6 closing parenthesis .. bar f bar L p to the power of * S sub p to the

power of q bar u sub n bar sub H to the power of 1 to the power of q greater equal integral sub Capital Omega f
bar u sub n bar to the power of q dx greater minus pq divided by 2 lambda open parenthesis p minus q closing
parenthesis beta lambda greater 0 period

Consequently comma u sub n equal-negationslash 0 and putting together open parenthesis 3 period 5 closing
parenthesis comma open parenthesis 3 period 6 closing parenthesis and the H o-dieresis lder inequality comma

we obtain
Equation: open parenthesis 3 period 7 closing parenthesis .. bar u sub n bar H to the power of 1 greater

open square bracket minus pq divided by 2 lambda open parenthesis p minus q closing parenthesis beta lambda
to the power of S sub p to the power of minus q bar f bar minus L sub p to the power of 1 sub * closing square
bracket 1 slash q Equation: open parenthesis 3 period 8 closing parenthesis .. bar u sub n bar H to the power of
1 less open square bracket 2 open parenthesis p minus q closing parenthesis divided by open parenthesis p minus
2 closing parenthesis q bar f bar L p to the power of * S sub p to the power of q closing square bracket 1 slash
open parenthesis 2 minus q closing parenthesis

Now comma we show that
bar J sub lambda to the power of prime open parenthesis u sub n closing parenthesis bar H minus 1 right

arrow 0 as n right arrow infinity period
Applying Lemma 3 period 1 with u sub n to obtain the functions xi sub n : B open parenthesis 0 semicolon

epsilon sub n closing parenthesis right arrow R to the power of plus for some
epsilon sub n greater 0 comma such that xi sub n open parenthesis w closing parenthesis open parenthesis u

sub n minus w closing parenthesis in M sub lambda period .. Choose 0 less rho less epsilon sub n period .. Let u
in H to the power of 1 open parenthesis Capital Omega closing parenthesis with

u equivalence-negationslash 0 and let w sub rho = line-rho bar sub u bar H to the power of 1 period to the
power of u .. We set eta sub rho = xi sub n open parenthesis w sub rho closing parenthesis open parenthesis u
sub n minus w sub rho closing parenthesis period .. Since eta sub rho in M sub lambda comma we

deduce from open parenthesis 3 period 4 closing parenthesis that
J sub lambda open parenthesis eta sub rho closing parenthesis minus J sub lambda open parenthesis u sub n

closing parenthesis greater equal minus 1 divided by n bar eta sub rho minus u sub n bar H to the power of 1

1 0 T . - F . WU EJDE - 2 0 6 / 1 3 1 Thus , by the continuity of the function ξ−, we
have

〈ψ′λ(ξ−(v)(u− v)), ξ−(v)(u− v)〉

= (2− q) ‖ ξ−(v)(u− v) ‖ 2H1 − (p− q)
∫
∂Ω

g | ξ−(v)(u− v) |p ds < 0

if ε sufficiently small , this implies that ξ−(v)(u− v) ∈M−λ . � Proposition 3 . 3 .

Let λ0 = min {λ1, λ2, line− p−minus1}
p−q, Then for λ ∈ (0, λ0) :

( i ) There exists a minimizing s equence {un} ⊂Mλ such that

Jλ(un) = αλ + o(1),

J ′λ(un) = o(1) inH∗(Ω);

( i i ) there exists a minimizing s equence {un} ⊂M−λ such that

Jλ(un) = α−λ + o(1),

J ′λ(un) = o(1) inH∗(Ω).

Proof . ( i ) By Lemma 2 . 6 ( i i ) and the Ekeland variational principle [ 7 ] , there
exists a minimizing sequence {un} ⊂Mλ such that

Jλ(un) < αλ +
1

n ,
(3.3)

Jλ(un) < Jλ(w) +
1

n
‖ w − un ‖ H1 foreachw ∈Mλ. (3.4)

By taking n large , from Lemma 2 . 6 ( i ) , we have

Jλ(un) = <(α
1

2λ
−+H1.

n

p 1
1
)

‖un
<

‖βλ
2

2 − (
1

q
− p

1)λ

∫
Ω

f | un |q dx (3.5)

This implies

‖ f ‖ Lp∗Sqp ‖ un ‖
q
H1≥

∫
Ω

f | un |q dx >
−pq

2λ(p− q)
βλ > 0. (3.6)

Consequently , un 6= 0 and putting together ( 3 . 5 ) , ( 3 . 6 ) and the H ö lder
inequality , we obtain

‖ un ‖ H1 > [
−pq

2λ(p− q)
βλS−qp ‖ f ‖ −L1

p∗]1/q (3.7)

‖ un ‖ H1 < [
2(p− q)
(p− 2)q

‖ f ‖ Lp∗Sqp ]1/(2− q) (3.8)

Now , we show that

‖ J ′λ(un) ‖ H − 1→ 0 asn→∞.
Applying Lemma 3 . 1 with un to obtain the functions ξn : B(0; εn) → R+ for some
εn > 0, such that ξn(w)(un − w) ∈Mλ. Choose 0 < ρ < εn. Let u ∈ H1(Ω) with
uequivalence−negationslash0 and let wρ = line−rho‖uu‖H1. We set ηρ = ξn(wρ)(un−
wρ). Since ηρ ∈Mλ, we deduce from ( 3 . 4 ) that

Jλ(ηρ)− Jλ(un) ≥ − 1

n
‖ ηρ − un ‖ H1



\noindent EJDE − 2 0 6 / 1 3 1 \quad A SEMILINEAR ELLIPTIC PROBLEM \quad 1 1
and by the mean value theorem , we have

\ [ \ langle J ˆ{ \prime } { \lambda } ( u { n } ) , \eta { \rho } − u { n }
\rangle + o ( \paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 }
) \geq − \ f r a c { 1 }{ n } \paral le l \eta { \rho } − u { n } \paral le l
H ˆ{ 1 } . \ ]

\noindent Thus ,

\begin { a l i g n ∗}
\ langle J ˆ{ \prime } { \lambda } ( u { n } ) , − w { \rho } \rangle

+ ( \xi { n } ( w { \rho } ) − 1 ) \ langle J ˆ{ \prime } { \lambda }
( u { n } ) , ( u { n } − w { \rho } ) \rangle \\ \geq − \ f r a c { 1 }{ n }
\paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 } + o ( \paral le l
\eta { \rho } − u { n } \paral le l H ˆ{ 1 } ) . \ tag ∗{$ ( 3 . 9 ) $}
\end{ a l i g n ∗}

\noindent Since $ \xi { n } ( w { \rho } ) ( u { n } − w { \rho }
) \ in M { \lambda }$ and ( 3 . 9 ) i t f o l l o w s that

\ [\ begin { a l i gned } − \rho \ langle J ˆ{ \prime } { \lambda } ( u { n } )
, \ f r a c { u }{ \paral le l u \paral le l H ˆ{ 1 }} \rangle + ( \xi { n }
( w { \rho } ) − 1 ) \ langle J ˆ{ \prime } { \lambda } ( u { n }
) − J ˆ{ \prime } { \lambda } ( \eta { \rho } ) , ( u { n } − w { \rho }
) \rangle \\
\geq − \ f r a c { 1 }{ n } \paral le l \eta { \rho } − u { n } \paral le l

H ˆ{ 1 } + o ( \paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 }
) . \end{ a l i gned }\ ]

\noindent Thus ,

\ [\ begin { a l i gned } \ langle J ˆ{ \prime } { \lambda } ( u { n } ) , \ f r a c { u }{ \paral le l
u \paral le l H ˆ{ 1 }} \rangle \ leq \rho ˆ{ 1 { \underline{\ } }ˆ{ ) } { \ langle
J { \lambda }} \prime ( u { n } ) − J ˆ{ \prime } { \lambda } ( \eta { \rho }
) } { + \ f r a c { \paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 }}{ (
\xi { n } ( w { \rho } ) ˆ{ \rho } { n \rho } − } + o { \underline{\ } }ˆ{ (
\paral le l \eta } \rho − u { n } \paral le l H ˆ{ 1 } ) } { , } ( u { n }
− w { \rho } ) \rangle . ( 3 . 1 0 ) \\

Since \paral le l \eta { \rho } − u { n } \paral le l H ˆ{ 1 } \ leq \rho
\paral le l \xi { n } ( w { \rho } ) \paral le l + \paral le l \xi { n }
( w { \rho } ) − 1 \paral le l \paral le l u { n } \paral le l H ˆ{ 1 }
and \\
\ lim { \rho \rightarrow 0 } \ f r a c { \paral le l \xi { n } ( w { \rho }

) − 1 \paral le l }{ \rho } \ leq \paral le l \xi ˆ{ \prime } { n } ( 0
) \paral le l , \end{ a l i gned }\ ]

\noindent i f we l e t $ \rho \rightarrow 0 $ in ( 3 . 1 0 ) f o r a f i x e d $ n
, $ then by ( 3 . 8 ) we can f i n d a constant $ C > 0 , $
independent o f $ \rho , $ such that

\ [ \ langle J ˆ{ \prime } { \lambda } ( u { n } ) , \ f r a c { u }{ \paral le l
u \paral le l H ˆ{ 1 }} \rangle \ leq \ f r a c { C }{ n } ( 1 + \paral le l
\xi ˆ{ \prime } { n } ( 0 ) \paral le l ) . \ ]

\noindent The proo f w i l l be complete once we show that $ \paral le l \xi ˆ{ \prime } { n }
( 0 ) \paral le l $ i s uni formly bounded in $ n . $
By ( 3 . 1 ) , ( 3 . 8 ) and the H $ \ddot{o} $ l d e r i n e q u a l i t y , we have

\ [ \ langle \xi ˆ{ \prime } { n } ( 0 ) , v \rangle \ leq \ f r a c { b
\paral le l v \paral le l H ˆ{ 1 }}{ \mid ( 2 − q ) \paral le l u { n }
\paral le l H ˆ{ 1 } − ( p − q ) \ int { \partial \Omega } g \mid
u { n } \mid ˆ{ p } ds \mid } f o r some b > 0 . \ ]

\noindent We only need to show that

\begin { a l i g n ∗}
\mid ( 2 − q ) \paral le l u { n } \paral le l H ˆ{ 1 } − ( p
− q ) \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p } ds \mid
> c \ tag ∗{$ ( 3 . 1 1 ) $}
\end{ a l i g n ∗}

\noindent f o r some $ c > 0 $ and $ n $ l a r g e enough . We argue by c o n t r a d i c t i o n . Assume that the re
e x i s t s a subsequence $ \{ u { n } \} , $ we have

\begin { a l i g n ∗}
( 2 − q ) \paral le l u { n } \paral le l H ˆ{ 1 } − ( p − q

) \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p } ds = o (
1 ) . \ tag ∗{$ ( 3 . 1 2 ) $}
\end{ a l i g n ∗}

\noindent Combining ( 3 . 1 2 ) with ( 3 . 7 ) , we can f i n d a s u i t a b l e constant $ d
> 0 $ such that

$ \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p } ds \geq d $
\quad f o r $ n $ s u f f i c i e n t l y l a r g e . \quad ( 3 . 1 3 )

In add i t i on ( 3 . 1 2 ) , and the f a c t that $ u { n } \ in M { \lambda }$ a l s o g ive

\ [ \lambda \ int { \Omega } f \mid u { n } \mid ˆ{ q } dx = \paral le l
u { n } \paral le l ˆ{ 2 } { H } { 1 } − \ int { \partial \Omega } g \mid
u { n } \mid ˆ{ p } ds = p \ f r a c { − 2 }{ 2 − q } \ int { \partial
\Omega } g \mid u { n } \mid ˆ{ p } ds + o ( 1 ) \ ]

EJDE hyphen 2 0 6 slash 1 3 1 .. A SEMILINEAR ELLIPTIC PROBLEM .. 1 1
and by the mean value theorem comma we have
angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis comma eta

sub rho minus u sub n right angbracket plus o open parenthesis bar eta sub rho minus u sub n bar H to the power
of 1 closing parenthesis greater equal minus 1 divided by n bar eta sub rho minus u sub n bar H to the power of
1 period

Thus comma
angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis comma minus

w sub rho right angbracket plus open parenthesis xi sub n open parenthesis w sub rho closing parenthesis minus 1
closing parenthesis angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis
comma open parenthesis u sub n minus w sub rho closing parenthesis right angbracket Equation: open parenthesis
3 period 9 closing parenthesis .. greater equal minus 1 divided by n bar eta sub rho minus u sub n bar H to the
power of 1 plus o open parenthesis bar eta sub rho minus u sub n bar H to the power of 1 closing parenthesis
period

Since xi sub n open parenthesis w sub rho closing parenthesis open parenthesis u sub n minus w sub rho closing
parenthesis in M sub lambda and open parenthesis 3 period 9 closing parenthesis it follows that

Line 1 minus rho angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis
comma u divided by bar u bar H to the power of 1 right angbracket plus open parenthesis xi sub n open parenthesis
w sub rho closing parenthesis minus 1 closing parenthesis angbracketleft J sub lambda to the power of prime open
parenthesis u sub n closing parenthesis minus J sub lambda to the power of prime open parenthesis eta sub rho
closing parenthesis comma open parenthesis u sub n minus w sub rho closing parenthesis right angbracket Line 2
greater equal minus 1 divided by n bar eta sub rho minus u sub n bar H to the power of 1 plus o open parenthesis
bar eta sub rho minus u sub n bar H to the power of 1 closing parenthesis period

Thus comma
Line 1 angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis comma

u divided by bar u bar H to the power of 1 right angbracket less or equal rho from 1 underbar sub angbracketleft
J sub lambda to the power of closing parenthesis prime open parenthesis u sub n closing parenthesis minus J sub
lambda to the power of prime open parenthesis eta sub rho closing parenthesis to plus bar eta sub rho minus u
sub n bar H to the power of 1 divided by open parenthesis xi sub n open parenthesis w sub rho closing parenthesis
from rho to n rho minus plus o underbar to the power of open parenthesis bar eta rho minus u sub n bar H to
the power of 1 closing parenthesis sub comma open parenthesis u sub n minus w sub rho closing parenthesis right
angbracket period open parenthesis 3 period 1 0 closing parenthesis Line 2 Since bar eta sub rho minus u sub n
bar H to the power of 1 less or equal rho bar xi sub n open parenthesis w sub rho closing parenthesis bar plus
bar xi sub n open parenthesis w sub rho closing parenthesis minus 1 bar bar u sub n bar H to the power of 1 and
Line 3 limint rho right arrow 0 bar xi sub n open parenthesis w sub rho closing parenthesis minus 1 bar divided
by rho less or equal bar xi sub n to the power of prime open parenthesis 0 closing parenthesis bar comma

if we let rho right arrow 0 in open parenthesis 3 period 1 0 closing parenthesis for a fixed n comma then by
open parenthesis 3 period 8 closing parenthesis we can find a constant C greater 0 comma

independent of rho comma such that
angbracketleft J sub lambda to the power of prime open parenthesis u sub n closing parenthesis comma u

divided by bar u bar H to the power of 1 right angbracket less or equal C divided by n open parenthesis 1 plus
bar xi sub n to the power of prime open parenthesis 0 closing parenthesis bar closing parenthesis period

The proof will be complete once we show that bar xi sub n to the power of prime open parenthesis 0 closing
parenthesis bar is uniformly bounded in n period

By open parenthesis 3 period 1 closing parenthesis comma open parenthesis 3 period 8 closing parenthesis and
the H dieresis-o lder inequality comma we have

angbracketleft xi sub n to the power of prime open parenthesis 0 closing parenthesis comma v right angbracket
less or equal b bar v bar H to the power of 1 divided by bar open parenthesis 2 minus q closing parenthesis bar
u sub n bar H to the power of 1 minus open parenthesis p minus q closing parenthesis integral sub partialdiff
Capital Omega g bar u sub n bar to the power of p ds bar for some b greater 0 period

We only need to show that
Equation: open parenthesis 3 period 1 1 closing parenthesis .. bar open parenthesis 2 minus q closing paren-

thesis bar u sub n bar H to the power of 1 minus open parenthesis p minus q closing parenthesis integral sub
partialdiff Capital Omega g bar u sub n bar to the power of p ds bar greater c

for some c greater 0 and n large enough period We argue by contradiction period Assume that there
exists a subsequence open brace u sub n closing brace comma we have
Equation: open parenthesis 3 period 1 2 closing parenthesis .. open parenthesis 2 minus q closing parenthesis

bar u sub n bar H to the power of 1 minus open parenthesis p minus q closing parenthesis integral sub partialdiff
Capital Omega g bar u sub n bar to the power of p ds = o open parenthesis 1 closing parenthesis period

Combining open parenthesis 3 period 1 2 closing parenthesis with open parenthesis 3 period 7 closing paren-
thesis comma we can find a suitable constant d greater 0 such that

integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds greater equal d .. for n sufficiently
large period .. open parenthesis 3 period 1 3 closing parenthesis

In addition open parenthesis 3 period 1 2 closing parenthesis comma and the fact that u sub n in M sub
lambda also give

lambda integral sub Capital Omega f bar u sub n bar to the power of q dx = bar u sub n bar sub H to the
power of 2 sub 1 minus integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds = p minus
2 divided by 2 minus q integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds plus o open
parenthesis 1 closing parenthesis

EJDE - 2 0 6 / 1 3 1 A SEMILINEAR ELLIPTIC PROBLEM 1 1 and by the mean value
theorem , we have

〈J ′λ(un), ηρ − un〉+ o(‖ ηρ − un ‖ H1) ≥ − 1

n
‖ ηρ − un ‖ H1.

Thus ,

〈J ′λ(un),−wρ〉+ (ξn(wρ)− 1)〈J ′λ(un), (un − wρ)〉

≥ − 1

n
‖ ηρ − un ‖ H1 + o(‖ ηρ − un ‖ H1). (3.9)

Since ξn(wρ)(un − wρ) ∈Mλ and ( 3 . 9 ) it follows that

−ρ〈J ′λ(un),
u

‖ u ‖ H1
〉+ (ξn(wρ)− 1)〈J ′λ(un)− J ′λ(ηρ), (un − wρ)〉

≥ − 1

n
‖ ηρ − un ‖ H1 + o(‖ ηρ − un ‖ H1).

Thus ,

〈J ′λ(un),
u

‖ u ‖ H1
〉 ≤ ρ1)

〈Jλ ′(un)−J′λ(ηρ)

+
‖ηρ−un‖H1

(ξn(wρ)
ρ
nρ−

+o(‖ηρ−un‖H1)
,(un − wρ)〉. (3.10)

Since ‖ ηρ − un ‖ H1 ≤ ρ ‖ ξn(wρ) ‖ + ‖ ξn(wρ)− 1 ‖‖ un ‖ H1and

lim
ρ→0

‖ ξn(wρ)− 1 ‖
ρ

≤‖ ξ′n(0) ‖,

if we let ρ → 0 in ( 3 . 1 0 ) for a fixed n, then by ( 3 . 8 ) we can find a constant
C > 0, independent of ρ, such that

〈J ′λ(un),
u

‖ u ‖ H1
〉 ≤ C

n
(1+ ‖ ξ′n(0) ‖).

The proof will be complete once we show that ‖ ξ′n(0) ‖ is uniformly bounded in n. By
( 3 . 1 ) , ( 3 . 8 ) and the H ö lder inequality , we have

〈ξ′n(0), v〉 ≤ b ‖ v ‖ H1

| (2− q) ‖ un ‖ H1 − (p− q)
∫
∂Ω
g | un |p ds |

forsomeb > 0.

We only need to show that

| (2− q) ‖ un ‖ H1 − (p− q)
∫
∂Ω

g | un |p ds |> c (3.11)

for some c > 0 and n large enough . We argue by contradiction . Assume that there
exists a subsequence {un}, we have

(2− q) ‖ un ‖ H1 − (p− q)
∫
∂Ω

g | un |p ds = o(1). (3.12)

Combining ( 3 . 1 2 ) with ( 3 . 7 ) , we can find a suitable constant d > 0 such that∫
∂Ω
g | un |p ds ≥ d for n sufficiently large . ( 3 . 1 3 ) In addition ( 3 . 1 2 ) ,

and the fact that un ∈Mλ also give

λ

∫
Ω

f | un |q dx =‖ un ‖2H 1 −
∫
∂Ω

g | un |p ds = p
−2

2− q

∫
∂Ω

g | un |p ds+ o(1)
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Thus ,

\ [\ begin { a l i gned } J { \lambda } ( u { n } ) = \ f r a c { 1 }{ 2 } \paral le l
u { n } \paral le l ˆ{ 2 } { H } { 1 } − \ f r a c { \lambda }{ q } \ int { \Omega }
f \mid u { n } \mid ˆ{ q } dx − \ r u l e {3em}{0 .4 pt} ˆ{ p } { 1 } \ int { \partial
\Omega } g \mid u { n } \mid ˆ{ p } ds \\

= ( \ f r a c { 1 }{ 2 } − \ r u l e {3em}{0 .4 pt} ˆ{ p } { 1 } ) \ int { \partial
\Omega } g \mid u { n } \mid ˆ{ p } ds + o ( 1 ) \\

= ( \ f r a c { 1 }{ 2 } − \ r u l e {3em}{0 .4 pt} ˆ{ p } { 1 } ) \ int { \partial
\Omega } g \mid 0 { u }ˆ{ + } \mid ˆ{ p } ds as n \rightarrow \ infty
, \end{ a l i gned }\ ]

\noindent t h i s c o n t r a d i c t s $ J { \lambda } ( u { n } ) \rightarrow \alpha { \lambda }
< 0 $ as $ n \rightarrow \ infty . $ Moreover ,

\ [ o ( 1 ) = \ langle J ˆ{ \prime } { \lambda } ( u { n } ) , \phi
\rangle = \ langle J ˆ{ \prime } { \lambda } ( u { 0 } ) , \phi \rangle
+ o ( 1 ) f o r a l l \phi \ in H ˆ{ 1 } ( \Omega ) . \ ]

\noindent Thus $ , 0 { u }ˆ{ + } \ in M { \lambda }$ i s a nonzero s o l u t i o n o f equat ion ( 1 . 1 ) and
$ J { \lambda } ( 0 { u }ˆ{ + } ) \geq \alpha { \lambda } . $ \ h f i l l Now

\noindent we prove that $ u { n } \rightarrow 0 { u }ˆ{ + }$ s t r o n g l y in $ H ˆ{ 1 }
( \Omega ) . $ \quad Suppose otherwi s e , then $ \paral le l 0 { u }ˆ{ + }
\paral le l H ˆ{ 1 } < $

l im $ \ inf { n \rightarrow \ infty } \paral le l u { n } \paral le l H ˆ{ 1 }$
and so

\ [\ begin { a l i gned } \paral le l 0 { u }ˆ{ + } \paral le l ˆ{ 2 } { H } { 1 } − \lambda
\ int { \Omega } f \mid 0 { u }ˆ{ + } \mid ˆ{ q } dx − \ int { \partial
\Omega } g \mid 0 { u }ˆ{ + } \mid ˆ{ p } ds \\
< \ lim { n \rightarrow \ infty } \ inf ( \paral le l u { n } \paral le l

2{ H } { 1 } − \lambda \ int { \Omega } f \mid u { n } \mid ˆ{ q } dx
− \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p } ds ) = 0
, \end{ a l i gned }\ ]

\noindent t h i s c o n t r a d i c t s $ 0 { u }ˆ{ + } \ in M { \lambda } . $ Hence $ u { n }
\rightarrow 0 { u }ˆ{ + }$ s t r o n g l y in $ H ˆ{ 1 } ( \Omega ) $ and

\ [ J { \lambda } ( u { n } ) \rightarrow J { \lambda } ( 0 { u }ˆ{ + }
) = \alpha { \lambda } as n \rightarrow \ infty . \ ]

\noindent Moreover , we have $ 0 { u }ˆ{ + } \ in M ˆ{ + } { \lambda } . $ I f not , then
$ 0 { u }ˆ{ + } \ in M ˆ{ − } { \lambda }$ and by Lemma 2 . 4 , the re are

unique $ t ˆ{ + } { 0 }$ and $ t ˆ{ − } { 0 }$ such that $ t ˆ{ + } { 0 } 0 { u }ˆ{ + }
\ in M ˆ{ + } { \lambda }$ and $ t ˆ{ − } { 0 } 0 { u }ˆ{ + } \ in M ˆ{ − } { \lambda }
. $ \quad In p a r t i c u l a r , we have

\begin { a l i g n ∗}
t ˆ{ + } { 0 } < t ˆ{ − } { 0 } = 1 . S ince \\\ f r a c { d }{ dt } J { \lambda }

( t ˆ{ + } { 0 } 0 { u }ˆ{ + } ) = 0 and \ f r a c { d ˆ{ 2 }}{ dt ˆ{ 2 }}
J { \lambda } ( t ˆ{ + } { 0 } 0 { u }ˆ{ + } ) > 0 ,
\end{ a l i g n ∗}

\noindent the re e x i s t s $ t ˆ{ + } { 0 } < \bar{ t } \ leq t ˆ{ − } { 0 }$ such that
$ J { \lambda } ( t ˆ{ + } { 0 } 0 { u }ˆ{ + } ) < J { \lambda } ( ˆ{ \bar{ t } }
0 { u }ˆ{ + } ) . $ By Lemma 2 . 4 ,

\ [ J { \lambda } ( t ˆ{ + } { 0 } 0 { u }ˆ{ + } ) < J { \lambda } ( ˆ{ \bar{ t } }
0 { u }ˆ{ + } ) \ leq J { \lambda } ( t ˆ{ − } { 0 } 0 { u }ˆ{ + } )
= J { \lambda } ( 0 { u }ˆ{ + } ) , \ ]

\noindent which i s a c o n t r a d i c t i o n . \ h f i l l Since $ J { \lambda } ( 0 { u }ˆ{ + }
) = J { \lambda } ( \mid 0 { u }ˆ{ + } \mid ) $ and $ \mid 0 { u }ˆ{ + }
\mid \ in M ˆ{ + } { \lambda } , $ by Lemma

\noindent 2 . 2 we may assume that $ 0 { u }ˆ{ + }$ i s a n o n t r i v i a l nonnegat ive s o l u t i o n o f equat ion ( 1 . 1 ) .
From Lemma 2 . 6 i t f o l l o w s that

\ [ 0 > J { \lambda } ( 0 { u }ˆ{ + } ) \geq − \lambda ( \ f r a c { (
p − q ) ( 2 − q ) }{ 2 pq }ˆ{ ) } ( \paral le l f \paral le l
L p ˆ{ ∗ } S ˆ{ q } { p } ) \ f r a c { 2 }{ 2 − q }\ ]

\noindent and so $ J { \lambda } ( 0 { u }ˆ{ + } ) \rightarrow 0 $ as
$ \lambda \rightarrow 0 . \ square $

\noindent Next , we e s t a b l i s h the e x i s t e n c e o f a l o c a l minimum f o r $ J { \lambda }$
on $ M ˆ{ − } { \lambda } . $

Theorem 3 . 5 . Let $ \lambda { 0 } > 0 $ as in Propos i t i on 3 . 3 . \quad Then f o r
$ \lambda \ in ( 0 , \lambda { 0 } ) $ the f u n c t i o n a l

\noindent $ J { \lambda }$ has a minimizer $ u ˆ{ − } { 0 }$ in $ M ˆ{ − } { \lambda }$
and s a t i s f i e s

\ [ ( i ) J { \lambda } ( u ˆ{ − } { 0 } ) = \alpha ˆ{ − } { \lambda }
; \ ]

\noindent ( i i $ ) u ˆ{ − } { 0 }$ i s a n o n t r i v i a l nonnegat ive s o l u t i o n o f equat ion ( 1 . 1 ) .
Proof . \quad By Propos i t i on 3 . 3 ( i i ) , the r e e x i s t s a minimizing sequence $ \{

u { n } \} $ f o r $ J { \lambda }$ on

\noindent $ M ˆ{ − } { \lambda }$ such that

\ [ J { \lambda } ( u { n } ) = \alpha ˆ{ − } { \lambda } + o ( 1
) and J ˆ{ \prime } { \lambda } ( u { n } ) = o ( 1 ) in H ˆ{ ∗ }
( \Omega ) . \ ]
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Thus comma
Line 1 J sub lambda open parenthesis u sub n closing parenthesis = 1 divided by 2 bar u sub n bar sub H to

the power of 2 sub 1 minus lambda divided by q integral sub Capital Omega f bar u sub n bar to the power of q
dx minus hline from p to 1 integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds Line 2 =
open parenthesis 1 divided by 2 minus hline from p to 1 closing parenthesis integral sub partialdiff Capital Omega
g bar u sub n bar to the power of p ds plus o open parenthesis 1 closing parenthesis Line 3 = open parenthesis 1
divided by 2 minus hline from p to 1 closing parenthesis integral sub partialdiff Capital Omega g bar 0 u to the
power of plus bar to the power of p ds as n right arrow infinity comma

this contradicts J sub lambda open parenthesis u sub n closing parenthesis right arrow alpha sub lambda less
0 as n right arrow infinity period Moreover comma

o open parenthesis 1 closing parenthesis = angbracketleft J sub lambda to the power of prime open parenthesis
u sub n closing parenthesis comma phi right angbracket = angbracketleft J sub lambda to the power of prime open
parenthesis u sub 0 closing parenthesis comma phi right angbracket plus o open parenthesis 1 closing parenthesis
for all phi in H to the power of 1 open parenthesis Capital Omega closing parenthesis period

Thus comma 0 u to the power of plus in M sub lambda is a nonzero solution of equation open parenthesis
1 period 1 closing parenthesis and J sub lambda open parenthesis 0 u to the power of plus closing parenthesis
greater equal alpha sub lambda period .... Now

we prove that u sub n right arrow 0 u to the power of plus strongly in H to the power of 1 open parenthesis
Capital Omega closing parenthesis period .. Suppose otherwise comma then bar 0 u to the power of plus bar H
to the power of 1 less

lim inf sub n right arrow infinity bar u sub n bar H to the power of 1 and so
Line 1 bar 0 u to the power of plus bar sub H to the power of 2 sub 1 minus lambda integral sub Capital

Omega f bar 0 u to the power of plus bar to the power of q dx minus integral sub partialdiff Capital Omega g bar
0 u to the power of plus bar to the power of p ds Line 2 less limint n right arrow infinity inf open parenthesis bar
u sub n bar 2 H sub 1 minus lambda integral sub Capital Omega f bar u sub n bar to the power of q dx minus
integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds closing parenthesis = 0 comma

this contradicts 0 u to the power of plus in M sub lambda period Hence u sub n right arrow 0 u to the power
of plus strongly in H to the power of 1 open parenthesis Capital Omega closing parenthesis and

J sub lambda open parenthesis u sub n closing parenthesis right arrow J sub lambda open parenthesis 0 u to
the power of plus closing parenthesis = alpha sub lambda as n right arrow infinity period

Moreover comma we have 0 u to the power of plus in M sub lambda to the power of plus period If not comma
then 0 u to the power of plus in M sub lambda to the power of minus and by Lemma 2 period 4 comma there are

unique t sub 0 to the power of plus and t sub 0 to the power of minus such that t sub 0 to the power of plus 0
u to the power of plus in M sub lambda to the power of plus and t sub 0 to the power of minus 0 u to the power
of plus in M sub lambda to the power of minus period .. In particular comma we have

t sub 0 to the power of plus less t sub 0 to the power of minus = 1 period Since d divided by dt J sub lambda
open parenthesis t sub 0 to the power of plus 0 u to the power of plus closing parenthesis = 0 and d to the power
of 2 divided by dt to the power of 2 J sub lambda open parenthesis t sub 0 to the power of plus 0 u to the power
of plus closing parenthesis greater 0 comma

there exists t sub 0 to the power of plus less t-macron less or equal t sub 0 to the power of minus such that J
sub lambda open parenthesis t sub 0 to the power of plus 0 u to the power of plus closing parenthesis less J sub
lambda open parenthesis to the power of macron-t 0 u to the power of plus closing parenthesis period By Lemma
2 period 4 comma

J sub lambda open parenthesis t sub 0 to the power of plus 0 u to the power of plus closing parenthesis less J
sub lambda open parenthesis to the power of t-macron 0 u to the power of plus closing parenthesis less or equal J
sub lambda open parenthesis t sub 0 to the power of minus 0 u to the power of plus closing parenthesis = J sub
lambda open parenthesis 0 u to the power of plus closing parenthesis comma

which is a contradiction period .... Since J sub lambda open parenthesis 0 u to the power of plus closing
parenthesis = J sub lambda open parenthesis bar 0 u to the power of plus bar closing parenthesis and bar 0 u to
the power of plus bar in M sub lambda to the power of plus comma by Lemma

2 period 2 we may assume that 0 u to the power of plus is a nontrivial nonnegative solution of equation open
parenthesis 1 period 1 closing parenthesis period

From Lemma 2 period 6 it follows that
0 greater J sub lambda open parenthesis 0 u to the power of plus closing parenthesis greater equal minus

lambda open parenthesis open parenthesis p minus q closing parenthesis open parenthesis 2 minus q closing
parenthesis divided by 2 pq to the power of closing parenthesis open parenthesis bar f bar L p to the power of *
S sub p to the power of q closing parenthesis 2 divided by 2 minus q

and so J sub lambda open parenthesis 0 u to the power of plus closing parenthesis right arrow 0 as lambda
right arrow 0 period square

Next comma we establish the existence of a lo cal minimum for J sub lambda on M sub lambda to the power
of minus period

Theorem 3 period 5 period Let lambda sub 0 greater 0 as in Proposition 3 period 3 period .. Then for lambda
in open parenthesis 0 comma lambda sub 0 closing parenthesis the functional

J sub lambda has a minimizer u sub 0 to the power of minus in M sub lambda to the power of minus and
satisfies

open parenthesis i closing parenthesis J sub lambda open parenthesis u sub 0 to the power of minus closing
parenthesis = alpha sub lambda to the power of minus semicolon

open parenthesis i i closing parenthesis u sub 0 to the power of minus is a nontrivial nonnegative s o lutio n
of equation open parenthesis 1 period 1 closing parenthesis period

Proof period .. By Proposition 3 period 3 open parenthesis i i closing parenthesis comma there exists a
minimizing sequence open brace u sub n closing brace for J sub lambda on

M sub lambda to the power of minus such that
J sub lambda open parenthesis u sub n closing parenthesis = alpha sub lambda to the power of minus plus o

open parenthesis 1 closing parenthesis and J sub lambda to the power of prime open parenthesis u sub n closing
parenthesis = o open parenthesis 1 closing parenthesis in H to the power of * open parenthesis Capital Omega
closing parenthesis period
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Jλ(un) =
1

2
‖ un ‖2H 1 −

λ

q

∫
Ω

f | un |q dx− p
1

∫
∂Ω

g | un |p ds

= (
1

2
− p

1)

∫
∂Ω

g | un |p ds+ o(1)

= (
1

2
− p

1)

∫
∂Ω

g | 0+
u |p ds asn→∞,

this contradicts Jλ(un)→ αλ < 0 as n→∞. Moreover ,

o(1) = 〈J ′λ(un), φ〉 = 〈J ′λ(u0), φ〉+ o(1) forallφ ∈ H1(Ω).

Thus , 0+
u ∈Mλ is a nonzero solution of equation ( 1 . 1 ) and Jλ(0+

u ) ≥ αλ. Now
we prove that un → 0+

u strongly in H1(Ω). Suppose otherwise , then ‖ 0+
u ‖ H1 <

lim infn→∞ ‖ un ‖ H1 and so

‖ 0+
u ‖2H 1 − λ

∫
Ω

f | 0+
u |q dx−

∫
∂Ω

g | 0+
u |p ds

< lim
n→∞

inf(‖ un ‖ 2H1 − λ
∫

Ω

f | un |q dx−
∫
∂Ω

g | un |p ds) = 0,

this contradicts 0+
u ∈Mλ. Hence un → 0+

u strongly in H1(Ω) and

Jλ(un)→ Jλ(0+
u ) = αλ asn→∞.

Moreover , we have 0+
u ∈M+

λ . If not , then 0+
u ∈M−λ and by Lemma 2 . 4 , there are

unique t+0 and t−0 such that t+0 0+
u ∈M+

λ and t−0 0+
u ∈M−λ . In particular , we have

t+0 < t−0 = 1.Since

d

dt
Jλ(t+0 0+

u ) = 0 and
d2

dt2
Jλ(t+0 0+

u ) > 0,

there exists t+0 < t̄ ≤ t−0 such that Jλ(t+0 0+
u ) < Jλ(t̄0+

u ). By Lemma 2 . 4 ,

Jλ(t+0 0+
u ) < Jλ(t̄0+

u ) ≤ Jλ(t−0 0+
u ) = Jλ(0+

u ),

which is a contradiction . Since Jλ(0+
u ) = Jλ(| 0+

u |) and | 0+
u | ∈M+

λ , by Lemma
2 . 2 we may assume that 0+

u is a nontrivial nonnegative solution of equation ( 1 . 1 ) .
From Lemma 2 . 6 it follows that

0 > Jλ(0+
u ) ≥ −λ(

(p− q)(2− q)
2pq

)

(‖ f ‖ Lp∗Sqp)
2

2− q
and so Jλ(0+

u )→ 0 as λ→ 0. �
Next , we establish the existence of a lo cal minimum for Jλ on M−λ . Theorem 3 . 5
. Let λ0 > 0 as in Proposition 3 . 3 . Then for λ ∈ (0, λ0) the functional
Jλ has a minimizer u−0 in M−λ and satisfies

(i) Jλ(u−0 ) = α−λ ;

( i i ) u−0 is a nontrivial nonnegative s o lutio n of equation ( 1 . 1 ) . Proof . By
Proposition 3 . 3 ( i i ) , there exists a minimizing sequence {un} for Jλ on
M−λ such that

Jλ(un) = α−λ + o(1) and J ′λ(un) = o(1) inH∗(Ω).
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theorem , there exist a subsequence {un}
and u−0 ∈ H1(Ω) such that

un ⇀ u−0 weaklyinH1(Ω),

un → u−0 stronglyinLp(∂Ω),

un → u−0 stronglyinLq(Ω).

Since (2 − q) ‖ un ‖2H1 −(p − q)
∫
∂Ω
g | un |p ds < 0, by the Sobolev trace inequality

there exists C > 0 such that
∫
∂Ω
g | un |p ds > C. Moreover ,

o(1) = 〈J ′λ(un), φ〉 = 〈J ′λ(u0), φ〉+ o(1) forallφ ∈ H1(Ω)

and

(2− q) ‖ u0 ‖2H 1 − (p− q)
∫
∂Ω

g | u0 |p ds

≤ lim
n→∞

inf((2− q) ‖ un ‖2H 1 − (p− q)
∫
∂Ω

g | un |p ds) ≤ 0.

Thus , u−0 ∈M−λ is a nonzero solution of equation ( 1 . 1 ) . Now we prove that un → u−0
strongly in H1(Ω). Suppose otherwise , then ‖ u−0 ‖ H1 < lim infn→∞ ‖ un ‖ H1 and
so

‖ u−0 ‖2H 1 − λ
∫

Ω

f | u−0 |q dx−
∫
∂Ω

g | u−0 |p ds

< lim
n→∞

inf(‖ un ‖ 2H1 − λ
∫

Ω

f | un |q dx−
∫
∂Ω

g | un |p ds) = 0,

this contradicts u−0 ∈M−λ . Hence un → u−0 strongly in H1(Ω). This implies

Jλ(un)→ Jλ(u−0 ) = α−λ asn→∞.

Since Jλ(u−0 ) = Jλ(| u−0 |) and | u−0 |∈M−λ , by Lemma 2 . 2 we may assume that u−0
is a nontrivial nonnegative solution of equation (1.1). �

Now , we complete the proof of Theorem 1 . 1 . By Theorems 3 . 4 , 3 . 5 , we
obtain
equation ( 1 . 1 ) has two nontrivial nonnegative solutions 0+

u and u−0 such that 0+
u ∈

M+
λ and u−0 ∈M−λ . Since M+

λ ∩M−λ = φ, this implies that 0+
u and u−0 are different .
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By Lemma 2 . 6 and the compact imbedding theorem , the re e x i s t a subsequence $ \{

u { n } \} $

\noindent and $ u ˆ{ − } { 0 } \ in H ˆ{ 1 } ( \Omega ) $ such that

\ [\ begin { a l i gned } u { n } \rightharpoonup u ˆ{ − } { 0 } weakly in H ˆ{ 1 }
( \Omega ) , \\

u { n } \rightarrow u ˆ{ − } { 0 } s t r o n g l y in L ˆ{ p } ( \partial
\Omega ) , \\

u { n } \rightarrow u ˆ{ − } { 0 } s t r o n g l y in L ˆ{ q } ( \Omega )
. \end{ a l i gned }\ ]

\noindent Since $ ( 2 − q ) \paral le l u { n } \paral le l ˆ{ 2 } { H ˆ{ 1 }}
− ( p − q ) \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p }
ds < 0 , $ by the Sobolev t r a c e i n e q u a l i t y

the re e x i s t s $ C > 0 $ such that $ \ int { \partial \Omega } g \mid
u { n } \mid ˆ{ p } ds > C . $ Moreover ,

\ [ o ( 1 ) = \ langle J ˆ{ \prime } { \lambda } ( u { n } ) , \phi
\rangle = \ langle J ˆ{ \prime } { \lambda } ( u { 0 } ) , \phi \rangle
+ o ( 1 ) f o r a l l \phi \ in H ˆ{ 1 } ( \Omega ) \ ]

\noindent and

\ [\ begin { a l i gned } ( 2 − q ) \paral le l u { 0 } \paral le l ˆ{ 2 } { H } { 1 }
− ( p − q ) \ int { \partial \Omega } g \mid u { 0 } \mid ˆ{ p }
ds \\
\ leq \ lim { n \rightarrow \ infty } \ inf ( ( 2 − q ) \paral le l

u { n } \paral le l ˆ{ 2 } { H } { 1 } − ( p − q ) \ int { \partial
\Omega } g \mid u { n } \mid ˆ{ p } ds ) \ leq 0 . \end{ a l i gned }\ ]

\noindent Thus $ , u ˆ{ − } { 0 } \ in M ˆ{ − } { \lambda }$ i s a nonzero s o l u t i o n o f equat ion ( 1 . 1 ) . Now we prove that
$ u { n } \rightarrow u ˆ{ − } { 0 }$

s t r o n g l y in $ H ˆ{ 1 } ( \Omega ) . $ Suppose otherwi se , then $ \paral le l
u ˆ{ − } { 0 } \paral le l H ˆ{ 1 } < $ l im $ \ inf { n \rightarrow \ infty }
\paral le l u { n } \paral le l H ˆ{ 1 }$ and so

\ [\ begin { a l i gned } \paral le l u ˆ{ − } { 0 } \paral le l ˆ{ 2 } { H } { 1 } − \lambda
\ int { \Omega } f \mid u ˆ{ − } { 0 } \mid ˆ{ q } dx − \ int { \partial
\Omega } g \mid u ˆ{ − } { 0 } \mid ˆ{ p } ds \\
< \ lim { n \rightarrow \ infty } \ inf ( \paral le l u { n } \paral le l

2{ H } { 1 } − \lambda \ int { \Omega } f \mid u { n } \mid ˆ{ q } dx
− \ int { \partial \Omega } g \mid u { n } \mid ˆ{ p } ds ) = 0
, \end{ a l i gned }\ ]

\noindent t h i s c o n t r a d i c t s $ u ˆ{ − } { 0 } \ in M ˆ{ − } { \lambda } . $ Hence
$ u { n } \rightarrow u ˆ{ − } { 0 }$ s t r o n g l y in $ H ˆ{ 1 } ( \Omega )
. $ This i m p l i e s

\ [ J { \lambda } ( u { n } ) \rightarrow J { \lambda } ( u ˆ{ − } { 0 }
) = \alpha ˆ{ − } { \lambda } as n \rightarrow \ infty . \ ]

\noindent Since $ J { \lambda } ( u ˆ{ − } { 0 } ) = J { \lambda } (
\mid u ˆ{ − } { 0 } \mid ) $ and $ \mid u ˆ{ − } { 0 } \mid \ in M ˆ{ − } { \lambda }
, $ by Lemma 2 . 2 we may assume that $ u ˆ{ − } { 0 }$

\noindent i s a n o n t r i v i a l nonnegat ive s o l u t i o n o f equat ion $ ( 1 . 1 ) .
\ square $

\hspace ∗{\ f i l l }Now , we complete the proo f o f Theorem 1 . 1 . \quad By Theorems 3 . 4 , 3 . 5 , we obta in

\noindent equat ion ( 1 . 1 ) has two n o n t r i v i a l nonnegat ive s o l u t i o n s $ 0 { u }ˆ{ + }$
and $ u ˆ{ − } { 0 }$ such that $ 0 { u }ˆ{ + } \ in $

\noindent $ M ˆ{ + } { \lambda }$ and $ u ˆ{ − } { 0 } \ in M ˆ{ − } { \lambda }
. $ S ince $ M ˆ{ + } { \lambda } \cap M ˆ{ − } { \lambda } = \phi , $ t h i s i m p l i e s that
$ 0 { u }ˆ{ + }$ and $ u ˆ{ − } { 0 }$ are d i f f e r e n t .
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By Lemma 2 period 6 and the compact imbedding theorem comma there exist a subsequence open brace u

sub n closing brace
and u sub 0 to the power of minus in H to the power of 1 open parenthesis Capital Omega closing parenthesis

such that
Line 1 u sub n rightharpoonup u sub 0 to the power of minus weakly in H to the power of 1 open parenthesis

Capital Omega closing parenthesis comma Line 2 u sub n right arrow u sub 0 to the power of minus strongly in
L to the power of p open parenthesis partialdiff Capital Omega closing parenthesis comma Line 3 u sub n right
arrow u sub 0 to the power of minus strongly in L to the power of q open parenthesis Capital Omega closing
parenthesis period

Since open parenthesis 2 minus q closing parenthesis bar u sub n bar sub H to the power of 1 to the power of
2 minus open parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega g bar u sub n bar
to the power of p ds less 0 comma by the Sobolev trace inequality

there exists C greater 0 such that integral sub partialdiff Capital Omega g bar u sub n bar to the power of p
ds greater C period Moreover comma

o open parenthesis 1 closing parenthesis = angbracketleft J sub lambda to the power of prime open parenthesis
u sub n closing parenthesis comma phi right angbracket = angbracketleft J sub lambda to the power of prime open
parenthesis u sub 0 closing parenthesis comma phi right angbracket plus o open parenthesis 1 closing parenthesis
for all phi in H to the power of 1 open parenthesis Capital Omega closing parenthesis

and
Line 1 open parenthesis 2 minus q closing parenthesis bar u sub 0 bar sub H to the power of 2 sub 1 minus

open parenthesis p minus q closing parenthesis integral sub partialdiff Capital Omega g bar u sub 0 bar to the
power of p ds Line 2 less or equal limint n right arrow infinity inf open parenthesis open parenthesis 2 minus
q closing parenthesis bar u sub n bar sub H to the power of 2 sub 1 minus open parenthesis p minus q closing
parenthesis integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds closing parenthesis less
or equal 0 period

Thus comma u sub 0 to the power of minus in M sub lambda to the power of minus is a nonzero solution of
equation open parenthesis 1 period 1 closing parenthesis period Now we prove that u sub n right arrow u sub 0
to the power of minus

strongly in H to the power of 1 open parenthesis Capital Omega closing parenthesis period Suppose otherwise
comma then bar u sub 0 to the power of minus bar H to the power of 1 less lim inf sub n right arrow infinity bar
u sub n bar H to the power of 1 and so

Line 1 bar u sub 0 to the power of minus bar sub H to the power of 2 sub 1 minus lambda integral sub Capital
Omega f bar u sub 0 to the power of minus bar to the power of q dx minus integral sub partialdiff Capital Omega
g bar u sub 0 to the power of minus bar to the power of p ds Line 2 less limint n right arrow infinity inf open
parenthesis bar u sub n bar 2 H sub 1 minus lambda integral sub Capital Omega f bar u sub n bar to the power
of q dx minus integral sub partialdiff Capital Omega g bar u sub n bar to the power of p ds closing parenthesis
= 0 comma

this contradicts u sub 0 to the power of minus in M sub lambda to the power of minus period Hence u sub n
right arrow u sub 0 to the power of minus strongly in H to the power of 1 open parenthesis Capital Omega closing
parenthesis period This implies

J sub lambda open parenthesis u sub n closing parenthesis right arrow J sub lambda open parenthesis u sub
0 to the power of minus closing parenthesis = alpha sub lambda to the power of minus as n right arrow infinity
period

Since J sub lambda open parenthesis u sub 0 to the power of minus closing parenthesis = J sub lambda open
parenthesis bar u sub 0 to the power of minus bar closing parenthesis and bar u sub 0 to the power of minus bar
in M sub lambda to the power of minus comma by Lemma 2 period 2 we may assume that u sub 0 to the power
of minus

is a nontrivial nonnegative solution of equation open parenthesis 1 period 1 closing parenthesis period square
Now comma we complete the proof of Theorem 1 period 1 period .. By Theorems 3 period 4 comma 3 period

5 comma we obtain
equation open parenthesis 1 period 1 closing parenthesis has two nontrivial nonnegative solutions 0 u to the

power of plus and u sub 0 to the power of minus such that 0 u to the power of plus in
M sub lambda to the power of plus and u sub 0 to the power of minus in M sub lambda to the power of minus

period Since M sub lambda to the power of plus cap M sub lambda to the power of minus = phi comma this
implies that 0 u to the power of plus and u sub 0 to the power of minus are different period
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