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a sub h l to the power of e r sub a n sub d .. n d e x sub f to the power of o m .. eq uao n sub s open parenthesis
e-e sub open square bracket P sub S

Td .. W 1 comma sub open square bracket Td .. W 2 comma sub open square bracket G P .. P closing
parenthesis T sub e .. r e u to the power of c t .. o n sub p ro to the power of c e sub d u e comma b a ed on ..
n to the power of u m sub e r sub cal d

p sub h a to the power of nin to the power of e .. a .. po x i m tio to the power of n te c .. hn q u e sub
comma i s ht to the power of h sub i ri .. m p o t sub ant c sub o m po n to the power of e n t .. oou

m sub ethod .. Wesh .. a ll sub u s e .. h e to the power of re a v .. a ri a sub n g sub iv e sub n b to the
power of y .. d e .. W sub eg e sub r open square bracket d sub W closing square bracket

2 period H .. e ghs period T .. he .. liptic crv e E .. ver .. Q s assu me d o be giv n .. i n sor
W i ersras i sub sno rm alfor m .. u .. o .. i .. t .. e .. h
e .. t .. 2 .. 3
open parenthesis sub 1 closing parenthesis E : y = sub x plus a x plus b sub = : p sub open parenthesis x

closing parenthesis open parenthesis to the power of a comma sub b in Z closing parenthesis period
The .. d sub i c-r sub i m n-i sub a n t of E ov e .. Q is
Capital Delta = 4 plus 2 7 negationslash-equal 0
an d the .. m dul a-r i v r-a i
j = 1 2 to the power of 3 4 a 3 period
By th e Morde l-l endash We l-i Theo r-e m comma
o Z comma w h e .. and ed r
Le t sub u-s reca sub l t-l sub h e noto no sub f hei ht on E open parenthesis Q period Fo r .. a rat onalpoint
xi comma zeta closing parenthesis = gcd open parenthesis eta comma zeta closing parenthesis = 1
h igh t is eta Z comma h sub e .. n .. r .. t .. r
e .. braceleftbigg .. l o m .. ax open brace zeta comma xi bar closing brace .. i f .. P negationslash-equal O

comma
h open parenthesis P closing parenthesis = 0 2 g bar if P = O comma

o Q of r a k u
t h e M rd e l−−W elgrou p E(Q A tu aly, t hi i sth e onlyd s adv

antage

ot h L ang – Z ge rm e hod Ho ever an a g o r ih m p o v i di g suc a b
s s w asr

ce nt l ydve l ope d b y t h firsta nd thel a sa ut or [GZ]I t i b a s d on
i

de
o f Mn

a i [ M ]an d dep n ds o t h e v al d t of t he c o ne c
w − in r t on−Dy e (see[ ], Z 3], fo r xa m p e ) . W ere plann n g t omak

e i indpe n de nfo thi c n ec u e Th e s c ond c o mp o net
i
s an e x pi i l

ow b oundfor ie a f msin el pt c logarihm
s o alge bra c n umber s A ga i it

wasonl y reenl y th t S D v i d D ] e ta b lshe
ds u h anexp i it b ound

t hs pr vi g a o herconj ct r eo L a ng.T h s meant
a brea t h ou g h n o

en da vorcnce n i n in t gr
a
l oin ts A nal g os est maftes o li er form inco mplx

a dp− adi clogar hms ha db e n s ucessuly us ed fo
r

th e com pet e esol
u
to n ofT

h eu, T h u e−−M ahlerand n d e xfo m eq uao ns( e − e[ PS Td W 1,[ Td

W 2,[ G P P ) Te r e uc t o npro
ced u e , b a ed on nu mercal d ph anin

e

a po x i m tion te c hn q u e,is hthi ri m p o tantco m po nent oou method

Wesh alluse h erea v arian givenby d e Weger[dW ]

2 . H e ghs . T he liptic crv e E ver Q s assu me d o be giv n i n
sor W i ersras isno rm alfor m u o i t e h

e t 2 3

(1) E : y =x +a x + b= : p(x) (a,b ∈ Z).

The dic− ri m n− ia n t of E ov e Q is

∆ = 4 + 27 6= 0

an d the m dul a− r i v r − a i

j = 1234a3.

By th e Morde l − l – We l − i Theo r − e m ,
oZ, w h e andedr

Le tu−srecalt− lh e noto nof hei ht on E(Q. Fo r a rat onalpoint

ξ, ζ) = gcd(η, ζ) = 1

h igh t is η Z , he n r t r e { l o m ax {ζ, ξ |} i f P 6= O ,

h(P ) = 02 g | ifP = O ,



\ [ n { \rightarrow } \ infty \ ]

n u l l p c e o f $ h $ i s s im pl ythe $ to { r } i−o $ n \quad roup \quad $ E $
tor $ ( Q ) . $ T he $ f−e { ore , h }$ i s a $ pos i ˆ{ t−i }$ v
d $ e− f i $ n i e \quad qu $ ad { a−r }$ t i c f o

\ [ E ( Q { ) } = E Q ) / E−t o r ˆ{ ( } Q { ) }\ ]

\centerline{d }

\noindent B \ h f i l l y \ h f i l l e m \ h f i l l b d $ i { n } \widehat{} E ( ˆ{ Q } ){ in }$
\ h f i l l th $ r { − }$ d \ h f i l l $ m { e { n }} s ˆ{ on a { l r e }ˆ{ a } { l }}$
s pa e $ E R ) ˆ{ : } \widehat{} E ( Q ) { \otimes Z } \sim R { , }$

\centerline{ t \quad o }

an c dthus g a v $h{ es } x{ r i e }$ n to a $ o { E } u c l i d ˆ{ s }$ ea $ e { nnom }$
t o n $ E ( d { R } . i { Int } r { he m { E }}$ u $n{ c i }$ d
$ a ˆ{ R }$ ns $={ pac }$

i \quad s \quad r

\centerline{ $n{ kenf }$ \quad mo geometry o fnu }

L $ e { t } P 1 ˆ{ , } { . . } , P ˆ{ r } \ in E ( Q { ) }$ d e n
$o{ te } s ˆ{ u }$ ch \quad a b a i ( \quad o f t e i n f i $ n { i { t }}$ p $ a−r $
t $ o { f } E { ( } Q $
T $ h { e }$ \quad n e $ a { c h } r−a $ i o $ n { a l }$ p \quad $ i { n }$

t $ P ˆ{ \ in } E { ( Q } ) a−h { s }$ a \quad $ n ˆ{ i q u }$ e $ r ˆ{ e } { p }
r { sen }$ a o \quad n ofh e $ o ˆ{ m }$

\ [\ begin { a l i gned } r \sum \\
( 2 ) P = i P { i } + P r + 1 ( { n i } \ in Z { ) }

, \\
= 1 \end{ a l i gned }\ ]

\centerline{ $ h { e r−e } P { r } + 1 \ in E r−o ( Q ) $ i a to
$ r { s }$ \quad on p o $ n−t { . }$ }

We w ant toge t r i d \quad $ o−f P + 1 $ in ( 2 ) T o \quad $ th ˆ{ s−i }$
\quad end , we \quad m \quad u l t p y \quad bot hs id

o

\ [\ begin { a l i gned } P n \\
\sum \\
( { 2 } ) P = n i P ( \\
i ˆ{ = }\end{ a l i gned }\ ]

\centerline{N \quad o t $ t { h }$ a $ t−comma { b }$ y $ a { f a }$ m o s h e
$ r−o e ˆ{ m }$ o fM a $ z ˆ{ u { r }} [ { M } z { ] , } we { h }$ ve }

\begin { a l i g n ∗}
( 3 )
\end{ a l i g n ∗}

\centerline{ $ b ˆ{ O }$ o \quad $ u ˆ{ w } , ˆ{ e } a−E−n c ˆ{ r } { ove ˆ{ p }}
m { has }ˆ{ u } n ˆ{ e } oto ˆ{ n }$ r on , }

\centerline{ f }

\centerline{ I n o \quad $ e { r }$ t $ c { o }$ \quad mpu \quad $ e { a l }$
in g r $ a { poin }$ s }

\ [ E Q ) \ ]

\noindent ( 2 ) o f mu $ P f i { by } theb ˆ{ n } u{ as s }$ po nts $ P ˆ{ d } (
i $ o $ = 1 , . . , ) . $ P u t t $ n { i }$ \ h f i l l in $ t { h }$
\ h f i l l e r e p $ r { s }$ e $ ta ˆ{ to }$

\ [\ begin { a l i gned } i i i . r \\
) N ˆ{ : } = 1 \ leq a{ i } \ leq x { r }\end{ a l i gned }\ ]

\centerline{ $ r−e $ rp se n t a i n $ ( 2 ) u−d $ l o t r o i n , }

\ [\ begin { a l i gned } r \sum \\
P\begin { array }{ c} = \\ n \end{ array }P i , \\

i = \end{ a l i gned }\ ]

n sub right arrow infinity
null p c e of h issim pl ythe to sub r i-o n .. roup .. E tor open parenthesis Q closing parenthesis period T he

f-e sub ore comma h is a posi to the power of t-i v
d e-fi n i e .. qu ad sub a-r ticfo
E open parenthesis Q sub closing parenthesis = E Q closing parenthesis slash E-t o r to the power of open

parenthesis Q sub closing parenthesis
d
B .... y .... e m .... b d i sub n hatwide E open parenthesis to the power of Q closing parenthesis in .... th r sub

hyphen d .... m sub e sub n s to the power of on a sub lr e to the power of a sub l s pa e E R closing parenthesis
to the power of : hatwide E open parenthesis Q closing parenthesis sub oslash Z thicksim R sub comma

t .. o
an c dthus g a v h es x rie n to a o sub E uclid to the power of s ea e sub nnom t o n E open parenthesis d

sub R period i sub Int r sub he m sub E u n ci d a to the power of R ns = pac
i .. s .. r
n kenf .. mo geometry o fnu
L e sub t P 1 to the power of comma sub period period comma P to the power of r in E open parenthesis Q

sub closing parenthesis d e n o te s to the power of u ch .. a b a i open parenthesis .. oft e infi n sub i sub t p a-r
t o sub f E sub open parenthesis Q

T h sub e .. n e a sub c h r-a io n sub al p .. i sub n t P to the power of in E sub open parenthesis Q closing
parenthesis a-h sub s a .. n to the power of iq u e r to the power of e sub p r sub sen a o .. n ofh e o to the power
of m

Line 1 r sum Line 2 open parenthesis 2 closing parenthesis P = i P sub i plus P r plus 1 open parenthesis sub
n i in Z sub closing parenthesis comma Line 3 = 1

h sub e r-e P sub r plus 1 in E r-o open parenthesis Q closing parenthesis i a to r sub s .. on p o n-t sub period
We w ant toge trid .. o-f P plus 1 in open parenthesis 2 closing parenthesis T o .. th to the power of s-i .. end

comma we .. m .. u ltp y .. bot hsid
o
Line 1 P n Line 2 sum Line 3 open parenthesis sub 2 closing parenthesis P = n i P open parenthesis Line 4 i

to the power of =
N .. o t t sub h a t-comma sub b y a sub fa m o s h e r-o e to the power of m o fM a z to the power of u sub

r open square bracket sub M z sub closing square bracket comma we sub h ve
open parenthesis 3 closing parenthesis
b to the power of O o .. u to the power of w comma to the power of e a-E-n c from r to ove to the power of p

m sub has to the power of u n to the power of e oto to the power of n r on comma
f
I n o .. e sub r t c sub o .. mpu .. e sub al in g r a sub poin s
E Q closing parenthesis
open parenthesis 2 closing parenthesis of mu P fi by theb to the power of n u ass po nts P to the power of d

open parenthesis i o = 1 comma period period comma closing parenthesis period P u t t n sub i .... in t sub h ....
e r e p r sub s e ta to the power of to

Line 1 i i i period r Line 2 closing parenthesis N to the power of : = 1 less or equal a i less or equal x sub r
r-e rp se n t a i n open parenthesis 2 closing parenthesis u-d lo t r oi n comma
Line 1 r sum Line 2 Row 1 = Row 2 n . i comma Line 3 i =

n→ ∞
null p c e of h issim pl ythe tori − o n roup E tor (Q). T he f − eore,h is a

posit−i v d e− fi n i e qu ada−r ticfo

E( Q) = E Q)/E − tor(Q)

d
B y e m b d in̂ E(Q )in th r− d mens

onaalrel s pa e ER):Ê (Q)⊗Z ∼ R,
t o

an c dthus g a v hesxrie n to a oEuclid
s ea ennom t o n E(dR.iIntrhemE u nci d

aR ns = pac i s r
nkenf mo geometry o fnu

L etP1,.., P
r ∈ E(Q) d e n ote su ch a b a i ( oft e infi nit p a− r t ofE( Q

T he n e achr− a io nal p in t P∈ E(Q)a− hs a niqu e reprsen a o n ofh e om

r
∑

(2) P = iPi + Pr + 1 (ni∈ Z),

= 1

her−ePr + 1 ∈ E r − o(Q) i a to rs on p o n− t.
We w ant toge trid o − fP + 1 in ( 2 ) T o ths−i end , we m u ltp y

bot hsid o

P n∑
(2) P = niP (

i=

N o t th a t− commab y afa m o s h e r − oem o fM a zur [Mz],weh ve

(3)

bO o uw,e a− E − ncrovep mu
hasn

eoton r on ,
f

I n o er t co mpu eal in g r apoin s

EQ)

( 2 ) of mu P fibythebnuass po nts P d(i o = 1, .., ). P u t t ni in th e r e p rs e tato

i i i . r

) N : = 1 ≤ ai ≤ xr
r − e rp se n t a i n (2) u− d lo t r oi n ,

r
∑

P
=
n
Pi,

i =



\ [ ( 5 ( P ) \geq \lambda 1 N \ ]

\hspace ∗{\ f i l l }o n \quad on − t $ r { s i }$ o $ n { p }$ \quad i t s \quad $ P
\ in E ){ Q } { \widehat{} ˆ{ , } w }$ \quad e \quad $ 0 < \lambda 1 { \ in }
R $ \quad h e s $a{ m } l { e }$ \quad t g \quad $ e ˆ{ n } v ˆ{ a } { lu }$

\centerline{o $ f { t } h { e }$ \quad m \quad a $ r { i x } a{ s s } o { c i a }$
\quad d w $ t { h } h { a }$ n d \quad the g $ i ˆ{ ven } b−a s ˆ{ s−i }
P 1 . . , { P } r { o }$ f $ E { ( } Q ) $ }

\centerline{Nex t w e \quad $ a−r $ e \quad $ o−g i { n }$ g $ t { o } r { e }$
p l a c }

\centerline{o o \quad $n{ d }$ on $ c { E } ( Q . $ T }

\centerline{p ont $ P = ( \xi s l a sh−zeta 2{ , } \eta / ) \ in E
( Q { ) } s−i $ \quad d e f i n d $ a { s } p a r e n l e f t−c . $ \quad Z 1 ] −− Z
$ three−i ] , [ $ Zi ] ) }

\centerline{ $ \{ 1 $ m x $ \{ \ infty + 2 $ l g $ \zeta , $ l g $ \mid
\xi \} $ \quad i f $ P \ne O , $ }

\ [\ begin { a l i gned } d P ) : = 1 \mu i f P = O , \\
2 \ infty \end{ a l i gned }\ ]

\centerline{w i t hth e ‘ ‘ h e g ht ’ ’ o f $ E $ }

\ [ ( 6 ) \mu \ infty : = l o gmax \{ \mid \mid 1 2 , \mid
b \mid ˆ{ 1 / 3 } \} \ ]

\centerline{o rth $\ l e f t . e ˆ{ t { h }} f f \begin { a l i gned } & eo f f i c i e n−t
s , \ in Z o f the e l l p cc u v−e E . \\

& r { e } { e n } ta l−b h ˆ{ s } d \end{ a l i gned }\ right . $ }

\ [\ begin { a l i gned } ( c a { s } [ { Zi }ˆ{ 1 } ] [ S 2 ] : \\
( o \ leq d { ( P } ) − h \widehat{} P ) \ leq 2 ˆ{ 3 } \mu ˆ{ \ infty }

+ \end{ a l i gned }\ ]

I n \quad $ f { act }$ \quad o n \quad $ c { m }$ \quad bi $ n { n }ˆ{ g } { t }
h { e }$ h e g t e $ s { i } m { a }$ t $ e ˆ{ s } o ˆ{ b } { t }$ ained i \quad
$ [ Z { 2 } ] an { d } [ $ \quad Z

$ w ˆ{ i } { th } t { h }$ s e r m \quad Z 5 , one \quad n d u \quad pw \quad t
$ h ˆ{ t }$ h \quad s i g \quad t l y \quad $ s t ˆ{ r } { o } n { g }$ e \quad
$ r { e } t ˆ{ m }$ \quad a \quad e

\ [\ l e f t . ( 7 ) −\begin { a l i gned } & 7 \\
& 1 \end{ a l i gned }\ right . \ ]

\centerline{F \quad i m p l i i $ y−comma $ howe e $ , e−w h { s } l l { a }$
u s $ ( 7 { ) }$ \quad ra $ h { e }$ }

\hspace ∗{\ f i l l } $ h { a } t { h }$ e \quad e i ht $ d i ˆ{ n } [{ Z }$ \quad i \quad
$ −− { Z } 3 { ] }ˆ{ d } i { f f }$ \quad r s $ f ˆ{ r } { o } m { th }$ e
$ d { d }$ \quad e \quad $ f i $ n $ d { a } b ˆ{ o }$ v e \quad by a \quad
$ f ˆ{ a ˆ{ c } { t }}$ o

\centerline{o f . ) }

\centerline{e \quad $ \widehat{} 2 $ }

\ [ ) − 3 2 \ ]

H \quad e n $ c { e } f { o }ˆ{ r } s { u } f f i i { e } t ˆ{ l ˆ{ y }}
l ˆ{ a } r ˆ{ g ˆ{ e }}$ \quad i $ n ˆ{ t } e { gra }$ p o i t $ s { P } = { ( }
\xi { , \eta } ) \ in E ( Q ) { , }$ m $ o { re p { re }}$

c i e

\ [ ) \ ]

\centerline{e l d s }

\ [ ( nine−parenr i ght 1 2 og \mid \xi \mid \geq \lambda 1 N
2 { − } 2 l { g } 2 . \ ]

\noindent W \quad er ema rk h a f $ \mu $ \quad s l a r $ g−e $ e g ex \quad p $ (
\mu ) 3 > zero−one 6 $ \quad nd i f $ 0 \ leq $
w \quad m ate s \quad $ ( ) { 7 } −−{ ( } 9 ) $ a s $ o { l }$ low $ s { . }$

\begin { a l i g n ∗}
\ tag ∗{$ i { nt } e ˆ{ g } { r }$} a { l p } o ˆ{ i } n s P \ in E
( Q )
\end{ a l i g n ∗}

open parenthesis 5 open parenthesis P closing parenthesis greater equal lambda 1 N
o n .. on hyphen t r sub si o n sub p .. it s .. P in E closing parenthesis Q sub hatwide to the power of comma

w .. e .. 0 less lambda 1 in R .. h e s a m l e .. t g .. e to the power of n v to the power of a sub lu
o f sub t h sub e .. m .. a r sub ix a ss o sub cia .. d w t sub h h sub a n d .. the g i to the power of ven b-a s

to the power of s-i P 1 period period comma sub P r sub o f E sub open parenthesis Q closing parenthesis
Nex t w e .. a-r e .. o-g i sub n g t sub o r sub e p l a c
o o .. n d on c E open parenthesis Q period T
p ont P = open parenthesis xi slash-zeta 2 comma eta slash closing parenthesis in E open parenthesis Q sub

closing parenthesis s-i .. defi n d a sub s parenleft-c period .. Z 1 closing square bracket endash Z three-i closing
square bracket comma open square bracket Zi closing square bracket closing parenthesis

open brace 1 m x open brace infinity plus 2 l g zeta comma l g bar xi closing brace .. i f P equal-negationslash
O comma

Line 1 d P closing parenthesis : = 1 mu if P = O comma Line 2 2 infinity
w it hth e quotedblleft h e g ht quotedblright of E
open parenthesis 6 closing parenthesis mu infinity : = lo gmax open brace bar bar 1 2 comma bar b bar to

the power of 1 slash 3 closing brace
o rth e to the power of t sub h Case 1 eo fficie n-t s comma in Z o f the e l l p cc u v-e E period Case 2 r e

sub e n ta l-b h to the power of s d
Line 1 open parenthesis c a sub s open square bracket sub Zi to the power of 1 closing square bracket open

square bracket S 2 closing square bracket : Line 2 open parenthesis o less or equal d sub open parenthesis P
closing parenthesis minus h hatwide P closing parenthesis less or equal 2 to the power of 3 mu to the power of
infinity plus

I n .. f sub act .. o n .. c sub m .. bi n sub n to the power of g sub t h sub e h e g t e s sub i m sub a t e to
the power of s o to the power of b sub t ained i .. open square bracket Z sub 2 closing square bracket an sub d
open square bracket .. Z

w to the power of i sub th t sub h s e r m .. Z 5 comma one .. n d u .. pw .. t h to the power of t h .. sig ..
tl y .. st to the power of r sub o n sub g e .. r e t to the power of m .. a .. e

open parenthesis 7 closing parenthesis Case 1 7 Case 2 1
F .. i m pli i y-comma howe e comma e-w h s ll a u s open parenthesis 7 closing parenthesis .. ra h sub e
h sub a t sub h e .. ei ht d i to the power of n open square bracket Z .. i .. endash sub Z 3 sub closing square

bracket to the power of d i sub ff .. rs f to the power of r sub o m sub th e d sub d .. e .. fi n d sub a b to the
power of o v e .. by a .. f to the power of a to the power of c sub t o

o f period closing parenthesis
e .. hatwide 2
closing parenthesis minus 3 2
H .. e n c sub e f sub o to the power of r s sub u ffi i sub e t to the power of l to the power of y l to the power

of a r to the power of g to the power of e .. i n to the power of t e sub gra p oi t s sub P = sub open parenthesis
xi sub comma eta closing parenthesis in E open parenthesis Q closing parenthesis sub comma m o sub re p sub re

c i e
closing parenthesis
e lds
open parenthesis nine-parenright 1 2 og bar xi bar greater equal lambda 1 N 2 sub minus 2 l sub g 2 period
W .. er ema rk h a f mu .. slar g-e e g ex .. p open parenthesis mu closing parenthesis 3 greater zero-one 6 ..

nd if 0 less or equal
w .. m ate s .. open parenthesis closing parenthesis 7 endash open parenthesis 9 closing parenthesis a s o l

low s sub period
Equation: i sub nt e sub r to the power of g .. a sub l p o to the power of i n s P in E open parenthesis Q

closing parenthesis

(5 (P ) ≥ λ 1N

o n on - t rsi o np it s P ∈ E )Q̂,w e 0 < λ 1∈ R h e s amle
t g envalu

o fthe m a rixassocia d w thha n d the g ivenb− ass−iP1..,P ro f E(Q)
Nex t w e a− r e o− gin g tore p l a c

o o nd on cE(Q. T
p ont P = (ξslash− zeta 2,η/) ∈ E(Q)s− i defi n d asparenleft− c. Z 1 ] – Z three− i], [ Zi ] )

{1 m x {∞ + 2 l g ζ, l g | ξ} i f P 6= O,

dP ) := 1µ if P = O,

2 ∞

w it hth e “ h e g ht ” of E

(6) µ∞ := logmax{|| 12, | b |1/3}

o rth ethff
eofficien− ts, ∈ Zof theellp ccuv − eE.
reen tal − bhsd

(c as [1Zi ][S2] :

( o ≤ d(P )− ĥP ) ≤ 23µ∞+

I n fact o n cm bi ngnt he h e g t e sima t es obt ained i [Z2]and [ Z
withth s e r m Z 5 , one n d u pw t ht h sig tl y strong e re tm a
e

(7) −
7

1

F i m pli i y − comma howe e , e− w hslla u s (7) ra he
hath e ei ht din [Z i −−Z 3d] iff rs fro mth e dd e fi n da bo v

e by a fa
c
t o

o f . )
e ̂ 2

) − 3 2

H e n cef
r
o suffiiet

ly larg
e

i ntegra p oi t sP =( ξ,η) ∈ E (Q), m orepre
c i e

)

e lds

(nine− parenright 12og | ξ |≥ λ1N 2−2lg 2.

W er ema rk h a f µ slar g − e e g ex p (µ)3 > zero − one6 nd if 0 ≤ w m
ate s ()7 −−(9) a s ol low s.

alpo
ins P ∈ E ( Q) inte

g
r



\hspace ∗{\ f i l l }ow er es im a t e $ h P ) \geq h ( P ) − $ \quad e nc

\ [ ( { 8 \prime ) } 2 l o g ˆ{\mid{ \xi }} \mid \geq \ ]

\centerline{T h \quad n t h e a e $ o { f 0 } \ leq $ l $ o−g \mid \mid
\ leq \mu \ infty ( { 9 } { ) i }$ t o b e r }

\ [ ( 9 \prime 1 \ log \mid \xi \mid \geq \lambda N 2 − 2 { l }
g 2 − 1 \mu . \ ]

\centerline{T h \quad n \quad ex r a \quad $ e { s }$ r c . }

\hspace ∗{\ f i l l }W $ ec { o } n { f i }$ eo \quad u r e l e s o \quad $ e−x l { a }$
i n i n \quad $ t { g }$ \quad h $ s { e }$ \quad rc h \quad $ p { r } c { e }
u−d { r }$ e f $ o ˆ{ r { l a r } g } i { n } eg { r }$

\ [ po i { nt } P = ( \xi , { \eta }\ ]

\centerline{ $ e−l { l i }$ t i c l $ oga ˆ{ i−r }$ th m of $ P $ \quad by \quad u
$ s−i $ n $ gt { h }$ }

\hspace ∗{\ f i l l }cu rve \quad $ E ( s−e $ e [ L 2 ] , f or exa mple ) . The re \quad ex
$ s−i t−s $ a \quad $ a−l $ t t i c \quad $ \Omega \subseteq C $ \quad such \quad tha

\centerline{ the g o $ p { u }$ o f \quad om p $ e−x $ po nts $ s−i $ }

\hspace ∗{\ f i l l } $ w { h }$ e $ r { e } \Omega = \ langle \omega { 1 }
\omega 2 \rangle s { g }$ n $ e { r a }$ ed \quad $ b−y t { wo }
f { un }$ d $ a ˆ{ menta l } p{ e }$ r $ i ˆ{ o } { d }$ \quad s $ \omega
1 $ an \quad d $ \omega 2 ˆ{ o }$

\hspace ∗{\ f i l l }w hich $ \omega 1 $ s re l \quad a n d $ \omega 2 $ c \quad om
$ p ˆ{ e } x { . }$ We \quad p t \quad $ \tau = 2 / \omega 1 $ an d s u me w
$ th { o }$ u

\centerline{ $ l { o }$ s o f g e n rat $ y ˆ{ , }$ h $ a ˆ{ t }$ I m \quad
$\tau{ ( }$ }

\centerline{ $ s ˆ{ p }$ e \quad o $ \Omega $ }

\ [ P = ( \wp p a r e n l e f t−u comma−parenr i ght { \wp } \prime { p a r e n l e f t−u
) } ) \ leftarrow u \bmod \Omega \ ]

\noindent s \quad oth at h e c oo din es ofan i n t ra po \quad t $ P = ( \xi
, ) \ in E ( Q ) $ \quad a r givenb
t \quad r \quad a \quad t \quad e \quad l \quad i n \quad $ \eta $ \quad e

\ [ \xi = \wp ( u ) , \eta = \wp ( u . \ ]

\noindent o yn o mial \quad $ p−p a r e n l e f t ˆ{ t } x ) $ i n $ one−p a r e n l e f t
parenr ight−per iod $ The $ t { h }$

( c $ . { [ }$ Z a $ bracke t r i ght−parenr i ght $

\ [\ begin { a l i gned } \omega = 2 \ int \surd x \\
\alpha x + a { x } + b \end{ a l i gned }\ ]

\noindent The \quad e l i p t i c l o gar hm o \quad f $ P = p a r e n l e f t−x i ,
\eta ) \ in E ( Q ) $ i s ( f . [ Za )

l

\ [ ( 1 1 \omega { 1 } \xi \surd{ x } plus−a−x−plus−b{ 3 }\ ]

ow er es im a t e h P closing parenthesis greater equal h open parenthesis P closing parenthesis minus .. e nc
open parenthesis sub 8 prime closing parenthesis 2 lo g to the power of bar xi bar greater equal
T h .. n t h e a e o sub f 0 less or equal l o-g bar bar less or equal mu infinity open parenthesis 9 sub closing

parenthesis i t o b e r
open parenthesis 9 prime 1 log bar xi bar greater equal lambda N 2 minus 2 l g 2 minus 1 mu period
T h .. n .. ex r a .. e s r c period
W ec sub o n sub fi eo .. urel e s o .. e-x l sub a i n i n .. t g .. h s sub e .. rc h .. p sub r c sub e u-d sub r ef

o to the power of r sub lar g i sub n eg sub r
po i sub nt P = open parenthesis xi comma sub eta
e-l sub l i ticl oga to the power of i-r th m of P .. by .. u s-i n gt sub h
cu rve .. E open parenthesis s-e e open square bracket L 2 closing square bracket comma f or exa mple closing

parenthesis period The re .. ex s-i t-s a .. a-l ttic .. Capital Omega subset equal C .. such .. tha
the g o p sub u of .. om p e-x po nts s-i
w sub h e r sub e Capital Omega = angbracketleft omega sub 1 omega 2 right angbracket s sub g n e sub r a

ed .. b-y t sub wo f sub un d a to the power of menta l p e r i sub d to the power of o .. s omega 1 an .. d omega
2 to the power of o

w hich omega 1 s re l .. a n d omega 2 c .. om p to the power of e x sub period We .. p t .. tau = 2 slash
omega 1 an d s u me w th sub o u

l sub o s of g e n rat y to the power of comma h a to the power of t I m .. tau open parenthesis
s to the power of p e .. o Capital Omega
P = open parenthesis wp parenleft-u comma-parenright sub wp prime sub parenleft-u closing parenthesis

closing parenthesis left arrow u modulo Capital Omega
s .. oth at h e c oo din es ofan int ra po .. t P = open parenthesis xi comma closing parenthesis in E open

parenthesis Q closing parenthesis .. a r givenb
t .. r .. a .. t .. e .. l .. i n .. eta .. e
xi = wp open parenthesis u closing parenthesis comma eta = wp open parenthesis u period
o yn o mial .. p-parenleft to the power of t x closing parenthesis i n one-parenleft parenright-period The t sub

h
open parenthesis c period sub open square bracket Z a bracketright-parenright
Line 1 omega = 2 integral surd x Line 2 alpha x plus a sub x plus b
The .. eli p t i c lo gar hm o .. f P = parenleft-xi comma eta closing parenthesis in E open parenthesis Q

closing parenthesis is open parenthesis f period open square bracket Za closing parenthesis
l
open parenthesis 1 1 omega sub 1 xi surd x plus-a-x-plus-b 3

ow er es im a t e hP ) ≥ h(P )− e nc

(8′) 2log|ξ |≥

T h n t h e a e of0 ≤ l o− g ||≤ µ ∞(9)i t o b e r

(9′ 1 log | ξ |≥ λN 2− 2lg2− 1µ .

T h n ex r a es r c .
W eco nfi eo urel e s o e− x la i n i n tg h se rc h prceu− dr ef

orlarginegr

point P = (ξ,η

e− lli ticl ogai−r th m of P by u s− i n gth
cu rve E(s− e e [ L 2 ] , f or exa mple ) . The re ex s− it− s a a− l ttic

Ω ⊆ C such tha
the g o pu of om p e− x po nts s− i

wh e re Ω = 〈ω1ω2〉sg n era ed b− ytwofun d amentalpe r iod s ω1 an
d ω2o

w hich ω1 s re l a n d ω2 c om pex. We p t τ = 2/ω1 an d s u me w tho
u

lo s of g e n rat y, h at I m τ(
sp e o Ω

P = (℘parenleft− ucomma− parenright℘′parenleft−u))← u mod Ω

s oth at h e c oo din es ofan int ra po t P = (ξ, ) ∈ E(Q) a r givenb t r
a t e l i n η e

ξ = ℘(u), η = ℘(u.

o yn o mial p− parenlefttx) i n one− parenleftparenright− period The th ( c .[ Z
a bracketright− parenright

ω = 2

∫ √
x

α x + ax + b

The eli p t i c lo gar hm o f P = parenleft− xi, η) ∈ E (Q) is ( f . [ Za ) l

(11 ω1ξ
√
xplus− a− x− plus− b3



\ [ b r a c e l e f t b t \surd { 3 } 2 − 1 \ ]

\noindent a d \quad s a \quad e a \quad $ \{ 2 m { \alpha + } M $
I n \quad t e l $\ l e f t . alpha−a−p−r−comma\begin { a l i gned } & beta−p a r e n l e f t +

M i−f \\
& i c l oga { r−e−s } { u . } t mo f h−t e \end{ a l i gned }\ right . $

\ [\ l e f t . ( \xi , Q ) s { a { t }} s \begin { a l i gned } & es e t t
e o t h i \\

& f i \xi > m ax \{ , \} \end{ a l i gned }\ right . \ ]

\centerline{T he \quad n \quad 0 }

\ [\ begin { a l i gned } \ int \ infty \\
4 ) \surd 3 d < \surd \xi . \end{ a l i gned }\ ]

\centerline{n $ i−t $ must \quad b e $ b { o }$ }

\ [ o { th }\ ]

\centerline{ $ a ˆ{ mp { a−t−e−r−a−n }}ˆ{ l } { m N or a }$ i o $ cd { e−e }$
}

\hspace ∗{\ f i l l } $ \mid \ leq 1 2 a { n }$ da s \quad $ u−m n−i $ \quad g
$ \xi > $ \quad m x \{ 0 , 0 \} \quad weobta nf o \quad m \quad ( 11 ) an d ( 14 ) th

\centerline{ es t imate }

\ [ 5 \mid u { < } \omega 1 \cdot \mid \xi \mid . \ ]

\centerline{O n \quad cm \quad b i n i g \quad ( 9 ) a nd \quad 1 5 ) , w e et }

\centerline{o \quad n \quad $ ( \surd $ \quad g }

\noindent E x $ 6 \prime{ 1 } { e } − \lambda 1 $
fo r

\ [ c : = 2 2 \cdot \surd { 4 } . \ ]

\centerline{N o \quad y \quad t h $ c ˆ{ r }$ uc i a \quad $ T { h } e ˆ{ e } { m }$
}

\ [ = 1 n { i } i + u r 1 + \ ]

braceleftbt surd sub 3 2 minus 1
a d .. s a .. e a .. braceleftbigg 2 m sub alpha plus M
I n .. t e l Case 1 beta-parenleft plus M i-f Case 2 ic l oga r-e-s sub u period t mo f h-t e
open parenthesis xi comma Q closing parenthesis s sub a sub t Case 1 es e t t e o t h i Case 2 fi xi greater m

ax open brace comma closing brace
T he .. n .. 0
Line 1 integral infinity Line 2 4 closing parenthesis surd 3 d less surd xi period
n i-t must .. b e b sub o
o sub th
a to the power of mp sub a-t-e-r-a-n sub m N or a to the power of l i o cd sub e-e
bar less or equal 1 2 a sub n da s .. u-m n-i .. g xi greater .. m x open brace 0 comma 0 closing brace ..

weobta nf o .. m .. open parenthesis 11 closing parenthesis an d open parenthesis 14 closing parenthesis th
estimate
5 bar u sub less omega 1 times bar xi bar period
O n .. cm .. bini g .. open parenthesis 9 closing parenthesis a nd .. 1 5 closing parenthesis comma w e et
o .. n .. open parenthesis surd .. g
E x 6 prime 1 sub e minus lambda 1
fo r
c : = 2 2 times surd sub 4 period
N o .. y .. t h c to the power of r uc i a .. T sub h e to the power of e sub m
= 1 n sub i i plus u r 1 plus

braceleftbt
√

32 − 1

a d s a e a {2mα+ M I n t e l alpha− a− p− r − comma
beta− parenleft + M i− f
ic logar − e− su.t mofh− te

(ξ, Q)sats
eset teothi

fi ξ > max{, }

T he n 0∫
∞

4)
√

3 d <
√

ξ.

n i− t must b e bo

oth

ampa−t−e−r−a−n lm Nora i o cde−e
|≤ 12 an da s u−m n− i g ξ > m x { 0 , 0 } weobta nf o m ( 11

) an d ( 14 ) th
estimate

5 | u< ω1· | ξ | .

O n cm bini g ( 9 ) a nd 1 5 ) , w e et
o n (

√
g

E x 6 ′1e − λ1 fo r

c := 2 2 ·
√

4.

N o y t h cr uc i a The
e
m

= 1nii+ ur1+



\ [\ begin { a l i gned } r \sum \\
i = 1 \end{ a l i gned }\ ]

$ f o { r }$ som e \quad $ n { i }$ e $ e { r } n \ in Z . $ I f we \quad ep l ce \quad ( 2 ) b y
$ ( 2 \prime ) , $ weo bt an \quad or t h \quad $ e−l $ l i p t

l \quad g rthm \quad $ u { \prime } = g u o−f $ th ep $ i−o $ nt $ P
\prime = gP \ in E ( Q ) $ the repr sen

\ [ ( 1 8 =\begin { array }{ c} \prime \\ 0 \end{ array}+ n−prime−i i ( n
= g ˆ{ n }\ ]

\hspace ∗{\ f i l l }w h $ i−c $ h \quad wesha l l $ u { e }$ i $ s { t }$ ad o f ( 18 ) . O f c o
$ r−u $ s $ , ( 1 { 6 } ) i−s $ then t obe \quad $ e−r $ p l a ced b

\ [ p a r e n l e f t−one 6 \prime ) \mid u \prime \mid < gc ex p −
\lambda 1 N 2 \} \ ]

\centerline{ $ H ˆ{ e }$ r \quad $ u ˆ{ m }$ e $ t { e } { h }$ e $ i−p $ i
$ l ˆ{ o } { g }$ \quad t $ h ˆ{ m }$ s \quad $ n ˆ{ r }$ m $ i−l $ z }

\ [ \mid u { i } \mid \ ]

\noindent S \quad n c eD vid w ork sw i tht he c l as s a l W \quad ee r s r a s s f o r \quad m

\ [ E : y ˆ{ 2 } = 4 x 3 − g x − \ ]

\centerline{w e mustr ar a n e i t tog e t }

\ [ E : ( { 2 } 1 2 { ) } = 3 − 1 { 4 } g 2 { x } − \ ]

\centerline{ s \quad ot at \quad we ave \quad $ g = − 4 a , g = −
4 . $ Hence , \quad th eh g }

\ [\ begin { a l i gned } ) \\
= h ( 1 , − 4 a , − 4 ˆ{ b−comma } j \end{ a l i gned }\ ]

\centerline{x $ \{ 4 \mid{ a } p , \mid b \mid , \mid p \}
+ $ l g m ax }

\ [ p \ ]

\centerline{ $e\begin { array }{ c} t \\ h \end{ array }e s ˆ{ u }$ \quad m m \quad a t \quad o n }

\centerline{n $ Q . ˆ{ z }$ W i t i n gh $ l { e } a{ c }$ m }

\centerline{ $ Z a−n $ dus $ n−i $ gth e \quad s um \quad f o rm u \quad l a }

\ [ p \ ]

\noindent w eobta n fo r $ h $ t hee x pr e s s $ o−n $
i \quad i

\ [ ( 0{ 2 } ) h = h ( \sum − 4 , − { 4 } b , 1 j { 2
) }\ ]

\centerline{ $ x−b r a c e l e f t 0 { l o }$ g $ \mid 4 { a } p , { l o }$
g $ \mid 4 \mid ˆ{ p }$ l \quad $ j ˆ{ 1 } p − $ o $ \mid j { 2 }$
}

\ [ + m a { x } 0 , l ˆ{ og \mid 4 ˆ{ a } \mid , }\ ]

Line 1 r sum Line 2 i = 1
fo sub r som e .. n i e e r n in Z period I f we .. epl ce .. open parenthesis 2 closing parenthesis b y open

parenthesis 2 prime closing parenthesis comma weo bt an .. ort h .. e-l lipt
l .. g rthm .. u sub prime = g u o-f th ep i-o nt P prime = gP in E open parenthesis Q closing parenthesis

the reprsen
open parenthesis 1 8 Row 1 prime Row 2 0 . n-prime-i i open parenthesis n = g to the power of n
w h i-c h .. weshall u sub e i s sub t ad of open parenthesis 18 closing parenthesis period O f c o r-u s comma

open parenthesis 1 sub 6 closing parenthesis i-s then t obe .. e-r p la ced b
parenleft-one 6 prime closing parenthesis bar u prime bar less gc ex p minus lambda 1 N 2 closing brace
H to the power of e r .. u to the power of m e t e sub h e i-p i l sub g to the power of o .. t h to the power of

m s .. n to the power of r m i-l z
bar u sub i bar
S .. n c eD vid w ork sw i tht he c l as s al W .. ee r s r a s s fo r .. m
E : y to the power of 2 = 4 x 3 minus g x minus
w e mustr ar a neit tog e t
E : open parenthesis sub 2 1 2 closing parenthesis = 3 minus 1 4 g 2 x minus
s .. ot at .. we ave .. g = minus 4 a comma g = minus 4 period Hence comma .. th eh g
Line 1 closing parenthesis Line 2 = h open parenthesis 1 comma minus 4 a comma minus 4 to the power of

b-comma j
x open brace 4 bar a p comma bar b bar comma bar p closing brace plus l g m ax
p
Row 1 t Row 2 h . s to the power of u .. m m .. a t .. o n
n Q period to the power of z W itin gh l sub e a c m
Z a-n dus n-i gth e .. s um .. f o rm u .. l a
p
w eobta nfor h t hee x press o-n
i .. i
open parenthesis 0 2 closing parenthesis h = h open parenthesis sum minus 4 comma minus sub 4 b comma

1 j sub 2 closing parenthesis
x-braceleft 0 sub l o g bar 4 sub a p comma sub l o g bar 4 bar to the power of p l .. j to the power of 1 p

minus o bar j sub 2
plus m a sub x 0 comma l to the power of og bar 4 to the power of a bar comma

r
∑

i = 1

for som e ni e ern ∈ Z. I f we epl ce ( 2 ) b y (2′), weo bt an ort h
e− l lipt l g rthm u′ = guo− f th ep i− o nt P ′ = gP ∈ E(Q) the reprsen

(18 =
′
0

+ n− prime− ii (n = gn

w h i− c h weshall ue i st ad of ( 18 ) . O f c o r − u s , (16)i− s then t obe
e− r p la ced b

parenleft− one6′) | u′ |< gcexp− λ1N2}

He r um e teh e i− p i log t hm s nr m i− l z

| ui |

S n c eD vid w ork sw i tht he c l as s al W ee r s r a s s fo r m

E : y2 = 4x3− gx−

w e mustr ar a neit tog e t

E : (212) = 3− 14g2x −

s ot at we ave g = −4a, g = − 4. Hence , th eh g

)

= h(1,−4a,−4b−commaj

x { 4 | ap, | b |, | p} + l g m ax

p

e
t
h
esu m m a t o n

n Q.z W itin gh leac m
Za− n dus n− i gth e s um f o rm u l a

p

w eobta nfor h t hee x press o− n i i

( 02) h = h(
∑
− 4,−4b, 1j2)

x− braceleft0lo g | 4ap,lo g | 4 |p l j1p− o | j2

+m ax0, log|4
a|,



\ [ 2 { \mid } bar−j { 1 } \mid \mid j \mid \} , \ ]

\noindent eh \quad x $ p−one−r−e ion ˆ{ a } 2 t { 0 ) } a\begin { array }{ c} r \\
s \end{ array } s $ t h e va l u e $ 2 a{ h }$ i $ r { n }$ \quad D av $ d−i $
v s y T h e o e $ e { m T } 2\ begin { array }{ c} h \\ . 1 \end{ array } . $ \quad F

$ c−e $ with $ ( 2 ) : ={ a }$ n d $ 1 { ( 2 } ) , $ \quad e \quad a \quad n \quad
$ m ˆ{ b e }$ \quad s \quad $ V 1 . . V $

\ [ \{ 3 \pi \mid \ ]

\noindent $ ( 21 o{ l }$ g \quad $ V i \geq $ \quad m $ a ˆ{ x } h
( i ,{ ) } h \omega $ Im $ ( \tau ) f { o } 1 \ leq i \ leq
r $
a \quad n , \quad a or $ t−i $ o r i , \quad 1

\ [ ( 2 2 ) B \ ]

\noindent n o \quad byt $ he ˆ{ b } n { e }$ n i i $ a−o ˆ{ y }$ n $ ( 4 o{ ) }
i { o }$ f \quad $ o ˆ{ N , we h a } { se an o t } e−v $ \quad rth e
$ o { o }$ e $ o { f f i }$ i

t $ h { e }$ e $ t { i }$ m a \quad $e{ t s }$

\ [ ( 4 \prime n−i \ leq g N f o r 1 \ leq i \ ]

\begin { cente r }
i n e r t i ngn $ h { ( } 6 \prime $ th , eexp i r s s $e{ on } ( 18 \prime $
f o r $ 8 u \prime $ w ege $ e ˆ{ e } { t } s { t i }$ ma e \quad $ a { f }$
o $ l ˆ{ o }$ \quad ws O

i \quad $ 1 ) vex t ends ing l e $ \quad e $ r $ i \quad $ vex t ends ing l e $
\end{ cente r }

\ [ i equal−one i 1 \ ]

\noindent $ a { n } dt { h }$ \ h f i l l e $ r−i $ g $ t { ha } n { d } i−s { d }$
e \ h f i l l $ c { a }$ n b $ e ˆ{ m } a { d }$ e $ \ leq 1 / 2 $ f $ r { s }$
u f f i c in $ t { l }$ y ar e \ h f i l l $ N , n { a } m { e }$

\ [\ begin { a l i gned } f o r \sqrt \\
N \geq g \lambda 1 c . \end{ a l i gned }\ ]

\centerline{ $ H−e $ n $ c { e }$ \quad w \quad $ e { o } b { ta }$ n }

\ [\ begin { a l i gned } = i−r−i−vextends ing l e−vex t ends ing l e ˆ{ n 0 }\\
\ leq 2 + \end{ a l i gned }\ ]

\begin { cente r }
a $ nd ˆ{ n }$ o $ N ˆ{ r }$ m $>{ i } e e w−o−e−n choo ˆ{ 1 ) }$ f
$ h−t u { ’ ˆ{ s }}$ \quad n d \quad b $ ( parenr ight−comma ( ˆ{ 2 } ) ˆ{ . }$
\quad h e $ f−e−r r ˆ{ e } , $ a

i \quad t h \quad $ n ˆ{ B } : ={ ) } 2 g N , { o }$
\end{ cente r }

2 sub bar bar-j sub 1 bar bar j bar closing brace comma
eh .. x p-one-r-e ion to the power of a 2 t sub 0 closing parenthesis Row 1 r Row 2 s . t h e val u e 2 a h i r

sub n .. D av d-i v s y T h e o e e sub m T Row 1 h Row 2 period 1 . .. F
c-e with open parenthesis 2 closing parenthesis : = a n d 1 sub open parenthesis 2 closing parenthesis comma

.. e .. a .. n .. m to the power of b e .. s .. V 1 period period V
braceleftbigg 3 pi bar
open parenthesis 21 o l g .. V i greater equal .. m a to the power of x h open parenthesis i comma closing

parenthesis h omega Im open parenthesis tau closing parenthesis f sub o 1 less or equal i less or equal r
a .. n comma .. a or t-i ori comma .. 1
open parenthesis 2 2 closing parenthesis B
n o .. byt he to the power of b n e nii a-o to the power of y n open parenthesis 4 o closing parenthesis i sub o

f .. o from N comma we h a to se an o t e-v .. rth e o o e o ffi i
t h sub e e t sub i m a .. e ts
open parenthesis 4 prime n-i less or equal g N for 1 less or equal i
i nerti ngn h sub open parenthesis 6 prime th comma eexp i r ss e on open parenthesis 18 prime for 8 u prime

w ege e sub t to the power of e s sub ti ma e .. a sub f o l to the power of o .. ws O
i .. 1 closing parenthesis vextendsingle .. e r i .. vextendsingle
i equal-one i 1
a sub n dt sub h .... e r-i g t sub ha n sub d i-s sub d e .... c sub a n b e to the power of m a sub d e less or

equal 1 slash 2 f r sub s uffi c in t sub l y ar e .... N comma n sub a m sub e
Line 1 for radicalBigg Line 2 N greater equal g lambda 1 c period
H-e n c sub e .. w .. e sub o b sub ta n
Line 1 = i-r-i-vextendsingle-vextendsingle to the power of n 0 Line 2 less or equal 2 plus
a nd to the power of n o N to the power of r m greater i e e w-o-e-n choo to the power of 1 closing parenthesis

f h-t u sub quoteright to the power of s .. n d .. b open parenthesis parenright-comma open parenthesis to the
power of 2 closing parenthesis to the power of period .. h e f-e-r r to the power of e comma a

i .. t h .. n to the power of B : = closing parenthesis 2 g N comma o

2| bar − j1 || j |},

eh x p− one− r − eiona2t0)a
r
s
s t h e val u e 2ah i rn D av d− i v s y T h e o e

emT 2
h
.1
. F c− e with (2) := a n d 1(2), e a n mbe s V 1.. V

{ 3π |

(21 ol g V i ≥ m ax h(i, )h ω Im (τ) fo1 ≤ i ≤ r a n , a or t− i ori
, 1

(2 2) B

n o byt hebne nii a − oy n (4o)io f oN,wehaseanot e − v rth e oo e offi i t he e ti m a
ets

(4′ n− i ≤ gN for1 ≤ i

i nerti ngn h(6′ th , eexp i r ss eon(18′ for 8u′ w ege eetsti ma e af o lo ws O i
1 ) vextendsingle e r i vextendsingle

iequal − one i 1

andth e r − i g thand i− sd e ca n b em ad e ≤ 1/2 f rs uffi c in tl y ar e N,name

for
√

N ≥ gλ1 c.

H − e n ce w eobta n

= i− r − i− vextendsingle− vextendsinglen0

≤ 2+

a ndn o Nr m > ieew − o− e− nchoo1 ) f h− t u′s n d b
(parenright− comma(2). h e f − e− rre, a i t h nB := ) 2gN,o



m a $ t ˆ{ e } ( 1 ˆ{ 6 ˆ{ \prime } ) }$ w i t h D \quad $ a ˆ{ v } { i }$
d ’ s \quad T \quad v in
P \quad r $ op { o }$ s i i o n . T \quad he e $ l−l { p−i }$ tc \quad l o ga r t hm

\ [\ begin { a l i gned } \sum r \\
n { 0 } i = i r + \end{ a l i gned }\ ]

\noindent o f an in eg r a l p o i n t \quad $ P = ( , \eta ) = ( \wp
( u ) \wp \prime ( u ) \ in E ( Q ) $ such \quad that

\ [\ begin { a l i gned } \xi > m ax e \\
0\ begin { array }{ c} a \\ s \end{ array } i { ) } ( three−parenr ightb igg−parenr i ght

( ˆ{ t } i { s } f i t { ( h ˆ{ e }}\end{ a l i gned }\ ]

\noindent e xp \quad $ − C ˆ{ h } + $ \quad l o g \quad $ 2 g N + 1
l ˆ{ o }$ g l o g \quad $ 2 g N + 1 $

\ [ \ leq \mid \ ]

\centerline{wh re $ N = $ m a x \quad $ \ leq \ leq \{ \mid i \mid
\} $ a s i n \quad 4 ) , thec ons a ns $ \lambda 1 $ }

( \quad k i $ ( ˆ{ 1 } g−seven $ ar $\ l e f t . s−h\begin { array }{ c} e t v \\ s \end{ array }dom\right . $
i t $ i−n $ g th em \quad $ u−d ˆ{ j } c { e }$ t rm $ three−l $ o $ \mid
g e−w $ \quad co c l $ u−d $
C o $ l a r { ( ˆ{ y }} U { ( }$ n e r \quad $ t \begin { array }{ cc } y \\ eh &

) p \end{ array } t ˆ{ h } e { ) } ( s { o }$ \quad the $ p { ( r } o { p }
s { i }$ \quad o $ ) , ) $

\ [ r + 1 r + 1 r + 1 \ ]

\centerline {2 \quad 2 }

\ [ = 1 i \ ]

\centerline{Ab \quad o $ u−a $ nd \quad $ e−f−t r−i−n ˆ{ t } { o } e−t ˆ{ g }
r−s $ l p $ i−o n−t $ t s . Of $ o−per iod−c u−r−s−e ˆ{ e } { , } t ˆ{ e−h }$
o $ n−e $ q $ r−u−e $ }

\ [ N \ ]

\centerline{h $ e− f f i −p c { up } os ˆ{ s } , $ \quad we t $ f i r ˆ{ e } s ˆ{ r }$
s $ tea ˆ{ t }$ o }

\noindent s
L \quad $ e−m $ ma \quad $ per iod−two $ L \quad t $ \varrho \delta $ and \quad

$ \sigma $ \quad e r e a l n \quad mb $ e−r $ s \quad $ sa t { i }$ fyn g

\ [ 2 \delta \ ]

\noindent $ \varrho \geq 1 \delta \geq 1 $ \quad a n d \quad $ \sigma
> { m }ˆ{ a } { x } \{ { ( } e ˆ{ / } \delta{ ) } , 1 { \} }$

T \quad en \quad the \quad $ l−a $ r et s o l $ i−t $ \quad n \quad $ x−zero
\ in R $ \quad o f he e $ u−q a−t $ ion \quad $ x = \varrho + \sigma $
log $ \delta x $ s a t s f i e

\begin { a l i g n ∗}
the i−n \\ x 0 { < } 2 2 \varrho \sigma l g ( \sigma \delta

) .
\end{ a l i g n ∗}

m a t to the power of e open parenthesis 1 to the power of 6 to the power of prime closing parenthesis w it h
D .. a to the power of v sub i d quoteright s .. T .. v in

P .. r op sub o si io n period T .. he e l-l sub p-i tc .. logar t hm
Line 1 sum r Line 2 n sub 0 i = i r plus
of an inegr a l p o int .. P = open parenthesis comma eta closing parenthesis = open parenthesis wp open

parenthesis u closing parenthesis wp prime open parenthesis u closing parenthesis in E open parenthesis Q closing
parenthesis such .. that

Line 1 xi greater m ax e Line 2 Row 1 a Row 2 s . sub parenrightbigg open parenthesis three-parenrightbigg-
parenright parenleftbigg to the power of t i sub s fi t sub parenleftbigg h to the power of e

e xp .. minus C to the power of h plus .. l o g .. 2 g N plus 1 l to the power of o g l o g .. 2 g N plus 1
less or equal bar
wh re N = m a x .. less or equal less or equal open brace bar i bar closing brace a s i n .. 4 closing parenthesis

comma thec ons a ns lambda 1
open parenthesis .. ki open parenthesis to the power of 1 g-seven ar Row 1 e t v Row 2 s . i t i-n g th em ..

u-d to the power of j c e t rm three-l o bar g e-w .. co cl u-d
C o lar sub parenleftbigg to the power of y U sub parenleftbigg n e r .. Row 1 y Row 2 eh parenrightbigg p

. to the power of h e sub parenrightbigg parenleftbigg s sub o .. the p sub parenleftbigg r o sub p s sub i .. o
parenrightbigg comma parenrightbigg

r plus 1 r plus 1 r plus 1
2 .. 2
= 1 i
Ab .. o u-a nd .. e-f-t r-i-n from t to o e-t to the power of g r-s l p i-o n-t ts period Of o-period-c u-r-s-e from

e to comma t to the power of e-h o n-e q r-u-e
N
h e-ffi-p c sub up os to the power of s comma .. we t fir to the power of e s to the power of r s tea to the

power of t o
s
L .. e-m ma .. period-two L .. t rho delta and .. sigma .. erealn .. mb e-r s .. sat sub i fyn g
2 delta
rho greater equal 1 delta greater equal 1 .. a n d .. sigma greater sub m to the power of a sub x open brace

sub open parenthesis e to the power of slash delta closing parenthesis comma 1 sub closing brace
T .. en .. the .. l-a r et sol i-t .. n .. x-zero in R .. of he e u-q a-t ion .. x = rho plus sigma log delta x satsfie
the i-n x 0 sub less 2 2 rho sigma l g open parenthesis sigma delta closing parenthesis period

m a te(16′) w it h D avi d ’ s T v in P r opo si io n . T he e l− lp−i
tc logar t hm ∑

r

n0 i = i r+

of an inegr a l p o int P = (, η) = (℘(u) ℘′(u) ∈ E(Q) such that

ξ > max e

0
a
s
i)(three− parenrightbigg − parenright(tisfit(he

e xp −Ch+ l o g 2 gN + 1 lo g l o g 2 gN + 1

≤|

wh re N = m a x ≤≤ {| i |} a s i n 4 ) , thec ons a ns λ 1

( ki (1g − seven ar s− h etv
s

dom i t i− n g th em u− djce t rm three− l o

| g e − w co cl u − d C o lar(yU( n e r t
y
eh )p

the) (so the p(ropsi o

), )

r + 1 r + 1 r + 1

2 2

= 1 i

Ab o u− a nd e− f − tr− i− ntoe− tgr− s l p i− on− t ts . Of o− period− cu− r − s− ee, te−h o n− e q r − u− e

N

h e− ffi− pcuposs, we t firesr s teat o
s L e−m ma period− two L t % δ and σ erealn mb e− r s sati
fyn g

2 δ

% ≥ 1 δ ≥ 1 a n d σ >am x {(e/δ) , 1} T en the l − a r et sol
i− t n x− zero ∈ R of he e u− q a− t ion x = %+ σ log δ x satsfie

thei− n
x0< 22%σlg(σδ ).



\centerline {8 ) \quad og \quad $ r + 1 gN + 1 $ \quad og og \quad $ r
+ 1 gN + 1 r $ }

\ [ ( l \ ]

\centerline{ $ < $ \quad l g $ r ˆ{ + } 2 $ }

\centerline{O $ bs { e−r }$ v in g ( 1 7 ) an d \quad $ two−p a r e n l e f t f i v e−parenr i ght
, $ w e }

\centerline{ $ ( 2 9 c−one : = $ m a x $ \{ \lambda one−g ) ,
1 , c ˆ{ 2 } : = m { a }ˆ{ x \{ } { \lambda 1 } , 0 \} ( h ˆ{ ) }$
}

\centerline{m b \quad ythe \quad $ r−i $ th ha nd s i d e o f \quad $ two−p a r e n l e f t
8 { ) }$ }

\centerline{ $ d { e r i v } e{ f } { r }$ \quad m ( 2 6 ) t he i $ n { e }$ qu
$ l ˆ{ t y }$ }

\centerline{N \quad o \quad ww e a ppy $\ l e f t .Lem\begin { array }{ c} t o \\ a \end{ array }N
( . \right . $ \quad L e $ N 0 \ in r R ˆ{ N }$ b e t \quad e agr $\ l e f t . e\begin { a l i gned } &
l−u ton o f \\

& o \end{ a l i gned }\ right . $ }

\noindent $ e { N } > N ˆ{ i } 0 . $ Ta $a{ kn } g ˆ{ ed }$ b \quad y e \quad t ing \quad o \quad d \quad o \quad
$ 0 . { T }$ h \quad ( \quad ) \quad n $ o ˆ{ th }$ o

\centerline{ i }

\ [ c ˆ{ 1 } = 2 n ˆ{ d } \delta ˆ{ : }\ ]

\noindent $ a { Lm }$ m \quad a 2 f o r $ N { 0 }$ te \quad s i m a te t \quad e s o \quad L m m \quad 2 i \quad s \quad e \quad w \quad e \quad r f r

\begin { a l i g n ∗}
h r 2 \surd r + 2 ) / 2 r + 2 \\\ tag ∗{$ ( 1 ) $} N
\end{ a l i g n ∗}

\noindent p $ o { s { i }} t { v } n\begin { array }{ c} e { g }\\ e \end{ array } r { s }$
\quad s t \quad y $ n { g } ( 3 $ a

$ 27 ) e { on N } e { , w }$ easo hav e \quad $ N \ leq N 0
. $ f \quad , \quad b \quad $ h ˆ{ e }$ c n \quad n \quad s \quad )

\noindent l
$ ( 3 2 N { 1 } > $ \quad m x \quad $ \{ { e ˆ{ e } , ( 6 r

+ } 6 2 , $ \quad l $ o { g } ( 2 c 1 ) . $

\ [ \lambda 1 \ ]

O nc om b $ i−n $ \quad n g \quad t e r e l a t i n $ ( { 3 } , { ( 2 } parenr ight−two
, ( 24 ) a { n }$ d ( 1 ) , we \quad th usar i ve \quad t th

f o l ow $ n−g $ \quad n \quad d $ a { m } n { a l }$

\ [\ begin { a l i gned } P = r ˆ{ \sum } nP i + P r element−E−Q−parenr i ght { ( }\\
i = \end{ a l i gned }\ ]

\noindent be $ a ˆ{ n }$ \quad i $ t { eg } a { lpo }$ \quad n \quad o n $ t { he }$
e l

$ i−n { t . Then t }$ e m

\ [ N = m a−x { r \{ ˆ{ \mid }} bar−i \} \ ]

8 closing parenthesis .. og .. r plus 1 gN plus 1 .. og og .. r plus 1 gN plus 1 r
open parenthesis l
less .. l g r to the power of plus 2
O bs sub e-r v in g open parenthesis 1 7 closing parenthesis an d .. two-parenleft five-parenright comma w e
open parenthesis 2 9 c-one : = m a x braceleftbigg lambda one-g closing parenthesis comma 1 comma c to the

power of 2 : = m a sub lambda 1 to the power of x braceleftbigg comma 0 bracerightbigg parenleftbigg h to the
power of parenrightbigg

m b .. ythe .. r-i th ha nd s ideof .. two-parenleft 8 sub closing parenthesis
d sub eriv e f sub r .. m open parenthesis 2 6 closing parenthesis t hei n sub e qu l to the power of t y
N .. o .. ww e a ppy LemRow 1 t o Row 2 a Lem open parenthesis period .. L e N 0 in r R to the power of N

b e t .. e agr Case 1 l-u ton o f Case 2 o
e sub N greater N to the power of i 0 period Ta a kn g to the power of ed b .. y e .. t ing .. o .. d .. o .. 0

period sub T h .. open parenthesis .. closing parenthesis .. n o to the power of th o
i
c to the power of 1 = 2 n to the power of d delta to the power of :
a sub Lm m .. a 2 for N sub 0 te .. s i m a te t .. e s o .. L m m .. 2 i .. s .. e .. w .. e .. r f r
h r 2 surd r plus 2 closing parenthesis slash 2 r plus 2 Equation: open parenthesis 1 closing parenthesis .. N
p o sub s sub i t sub v Row 1 e sub g Row 2 e . sub s .. s t .. y n sub g open parenthesis 3 a
27 closing parenthesis e sub on N e sub comma w easo hav e .. N less or equal N 0 period f .. comma .. b ..

h to the power of e c n .. n .. s .. closing parenthesis
l
open parenthesis 3 2 N sub 1 greater .. m x .. braceleftbigg sub e to the power of e comma open parenthesis

6 r plus 6 2 comma .. l o sub g open parenthesis 2 c 1 closing parenthesis period
lambda 1
O nc om b i-n .. n g .. t erelati n open parenthesis 3 comma sub open parenthesis 2 parenright-two comma

open parenthesis 24 closing parenthesis a sub n d open parenthesis 1 closing parenthesis comma we .. th usar i
ve .. tth

fol ow n-g .. n .. d a sub m n sub al
Line 1 P = r to the power of sum nP i plus P r element-E-Q-parenright sub open parenthesis Line 2 i =
be a to the power of n .. i t sub eg a sub lpo .. n .. o n t sub he el
i-n sub t period Then t e m
N = m a-x sub r open brace to the power of bar bar-i closing brace

8 ) og r + 1gN + 1 og og r + 1gN + 1 r

( l

< l g r+2
O bse−r v in g ( 1 7 ) an d two− parenleft five− parenright, w e

(29 c− one := m a x { λone− g), 1, c2 := m
x{
a λ1, 0 }(h)

m b ythe r − i th ha nd s ideof two− parenleft8)

derivefr m ( 2 6 ) t hei ne qu lty

N o ww e a ppy Lem
to
a
N( . L e N0 ∈ rRN b e t e agr e

l − uton of

o

eN > N i0. Ta akn ged b y e t ing o d o 0 .T h ( ) n oth o
i

c1 = 2 ndδ:

aLm m a 2 for N0 te s i m a te t e s o L m m 2 i s e w e r f r

h r2
√

r + 2)/2 r + 2

N (1)

p ositv n
eg
e
rs s t y ng(3 a 27)eonN e,w easo hav e N ≤ N 0. f , b

he c n n s )
l (32 N1 > m x {ee,(6r+ 62, l og(2c1).

λ1

O nc om b i− n n g t erelati n (3,(2 parenright− two, (24)an d ( 1 ) , we th
usar i ve tth fol ow n− g n d am nal

P = r
∑

nPi+ P relement− E −Q− parenright(
i =

be an i tegalpo n o n the el i− nt.Thent e m

N = ma− xr{|bar − i}



\centerline{ t o \quad ( 21 . }

\centerline{a $ y { n } e−l { i−l }$ p $ c { i }$ cur $v−o−v−e\begin { array }{ cc } er \\
E & Q{ e } { l o }\end{ array } r−a$ o }

\hspace ∗{\ f i l l } $ s−i { x }$ o er \quad $ Q . $ \quad Howeve , a n y i m \quad p
$ o−r $ v m \quad en \quad ofDa v i ’ sb o \quad n di \quad n [ D ] w o ld \quad mak

\centerline{ i \quad p o $ s { s }$ }

\hspace ∗{\ f i l l } $ I−t $ re ma ns t o \quad $ prove { t } e−h $ \quad twol emm ata , t oe xp la in ho wto c l c
$ u−l t−a ˆ{ e }$ th

e l i p $ t−i $ c l o arithm s $ u i $ o f h e b as spo in s $ P i $ as w l l
$ s−a $ \quad t h er a l \quad $ a−n $ d \quad $ co { m } l−p { e }$

p $ e−r $ i od $ \omega 1 $ \quad n d $ \omega 2 , { r }$ esp ct $ v−i
e−l $ y $ , o−s t−h $ at \quad t e $ V i $ s c n \quad be d t m \quad n
$ d−e $ \quad i na c o

d nce \quad $ w−i { t }$ h $ two−p a r e n l e f t 1 ) , $ an \quad dto s $ h−o $
\quad wh \quad owthe bo undin t $ e−h $ \quad The o $ r−e $ \quad mc $ n−a $
ber $ e−d $ uce

o fac $ i−l $ i t t e the \quad c o \quad mputa ion \quad o f a $ l−l $ i n t e gra lpo
$ i−n $ t s i n

\centerline {5 . P $ r ˆ{ o }$ o f s }

\hspace ∗{\ f i l l }P \quad ro f \quad o f \quad L \quad e m m \quad a 1 . \quad W e \quad may \quad ssu me w ih \quad u t os so fgene r l t yh a

\hspace ∗{\ f i l l }he l r g e s t r e a l oot \quad $ \alpha \ in R $ o fhe pol no \quad mi l
$ p ( x ) $ n ( 1 \quad ) sn onn e g a ive . Fo

\centerline{ i \quad $ \alpha $ i $ a { sn e }$ g tve , wet rans l a t e $ p $
b y a \quad y sutab lepo i tv enum }

\ [ \ leq \surd 3 2 − 1 \ leq 3 2 − 1 , \ ]

\centerline{ sn ce , \quad by \quad 6 ) , }

\ [ i ( \{ \sqrt \sqrt \} \{ \sqrt \sqrt \} \ ]

\centerline{ $ \mid p−bar : = $ max \quad $ \mid { bar−a } / 3 , 3 { \mid
b \mid } \ leq $ m \quad ax \quad $ \mid a $ }

\ [ ( \alpha ) : { + } p ˆ{ \geq M 0 C } { ( y − } M { h } i ˆ{ o−s ˆ{ e }
0 \ in } { n y }\ ]

\centerline{an d \quad $ u { p } p ˆ{ o }$ s }

\ [ xi−g r e a t e r m x 0 , \xi 0 . \ ]

\centerline{ $ O { ur }$ i $ n { t } g ˆ{ r a } l ˆ{ bec ˆ{ o }}$ \quad m s }

\begin { a l i g n ∗}
\ int x { d } \ int \ infty d y \\ \sqrt p \\\ tag ∗{$ in $} z : = y
− ( \alpha + M ) \\({ q } + ( + = z +
\end{ a l i g n ∗}

t o .. open parenthesis 21 period
a y n e-l sub i-l p c sub i cur Row 1 er Row 2 E Q e sub l o . o
s-i sub x o er .. Q period .. Howeve comma a n y i m .. p o-r v m .. en .. ofDa vi quoteright sb o .. n di .. n

open square bracket D closing square bracket w o ld .. mak
i .. p o s sub s
I-t re ma ns t o .. prove sub t e-h .. twol emm ata comma t oe xplain ho wto c lc u-l t-a to the power of e th
e lip t-i c lo arithm s u i of h e b as spoin s P i as w ll s-a .. t h er al .. a-n d .. co sub m l-p sub e
p e-r i od omega 1 .. n d omega 2 comma sub r esp ct v-i e-l y comma o-s t-h at .. t e V i s c n .. be d t m ..

n d-e .. i na c o
d nce .. w-i sub t h two-parenleft 1 closing parenthesis comma an .. dto s h-o .. wh .. owthe bo undin t e-h ..

The o r-e .. mc n-a ber e-d uce
ofac i-l it t e the .. c o .. mputa ion .. of a l-l inte gralpo i-n tsin
5 period P r to the power of o o fs
P .. ro f .. o f .. L .. e m m .. a 1 period .. W e .. may .. ssu me w ih .. u t os sofgene rl t yh a
he l rges t r e a l oot .. alpha in R o fhe pol no .. mi l p open parenthesis x closing parenthesis n open

parenthesis 1 .. closing parenthesis sn onn e g aive period Fo
i .. alpha i a sub sn e g tve comma wetranslat e p b y a .. y sutab lepo i tv enum
less or equal surd 3 2 minus 1 less or equal 3 2 minus 1 comma
sn ce comma .. by .. 6 closing parenthesis comma
i open parenthesis braceleftbig radicalbig radicalbig bracerightbig braceleftbig radicalbig radicalbig braceright-

big
bar p-bar : = max .. bar sub bar-a slash 3 comma 3 sub bar b bar less or equal m .. ax .. bar a
open parenthesis alpha closing parenthesis : plus p from greater equal M 0 C to open parenthesis y minus M

h i from o-s to the power of e 0 in to n y
an d .. u sub p p to the power of o s
xi-greater m x 0 comma xi 0 period
O sub ur i n sub t g to the power of r a l to the power of bec to the power of o .. m s
integral x d integral infinity d y radicalbig p Equation: in .. z : = y minus open parenthesis alpha plus M

closing parenthesis open parenthesis q plus open parenthesis plus = z plus

t o ( 21 .

a yne− li−l p ci cur v − o− v − e er
E Qelo

r − a o

s− ix o er Q. Howeve , a n y i m p o− r v m en ofDa vi ’ sb o n di
n [ D ] w o ld mak

i p o ss
I − t re ma ns t o provete− h twol emm ata , t oe xplain ho wto c lc

u− lt− ae th
e lip t− i c lo arithm s ui of h e b as spoin s Pi as w ll s− a t h er al a− n d

coml− pe p e− r i od ω1 n d ω2,r esp ct v − i e− l y , o− st− h at t e V i s c
n be d t m n d− e i na c o

d nce w− it h two−parenleft1), an dto s h−o wh owthe bo undin t e−h
The o r− e mc n− a ber e− d uce ofac i− l it t e the c o mputa ion of a l− l
inte gralpo i− n tsin

5 . P ro o fs
P ro f o f L e m m a 1 . W e may ssu me w ih u t os sofgene rl

t yh a
he l rges t r e a l oot α ∈ R o fhe pol no mi l p(x) n ( 1 ) sn onn e g aive .

Fo
i α i asne g tve , wetranslat e p b y a y sutab lepo i tv enum

≤
√

32− 1 ≤ 32− 1,

sn ce , by 6 ) ,

i ( {

√ √
} {

√ √
}

| p− bar := max |bar−a /3, 3|b| ≤ m ax | a

(α) :+ p≥M 0C
(y− Mhi

o−se0∈
n y

an d upp
o s

xi− greatermx0, ξ0.

Our i ntg
ralbec

o

m s

∫
xd

∫
∞ dy

√
p

z := y − (α+ M) in

(q + ( + = z+



\ [ : \ ]

\centerline{ $ > ˆ{ 3 } { 0 } ud ˆ{ nd 1 } { greate r−zero }$ \quad e un \quad
$ ec ˆ{ r t } { o−e−s }$ n \quad . \quad U $o{ n−c } so { i−t−i−d−n−c−h−t }$ b \quad
$nd{ o }$ \quad o n w }

\ [\ begin { a l i gned } 4 { ) } \sqrt ( ) < z 3 2 = \surd { \xi − }
\alpha . \\
\xi \alpha r z \xi { − } \alpha \end{ a l i gned }\ ]

\centerline{N o i $ \beta \gamma \ in R−comma $ we \quad de ve \quad rom \quad
$ \xi / 2 > \alpha + M / 2 $ \quad y \quad ( 13 ) and \quad ( 3 ) th t }

\ [\ begin { a l i gned } , \surd \surd 3 a \\
i ch − ˆ{ l−d s t } { \surd { \xi }} \alpha \surd{ s s e } + { o }ˆ{ M }

em ˆ{ \xi } 1 \end{ a l i gned }\ ]

\noindent $ \beta + \gamma = \beta + \beta < 2 \alpha { , } t { h }$
\quad e $ s { ame }$ con u i n $ h−o $ ld $ s { i }$ n c ea a i n $ \xi
/ 2 > { \alpha + }$

\begin { a l i g n ∗}
\ in ˆ{ z \geq + } { \gamma } ( + ˆ{ beta−one−parenr i ght { + } / } { nd }
\gamma { a } df ˆ{ = \beta }\\ ( z + ) { 1 } z + \beta { 1 } )
= z 2 + \beta 1 + \beta 1 ) z + \beta 1 \beta 1 \\ \beta
( ) 2 ( ) 2 ( \ tag ∗{$ ) 2 $}
\end{ a l i g n ∗}

\centerline {2 \quad 2 \quad 2 }

\centerline{A l g e e $ , { r }$ o r $ z > 0 ( \Leftrightarrow x >
\alpha ) , t−h s−i $ \quad l ea s to the ine $ q−u $ a l i t }

\centerline{n \quad $ + \beta { r } ){ ( } + a ˆ{ > }$ \quad a $ + $ \quad o \quad 2 \quad : }

\ [\ begin { a l i gned } \ int \ infty dz i n t e g r a l t e x t− i n f i n i t y d z \\
z ) \xi − \alpha ( + ( \beta + \beta 1 ) parenr ight−three

= \xi − \alpha + \end{ a l i gned }\ ]

\centerline{ $ B { u }$ t \quad $ i { n t }$ h s $ c ˆ{ as }$ e \quad s i c e by
$ ( { 1 } 3 a { n }$ d $ ( ˆ{ 3 } { 3 ) } , $ }

\[>{ \xi } 22 ˆ{ 2 } { M { 2 }}\ ]

:
greater from 3 to 0 ud sub greater-zero to the power of nd 1 .. e un .. ec sub o-e-s to the power of rt n ..

period .. U o n-c so sub i-t-i-d-n-c-h-t b .. nd o .. o n w
Line 1 4 sub closing parenthesis radicalbig open parenthesis closing parenthesis less z 3 2 = surd sub xi minus

alpha period Line 2 xi alpha r z xi sub minus alpha
N o i beta gamma in R-comma we .. de ve .. rom .. xi slash 2 greater alpha plus M slash 2 .. y .. open

parenthesis 13 closing parenthesis and .. open parenthesis 3 closing parenthesis th t
Line 1 comma surd surd 3 a Line 2 ich minus from l-d s t to surd sub xi alpha surd sse plus o to the power of

M em to the power of xi 1
beta plus gamma = beta plus beta less 2 alpha sub comma t h .. e s sub ame con u i n h-o ld s sub i n c ea

ai n xi slash 2 greater sub alpha plus
in from z greater equal plus to gamma open parenthesis plus from beta-one-parenright sub plus slash to nd

gamma a df to the power of = beta open parenthesis z plus closing parenthesis 1 z plus beta sub 1 closing
parenthesis = z 2 plus beta 1 plus beta 1 closing parenthesis z plus beta 1 beta 1 Equation: parenrightbigg 2 ..
beta parenleftbigg parenrightbigg 2 parenleftbigg parenrightbigg 2 parenleftbigg

2 .. 2 .. 2
A l g e e comma r o r z greater 0 open parenthesis Leftrightarrow x greater alpha closing parenthesis comma

t-h s-i .. l ea sto the ine q-u ali t
n .. plus beta r closing parenthesis open parenthesis plus a to the power of greater .. a plus .. o .. 2 .. :
Line 1 integral infinity dz integraltext-infinity d z Line 2 z closing parenthesis xi minus alpha open parenthesis

plus open parenthesis beta plus beta 1 closing parenthesis parenright-three = xi minus alpha plus
B sub u t .. i sub n t h s c to the power of as e .. si c e by open parenthesis sub 1 3 a sub n d open parenthesis

to the power of 3 sub 3 closing parenthesis comma
greater xi 22 from 2 to M sub 2

:

>3
0 ud

nd 1
greater−zero e un ecrto−e−s n . U on− c soi−t−i−d−n−c−h−t b ndo o n w

4)

√
() < z32 =

√
ξ−α.

ξα r z ξ−α

N o i βγ ∈ R−omma we de ve rom ξ/2 > α +M/2 y ( 13 ) and ( 3 ) th t

,
√ √

3 a

ich −l−ds t√
ξ

α
√
sse +M

o emξ 1

β + γ = β + β < 2α,th e same con u i n h− o ld si n c ea ai n ξ/2 >α+

∈z≥ +
γ (+

beta−one−parenright+/
nd γa df=β

(z+ )1 z + β1) = z2 + β 1 + β1)z + β1β1

β ( )2 ( )2 ( )2

2 2 2
A l g e e ,r o r z > 0(⇔ x > α), t− hs− i l ea sto the ine q − u ali t

n + βr)( + a> a + o 2 :∫
∞ dz integraltext− infinity dz

z) ξ − α (+ (β + β1) parenright− three = ξ − α +

Bu t int h s cas e si c e by (13an d (3
3),

> ξ 222
M2



\ [ − \alpha ( 1 + \beta 1 2 \ ]

\centerline{P r oo f }

\ [ \delta ˆ{ x−zero−de l ta−p a r e n l e f t−rho1−one−s l a s h ˆ{ < 2 + \sigma }} { = }
1 \delta ˆ{ de l ta−sigma−p a r e n l e f t−g−o ˆ{ \delta }} { f i−e s } \delta { ) }\ ]

\noindent S $ i { n } c { e \varrho }$ \quad an d $ \sigma a ˆ{ r } { e }$
a \quad t $ e ˆ{ a { s t { 1 }}} w { e }$ \quad hav e

a n t is imp l e s t $ \varrho { hea } + { s−s } r ˆ{ e } { \sigma } \delta { e
i }ˆ{ o } g { n equa }ˆ{ \sigma \delta ) }ˆ{ \ leq } { t−i } 2 { y . }
\varrho \delta 1 ˆ{ / \delta l }$ g \quad $ \sigma \delta { ) } , $

\noindent $ n { o }$ S c t i on 3 w e ne edto \quad de t e m
$ i { n }$ a c or d n ewi t h t he c o \quad dt $ o { ns ( }$

\noindent $ \omega , $ s r s pect ve $ l−y , th ˆ{ t }$ u g i $ in ˆ{ E }$
g $ \tau = ) ˆ{ a } n { \omega / }$ o $ \omega 1 ˆ{ . } h { T }$

$ \omega 2 , $ w e choose \quad oro ur e l i p t c \quad $ cu ˆ{ r−v }$ \quad e
$ th { e }$

\ [ v { 2 } = r ( ) = z ( z + \beta { 1 } ( z + \gamma
1 ) \ ]

\noindent a nd applyth em e h \quad o d o f a r i t h \quad m t i c − g o \quad m e r i c \quad mean \quad o f Ga us a sde sc ibe
by Gr ayson \quad Gr . \quad F r \quad h \quad e $ c−o $ \quad mp u at o o f th e e l pt c \quad o g a r i hms

$ u i f−o $ th
p oin s $ P ( 1 \ leq i \ leq r ) $ we u \quad s e t he fa $ t ˆ{ i }
− n{ onv }$ e g i n $ s−e $ r i e $ l { g }$ venby Z a ge \quad [ Z

f o mu a \quad ( 10 ) \quad Of ou \quad se , t he Neron T $ s { a }$ ehe ig h t f t heb

\centerline{d \quad n $ ( 2 1 )\ begin { array }{ c} s \\ i \end{ array }c$ a $ c−u
a−l $ t e d b y t h }

\centerline{a e $ ad ˆ{ y }$ u s $ e { d }$ i [ G \quad Z }

\centerline {6 \quad R \quad $ e ˆ{ d }$ u $ t { c }$ i n o f t he i \quad $ n { t }
a { l }$ b ou \quad nd . \quad T \quad h u $ p ˆ{ p }$ \quad e \quad $ b { oun }
d { f }$ r \quad $ N ˆ{ o }$ b $ t ˆ{ a }$ i n }

\noindent i n t $ h { e }$ T \quad h e \quad rm \quad i s i n \quad g $ e { n }$
r $ l { t } o ˆ{ o } l { a r { g }}$ f \quad $ o { r }ˆ{ c { o }}$ \quad m p
$ u { t } n { g } a { l } i ˆ{ n ˆ{ t } e g { r }} a { p }$ \quad s

o u e l \quad p $ i { c }$ \quad u $ r ˆ{ v } E $ o $v{ e } r ˆ{ Q } .
H { o }$ we v e , \quad b \quad y $ n { u }$ m $ e { i }$ a \quad $ d { i }
o { phan } n ˆ{ ea }$ \quad p $ p { rox }$
m a \quad $ t { o }$ nte c $h{ ni } q ˆ{ ue }$

\begin { a l i g n ∗}
e u { l } t { y }\\ vex t ends ing l e \prime \sum vex t ends ing l e vex t ends ing l e
\prime 2 \\\ tag ∗{$ ( 3 5 ) $} vex t ends ing l e n 0 + \nu i v ex t ends ing l e
< g { c } \exp − ˆ{ \lambda } 1 N \} \\ i = 1 \prime \prime \prime
\end{ a l i g n ∗}

\noindent o bta i $ n { e } di { n } h ˆ{ e }$ \ h f i l l P $ ro { p } o { s }$
t i $ o { nf }$ o $ r { u } = g ˆ{ u } { b }$ y $ v ˆ{ i } r ˆ{ t } { u }$
\ h f i l l e $o{ f } ( 1 6 ˆ{ ) } { a }$ \ h f i l l n d $ ( { 1 8 } ) ˆ{ , to }$
\ h f i l l e $ t−h { e }$

\centerline{w t \quad h t h e }

\noindent es t \quad Th o $ e−m { e m }$ m a y \quad $ e−b $ reg arde dasa \quad h
o f \quad expo ne n $ t−i { a } ld { o−i }$ p \quad ha ntn e e u \quad $ a { t }

o−n ˆ{ s } , $ a nd \quad me ho d s \quad f o r so v i n $ g { t }$ h e \quad m hav

minus alpha open parenthesis 1 plus beta 1 2
P r oof
delta from x-zero-delta-parenleft-rho1-one-slash to the power of less 2 plus sigma to = 1 delta from delta-

sigma-parenleft-g-o to the power of delta to fi-e s delta closing parenthesis
S i sub n c sub e rho .. an d sigma a to the power of r sub e a .. t e to the power of a sub s t sub 1 w sub e ..

hav e
a n t isimp lest rho sub hea plus sub s-s r from e to sigma delta e i to the power of o g n equa to the power of

sigma delta closing parenthesis sub t-i to the power of less or equal 2 y period rho delta 1 to the power of slash
delta l g .. sigma delta sub closing parenthesis comma

n sub o S c t i on 3 w e ne edto .. de t e m
i sub n a c or d n ewi t h t he c o .. dt o sub ns open parenthesis
omega comma s r s pect ve l-y comma th to the power of t u g i in to the power of E g tau = closing parenthesis

to the power of a n sub omega slash o omega 1 to the power of period h sub T
omega 2 comma w e choose .. oro ur elipt c .. cu to the power of r-v .. e th sub e
v sub 2 = r open parenthesis closing parenthesis = z open parenthesis z plus beta sub 1 open parenthesis z

plus gamma 1 closing parenthesis
a nd applyth em e h .. o dofarith .. m t i c hyphen g o .. m e ric .. mean .. of Ga us a sde sc ibe
by Gr ayson .. Gr period .. F r .. h .. e c-o .. mp u at o ofth eel pt c .. o gari hms u i f-o th
p oin s P open parenthesis 1 less or equal i less or equal r closing parenthesis we u .. s et hefa t to the power

of i hyphen n onv e gi n s-e ri e l sub g venby Z a ge .. open square bracket Z
f o mu a .. open parenthesis 10 closing parenthesis .. Of ou .. se comma t he Neron T s sub a eheig htft heb
d .. n open parenthesis 2 1 Row 1 s Row 2 i closing paranthesis. a c-u a-l t e d b y t h
a e ad to the power of y u s e sub d i open square bracket G .. Z
6 .. R .. e to the power of d u t c i n o ft hei .. n sub t a sub l b ou .. nd period .. T .. h u p to the power of

p .. e .. b sub oun d sub f r .. N to the power of o b t to the power of a i n
int h sub e T .. h e .. rm .. isin .. g e sub n r l t o to the power of o l sub a r sub g f .. o sub r to the power

of c sub o .. m p u sub t n sub g a sub l i to the power of n to the power of t e g sub r a sub p .. s
o u e l .. p i sub c .. u r to the power of v E o v e r to the power of Q period H sub o we v e comma .. b .. y

n sub u m e sub i a .. d sub i o sub phan n to the power of ea .. p p sub rox
m a .. t sub o nte c h ni q to the power of ue
e u sub l t sub y vextendsingle prime sum vextendsingle vextendsingle prime 2 Equation: open parenthesis

3 5 closing parenthesis .. vextendsingle n 0 plus nu i vextendsingle less g sub c exponent minus to the power of
lambda 1 N closing brace i = 1 prime prime prime

o btai n sub e di sub n h to the power of e .... P ro sub p o sub s ti o sub nf o r sub u = g to the power
of u sub b y v to the power of i r sub u to the power of t .... e o f open parenthesis 1 6 to the power of closing
parenthesis sub a .... n d open parenthesis sub 1 8 closing parenthesis to the power of comma to .... e t-h sub e

w t .. h t h e
es t .. Th o e-m e m m a y .. e-b reg arde dasa .. h
of .. expo ne n t-i sub a ld sub o-i p .. ha ntn e e u .. a sub t o-n to the power of s comma a nd .. me ho d s

.. f o rso v i n g sub t h e .. m hav

−α (1 + β 1 2

P r oof

δx−zero−delta−parenleft−rho1−one−slash
<2 +σ

= 1δdelta−sigma−parenleft−g−o
δ

fi−es δ)

S ince% an d σare a t east1 we hav e a n t isimp lest %hea+s−sr
e
σδ
o
eig

σδ)
nequa

≤
t−i2y.% δ1/δl

g σδ),
no S c t i on 3 w e ne edto de t e m in a c or d n ewi t h t he c o dt ons(
ω, s r s pect ve l − y, tht u g i inE g τ =)anω/ o ω1.hT ω2, w e choose oro ur elipt c
cur−v e the

v2 = r() = z(z + β1(z + γ1)

a nd applyth em e h o dofarith m t i c - g o m e ric mean of Ga us a sde
sc ibe by Gr ayson Gr . F r h e c− o mp u at o ofth eel pt c o gari hms
uif − o th p oin s P (1 ≤ i ≤ r) we u s et hefa ti−nonv e gi n s− e ri e lg venby
Z a ge [ Z f o mu a ( 10 ) Of ou se , t he Neron T sa eheig htft heb

d n (21)
s
i
c a c− ua− l t e d b y t h

a e ady u s ed i [ G Z
6 R ed u tc i n o ft hei ntal b ou nd . T h u pp e boundf r No b ta i n

int he T h e rm isin g en r ltoolarg f ocor m p utngali
ntegrap s o u e l

p ic u rv E o ve rQ . Ho we v e , b y nu m ei a diophann
ea p prox m

a to nte c hnique

e ulty

vextendsingle′
∑

vextendsinglevextendsingle ′ 2

vextendsinglen0 + νivextendsingle < gc exp−λ 1N} (35)

i = 1 ′ ′ ′

o btai ne dinh
e P ropos ti onf o ru = gub y vi rtu e of(1 6

)
a n d (18),to e t− he

w t h t h e
es t Th o e −me m m a y e − b reg arde dasa h of expo ne n t − ialdo−i p
ha ntn e e u ato− ns, a nd me ho d s f o rso v i n gt h e m hav



\centerline{ t \quad e \quad o \quad $ u { i }$ i \quad e h o }

\hspace ∗{\ f i l l } $ E ( Q ) { i } s ˆ{ t }$ \quad o $ i { o } − { r }
e { o r ˆ{ i f }} h ˆ{ eu }$ p \quad p \quad boud $ N 2 f { o r } t { he }
c { o } f f i c ˆ{ e ˆ{ n } { t }} s ˆ{ o }$ \quad f t eba s

\centerline{ poi n s $ i { s l a } g { e } . $ }

$ I { nt } h { e } s { e }$ q $ u−e { l } w ˆ{ e }$ ar \quad e \quad $o{ g i }$
n \quad g $ t { o } g { i } e { anou } t { l } n { e } f { e } W { e }$
e $ r { sm }$ eh od $ [ d { W }$

$ ap ˆ{ p }$ l i \quad $ d { t }$ o \quad te p e $ se ˆ{ ns } i ˆ{ t ˆ{ u }}
a { t } o { n } L ˆ{ e }$ t $ C 0 { bea s }$ utab l $ p ˆ{ o } s ˆ{ t−i { ve }}
i { nt }$ g $ er ˆ{ a } n ˆ{ d } { \Gamma }$

\centerline{b e th \quad l a $ t−t { i }ˆ{ c } { e } sp { a }$ n $ e { db }$
y t \quad h $ er { o }$ w \quad s ot he $ ( { r } + parenr ight−one \times
( r + 1 ) $ \quad m $ a ˆ{ t }$ \quad rx }

\ [\ begin { a l i gned } p a r e n l e f t t p 1 0 . . . 0 0 parenr i ght tp \\
p a r e n l e f t b t p a r e n l e f t e x 0 . . . 0 1 0 parenr ightex parenr i ghtbt ˆ{ . }\\
C 0 u 1 \ rf loor . . . C 0 { u } − 1 \ rf loor \ l f l oor

C 0 u r \ rf loor C 0 \\
r \end{ a l i gned }\ ]

\noindent 7 \quad d \quad $ ( ˆ{ w } \Gamma \geq u { r }$ d \quad $ 5 +
f { 4 } N $ \quad a \quad $ p−o $

$ ( 3 . 22 ) ) c ˆ{ a }$ n n o \quad h \quad f \quad n \quad w \quad h \quad n \quad e \quad a \quad e \quad e \quad a 3

\ [\ begin { a l i gned } \sqrt \surd \surd \\
\lambda 1 \widetilde {1} \omega N < \ leq{ N }\end{ a l i gned }\ ]

\hspace ∗{\ f i l l }T o \quad $ f i $ \quad nda \quad s i ab l e $ \widetilde{N} , $
on $ h−c $ o s e s $ C i−n $ \quad heor \quad e r o \quad mag n \quad tudeo $ N { 2 }
r { + }$

\noindent a nd c
l en \quad $ h−o−a−minus−v−r−e−s l a sh−l−two−e−p a r e n l e f t−t−parenr ight−a−k−e $ N \quad w \quad w

$ \Gamma \geq { ( }ˆ{ 2 }$

\ [ N \ ]

\centerline{ I f $ \ t i lde {wide} N \geq N , $ \quad w $ eo { b }$ tan th
$ e { e s t }$ i $ m { t }$ e }

\ [\ begin { a l i gned } \sqrt \surd \surd { 3 }\\
N \ leq 1 \\
\lambda ˆ{ 1 \omega }\end{ a l i gned }\ ]

\centerline{T }

\centerline{ i $ s−i e { r } t−a { e }$ du t i l t h e u \quad p er bound }

\centerline{ f r $ a−e−v−s−e−t−t−i−a−t−l−e−r−l−s−r−p−a−p a r e n l e f t−t−n−i−o−zero−n−n−comma { t s }$
cto $ . . . . { i o }$ t \quad , }

\ [ p a r e n l e f t−two ) f { o r i } t e { gr } i−l y { . }\ ]

t .. e .. o .. u sub i i .. e h o
E open parenthesis Q closing parenthesis sub i s to the power of t .. o i sub o hyphen sub r e sub o r to the

power of if h to the power of eu p .. p .. boud N 2 f sub o r t he c sub o ffi c to the power of e to the power of n
sub t s to the power of o .. ft eba s

poi n s i sub sla g sub e period
I sub nt h sub e s sub e q u-e sub l w to the power of e ar .. e .. o gi n .. g t o g sub i e sub anou t sub l n

sub e f sub e W sub e e r sub sm eh od open square bracket d sub W
ap to the power of p li .. d sub t o .. te p e se to the power of ns i to the power of t to the power of u a sub t

o sub n L to the power of e t C 0 sub bea s utabl p to the power of o s to the power of t-i sub ve i sub nt g er to
the power of a n to the power of d sub Capital Gamma

b e th .. la t-t sub i to the power of c sub e sp sub a n e sub db y t .. h er sub o w .. s ot he open parenthesis
sub r plus parenright-one times open parenthesis r plus 1 closing parenthesis .. m a to the power of t .. rx

Line 1 parenlefttp 1 0 period period period 0 0 parenrighttp Line 2 parenleftbt parenleftex 0 period period
period 0 1 0 parenrightex parenrightbt to the power of period Line 3 C 0 u 1 floor period period period C 0 sub
u minus 1 floor floorleft C 0 u r floor C 0 Line 4 r

7 .. d .. open parenthesis to the power of w Capital Gamma greater equal u sub r d .. 5 plus f sub 4 N .. a ..
p-o

open parenthesis 3 period 22 closing parenthesis closing parenthesis c to the power of a n n o .. h .. f .. n ..
w .. h .. n .. e .. a .. e .. e .. a 3

Line 1 radicalBigg surd surd Line 2 lambda 1 one-tildewide omega N less less or equal N
T o .. fi .. nda .. si able N-tildewide comma on h-c oses C i-n .. heor .. e r o .. mag n .. tudeo N sub 2 r sub

plus
a nd c
len .. h-o-a-minus-v-r-e-slash-l-two-e-parenleft-t-parenright-a-k-e N .. w .. w Capital Gamma greater equal

parenleftbig to the power of 2
N
I f tildewide N greater equal N comma .. w eo sub b tan th e sub est i m sub t e
Line 1 radicalBigg surd surd sub 3 Line 2 N less or equal 1 Line 3 lambda to the power of 1 omega
T
i s-i e r t-a sub e du tilthe u .. p er bound
f r a-e-v-s-e-t-t-i-a-t-l-e-r-l-s-r-p-a-parenleft-t-n-i-o-zero-n-n-comma sub ts cto period period period period io

t .. comma
parenleft-two closing parenthesis f sub ori t e sub gr i-l y sub period

t e o ui i e h o
E(Q)is

t o io −r eorifheu p p boud N2forthe coffi ce
n
t so ft eba s

poi n s islage.
Inthe se q u − elwe ar e ogi n g to gi eanoutl nefe We e rsm eh od

[dW app li dt o te p e sensit
u

aton Le t C 0beas utabl po st−iveint g erandΓ
b e th la t− tci e spa n edb y t h ero w s ot he (r + parenright− one × (r + 1) m at rx

parenlefttp 1 0 ... 0 0parenrighttp

parenleftbtparenleftex 0 ... 0 1 0parenrightexparenrightbt.

C 0u1c ... C 0u − 1cb C0urc C0

r

7 d (wΓ ≥ ur d 5 + f4 N a p − o (3.22)) ca n n o h f n
w h n e a e e a 3 √ √ √

λ1 1̃ωN < ≤ N

T o fi nda si able Ñ , on h− c oses C i− n heor e r o mag n
tudeo N2r+

a nd c len h − o − a −minus − v − r − e − slash − l − two − e − parenleft − t −
parenright− a− k − e N w w Γ ≥2

(

N

I f ˜wideN ≥ N , w eob tan th eest i mt e√ √ √
3

N ≤ 1

λ1ω

T
i s− iert− ae du tilthe u p er bound

f r a− e− v − s− e− t− t− i− a− t− l − e− r − l − s− r − p− a− parenleft− t− n− i− o− zero− n− n− commats cto ....io t ,

parenleft− two)foritegri− ly.



\noindent 7 . E xa $ m { pl }$ e s
Ex a mpe $ 1 y 2 = x 3 − 1 6 2 0 three−two x + 62

8 7 792 0 $
l \quad 4 \quad 4

\centerline{We \quad a \quad $ k { e }$ }

\centerline{ $ r−a { s s o−f rm }$ \quad e \quad a }

\begin { a l i g n ∗}
E : y 2 = x 3 − 164203 2 x + \\ \Delta = 11 two−f i v e

71 0 2923 ˆ{ 7 } 7 { 94 } 28 { 3 } 5 ˆ{ 2 } = ˆ{ 2 } 2 { \cdot }ˆ{ 3 }\ tag ∗{$ \cdot
51 1 { 4 } 4 5 { 0 } 7 5 { 7 , }$}
\end{ a l i g n ∗}

\noindent mo d ula $ r−i $

\ [ = j ˆ{ 1 } = 224933 { one−nine } 7 18496 \ ]

\centerline{h \quad o f $ E 1 / 2 / 3 $ }

\ [\ begin { a l i gned } \mu \\
o{ d } eb wo ˆ{E{ p }} { l } ( Q ) = \{ O \} , soth { ofMmabasisofth }\end{ a l i gned }\ ]

\centerline{W \quad $ a { l s }$ o \quad d i s p a y }

\ [\ begin { a l i gned } P 1 = { ( } 4 321 0 8 ) , \widehat{h} ( P { 1 }
) = { 3 } . 36 3710642 { 5 }\\

P 2 = ˆ{ ( 39 } { 6 } 6 { 3 { 7 }} 2 ) , \widehat{} h−p a r e n l e f t ˆ{ P }
2 { ) } = 33 { 8 } 8 40 8 { 5 } 2 { 9 } , \\

P { 3 } = ( 360 , 9 80 ) , \widehat{h} ( P ) = 3 one−f our
2939 16 two−zero { , }\\
\widehat{} \\
P = ( 1 0 8 2 1 2 \widehat{h} ( P ) 3 . 559132453 \\
P = ( 3 6 2 386 8 \widehat{h} ( P ) 3 . 595291970 \end{ a l i gned }\ ]

\centerline{ t r c m a t i x \quad o f th e \quad n ear f r m a s oc i a td \quad w }

\centerline{ i }

\centerline{ $ h−a { b } w ˆ{ n } i−o $ f ac h T z a nak i \quad p $ a ˆ{ p−e }$
s $ comma−o p ˆ{ e }$ o r ed d o nanag $ a { o }$ }

\centerline{a }

\centerline{ $ e { l } p ˆ{ t }$ i $ cc { u } r−v $ esby m \quad s oe l i
$ t ˆ{ i }$ l $ g−o $ arthms $ . Af { t }$ }

\centerline{im \quad w \quad e \quad h \quad p \quad $ p ˆ{ i } n ˆ{ t }$ \quad o \quad a \quad T \quad n k \quad . }

7 period E xa m sub pl e s
Ex a mpe 1 y 2 = x 3 minus 1 6 2 0 three-two x plus 62 8 7 792 0
l .. 4 .. 4
We .. a .. k sub e
r-a sub ss o-f rm .. e .. a
E : y 2 = x 3 minus 164203 2 x plus Equation: times 51 1 sub 4 4 5 sub 0 7 5 sub 7 comma .. Capital Delta

= 11 two-five 71 0 2923 to the power of 7 7 sub 94 28 sub 3 5 to the power of 2 = to the power of 2 2 sub times
to the power of 3

mo d ula r-i
= j to the power of 1 = 224933 sub one-nine 7 18496
h .. o f E 1 slash 2 slash 3
Line 1 mu Line 2 o d eb wo sub l to the power of E p open parenthesis Q closing parenthesis = open brace O

closing brace comma soth ofMmabasisofth
W .. a sub ls o .. dis p a y
Line 1 P 1 = sub open parenthesis 4 321 0 8 closing parenthesis comma hatwide-h open parenthesis P sub 1

closing parenthesis = sub 3 period 36 3710642 sub 5 Line 2 P 2 = to the power of open parenthesis 39 sub 6 6
sub 3 sub 7 2 closing parenthesis comma hatwide h-parenleft to the power of P 2 sub closing parenthesis = 33
sub 8 8 40 8 sub 5 2 sub 9 comma Line 3 P sub 3 = open parenthesis 360 comma 9 80 closing parenthesis comma
hatwide-h open parenthesis P closing parenthesis = 3 one-four 2939 16 two-zero sub comma Line 4 hatwide Line
5 P = open parenthesis 1 0 8 2 1 2 hatwide-h open parenthesis P closing parenthesis 3 period 559132453 Line 6
P = open parenthesis 3 6 2 386 8 hatwide-h open parenthesis P closing parenthesis 3 period 595291970

tr c m atix .. o fth e .. n ear f r m a s ociatd .. w
i
h-a sub b w to the power of n i-o f ac h T z a nak i .. p a to the power of p-e s comma-o p to the power of e

o r ed d o nanag a sub o
a
e sub l p to the power of t i cc sub u r-v esby m .. s oe l i t to the power of i l g-o arthms period Af sub t
im .. w .. e .. h .. p .. p to the power of i n to the power of t .. o .. a .. T .. n k .. period

7 . E xa mpl e s Ex a mpe 1y2 = x3− 1 620three− twox + 62877920 l 4
4

We a ke
r − asso−frm e a

E : y2 = x3− 1642032x+

∆ = 11two− five7102923779428352 =2 23
· ·5114450757,

mo d ula r − i

= j1 = 224933one−nine718496

h o f E 1/ 2 /3

µ

odebwoEpl (Q) = {O}, sothofMmabasisofth

W als o dis p a y

P1 =( 432108), ĥ (P1) =3 .3637106425

P 2 =
(39
6 637

2), ĥ− parenleftP 2) = 3388408529,

P3 = (360, 980), ĥ(P ) = 3one− four293916two− zero,̂
P = (108 212 ĥ(P ) 3. 559132453

P = (362 3868 ĥ(P ) 3 .595291970

tr c m atix o fth e n ear f r m a s ociatd w
i

h− abwni− o f ac h T z a nak i p ap−e s comma− ope o r ed d o nanag ao
a

elp
t i ccur − v esby m s oe l i ti l g − o arthms .Aft

im w e h p pint o a T n k .



\ [\ begin { a l i gned } 3 { 4 } 1 { 2 } 9 1 \\
− 12 380 ˆ{ 1 } 6 8 617 zero−per iod { 6 } 1{ 460 } − . 2 { 1 }

8 5 1 − 1 5{ 7 } 6 \\
A−e−t v ˆ{ x { x ) }} a { l }ˆ{ A }ˆ{ = ˆ{ h }} { u }ˆ{ 6 ˆ{ x } { a }} { eso ˆ{ + }}

he { 2 5 ˆ{ A } { − 2 { 0 }}}ˆ{ c { . 8501 } har } { . { are } 293 7 }
+ ˆ{ − 90 } { t { 0 }ˆ{ r−e } { x ˆ{ 3 x }}ˆ{ i { 5 }ˆ{ s−t }} { 2 } i c }
1 429 ˆ{ 2386 } { 5 ˆ{ y { 4 { . }}ˆ{ nom } { 9 }} { 8 ˆ{ 2 }}ˆ{ a−i }} + ˆ{ 7
x ˆ{ 4 }} 226 ˆ{ − 6 }ˆ{ 1 } { . 2 } 7 ˆ{ 7 } { 6 }ˆ{ 63540 } { 3 8 . }
x \\
\lambda 1 = 0 . 432372 40 1 , \lambda 4 = 4 . \end{ a l i gned }\ ]

\centerline{ $ \lambda 2 = 1 . 56 475784 6 \lambda 5 = 5 per iod−f i v e
14 7 0 69 { 9 } , $ }

\ [ \lambda 3 = 1 . 994 476 7 seven−nine , \lambda 6 = 7 { zero−per iod }
zero−s i x 831 { 1 } 531 , \ ]

\centerline{ o f which $ \lambda 1 i−s $ \quad ne d d i }

\centerline{ $ r { o }$ d i vn \quad by ( 1 0 i }

\ [ \omega 1 = 1 8 { 2 } 6 ˆ{ 7 } 8 43 \ ]

\noindent xp $ r { e }$ o d i s
tha t

\ [ = \omega ˆ{ 2 } = 0 . 3843290 \ ]

\centerline{He nce thecons an t i n ( 1 }

\centerline {1 }

\ [ 1 { \lambda } , 1 = 1 ˆ{ 4 }\ ]

\noindent $ I { n } ( 1 ) { w }$ en \ h f i l l e $ e { dt }$ h \ h f i l l $e{ e }
l ˆ{ i p }$ t \ h f i l l l \ h f i l l ogath $ m ˆ{ s }$ \ h f i l l o t e \ h f i l l bass \ h f i l l p o i t
$ s { P 1 } . ˆ{ . { . }} , ˆ{ P } { 6 : }$

\ [ u = 0 . zero−zero−nine−s i x \begin { array }{ c} 4 { 9 5 } 8 8 4 2 ˆ{ 3 }
, \\ , \\ 0 { 3 }\end{ array }u−u = 0 { 0 } 204790079 3 { 2 }\ ]

\centerline{a nd \quad t eq uant t y f o \quad m ( 20 ) , }

\centerline{ l o m a $ x−b r a c e l e f t bar−f our a j 2 bar−comma 4 \mid
b { j } j { 1 } j { , } 2 { \mid } \} = 4 period−s i x 3 1 45 { 3 }$
}

\ [\ begin { a l i gned } \widehat{} 3 \pi u { i }\\
i \end{ a l i gned }\ ]

Line 1 3 sub 4 1 sub 2 9 1 Line 2 minus 12 380 to the power of 1 6 8 617 zero-period sub 6 1 460 minus period
2 sub 1 8 5 1 minus 1 5 7 6 Line 3 A-e-t v to the power of x x closing parenthesis a sub l to the power of A sub u
to the power of = to the power of h sub eso to the power of plus to the power of 6 from x to a he 2 5 from A to
minus 2 sub 0 sub period sub are 293 7 to the power of c sub period 8501 har plus from minus 90 to t sub 0 sub
x to the power of 3 x to the power of r-e sub 2 to the power of i sub 5 to the power of s-t ic 1 429 from 2386 to 5
sub 8 to the power of 2 to the power of y sub 4 sub period sub 9 to the power of nom to the power of a-i plus to
the power of 7 x to the power of 4 226 to the power of minus 6 sub period 2 to the power of 1 7 from 7 to 6 sub
3 8 period to the power of 63540 x Line 4 lambda 1 = 0 period 432372 40 1 comma lambda 4 = 4 period

lambda 2 = 1 period 56 475784 6 lambda 5 = 5 period-five 14 7 0 69 sub 9 comma
lambda 3 = 1 period 994 476 7 seven-nine comma lambda 6 = 7 sub zero-period zero-six 831 sub 1 531 comma
of which lambda 1 i-s .. ne d d i
r sub o d i vn .. by open parenthesis 1 0 i
omega 1 = 1 8 sub 2 6 to the power of 7 8 43
xp r sub e o dis
tha t
= omega to the power of 2 = 0 period 3843290
He nce thecons an tin open parenthesis 1
1
1 sub lambda comma 1 = 1 to the power of 4
I sub n open parenthesis 1 closing parenthesis sub w en .... e e sub dt h .... e e l to the power of i p t .... l ....

ogath m to the power of s .... o t e .... bass .... p oi t s sub P 1 period to the power of period sub period comma
to the power of P sub 6 :

u = 0 period Row 1 4 sub 9 5 8 8 4 2 to the power of 3 comma Row 2 comma Row 3 0 sub 3 . = 0 sub 0
204790079 3 sub 2

a nd .. t eq uant tyf o .. m open parenthesis 20 closing parenthesis comma
lo m a x-braceleft bar-four a j 2 bar-comma 4 bar b sub j j sub 1 j sub comma 2 sub bar closing brace = 4

period-six 3 1 45 sub 3
Line 1 hatwide 3 pi u sub i Line 2 i

34129 1

−1238016 8617 zero− period61460 − .21851 − 1576

A− e− tvxx)aAl =h

u
6xa
eso+ hec.8501har

25A−20

.are2937 +−90

tr−e0

i
s−t
5
x3x

2ic

14292386

5
ynom4. 9

82
a−i

+7x4

226−61
.2 77

6
63540
38. x

λ1 = 0.432372401, λ4 = 4.

λ2 = 1.564757846 λ5 = 5period− five1470699,

λ3 = 1.9944767seven− nine, λ6 = 7zero−periodzero− six8311531,

of which λ1 i− s ne d d i
ro d i vn by ( 1 0 i

ω1 = 1 8267843

xp re o dis tha t

= ω2 = 0.3843290

He nce thecons an tin ( 1
1

1λ , 1 = 14

In (1)w en e edt h ee lip t l ogath ms o t e bass p oi t sP1.
.. ,P6:

u = 0.zero− zero− nine− six
49588423,

,
03

u− u = 0020479007932

a nd t eq uant tyf o m ( 20 ) ,
lo m a x− braceleft bar − fouraj2bar − comma4 | bj j1j,2|} = 4period− six31453

̂ 3πui

i



) \quad 7 a n d $ ( ˆ{ 2 ˆ{ 2 }} ) { . }$ I t \quad $ tu ˆ{ r } n ˆ{ s }$ \quad ou tth \quad a l l
$ C { \sim } 7 \cdot 1 0 $ \quad a n \quad $ t { here }$

\centerline{m xa \quad $ C 10 9 h r + 1 \prod $ log $ V i =\begin { array }{ c} 2 \\
h \end{ array }+ { 1 } \sim 2 . 5 $ }

\ [ \lambda 2 = 1 2 \lambda \ ]

\centerline{F i nal $ l−y $ \quad i n ( 1 ) \quad w g $ e { t } N 1 = 1
. 1 10 12 $ }

\centerline{d \quad eTh o $ e−m s ˆ{ h } w−N s−l e s s e q u a l ˆ{ t } a−N $ t \quad m \quad a \quad
$ h 7 \} = $ }

\centerline{Now \quad w ea \quad p p y de \quad We }

\centerline {0 \quad 0 }

\centerline{ $ p a r e n l e f t e x 0 1 $ }

\centerline {0 \quad 0 \quad 1 \quad 0 0 }

\centerline{ $ p a r e n l e f t e x p a r e n l e f t e x 0 0 0 0 1 $ }

\centerline{ $ h−n−n C 0 = ˆ{ i−w ˆ{ C } { e ˆ{ c } { t−h }}} 2 0 ˆ{ one−two ˆ{ e ˆ{ v−a ˆ{ s } { C }} { i−l }}}$
toe \quad $ uretha ˆ{ t ˆ{C{ = { N ˆ{ b }}}}} ( C { l ˆ{ W−e } { \sim }}{ 36 }
) $ i s \quad $ f i ˆ{ c } { C }{ t s f i ed } . C { 1 ˆ{ c } { f i }}{ reduc }$
e \quad $ C { 0 ˆ{ t } { u }}{ he } seven−t−l−zero−e−two $ }

\hspace ∗{\ f i l l } $ t { h }$ e s h $e{ r t } s−t $ v $ e { c }$ or $ b { 1 }
f { t } e ˆ{ h }$ \quad a t t i c \quad t \quad $ \paral le l b { 1 } \geq 11
4 seven−per iod $ \quad n d y \quad i e $ d { s } t ˆ{ h } e { b }$ \quad o
$ u { n }$

\ [ N \ leq 1 0 \ ]

\centerline{A $ th { i }$ dre d $ uc ˆ{ i o }$ l \quad ed s o h $ es { a }$
}

\hspace ∗{\ f i l l } $ d { u }$ t on \quad o n e \quad $ c ˆ{ t o { r s }} o { f r }$
e a \quad $ n { u } m { b } e−r { s n }$ s e $ d−a o ˆ{ f } { in }$ gr a
$ l { \nu }$ m b $ e { r }$ s $ a { s } i ˆ{ n }$ \quad d

\hspace ∗{\ f i l l }W \quad e $ e−r { ’ }$ m e h o d $ , h { e }$ \quad upper b
$ o { u n }$ d i s i $ m { p }$ ro $v{ e } d { t }$ o \quad $ N \ leq
8 { . T }$ h s $ i { m } p { r } o ˆ{ v m }$ e n

$ i { s }$ a $ c { hi e { ve } d }$ s i n $ c { e , }$ y \quad p $ a−s $
s $ n−i { g }$ t $ ot ˆ{ h } { e } r { e }$ \quad l $ c { a }$ s \quad , \quad n eo b a i
$ n−s $ a s $ ha { r }$ p $ e { r } s { tim } t−a $

f o t $ h { e }$

\centerline{O \quad ur \quad t s $ k { s } t ˆ{ h } { ee } f { or } e { t }
o { t }$ e $ s−t $ \quad ornt g $ ra ˆ{ i t } y { a l } h−t $ e p $ o−i−n { t }$
s }

\ [ P = n P 1 + n 2 P 2 + n 3 P 3 + nP 4 + n { 5 }
P 5 + n 6 P 6 \ ]

\noindent 4
su $ c ˆ{ h }$ \quad th a \quad $\mid{ n } { i \mid } \ leq N ˆ{ \ leq } 8

( 1 \ leq { i } \ leq 6 ) . $ I t \quad the \quad $ r { e } m{ a }$ \quad i s t o \quad t
$ e ˆ{ s t }$ th e po $ i { n }$

\ [ P = { ( } \xi , { \eta ) \ in } E ( Q ) { su } c{ h } t h { a }
t \ ]

\centerline{ $ \xi \ in Z $ a nd \quad $ 0 \ leq $ l o g $ \mid \xi \mid
\ leq \mu \ infty = 7 . 15 722 5 2 $ }

closing parenthesis .. 7 a n d open parenthesis to the power of 2 to the power of 2 closing parenthesis sub
period It .. tu to the power of r n to the power of s .. ou tth .. a ll

C sub thicksim 7 times 1 0 .. a n .. t sub here
m xa .. C 10 9 h r plus 1 product log V i Row 1 2 Row 2 h . sub 1 thicksim 2 period 5
lambda 2 = 1 2 lambda
F i nal l-y .. i n open parenthesis 1 closing parenthesis .. w g e sub t N 1 = 1 period 1 10 12
d .. eTh o e-m s to the power of h w-N s-lessequal to the power of t a-N t .. m .. a .. h 7 closing brace =
Now .. w ea .. p p y de .. We
0 .. 0
parenleftex 0 1
0 .. 0 .. 1 .. 0 0
parenleftex parenleftex 0 0 0 0 1
h-n-n C 0 = to the power of i-w sub e from c to t-h to the power of C 2 0 to the power of one-two to the

power of e sub i-l to the power of v-a from s to C toe .. uretha to the power of t to the power of C = N to the
power of b open parenthesis C sub l from W-e to thicksim 36 closing parenthesis is .. f i from c to C tsfied period
C sub 1 from c to fi reduc e .. C sub 0 from t to u he seven-t-l-zero-e-two

t sub h e s h e rt s-t v e sub c or b sub 1 f sub t e to the power of h .. a ttic .. t .. bar b sub 1 greater equal
11 4 seven-period .. n d y .. ie d sub s t to the power of h e sub b .. o u sub n

N less or equal 1 0
A th sub i dre d uc to the power of io l .. ed s o h es sub a
d sub u t on .. o n e .. c to the power of t o sub rs o sub fr e a .. n sub u m sub b e-r sub s n s e d-a o to the

power of f sub in gr a l sub nu m b e sub r s a sub s i to the power of n .. d
W .. e e-r sub quoteright m e h o d comma h sub e .. upper b o sub u n d isi m sub p ro v e d sub t o .. N

less or equal 8 sub period T h s i sub m p sub r o to the power of v m e n
i sub s a c sub hi e sub ve d sin c sub e comma y .. p a-s s n-i sub g t ot to the power of h sub e r sub e .. l c

sub a s .. comma .. n eo b ai n-s a s ha sub r p e sub r s sub tim t-a
f o t h sub e
O .. ur .. t s k sub s t to the power of h sub ee f sub or e sub t o sub t e s-t .. ornt g ra to the power of it y

sub al h-t e p o-i-n sub t s
P = n P 1 plus n 2 P 2 plus n 3 P 3 plus nP 4 plus n sub 5 P 5 plus n 6 P 6
4
su c to the power of h .. th a .. bar n sub i bar less or equal N to the power of less or equal 8 open parenthesis

1 less or equal sub i less or equal 6 closing parenthesis period It .. the .. r sub e m a .. i s t o .. t e to the power
of st th e po i sub n

P = sub open parenthesis xi comma sub eta closing parenthesis in E open parenthesis Q closing parenthesis
sub su c h t h sub a t

xi in Z a nd .. 0 less or equal lo g bar xi bar less or equal mu infinity = 7 period 15 722 5 2

) 7 a n d (22

). It turns ou tth a ll C∼ 7 · 10 a n there

m xa C109 h r + 1
∏

log V i =
2
h

+1 ∼ 2.5

λ 2 = 1 2 λ

F i nal l − y i n ( 1 ) w g et N1 = 1.11012
d eTh o e−m shw −Ns− lessequalta−N t m a h7} =

Now w ea p p y de We
0 0

parenleftex 0 1
0 0 1 0 0

parenleftexparenleftex 0 0 0 0 1

h− n− nC0 =
i−wCec

t−h 2 0one−two
e
v−asC
i−l

toe urethat
C=

Nb (ClW−e∼
36) is ficCtsfied. C1cfi

reduc e C0tu
heseven− t− l − zero− e− two

th e s h erts− t v ec or b1 ft eh a ttic t ‖ b1 ≥ 114seven− period n
d y ie dst

h eb o un

N ≤ 10

A thi dre d ucio l ed s o h esa
du t on o n e ctorsofr e a numbe− rsn s e d− a ofin gr a lν m b er s asi

n

d
W e e− r′ m e h o d , he upper b oun d isi mp ro vedt o N ≤ 8.T h s

impr ovm e n
is a chieved sin ce, y p a − s s n − ig t othe re l ca s , n eo b ai n − s a s

har p erstimt− a f o t he
O ur t s kst

h
eeforetot e s− t ornt g raityal h− t e p o− i− nt s

P = nP 1 + n2P2 + n3P3 + nP4 + n5P5 + n6P6

4 su ch th a | ni| ≤ N≤ 8(1 ≤i≤ 6). It the re ma i s t o t est

th e po in

P =( ξ,η)∈ E(Q)such that

ξ ∈ Z a nd 0 ≤ lo g | ξ | ≤ µ∞ = 7.15722 52



\ [ 6 \sim \beta \ leq \xi \ leq \gamma \ ]

\centerline{ i n $ a { cc } o { r } a { n } c { e }$ w \quad i t \quad t h
$ e { R }$ \quad ema $ r { k }$ f $ o ˆ{ o } { l }$ w n \quad $ g { L }$ e \quad
$ m { ma } 1 { . B }$ y \quad t $h{ i }$ s e x t \quad $ s { e }$ a r }

\centerline{h \quad o \quad w \quad vr \quad w e d dn $ o { t }$ f i n \quad d a
$ y { n }$ \quad e \quad w $ p ˆ{ o }$ \quad n s }

\centerline{ $ A ˆ{ l }$ \quad ogeh $ e { r } w { e } o ˆ{ b ˆ{ t } a i { n }}$
d the $ 7 0 { i n }$ }

\centerline{ i n $ t−e $ g r a l \quad po $ n−i $ t s $n\begin { array }{ c} E \\
( \end{ array }Q parenr ight−per iod $ }

\hspace ∗{\ f i l l }R \quad e \quad mark . T $ a−b $ l e $ 1 h−s $ owsth at theact
$ u−a { lb u−o n }$ d \quad $ o−r { N }$ \quad i s 2 ra t h rtha n 8

\centerline{Table 1 }

\ [ N ˆ{ o { . }} P n{ 1 } 2 \ ]

\noindent $ 2 ( { − } 1431 , 9 9 ) 0 0 1 0 1 1 5 .
701 { nine−nine } 5 $

0

\ [\ l e f t . minus−minus−minus−minus−minus−minus−minus−p a r e n l e f t−one−one−one−one−one−one−one−one−one−one−one−p a r e n l e f t−p a r e n l e f t−p a r e n l e f t−p a r e n l e f t−p a r e n l e f t−p a r e n l e f t−p a r e n l e f t−minus−nine−nine−e ight−s ix−s ix−three−three−one−one−two−three−three−four−four−zero−zero−zero−zero−zero−one−one−two−two−four−four−p a r e n l e f t−nine−two−two−four−one−nine−three−seven−zero−e ight−nine−s ix−nine−one−three−three−three−one−four−four−s ix−f i v e−nine−two−nine−four−seven−nine−seven−e ight−e ight−two−s ix−two−two−e ight−four−seven−zero−s ix−two−two−s ix−one−seven−four−e ight−zero−two−two−four−s ix−one−s ix−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−three−three−three−three−three−three−three−three−two−two−one−one−nine−s ix−four−one−three−seven−seven−e ight−one−one−two−two−three−three−two−f i v e−s ix−seven−seven−seven−four−three−f i v e−seven−one−e ight−two−one−three−seven−zero−two−two−s ix−nine−s ix−nine−one−s ix−f i v e−seven−three−s ix−e ight−s ix−s ix−four−e ight−seven−zero−three−two−two−nine−e ight−seven−zero−e ight−s ix−three−seven−zero−three−one−two−zero−four−s ix−e ight−s ix−zero−nine−nine−seven−e ight−two−one−two−seven−four−three−zero−two−e ight−parenr ight−seven−s ix−s ix−zero−zero−zero−seven−two−two−nine−s ix−seven−one−two−two−s ix−four−four−one−four−s ix−four−three−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−e ight−e ight−s ix−e ight−three−two−e ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−minus−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−one−zero−zero−zero−zero−zero−one−zero−zero−zero−one−zero−zero−zero−one−zero−zero−zero−zero−one−zero−minus−minus−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−one−one−zero−zero−two−zero−zero−one−one−zero−zero−zero−zero−one−zero−zero−zero−one−zero−zero−one−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−zero−zero−zero−zero−one−one−zero−one−zero−zero−zero−zero−one−zero−zero−zero−one−zero−zero−zero−one−minus−minus−minus−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−one−one−one−one−one−two−zero−one−one−one−zero−one−zero−zero−zero−zero−zero−zero−zero−one−zero−minus−minus−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−one−one−zero−zero−one−one−zero−zero−zero−zero−one−zero−one−one−zero−one−zero−zero−zero−zero−one−minus−minus−minus−minus−minus−minus−one−one−one−one−one−one−zero−zero−zero−zero−zero−one−one−zero−zero−zero−one−zero−one−zero−one−zero−zero−zero−zero−zero−one\begin { a l i gned } &
75 . 64 \\

& ( 5 . 33752 \\
& ( 3 . 9 2 202 \\
& 1 ( 3 . 86563 \\
& 1 ( 3 . 8 5379 \\
& 1 ( 3 . 77813 \\
& 1 ( 5 . 9 5 124 \\
& 1 3 . 64597 \\
& 1 3 . 59529 \\
& 1 3 . 5 5913 \\
& 1 5 . 7 1580 \\
& 1 4 . 83919 \\
& 1 3 . 4 1 293 \\
& 2 3 . 3 8884 \\
& 2 5 . 5 7502 \\
& 2 3 . 3 6371 \\
& 2 ( 4 . 8 9 139 \\
& 2 ( 3 . 5 3021 \\
& 2 ( 5 . 7 3 1 1 0 \\
& 2 ( 5 . 7 4197 \\
& 2 ( 3 . 62368 \\
& 2 ( 5 . 8 5303 \\
& 2 ( 3 . 68066 \\
& 3 ( 3 . 7 3409 \\
& 3 ( 7 . 41 6 18 \\
& 3 ( 3 . 8 5 48 9 \\
& 3 \end{ a l i gned }\ right . \ ]

6 thicksim beta less or equal xi less or equal gamma
i n a sub cc o sub r a sub n c sub e w .. it .. t h e sub R .. ema r k f o sub l to the power of o w n .. g sub L

e .. m sub ma 1 sub period B y .. t h i s e x t .. s sub e a r
h .. o .. w .. vr .. w e d dn o sub t fin .. d a y sub n .. e .. w p to the power of o .. n s
A to the power of l .. ogeh e sub r w sub e o to the power of b to the power of t a i sub n d the 7 0 sub i n
i n t-e g r a l .. po n-i t s Row 1 E Row 2 open parenthesis . parenright-period
R .. e .. mark period T a-b le 1 h-s owsth at theact u-a sub lb u-o n d .. o-r sub N .. is 2 rat h rtha n 8
Table 1
N to the power of o sub period P n 1 2
2 open parenthesis sub minus 1431 comma 9 9 closing parenthesis 0 0 1 0 1 1 5 period 701 sub nine-nine 5
0
Case 1 75 period 64 Case 2 open parenthesis 5 period 33752 Case 3 open parenthesis 3 period 9 2 202 Case 4

1 open parenthesis 3 period 86563 Case 5 1 open parenthesis 3 period 8 5379 Case 6 1 open parenthesis 3 period
77813 Case 7 1 open parenthesis 5 period 9 5 124 Case 8 1 3 period 64597 Case 9 1 3 period 59529 Case 10 1 3
period 5 5913 Case 11 1 5 period 7 1580 Case 12 1 4 period 83919 Case 13 1 3 period 4 1 293 Case 14 2 3 period
3 8884 Case 15 2 5 period 5 7502 Case 16 2 3 period 3 6371 Case 17 2 open parenthesis 4 period 8 9 139 Case 18
2 open parenthesis 3 period 5 3021 Case 19 2 open parenthesis 5 period 7 3 1 1 0 Case 20 2 open parenthesis 5
period 7 4197 Case 21 2 open parenthesis 3 period 62368 Case 22 2 open parenthesis 5 period 8 5303 Case 23 2
open parenthesis 3 period 68066 Case 24 3 open parenthesis 3 period 7 3409 Case 25 3 open parenthesis 7 period
41 6 18 Case 26 3 open parenthesis 3 period 8 5 48 9 Case 27 3

6 ∼ β ≤ ξ ≤ γ

i n accorance w it t h eR ema rk f ool w n gL e mma 1.B y t hi s e x t se a r
h o w vr w e d dn ot fin d a yn e w po n s

Al ogeh er weo
btain d the 7 0in

i n t− e g r a l po n− i t s n
E
(
Qparenright− period
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Table 1

No. P n1 2

2 (−1431, 99) 0 0 1 0 1 1 5.701nine−nine5 0

minus−minus−minus−minus−minus−minus−minus− parenleft− one− one− one− one− one− one− one− one− one− one− one− parenleft− parenleft− parenleft− parenleft− parenleft− parenleft− parenleft−minus− nine− nine− eight− six− six− three− three− one− one− two− three− three− four − four − zero− zero− zero− zero− zero− one− one− two− two− four − four − parenleft− nine− two− two− four − one− nine− three− seven− zero− eight− nine− six− nine− one− three− three− three− one− four − four − six− five− nine− two− nine− four − seven− nine− seven− eight− eight− two− six− two− two− eight− four − seven− zero− six− two− two− six− one− seven− four − eight− zero− two− two− four − six− one− six− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− three− three− three− three− three− three− three− three− two− two− one− one− nine− six− four − one− three− seven− seven− eight− one− one− two− two− three− three− two− five− six− seven− seven− seven− four − three− five− seven− one− eight− two− one− three− seven− zero− two− two− six− nine− six− nine− one− six− five− seven− three− six− eight− six− six− four − eight− seven− zero− three− two− two− nine− eight− seven− zero− eight− six− three− seven− zero− three− one− two− zero− four − six− eight− six− zero− nine− nine− seven− eight− two− one− two− seven− four − three− zero− two− eight− parenright− seven− six− six− zero− zero− zero− seven− two− two− nine− six− seven− one− two− two− six− four − four − one− four − six− four − three− parenright− parenright− parenright− parenright− parenright− parenright− parenright− eight− eight− six− eight− three− two− eight− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright−minus−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− one− zero− zero− zero− zero− zero− one− zero− zero− zero− one− zero− zero− zero− one− zero− zero− zero− zero− one− zero−minus−minus−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− one− one− zero− zero− two− zero− zero− one− one− zero− zero− zero− zero− one− zero− zero− zero− one− zero− zero− one−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− zero− zero− zero− zero− one− one− zero− one− zero− zero− zero− zero− one− zero− zero− zero− one− zero− zero− zero− one−minus−minus−minus−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− one− one− one− one− one− two− zero− one− one− one− zero− one− zero− zero− zero− zero− zero− zero− zero− one− zero−minus−minus−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− one− one− zero− zero− one− one− zero− zero− zero− zero− one− zero− one− one− zero− one− zero− zero− zero− zero− one−minus−minus−minus−minus−minus−minus− one− one− one− one− one− one− zero− zero− zero− zero− zero− one− one− zero− zero− zero− one− zero− one− zero− one− zero− zero− zero− zero− zero− one
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1 3.41293

2 3.38884

2 5.57502

2 3.36371

2 ( 4.89139

2 ( 3.53021
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8 ) \quad 0 \quad 0 \quad 1 \quad 4 99
1 \quad 1

\ [\ l e f t . zero−f i v e−f i v e−e ight−nine−nine−one−two−seven−f i v e−two−two−three−three−four−four−f i v e−s ix−e ight−e ight−f i v e−nine−nine−zero−one−three−two−nine−f i v e−four−zero−two−nine−zero−zero−e ight−e ight−f i v e−four−f i v e−three−three−three−zero−e ight−nine−e ight−s ix−e ight−three−s ix−two−seven−e ight−two−nine−two−zero−two−f i v e−two−e ight−seven−one−nine−one−zero−e ight−four−f i v e−four−four−seven−f i v e−three−two−f i v e−s ix−e ight−one−e ight−s ix−two−two−nine−one−nine−three−one−two−zero−three−four−s ix−s ix−one−zero−e ight−two−c−e ight−four−nine−s ix−e ight−e ight−two−s ix−two−e ight−s ix−four−e ight−s ix−nine−zero−e ight−four−s ix−two−two−s ix−two−e ight−four−three−four−zero−e ight−two−e ight−f i v e−nine−u−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−comma−two−nine−one−one−two−two−f i v e−f i v e−f i v e−seven−nine−one−one−two−three−four−f i v e−e ight−one−one−two−two−three−three−three−f i v e−seven−e ight−f i v e−one−one−two−nine−nine−e ight−nine−f i v e−seven−zero−s ix−e ight−two−s ix−one−nine−four−e ight−two−seven−zero−zero−four−four−e ight−two−zero−two−seven−two−four−zero−one−two−two−zero−one−three−four−e ight−e ight−two−four−zero−one−zero−four−e ight−s ix−three−one−e ight−s ix−one−s ix−zero−s ix−one−three−nine−seven−e ight−nine−s ix−four−seven−f i v e−three−zero−zero−two−s ix−e ight−three−seven−e ight−f i v e−f i v e−e ight−s ix−seven−s ix−three−zero−nine−s ix−three−f i v e−three−three−one−four−e ight−seven−three−f i v e−nine−seven−nine−seven−three−f i v e−seven−x−seven−zero−nine−three−three−s ix−three−s ix−e ight−s ix−three−f i v e−seven−zero−f i v e−three−zero−two−seven−f i v e−one−f i v e−seven−e ight−two−two−seven−zero−nine−four−zero−three−zero−two−s ix−four−zero−e ight−two−seven−zero−one−nine−seven−four−three−four−f i v e−seven−two−two−zero−e ight−f i v e−two−two−nine−zero−four−four−two−e ight−nine−f i v e−nine−four−nine−three−parenr ight−four−one−e ight−four−s ix−e ight−two−two−s ix−one−nine−seven−nine−s ix−s ix−seven−two−seven−one−three−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−e ight−zero−f i v e−four−one−minus−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−two−s ix−s ix−nine−four−zero−s ix−nine−two−f i v e−zero−s ix−zero−two−three−s ix−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−parenr ight−two−four−f i v e−nine−one−seven−nine−two−e ight−two−parenr ight−parenr ight−parenr ight−parenr ight−zero−nine−two−four−four−e ight−three−parenr ight−parenr ight−parenr ight−zero−parenr ight−two−three−parenr ight−four−seven−two−three−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−plus−zero−zero−zero−zero−zero−zero−zero−one−one−one−one−zero−one−zero−one−two−zero−zero−zero−two−zero−zero−two−one−one−one−one−one−one−one−one−two−one−one−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−four−one−one−one−one−two−one−one−one−one−one−one−two−zero−zero−zero−one−zero−zero−zero−one−one−one−one−zero−one−zero−two−one−zero−zero−zero−zero−zero−two−e ight−seven−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−four−one−one−one−one−one−one−two−one−two−one−one−zero−zero−one−zero−zero−zero−one−one−one−one−zero−zero−one−zero−zero−one−two−zero−zero−zero−one−zero−zero−per iod−minus−minus−minus−minus−minus−minus−minus−minus−one−two−two−one−one−two−one−two−one−two−zero−one−two−zero−two−zero−one−one−two−zero−zero−zero−two−zero−zero−zero−zero−zero−zero−one−one−zero−zero−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−one−one−one−one−two−one−one−one−one−one−zero−one−one−zero−zero−one−zero−one−one−two−zero−zero−one−zero−one−one−zero−zero−zero−zero−zero−two−zero−minus−minus−minus−minus−minus−minus−minus\begin { a l i gned } &
3 2 .{ 4 } 736 \\

& 4 ( ( 4 . 96505 \\
& 4 ( 5 . 5246 \\
& 4 ( 5 . 26060 \\
& 4 ( 7 . 6745 3 \\
& 4 ( 5 . 52461 \\
& 4 ( 1 5 . 65903 \\
& 4 ( 1 6 . 5925 \\
& 4 ( 1 7 . 49404 \\
& 4 ( 1 8 . 47557 \\
& 4 ( 1 6 . 31380 \\
& 5 ( 2 6 . 71809 \\
& 5 ( 3 6 . 78700 \\
& 5 ( 3 9 . 851 \\
& 5 ( 3 6 . 95300 \\
& 5 ( 4 9 . 3427 5 \\
& 5 ( 5 7 . 28298 \\
& 5 ( 7 7 . 61744 \\
& 5 ( 8 7 . 75891 \\
& 5 ( 1 1 1 1 . 64018 \\
& 5 ( 12 8 . 13 5 46 \\
& 6 ( 14 1 0 . 52941 \\
& 6 ( 18 8 . 55109 \\
& 6 ( 22 8 . 74056 \\
& 6 ( 27 8 . 92431 \\
& 6 ( 39 1 0 . 68 5 1 6 \\
& 6 ( 42 1 0 . 77 307 \\
& 6 ( 114 1 0 . 37197 \\
& 6 ( 159 1 0 . 69608 \\
& 6 ( 436 1 1 . 7 477 \\
& 6 ( 1389 1 2 . 86360 \\
& 7 ( 2509 1 3 . 45484 \\
& 2 \\
& m p l e 2 : y = x 8 4 \\
& t a ke the rve \end{ a l i gned }\ right . \ ]

\centerline{ $ o { m M { e }}$ \quad s r $ [ ˆ{ M }$ \quad e o $ f ˆ{ r }$
a k \quad $ r = 5 $ \quad o e r \quad $ Q $ a nd }

8 closing parenthesis .. 0 .. 0 .. 1 .. 4 99
1 .. 1
Case 1 3 2 period 4 736 Case 2 4 open parenthesis open parenthesis 4 period 96505 Case 3 4 open parenthesis

5 period 5246 Case 4 4 open parenthesis 5 period 26060 Case 5 4 open parenthesis 7 period 6745 3 Case 6 4 open
parenthesis 5 period 52461 Case 7 4 open parenthesis 1 5 period 65903 Case 8 4 open parenthesis 1 6 period
5925 Case 9 4 open parenthesis 1 7 period 49404 Case 10 4 open parenthesis 1 8 period 47557 Case 11 4 open
parenthesis 1 6 period 31380 Case 12 5 open parenthesis 2 6 period 71809 Case 13 5 open parenthesis 3 6 period
78700 Case 14 5 open parenthesis 3 9 period 851 Case 15 5 open parenthesis 3 6 period 95300 Case 16 5 open
parenthesis 4 9 period 3427 5 Case 17 5 open parenthesis 5 7 period 28298 Case 18 5 open parenthesis 7 7 period
61744 Case 19 5 open parenthesis 8 7 period 75891 Case 20 5 open parenthesis 1 1 1 1 period 64018 Case 21 5
open parenthesis 12 8 period 13 5 46 Case 22 6 open parenthesis 14 1 0 period 52941 Case 23 6 open parenthesis
18 8 period 55109 Case 24 6 open parenthesis 22 8 period 74056 Case 25 6 open parenthesis 27 8 period 92431
Case 26 6 open parenthesis 39 1 0 period 68 5 1 6 Case 27 6 open parenthesis 42 1 0 period 77 307 Case 28 6 open
parenthesis 114 1 0 period 37197 Case 29 6 open parenthesis 159 1 0 period 69608 Case 30 6 open parenthesis 436
1 1 period 7 477 Case 31 6 open parenthesis 1389 1 2 period 86360 Case 32 7 open parenthesis 2509 1 3 period
45484 Case 33 2 Case 34 m p le 2 : y = x 8 4 Case 35 t a ke the rve

o sub m M sub e .. sr open square bracket to the power of M .. e o f to the power of r a k .. r = 5 .. o e r ..
Q a nd

8 ) 0 0 1 4 99 1 1

zero− five− five− eight− nine− nine− one− two− seven− five− two− two− three− three− four − four − five− six− eight− eight− five− nine− nine− zero− one− three− two− nine− five− four − zero− two− nine− zero− zero− eight− eight− five− four − five− three− three− three− zero− eight− nine− eight− six− eight− three− six− two− seven− eight− two− nine− two− zero− two− five− two− eight− seven− one− nine− one− zero− eight− four − five− four − four − seven− five− three− two− five− six− eight− one− eight− six− two− two− nine− one− nine− three− one− two− zero− three− four − six− six− one− zero− eight− two− c− eight− four − nine− six− eight− eight− two− six− two− eight− six− four − eight− six− nine− zero− eight− four − six− two− two− six− two− eight− four − three− four − zero− eight− two− eight− five− nine− u− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− comma− two− nine− one− one− two− two− five− five− five− seven− nine− one− one− two− three− four − five− eight− one− one− two− two− three− three− three− five− seven− eight− five− one− one− two− nine− nine− eight− nine− five− seven− zero− six− eight− two− six− one− nine− four − eight− two− seven− zero− zero− four − four − eight− two− zero− two− seven− two− four − zero− one− two− two− zero− one− three− four − eight− eight− two− four − zero− one− zero− four − eight− six− three− one− eight− six− one− six− zero− six− one− three− nine− seven− eight− nine− six− four − seven− five− three− zero− zero− two− six− eight− three− seven− eight− five− five− eight− six− seven− six− three− zero− nine− six− three− five− three− three− one− four − eight− seven− three− five− nine− seven− nine− seven− three− five− seven− x− seven− zero− nine− three− three− six− three− six− eight− six− three− five− seven− zero− five− three− zero− two− seven− five− one− five− seven− eight− two− two− seven− zero− nine− four − zero− three− zero− two− six− four − zero− eight− two− seven− zero− one− nine− seven− four − three− four − five− seven− two− two− zero− eight− five− two− two− nine− zero− four − four − two− eight− nine− five− nine− four − nine− three− parenright− four − one− eight− four − six− eight− two− two− six− one− nine− seven− nine− six− six− seven− two− seven− one− three− parenright− parenright− parenright− parenright− parenright− parenright− parenright− eight− zero− five− four − one−minus− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− parenright− two− six− six− nine− four − zero− six− nine− two− five− zero− six− zero− two− three− six− parenright− parenright− parenright− parenright− parenright− parenright− parenright− two− four − five− nine− one− seven− nine− two− eight− two− parenright− parenright− parenright− parenright− zero− nine− two− four − four − eight− three− parenright− parenright− parenright− zero− parenright− two− three− parenright− four − seven− two− three−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus− plus− zero− zero− zero− zero− zero− zero− zero− one− one− one− one− zero− one− zero− one− two− zero− zero− zero− two− zero− zero− two− one− one− one− one− one− one− one− one− two− one− one−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus− four − one− one− one− one− two− one− one− one− one− one− one− two− zero− zero− zero− one− zero− zero− zero− one− one− one− one− zero− one− zero− two− one− zero− zero− zero− zero− zero− two− eight− seven−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus− four − one− one− one− one− one− one− two− one− two− one− one− zero− zero− one− zero− zero− zero− one− one− one− one− zero− zero− one− zero− zero− one− two− zero− zero− zero− one− zero− zero− period−minus−minus−minus−minus−minus−minus−minus−minus− one− two− two− one− one− two− one− two− one− two− zero− one− two− zero− two− zero− one− one− two− zero− zero− zero− two− zero− zero− zero− zero− zero− zero− one− one− zero− zero−minus−minus−minus−minus−minus−minus−minus−minus−minus−minus− one− one− one− one− two− one− one− one− one− one− zero− one− one− zero− zero− one− zero− one− one− two− zero− zero− one− zero− one− one− zero− zero− zero− zero− zero− two− zero−minus−minus−minus−minus−minus−minus−minus

3 2 .4736

4 (( 4.96505

4 ( 5.5246

4 ( 5.26060

4 ( 7.67453

4 ( 5.52461

4 (1 5.65903

4 (1 6.5925

4 (1 7.49404

4 (1 8.47557

4 (1 6.31380

5 (2 6.71809

5 (3 6.78700

5 (3 9.851

5 (3 6.95300

5 (4 9.34275

5 (5 7.28298

5 (7 7.61744

5 (8 7.75891

5 (11 11.64018

5 (12 8.13546

6 (14 10.52941

6 (18 8.55109

6 (22 8.74056

6 (27 8.92431

6 (39 10.68516

6 (42 10.77307

6 (114 10.37197

6 (159 10.69608

6 (436 11.7477

6 (1389 12.86360
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\noindent form \quad ab a i s o f

\centerline{ $ N 1 1 ˆ{ . } \cdot ˆ{ 3 } 1 ˆ{ 0 }$ \quad and $ C 0 =
0 600 $ w \quad e }

\begin { a l i g n ∗}
\ tag ∗{$ s r { a } m−e $} t { up } o { p }\\ n d { t } o N \ leq .
\end{ a l i g n ∗}

\noindent W $ e { i } t { s }$ \quad h e $ f i r { s } c { oo } r { d }$
in \quad e \quad s $ \xi ˆ{ o f t } { h } ( 2 \times ) $

$ e { e }$ \quad r $ s ˆ{ t } { ra s } s ˆ{ m }$ o d $ l { o }$ f $ E $
v e r \quad $ Q $ w hi h $ c { o }$ s $ i t ˆ{ ute }$ \quad e \quad e $ t { o }
f { a }$ \quad i $ n { t { eg }}$ r l \quad $ o { in t }$

\ [\ begin { a l i gned } i { n } E ˆ{ ( } Q \\
− 4 { 88 , } − 68 , − { 4 } 3 { 2 , } − 4 3 , − { 3 }

5 1 − 79 − { 2 1 ˆ{ 6 }} − 1 ˆ{ ,{ 80 }} − { 7 } 2 , \\
− 3 { s ix−comma } comma−f our three−s i x two−seven , 8 one−comma 8

comma−e i g h t 39 , four−three 2 , 433 , 46 { comma−e i g h t } 49 ,
5 20 , 576 , \\

1 41 { 7 } , \end{ a l i gned }\ ]

\begin { cente r }
9 108 \quad 1 572 \quad , 163 \quad 2 , 13 \quad 8 76 , \quad 5 269 \quad , 4 5 5 \quad 8 3 6 , \quad 7 29

r 6 . \quad Mes \quad r e [ M \quad e ] co \quad m put \quad so n \quad yt h e \quad
$ ( 2 \times ) 3 1 $ n \quad egra
\end{ cente r }

\centerline {1 0 \quad nth \quad m 2 d \quad l i n l \quad n 3 g \quad W \quad e r s 2 r \quad s f o r \quad m }

\ [ + 67 = x − 21 x − 10 x + 30 \ ]

\centerline{o \quad h \quad m \quad d \quad $ n ˆ{ a }$ m }

\centerline{ $ 1 ˆ{ 6 } 52 3 , { − } 14 3 1 4{ 8 } 9 { 9 ) } a { n }ˆ{ d }
( 1 0 5 94 $ }

\ [ = x − 8 7 ˆ{ 9 } 9 ˆ{ 8 } x + 3 1 3 8 7 { 0 } four−per iod \ ]

\centerline{W e ta $ e { t }$ h e \quad $ ur { v }$ e }

\ [ E : y 2 \ ]

\centerline{k \quad $ r = 5 $ o v e r $ Q . $ \quad T \quad hepoi }

\ [ ( 54 zero−comma 1 1 e ight−e i g h t ˆ{ ) } , { ( } 57 1 836 )
, p a r e n l e f t−f our e ight−s i x , 31 3 2 parenr ight−comma ( 6 { 1 }\ ]

\centerline{ $ r−m $ \quad ab \quad $ s−a i−s $ \quad o \quad theM }

\noindent $ N 1 = ˆ{ 2 } 1 ˆ{ \cdot } 0 ˆ{ 9 }$ a n \quad d $ C 0 =
1 0 60 0 $ \quad wob

r noim p ov e ment A s n ab $ v−e , ˆ{ e }$ b $ t { y }$

\centerline{ $ eim { p }$ r oved \quad o \quad $ N \ leq 6 . $ }

form .. ab a isof
N 1 1 to the power of period times to the power of 3 1 to the power of 0 .. and C 0 = 0 600 w .. e
Equation: s r sub a m-e .. t up o sub p n d sub t o N less or equal period
W e sub i t s .. h e fi r sub s c sub oo r sub d in .. e .. s xi to the power of oft sub h open parenthesis 2 times

closing parenthesis
e sub e .. r s sub ra s to the power of t s to the power of m o d l sub o f E v e r .. Q w hi h c sub o s it to the

power of ute .. e .. e t sub o f sub a .. i n sub t sub eg r l .. o sub in t
Line 1 i sub n E to the power of open parenthesis Q Line 2 minus 4 sub 88 comma minus 68 comma minus

sub 4 3 sub 2 comma minus 4 3 comma minus sub 3 5 1 minus 79 minus sub 2 1 to the power of 6 minus 1 to
the power of comma 80 minus sub 7 2 comma Line 3 minus 3 sub six-comma comma-four three-six two-seven
comma 8 one-comma 8 comma-eight 39 comma four-three 2 comma 433 comma 46 sub comma-eight 49 comma
5 20 comma 576 comma Line 4 1 41 sub 7 comma

9 108 .. 1 572 .. comma 163 .. 2 comma 13 .. 8 76 comma .. 5 269 .. comma 4 5 5 .. 8 3 6 comma .. 7 29
r 6 period .. Mes .. r e open square bracket M .. e closing square bracket co .. m put .. so n .. yt h e .. open

parenthesis 2 times closing parenthesis 3 1 n .. egra
1 0 .. nth .. m 2 d .. l i nl .. n 3 g .. W .. e rs 2 r .. s fo r .. m
plus 67 = x minus 21 x minus 10 x plus 30
o .. h .. m .. d .. n to the power of a m
1 to the power of 6 52 3 comma sub minus 14 3 1 4 8 9 sub 9 closing parenthesis a sub n to the power of d

open parenthesis 1 0 5 94
= x minus 8 7 to the power of 9 9 to the power of 8 x plus 3 1 3 8 7 sub 0 four-period
W e ta e sub t h e .. ur sub v e
E : y 2
k .. r = 5 o v e r Q period .. T .. hepoi
open parenthesis 54 zero-comma 1 1 eight-eight to the power of closing parenthesis comma sub open parenthesis

57 1 836 closing parenthesis comma parenleft-four eight-six comma 31 3 2 parenright-comma open parenthesis 6
sub 1

r-m .. ab .. s-a i-s .. o .. theM
N 1 = to the power of 2 1 to the power of times 0 to the power of 9 a n .. d C 0 = 1 0 60 0 .. wob
r noim p ov e ment A s n ab v-e comma to the power of e b t sub y
eim sub p r oved .. o .. N less or equal 6 period

form ab a isof
N1 1. ·3 10 and C 0 = 0600 w e

tupop sram− e
n dto N ≤ .

W eits h e firscoord in e s ξofth (2×) ee r strass
m o d lo f E v e r Q w hi h

co s itute e e to fa i nteg r l oint

inE
( Q

−488, − 68,−4 32, − 43,−351 − 79 −216 −1,80 −7 2,

−3six−comma comma− four three− six two− seven, 8one− comma8comma− eight39, four − three2, 433, 46comma−eight 49, 520, 576,

1417,

9 108 1 572 , 163 2 , 13 8 76 , 5 269 , 4 5 5 8 3 6 , 7 29 r 6 .
Mes r e [ M e ] co m put so n yt h e (2×) 31 n egra

1 0 nth m 2 d l i nl n 3 g W e rs 2 r s fo r m

+67 = x− 21x− 10x+ 30

o h m d na m
16523,− 14314899) adn (10594
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