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the n

) 3)
(̄ (s̄
x+ϕ

e c a e s = 1̄ isa a l go us . 2 ·2 ls 2 s h F r s s S l e t σ(s) denotet her
ito f s in S g

e r m u t a t n l

k λsl : ( ,1 .,sl. ) 7→ (s2, ..,1s ,s),

i {λ( k

Mln : s ∈ Sal, t ∈ i(sϕ

N o− w, su pp
wt h a t

(5) ∀n, l < L : M l − comman ≤ m

h o f a o l lazt c y2 − lc e n nN w
a tl ea s L . B e f − or e we st rt wit h a de tale d a aly s is of t h e cr ucialq a nt

M l − comman n t hene x tsc t o− i n
b e eq u e c s sc ut afo

gse ar l

summationdisplay − n
∑

n

ci ≤ di.

i = 1 i=1

henor a n ∈ N we h ave n n∑
c f ≤

∑
df.

equal − one equal − i1



\ [ i 1 i = 1 i = 1 \ ]

\noindent u \quad C \quad e
$ e−r−t $ y $ f−o $ \quad h \quad $ f−u c { t } o−i $ \quad n .

\ [\ begin { a l i gned } s = . , s = ( \\
ment s o−f S comma−l n . I−f \sum { i } k { = 1 s i \ leq }

\sum \end{ a l i gned }\ ]

c a \quad e $ o { t } B c { e y a r e i t } o{ nt }$ t ee u $ e { exs } sa ˆ{ a }$
sm a l et n $ u ˆ{ a }$ m b e r $ k $ w th o $ s ˆ{ e }$ s a $ = $

and \quad $ u { t s } = h { 1 }$ a nd \quad a $ d { s }$ ma l e s tnum ber t
$ k $

\hspace ∗{\ f i l l }ow $ l−e $ t $ s $ b \quad suc h $ h−t $ \quad t \quad $ s { i }
= s i $ f \quad r $ i \not\ in \{\ begin { array }{ c} 0 \\ k \end{ array }k { 1 { \} }}
, s k 0 = 1 $ \quad nd \quad $ \prime { 1 } = 0 . $ T he

\centerline{ $ \sum i k { = } s i ˆ{ \ leq } i k s ˆ{ \prime } { i }
\ leq \sum k { i } t ( $ f r \quad a $ l−l k \ in \{ , . . ,
l \} ) . k $ }

C o n $ i { d }$ \quad r \quad the $ s−e u−q $ e n \quad e $ s \bar{}
= ( s k−zero + . . . s 1 − 1 ) . $ F \quad om \quad ( 2 ) t \quad sn o \quad har

to \quad s ee that $ \varphi ( 0 1 ) > \varphi ( \bar{ s } 0 ) $
a d \quad by \quad 4 ) we \quad get $ \varphi ( s ) < \varphi { ( } per iod−parenr i ght $
I f $ s { \prime { \ne }} t $ w
c a $ n { r { e }} e ˆ{ a }$ \quad t \quad he s m e \quad p $ ro { c }$ e ue \quad

$ w { th } s $ \quad a \quad $ w { e }$ \quad h av $ d { o }$ \quad e \quad w \quad h \quad
$ s a { n { d }} f i ˆ{ n }$ \quad d

\hspace ∗{\ f i l l } $ s−e $ q uen c e $ s { \prime }$ such that $ \varphi ( ) ˆ{ s }
> \varphi ( \prime{ \prime } . $ A $ f { t { e }} r { f i } n { i } t { e } { l { y }}$
m a y \quad $ e−r p{ e } { t } i ˆ{ t } n { s }$ we g

\begin { a l i g n ∗}
\ tag ∗{$ \varphi ( $} > \varphi t−parenr i ght ˆ{ . }
\end{ a l i g n ∗}

Int hen ext e mma \quad we d \quad $ e { t }$ \quad r mi $ n ˆ{ e }$ t h e \quad s
$ eq { u ˆ{ e }}$ n $ c { e } s \ t i lde {wide} $ f $ o−r $ w h i \quad ch \quad
$ \varphi t−a $ ta nsth

v alu \quad $ M { l , } . $

Lemm \quad a 5 . Let $ n \ leq l $ benat r a l \quad u \quad be s . Let $ \ t i lde {wide}
: = \ l c e i l n / l \ rce i l − ( i − 1 ) n l $
( f r \quad $ 1 \ leq i \ leq l ) . $ Then $ \varphi ( \ t i lde {wide}

s ) = $ min \quad $ \ in \sigma \ t i lde {} ) \{ \varphi ( ) \}
= M n . / $

\centerline{o }

\centerline{ i t e $ ( l n ) $ \quad f o r t . \quad c o \quad u \quad e d \quad o n \quad
$ n ˆ{ d } n $ \quad e \quad w \quad o f }

\ [ w s \ ]

$ \ leq ) $ by \quad a t a i c sa e se eFigur t e $ 1 . S { Ass u }$ me e
$a{ t } { h } e ˆ{ n }$ e $ ex ˆ{ p }$ i s t s a $ k i $ u c h $ ( t ˆ{ 1 }$
h

$ k kn / l { − } \sum k 0 t r { > 0 }$ s ( m \quad mal . \quad T h e nf o r
$ t \lambda { k { 0 }} ( t $

\ [\ begin { a l i gned } 0 i = { 1 } i i { k } = l e \\
i = \end{ a l i gned }\ ]

\centerline{ $ y { B }$ \quad c o \quad $ n−s { t }$ u t i o nof $ \widetilde{ s } $
\quad w ea so \quad hav }

\ [\ begin { a l i gned } \sum k summationdisplay−k \\
equal−one i { = } 1 \prime \\
e ˆ{ g } e \\
\varphi ( \widetilde{ s } \geq \min \{ \\
\ in \end{ a l i gned }\ ]

i 1 i = 1 i = 1
u .. C .. e
e-r-t y f-o .. h .. f-u c sub t o-i .. n period
Line 1 s = period comma s = open parenthesis Line 2 ment s o-f S comma-l n period I-f sum sub i k sub = 1

s i less or equal sum
c a .. e o sub t B c eyareit o nt t ee u e sub exs sa to the power of a sm al et n u to the power of a m b e r k

w th o s to the power of e s a =
and .. u sub t s = h sub 1 a nd .. a d sub s ma les tnum ber t k
ow l-e t s b .. suc h h-t .. t .. s sub i = s i f .. r i negationslash-element open braceRow 1 0 Row 2 k . sub 1

sub closing brace comma s k 0 = 1 .. nd .. prime sub 1 = 0 period T he
sum i k sub = s i to the power of less or equal i k s sub i to the power of prime less or equal sum k i t open

parenthesis f r .. a l-l k in open brace comma period period comma l closing brace closing parenthesis period k
C o n i sub d .. r .. the s-e u-q e n .. e s bar = open parenthesis s k-zero plus period period period s 1 minus

1 closing parenthesis period F .. om .. open parenthesis 2 closing parenthesis t .. sn o .. har
to .. see that phi open parenthesis 0 1 closing parenthesis greater phi open parenthesis s-macron 0 closing

parenthesis a d .. by .. 4 closing parenthesis we .. get phi open parenthesis s closing parenthesis less phi sub open
parenthesis period-parenright If s sub prime sub equal-negationslash t w

c a n sub r sub e e to the power of a .. t .. he s m e .. p ro sub c e ue .. w sub th s .. a .. w sub e .. h av d
sub o .. e .. w .. h .. s a sub n sub d fi to the power of n .. d

s-e q uen c e s sub prime such that phi open parenthesis closing parenthesis to the power of s greater phi open
parenthesis prime prime period A f sub t sub e r sub fi n sub i t e sub l sub y m a y .. e-r p e sub t i to the power
of t n sub s we g

Equation: phi open parenthesis .. greater phi t-parenright to the power of period
Int hen ext e mma .. we d .. e sub t .. r mi n to the power of e t h e .. s eq sub u to the power of e n c sub e

s tildewide f o-r w h i .. ch .. phi t-a ta nsth
v alu .. M sub l comma period
Lemm .. a 5 period Let n less or equal l benat ral .. u .. be s period Let tildewide : = ceilingleft n slash l

ceilingright minus open parenthesis i minus 1 closing parenthesis n l
open parenthesis fr .. 1 less or equal i less or equal l closing parenthesis period Then phi open parenthesis

tildewide s closing parenthesis = min .. in sigma tilde closing parenthesis open brace phi open parenthesis closing
parenthesis closing brace = M n period slash

o
it e open parenthesis l n closing parenthesis .. f ort period .. c o .. u .. e d .. o n .. n to the power of d n .. e

.. w .. o f
w s
less or equal closing parenthesis by .. a tai c sa e se eFigur t e 1 period S sub Ass u me e a t sub h e to the

power of n e ex to the power of p ists a k i u c h open parenthesis t to the power of 1 h
k kn slash l minus sum k 0 t r sub greater 0 s open parenthesis m .. mal period .. T h e nf o r t lambda sub

k sub 0 open parenthesis t
Line 1 0 i = sub 1 i i sub k = l e Line 2 i =
y B .. c o .. n-s sub t u tio nof tildewide-s .. w ea so .. hav
Line 1 sum k summationdisplay-k Line 2 equal-one i sub = 1 prime Line 3 e to the power of g e Line 4 phi

open parenthesis s-tildewide greater equal minimum open brace Line 5 in

i 1 i = 1 i = 1

u C e e− r − t y f − o h f − ucto− i n .

s = ., s = (

mentso− fScomma− ln.I − f
∑
i

k=1si≤
∑

c a e ot B ceyareitont t ee u eexs saa sm al et n ua m b e r k w th o se s a
= and uts = h1 a nd a ds ma les tnum ber t k

ow l − e t s b suc h h− t t si = si f r i 6∈ { 0
k
k1} , sk0 = 1 nd

′1 = 0. T he∑
ik=si

≤ iks′i ≤
∑

kit( f r a l − lk ∈ {, .., l}). k
C o n id r the s − eu − q e n e s̄ = (sk − zero + ... s 1 − 1). F

om ( 2 ) t sn o har to see that ϕ(01) > ϕ( s̄0) a d by 4 ) we get
ϕ(s) < ϕ(period − parenright If s′6= t w c a nre ea t he s m e p roc e ue
wths a we h av do e w h sand

fin d
s− e q uen c e s′ such that ϕ()s > ϕ(′′. A fterfinitely m a y e− rpet itns

we g

> ϕt− parenright. ϕ(

Int hen ext e mma we d et r mi ne t h e s eque n ces ˜wide f o− r w h i ch
ϕt− a ta nsth v alu Ml,.

Lemm a 5 . Let n ≤ l benat ral u be s . Let ˜wide := dn/le − (i− 1)nl (
fr 1 ≤ i ≤ l). Then ϕ( ˜wides) = min ∈ σ̃){ϕ()} = Mn. /

o
it e (ln) f ort . c o u e d o n nd n e w o f

w s

≤) by a tai c sa e se eFigur t e 1.SAssu me e athe
n e exp ists a k i u c h (t1 h

kkn/l−
∑
k0 tr>0 s ( m mal . T h e nf o r t λk0(t

0 i =1 i ik = l e

i =

yB c o n− st u tio nof s̃ w ea so hav∑
k summationdisplay − k

equal − one i=1 ′
ege

ϕ(s̃ ≥ min{
∈



\ [\ begin { a l i gned } m−m−u−per iod−s−t−T−h−s−h−e−n−o−w−b−y−t−h−c−a−o−t−n−s−phi1−t−p a r e n l e f t−r−s−t i l d ew ide−u−parenr ight−c−t−equal−i−F−o−i−n−g−m−per iod−o−i−one−n−f−s−s−t i l d ew ide−element−w−sigma−p a r e n l e f t−e−s−t i l d e−parenr ight−s−b r a c e l e f t−e−phi1−e−p a r e n l e f t−t−s−h−parenr ight−a−brace r i ght−t−per iod−L−e−t \\
k ˆ{ \sum }\end{ a l i gned }\ ]

\centerline{n t ee oe $ \varphi ( s \ t i lde {wide} \ leq \varphi ( \prime
) ( $ b y L \quad em m a $ four−parenr i ght . $ }

\centerline{h }

\centerline{c }

\begin { cente r }
e e r $ l { y } a−n $ d $ n l $ we h av e

r \quad v
\end{ cente r }

\ [\ begin { a l i gned }M\begin { array }{ cc } \sum \\ = & l \end{ array }( jn / \ rce i l
− \ l c e i l j − 1 n \\

j = 1 \end{ a l i gned }\ ]

\centerline{U \quad $ s ˆ{ ng } t { h ˆ{ s }}$ e \quad $ p { i i }$ f \quad or m u a \quad w n o w de
$ i { vd }$ }

\centerline{ $ t−i $ o n $ 1 o−F ˆ{ r } a ˆ{ l−l } l $ a d \quad $ n \ leq
n ( parenr ight−l : = \ l f l oor l $ o \quad g $ 3 2 \ rf loor $ we \quad h }

\ [ 2 l { − } 3 n \ leq l \cdot 2 − 3 n / l { . }\ ]

Line 1 m-m-u-period-s-t-T-h-s-h-e-n-o-w-b-y-t-h-c-a-o-t-n-s-phi1-t-parenleft-r-s-tildewide-u-parenright-c-t-equal-
i-F-o-i-n-g-m-period-o-i-one-n-f-s-s-tildewide-element-w-sigma-parenleft-e-s-tilde-parenright-s-braceleft-e-phi1-e-parenleft-
t-s-h-parenright-a-braceright-t-period-L-e-t Line 2 k to the power of sum

n t ee oe phi open parenthesis s tildewide less or equal phi open parenthesis prime closing parenthesis open
parenthesis b y L .. em m a four-parenright period

h
c
e e r l y a-n d n l we h av e
r .. v
Line 1 Row 1 sum Row 2 = l . jn slash ceilingright minus ceilingleft j minus 1 n Line 2 j = 1
U .. s to the power of ng t sub h to the power of s e .. p sub ii f .. or m u a .. w n o w de i sub vd
t-i o n 1 o-F to the power of r a to the power of l-l l a d .. n less or equal n open parenthesis parenright-l : =

floorleft l o .. g 3 2 floor we .. h
2 l sub minus 3 n less or equal l times 2 minus 3 n slash l sub period

m−m− u− period− s− t− T − h− s− h− e− n− o− w − b− y − t− h− c− a− o− t− n− s− phi1− t− parenleft− r − s− tildewide− u− parenright− c− t− equal − i− F − o− i− n− g −m− period− o− i− one− n− f − s− s− tildewide− element− w − sigma− parenleft− e− s− tilde− parenright− s− braceleft− e− phi1− e− parenleft− t− s− h− parenright− a− braceright− t− period− L− e− t
k
∑

n t ee oe ϕ(s ˜wide ≤ ϕ(′)( b y L em m a four − parenright.
h
c

e e r lya− n d n l we h av e r v

M

∑
= l

(jn/e − dj − 1 n

j = 1

U sng ths e pii f or m u a w n o w de ivd
t− i o n 1o− F ral−l l a d n ≤ n(parenright− l := bl o g 32c we h

2l−3n ≤ l · 2− 3n/l.



\ [\ begin { a l i gned } = { 1 }\\
= ( c e i l i n g l e f t −p a r e n l e f t l − + 1 ) n / l \ rce i l − \ l c e i l \\
i \end{ a l i gned }\ ]

\noindent ( w \quad $ e { / l ˆ{ a }} e { v } h−a ˆ{ n }$ ge d \quad th e r de r o fsum \quad ma t i n \quad ) O \quad b
p \quad o

\ [\ begin { a l i gned } \sum \sum k \\
( \ l c e i l \\
i = { 1 } i = 1 \end{ a l i gned }\ ]

\noindent A \quad p \quad p $ l { y } { i }$ n g L e \quad m $ m ˆ{ a } 3 w { e }
h { encec } o{ n } { c }$ u $ d ˆ{ e }$

\begin { a l i g n ∗}
− \\ i 1 l l 2 − \ tag ∗{$ / $}
\end{ a l i g n ∗}

\centerline{ s i }

\centerline{p \quad p ew a s e $ i { e { p }} c\begin { array }{ c} e \\ s \end{ array }o$
f t $h−e{ a } u−q{ m } = − l ˆ{ n } { c e \ t i lde {wide} \ ln }$ }

\ [\ begin { a l i gned } M n \\
) n \ leq 1 { x } + 2 x 1 / m − 1 \end{ a l i gned }\ ]

\centerline{ $ f−o $ ra l \quad $ l > 6 $ \quad an d \quad $ n = n (
l ) . $ Here , }

\ [ \alpha = 2 n + 3 l a d \alpha = ˆ{ 6 } n + l . \ ]

\noindent $ . ˆ{ 1 } { , . } , { . } 59 , $ t h e s $ s−e ihc { t−r }ˆ{ 2 } { n
a n }ˆ{ 2 } { b } e ˆ{ m }$

in L a e m m a 5 ) s c mo p a o s e dof t

\centerline{be r $ \ t i lde {wide} ˆ{ Z i } { a { i } \ in A }$ \quad hen \quad f o
$ th l−per iod { owsf } { o−r }ˆ{ I }$ m }

\ [ 5 a + 3 z = l−comma 3 a + 2 z = n \ ]

\noindent t $ a { t } m = a + { z } = 2 n − . $ T h e n \quad
$ ( ) ( ) $

\begin { a l i g n ∗}
n s−t i l d e−parenr i ght ˆ{ m } \sum 8 \varepsilon Z k { ) } 32 \varepsilon

A ( ) \\\ tag ∗{$ ( e ight−parenr i ght $} \varphi ( { s ) } = 3 9 27
\end{ a l i g n ∗}

\centerline {) d n te h \quad e \quad mb r so $ Z $ }

Line 1 = sub 1 Line 2 = open parenthesis ceilingleft-parenleft l minus plus 1 closing parenthesis n slash l
ceilingright minus ceilingleft Line 3 i

open parenthesis w .. e sub slash l to the power of a e v h-a to the power of n ge d .. th e r de r o fsum .. ma
t i n .. closing parenthesis O .. b

p .. o
Line 1 sum sum k Line 2 open parenthesis ceilingleft Line 3 i = sub 1 i = 1
A .. p .. p l y sub i n g L e .. m m to the power of a 3 w sub e h sub encec o n sub c u d to the power of e
minus Equation: slash .. i 1 l l 2 minus
si
p .. p ew a s e i e p Row 1 e Row 2 s . f t h-e a u-q m = minus l from n to c e tildewide ln
Line 1 M n Line 2 closing parenthesis n less or equal 1 sub x plus 2 x 1 slash m minus 1
f-o ra l .. l greater 6 .. an d .. n = n open parenthesis l closing parenthesis period Here comma
alpha = 2 n plus 3 l a d alpha = to the power of 6 n plus l period
period from 1 to comma period comma period 59 comma t h e s s-e ihc t-r sub n a n to the power of 2 to the

power of 2 sub b e to the power of m
in L a e m m a 5 closing parenthesis s c mo p a o s e dof t
be r tildewide from Z i to a sub i in A .. hen .. fo th l-period owsf sub o-r to the power of I m
5 a plus 3 z = l-comma 3 a plus 2 z = n
t a sub t m = a plus sub z = 2 n minus period T h e n .. parenleftbigg parenrightbigg parenleftbigg

parenrightbigg
n s-tilde-parenright to the power of m sum 8 epsilon Z k sub closing parenthesis 32 epsilon A open parenthesis

closing parenthesis Equation: open parenthesis eight-parenright .. phi open parenthesis sub s closing parenthesis
= 3 9 27

closing parenthesis d n te h .. e .. mb r so Z

=1

= (ceilingleft− parenleftl − +1)n/le − d
i

( w e/laevh− an ge d th e r de r o fsum ma t i n ) O b p o∑ ∑
k

(d
i =1 i = 1

A p p lyi n g L e m ma3 we henceconc u de

−
i1 l l 2− /

si

p p ew a s e iep c
e
s
o f t h− ea u− qm = −ln

ce ˜wide ln

M n

) n ≤ 1x + 2 x1/m− 1

f − o ra l l > 6 an d n = n(l). Here ,

α = 2n+ 3l a d α =6 n+ l.

.1,.,. 59, t h e s s− eihc2t−r2
nanbe

m in L a e m m a 5 ) s c mo p a o s e dof t

be r ˜wide
Zi

ai∈A hen fo thl − periodowsf Io−r m

5a + 3z = l − comma 3a + 2z = n

t at m = a +z = 2n − . T h e n () ( )

ns− tilde− parenrightm
∑

8 εZk) 32 εA()

ϕ(s) = 3 9 27 (eight− parenright

) d n te h e mb r so Z



\ [ ( b r a c e l e f t b t braceex 2 3 i f a k = \ ]

\centerline{T he \quad orm \quad ula ( 8 ) i s \quad e a s ly \quad p o ve d byi }

\ [\ begin { a l i gned } A−aster i skmath ) = 3 ( ) ˆ{ ( } { ∗ } \varphi { n
( } ( ∗ { ) } ) 3 { 2 } 2{ 7 }\\
\varphi ( { Z } ) = 3 Z { ∗ } ) 3 n ( ∗ ){ ) } \cdot 9

+ 9 . \\
2 \varepsilon Z ( k ) + ( ˆ{ 3 A } { \varepsilon e c } k

) ˆ{ \geq } { Fr } n \\
\ l e f t .+\ begin { a l i gned } & 5 \varepsilon A ) l \\
& n l \end{ a l i gned }\ right .\\
\varepsilon Z { ( } k ) \geq ˆ{ \varepsilon A ( k ) } l − 3 \end{ a l i gned }\ ]

\noindent a n \quad o \quad m $ \varepsilon A ( k + \varepsilon Z (
k = { − } k $

$ s { ) }$ o l o $ w−s { − } : { + } ) ( ) \varepsilon ( m $

\begin { a l i g n ∗}
\ tag ∗{$ ( 1 ) $} \varphi ( \ t i lde {wide} { n ) } = \sum 8 3 ˆ{ 2 }
\chi ( m − i + 1 ) \\ ( { 8 } ) two−f i v e − { 3 } l−n 3 )
( m l ˆ{ − { ) } n − } { 7 2 − n }\\ \ leq 9 \\ = m{ \sum } 1\ begin { array }{ c} 1 \\
x \end{ array}− i + 1
\end{ a l i g n ∗}

\centerline{ $ e { O } s−t−e−h { n }$ u $n−t \begin { array }{ c} c \\ h \end{ array }e−e−r
x 1 − 1 , ˆ{ / m }$ f o s \quad s i t v e $ k $ a $ \ in $ d $e{ , }
. $ a s }

\ [\ begin { a l i gned } k \\
\chi ( m − i + 1 = 7 ( 1 { 5 }\\
= 1 \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }w her \quad $ E { Z } ( k ) $ a \quad nd \quad $ E A (
k $ \quad d e n ot \quad t h \quad enu \quad mbe \quad o f \quad $ Z $ a nd \quad
$ A r { e }$ \quad p ec $\ l e f t . t−i e\begin { a l i gned } & y \\

& i \end{ a l i gned }\ right . $

\ [\ begin { a l i gned } ( a − k + 1 { , } . . , a ) . F rom \\
3 E Z k ) 3 { + } 5 E A ( k ) \geq l \end{ a l i gned }\ ]

open parenthesis braceleftbt bracevert 2 3 i f a k =
T he .. orm .. ula open parenthesis 8 closing parenthesis i s .. e a s ly .. p o ve d byi
Line 1 A-asteriskmath closing parenthesis = 3 open parenthesis closing parenthesis from parenleftbigg to *

phi n open parenthesis open parenthesis * sub closing parenthesis closing parenthesis 3 sub 2 2 7 Line 2 phi open
parenthesis sub Z closing parenthesis = 3 Z sub * closing parenthesis 3 n open parenthesis * closing parenthesis
closing parenthesis times 9 plus 9 period Line 3 2 epsilon Z open parenthesis k closing parenthesis plus open
parenthesis from 3 A to epsilon e c k closing parenthesis from greater equal to Fr n Line 4 Case 1 5 epsilon A
closing parenthesis l Case 2 n l Line 5 epsilon Z sub open parenthesis k closing parenthesis greater equal to the
power of epsilon A open parenthesis k closing parenthesis l minus 3

a n .. o .. m epsilon A open parenthesis k plus epsilon Z open parenthesis k = minus k
s sub parenrightbigg o l o w-s minus : sub plus closing parenthesis parenleftbigg parenrightbigg epsilon open

parenthesis m
Equation: open parenthesis 1 closing parenthesis .. phi open parenthesis tildewide sub n closing parenthesis

= sum 8 3 to the power of 2 chi open parenthesis m minus i plus 1 closing parenthesis parenleftbigg sub 8
parenrightbigg two-five minus 3 l-n 3 parenrightbigg open parenthesis m l from minus sub closing parenthesis n
minus to 7 2 minus n less or equal 9 = m sum Row 1 1 Row 2 x . i plus 1

e O s-t-e-h n u Row 1 c Row 2 h . x 1 minus 1 comma to the power of slash m f o s .. sit v e k a in d e comma
period a s

Line 1 k Line 2 chi open parenthesis m minus i plus 1 = 7 open parenthesis 1 sub 5 Line 3 = 1
w her .. E sub Z open parenthesis k closing parenthesis a .. nd .. E A open parenthesis k .. d e n ot .. t h ..

enu .. mbe .. of .. Z a nd .. A r sub e .. p ec t-i Case 1 y Case 2 i
Line 1 open parenthesis a minus k plus 1 sub comma period period comma a closing parenthesis period F rom

Line 2 3 E Z k closing parenthesis 3 plus 5 E A open parenthesis k closing parenthesis greater equal l

( braceleftbtbraceex23 ifak =

T he orm ula ( 8 ) i s e a s ly p o ve d byi

A− asteriskmath) = 3()
(
∗ ϕn((∗))3227

ϕ(Z) = 3Z∗) 3n(∗)) · 9 + 9.

2εZ(k) + (3 A
εe ck)≥Frn

+
5ε A ) l

n l

εZ(k) ≥εA(k) l − 3

a n o m εA(k + εZ(k =− k s) o l o w − s− :+)( )ε(m

ϕ( ˜widen) =
∑

8 32 χ(m − i + 1) (1)

(8)two− five−3 l − n3)(ml
−)n−
7 2−n

≤ 9

= m
∑

1
1
x
− i + 1

eOs− t− e− hn u n− t c
h
e− e− rx1− 1,/m f o s sit v e k a ∈ d e,. a s

k

χ(m− i+ 1 = 7(15

= 1

w her EZ( k) a nd EA (k d e n ot t h enu mbe of Z a nd

Are p ec t− i e
y

i

(a− k + 1,.. , a).F rom

3EZk)3+5EA(k) ≥ l



\noindent T

\ [ \chi ( m − i + \ ]

\centerline {1 and $ d i = \alpha 2 $ fo r $ i \geq 2 $ cAp p i a
$ no { i }$ }

\begin { a l i g n ∗}
a { nd }\\ s−i o \\ = nl parenr ight−comma e \\ 2 0 \ leq M n { 3 }

n \ leq { 10 }
\end{ a l i g n ∗}

\noindent 3
$ S { n } c { e }$ w \quad w a n t t o i m r v e

\ [ m { 3 } a t { l a } l l { 1 }\ ]

\noindent 1 \quad n d \quad $ > $
a d $ \alpha 1 \alpha 2 $ \quad a nd $ m ( $ \quad a inPr o $ p ˆ{ s { i t i }}$

n 2 \quad w $ e { h }$ a v $ ) $

\ [\ begin { a l i gned } f p a r e n l e f t−x ) : = one−alpha x 1 − 1 m +
\alpha { 2 } x 1 m − 1 3 ({ x } − 1 ) \ leq \alpha . \\

x − 1 \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }povd a t o im . \quad W $ f ( ) = l { 0 } . 8 2 .
. . $ f o r l r \quad g e \quad nou gh . l \quad o f \quad c \quad l d b

\begin { a l i g n ∗}
i m\begin { array }{ c c c c c c c } 4 \\ r & e & l & z & \rightarrow 1 & z &

l \end{ array }a\\ 2 g ˆ{ l { l } o g ˆ{ 3 }} { 1 } 2 ˆ{ 1 } o \ leq n
\ leq { + l }ˆ{ l } g 3
\end{ a l i g n ∗}

\centerline{ $ \alpha \ leq 9 2 $ \quad g 2 l o g \quad $ 3 − 2 $ g $ 3
\rightarrow 9 \cdot 2 $ log \quad $ 2 − $ og $ 3 = 1 . 8 .
. , $ }

\ [ − l \ ]

\begin { cente r }
$ \alpha 2 \ leq 2 7 \cdot 2 $ o $ 2 − $ \quad l g \quad $ 3 −

2 $ o g $ 3 \rightarrow 2 7 2 l−o g { 2 } − $ l o g \quad $ = 0 { .
6 7 } 6 . { . }$

$ n−c { e } f ({ x } ) \ leq ˆ{ i m z 1 ( z m ˆ{ l i z }} { e
d { e \rightarrow } e f n t { r i } y } \rightarrow ( ˆ{ \prime } { f }
z ) ˆ{ ( x − 1 . C { a l } u } { l > 1 ) ) f c c }$
at n g \quad th e s e v
\end{ cente r }

\centerline{m $ f ( { z } = ) 1{ ( } \alpha 1 + \alpha 2 { ( m }
− \rightarrow ) ) 2 p a r e n l e f t−two − = { l og { 2 } 3 0 e ight−per iod
4 } . . $ \quad a s \quad $ l $ }

\begin { a l i g n ∗}
im f \prime { z } ) = 3 \alpha + \alpha m − 1 ) ) +

3 \alpha ( m − 2 ) − 2 \alpha m − 1 ) \\\ tag ∗{$ z \rightarrow
1 $} ( 2 n 2 1 2 ( 2 m n 2 (
\end{ a l i g n ∗}

\noindent a n \quad t h e c $ m { i } f { o }$ l $ w { s }$ e a i \quad f r m
$ t { h { e }} s ˆ{ e }$ f $ c { t s }$

T
chi open parenthesis m minus i plus
1 and d i = alpha 2 fo r i greater equal 2 cAp p i a no i
a sub nd s-i o = nl parenright-comma e 2 0 less or equal M n 3 n less or equal sub 10
3
S sub n c sub e w .. w a n tt o i m r v e
m 3 a t la l l 1
1 .. n d .. greater
a d alpha 1 alpha 2 .. a nd m parenleftbigg .. a inPr o p to the power of s sub iti n 2 .. w e sub h a v

parenrightbigg
Line 1 f parenleft-x closing parenthesis : = one-alpha x 1 minus 1 m plus alpha sub 2 x 1 m minus 1 3 open

parenthesis x minus 1 closing parenthesis less or equal alpha period Line 2 x minus 1
povd a t o im period .. W f open parenthesis closing parenthesis = l sub 0 period 8 2 period period period fo

r l r .. g e .. nou gh period l .. o f .. c .. l d b
i Row 1 4 Row 2 r e l z right arrow 1 z l . 2 g to the power of l sub l o g to the power of 3 1 2 to the power of

1 o less or equal n less or equal plus l to the power of l g 3
alpha less or equal 9 2 .. g 2 lo g .. 3 minus 2 g 3 right arrow 9 times 2 log .. 2 minus og 3 = 1 period 8

period period comma
minus l
alpha 2 less or equal 2 7 times 2 o 2 minus .. l g .. 3 minus 2 o g 3 right arrow 2 7 2 l-o g 2 minus lo g .. = 0

sub period 6 7 6 period sub period
n-c sub e f open parenthesis x closing parenthesis less or equal from i m z 1 open parenthesis z m to the power

of l i z to e d sub e right arrow e f n t sub r i y right arrow open parenthesis from prime to f z closing parenthesis
from open parenthesis x minus 1 period C sub a l u to l greater 1 closing parenthesis closing parenthesis f c c at
n g .. th e s e v

m f open parenthesis z = closing parenthesis 1 open parenthesis alpha 1 plus alpha 2 sub open parenthesis m
minus right arrow closing parenthesis closing parenthesis 2 parenleft-two minus = l og sub 2 3 0 eight-period 4
period period .. a s .. l

im f prime sub z closing parenthesis = 3 alpha plus alpha m minus 1 closing parenthesis closing parenthesis plus
3 alpha open parenthesis m minus 2 closing parenthesis minus 2 alpha m minus 1 closing parenthesis Equation:
z right arrow 1 .. open parenthesis 2 n 2 1 2 open parenthesis 2 m n 2 open parenthesis

a n .. t h e c m i f sub o l w sub s e a i .. f r m t sub h sub e s to the power of e f c sub t s

T

χ( m− i+

1 and di = α2 fo r i ≥ 2 cAp p i a noi

and

s− i o

= nlparenright− comma e

20 ≤ Mn3n ≤10

3 Snce w w a n tt o i m r v e

m3atla ll1

1 n d > a d α1α2 a nd m( a inPr o psiti n 2 w eh a v )

fparenleft− x) := one− alphax1− 1m+ α2x 1m − 1 3(x − 1) ≤ α.
x − 1

povd a t o im . W f() = l0.82... fo r l r g e nou gh . l o f c l d b

im
4
r e l z → 1 z l

a

2 gllog
3

1 21o ≤ n ≤l+l g 3

α ≤ 9 2 g 2 lo g 3− 2 g 3 → 9 · 2 log 2 − og 3 = 1. 8..,

− l

α2 ≤ 27 · 2 o 2− l g 3− 2 o g 3 → 272l − og2 − lo g = 0.676..

n− cef(x) ≤imz 1(z mli z

ede→efntriy
→ (′fz)

(x −1.Calu
l> 1))fcc at n g th e s e v

m f(z=) 1(α1 + α2(m− →)) 2parenleft− two− =log23 0eight−period4 .. a s l

imf ′z) = 3 α + αm − 1)) + 3 α ( m− 2) − 2 αm − 1 )

( 2n2 1 2( 2mn 2( z → 1

a n t h e c mifo l ws e a i f r m thes
e f cts



et hat $ n = n \prime + 1 . $ \quad L \quad $ , n $
$ \prime { r }$ s $ t { pec }$ i $ 0 ˆ{ 1 } { e l } . Fro ˆ{ e }$ m \quad

$ the ˆ{ a }$ s o ns t ruc t $ o n i t f o l o ˆ{ m } w ˆ{ m } a { s }$ tht $ t \prime
= 1 s \prime { \ in } S n $ \quad n

\noindent $ , { d o m }$ i n $e{ a t e s } t v{ = } 0 s \ in S +
1 , n $ i nt esen s e

\ [\ begin { a l i gned } k \sum k \\
t i \ leq i \prime f ˆ{ o } r ˆ{ a } l k { \ in } \{ 1 . . ˆ{ . }

l + 1 \} . \\
i = 1 i = 1 \end{ a l i gned }\ ]

He \quad nce , Le \quad mm a \quad 4 imp e s t $ h−a $ t \quad $ \varphi ( parenr ight−t
> \varphi t ) . $ N \quad ow ( ) im pl \quad $ e { s } \varphi { p a r e n l e f t−s }
) < \varphi { ( } s { ) ˆ{ − }}$

$ 2 3 ˆ{ n } { \prime }$ a nd t $ s { h }$ \quad p o es \quad t h c l im .

\centerline{ $ s−o $ n \quad $ f−o d−i f f $ e \quad $ t−n $ c r i t e $ i−a $
}

\centerline{ l l ’ s \quad r o i n }

\ [ ofCo l−a { tz y−c c }{ Lem } { m a 8 ( }ˆ{ e } { Cran } s i−s
da l ˆ{ d ue } toC { . I f }ˆ{ a n } { m }ˆ{ d a } { > } l−l 1 ] : \ ]

\centerline{a \quad d \quad q \quad $ s \ in S { \ ln }$ \quad i \quad $ n { \ leq }
n $ }

\ [ m < ( 2 +{ l } − / 3 m{ n } . \ ]

\centerline{ $ r−a { nd l−a ’ }$ t $ h ˆ{ e−o }$ rem . \quad e l l \quad n o \quad b \quad d \quad c o n \quad l }

\ [ p { ( }ˆ{ k q k e ˆ{ c } n }\ ]

\centerline{ $ n > $ m i n \quad $ q k { , q k } + q k + 1 $
}

\centerline{wt \quad h \quad $ m $ \quad a nd $ n $ as in }

\hspace ∗{\ f i l l }Uingte \quad f \quad cthat \quad the C \quad $ o−l { l a }$ zcon j \quad ct \quad rewas v e r i f i \quad d \quad or \quad a l i \quad t a l v
$ l−a $ ue

\ [ x \ leq \ ]

\centerline{ $ l \geq 0{ 31 } bracke t r i ght−nine 4 . $ \quad ho u m pr $ v−o $
}

\centerline{E \quad s \quad c \quad . }

\hspace ∗{\ f i l l }T he ore \quad m 2 \quad ( Ela hou . I f $ k ( m ) $ \quad d enotes he \quad sm a l e s t i n e g er \quad
$ k $ su ch tha

\centerline{ i \quad $ ) ( $ \quad t \quad $ ) $ \quad t }

\ [\ begin { a l i gned } k \ leq \\
n { ( } k ) m \end{ a l i gned }\ ]

\centerline{ $ t { h { e }}ˆ{ n }$ \quad f o \quad $ e { v }$ r yC $ o ˆ{ l }$
l a z $y{ c } c { l } e { C }$ }

\ [ \mid C \mid \geq { k ( } m { in } C ) { . }\ ]

et hat n = n prime plus 1 period .. L .. comma n
prime sub r s t sub pec i 0 sub e l to the power of 1 period Fro to the power of e m .. the to the power of a s

o nstruct onitfolo to the power of m w to the power of m a sub s tht t prime = 1 s prime sub in S n .. n
comma sub d o m i n e ates t v = 0 s in S plus 1 comma n i nt esen s e
Line 1 k sum k Line 2 t i less or equal i prime f to the power of o r to the power of a l k sub in open brace 1

period period to the power of period l plus 1 closing brace period Line 3 i = 1 i = 1
He .. nce comma Le .. mm a .. 4 imp est h-a t .. phi open parenthesis parenright-t greater phi t closing

parenthesis period N .. ow open parenthesis closing parenthesis im pl .. e sub s phi sub parenleft-s closing
parenthesis less phi sub open parenthesis s sub closing parenthesis to the power of minus

2 3 to the power of n sub prime a nd t s sub h .. p o es .. t h cl im period
s-o n .. f-o d-i ff e .. t-n c r it e i-a
l l quoteright s .. roi n
ofCo l-a sub tz y-c c Lem sub m a 8 open parenthesis sub Cran to the power of e s i-s dal to the power of d

ue toC period If sub m to the power of a n sub greater to the power of d a l-l 1 closing square bracket :
a .. d .. q .. s in S sub ln .. i .. n sub less or equal n
m less open parenthesis 2 plus l minus slash 3 m n period
r-a sub nd l-a quoteright t h to the power of e-o rem period .. el l .. n o .. b .. d .. c o n .. l
p parenleftbigg to the power of k q k e to the power of c n
n greater m i n .. q k sub comma q k plus q k plus 1
wt .. h .. m .. a nd n asin
Uingte .. f .. cthat .. the C .. o-l sub la zconj .. ct .. rewas verifi .. d .. or .. a l i .. talv l-a ue
x less or equal
l greater equal 0 31 bracketright-nine 4 period .. ho u m pr v-o
E .. s .. c .. period
T he ore .. m 2 .. open parenthesis Ela hou period I f k open parenthesis m closing parenthesis .. d enotes he

.. sm ales tin e g er .. k su ch tha
i .. closing parenthesis parenleftbigg .. t .. parenrightbigg .. t
Line 1 k less or equal Line 2 n sub open parenthesis k closing parenthesis m
t sub h sub e to the power of n .. f o .. e sub v r yC o to the power of l l a z y c c sub l e sub C
bar C bar greater equal sub k open parenthesis m sub in C closing parenthesis sub period

et hat n = n′ +1. L , n ′r s tpec i 01
el.F ro

e m thea s o nstruct onitfolomwmas
tht t′ = 1s′∈ Sn n
,dom i n eatestv=0s ∈ S + 1, n i nt esen s e

k
∑

k

ti ≤ i′ foralk∈{1...l + 1}.
i = 1 i = 1

He nce , Le mm a 4 imp est h− a t ϕ(parenright− t > ϕt). N ow ( )
im pl es ϕparenleft−s ) < ϕ(s)− 23n′ a nd t sh p o es t h cl im .

s− o n f − od− iff e t− n c r it e i− a
l l ’ s roi n

ofCo l − atzy−ccLeme
m a 8(Cransi− sdalduetoCan. If

da
m >l − l1] :

a d q s ∈ Sln i n≤ n

m < ( 2 + l − /3mn .

r − andl−a′ t he−o rem . el l n o b d c o n l

pkqk ec n
(

n > m i n qk,qk + qk + 1
wt h m a nd n asin

Uingte f cthat the C o− lla zconj ct rewas verifi d or a l i
talv l − a ue

x ≤

l ≥ 031 bracketright− nine4. ho u m pr v − o
E s c .

T he ore m 2 ( Ela hou . I f k(m) d enotes he sm ales tin e g er
k su ch tha

i ) ( t ) t

k ≤
n(k) m

tnhe
f o ev r yC ol l a z yccleC

| C | ≥k( minC).



\centerline{o r \quad v e r y \quad p o s t ve \quad Co \quad a t z cy c e $ C $
\quad i n }

\ [\ begin { a l i gned } \mid C \mid \geq k m in C , \\
\alpha \\
r v { d } d \mid ˆ{ C } \mid > ˆ{ 1 } 60 . \end{ a l i gned }\ ]

\centerline{P \quad ro $ o ˆ{ . L }$ e \quad $ C $ b \quad ea p $ s ˆ{ i i }$
v \quad e \quad C $ o−l { l }$ a t \quad $ z { c }$ c l $ e { g } n−e e{ a }
t−e $ d \quad b y \quad o \quad $ m { e s }$ }

\ [ C \ leq M \ ln { n } M \ ]

\noindent wh \quad erew \quad e u d t h \quad e

\centerline{P r o p $ o−s i−t { on } 2 a−n { d }$ L em m a \quad 6 w \quad e hav e }

\ [ M nl ) \ ]

\noindent h \quad o \quad $ f L ˆ{ e } { x }$ mm \quad a \quad $ . ˆ{ − }ˆ{ \ leq } { r }
\alpha { om }$ \quad t

f i n a l yc onc l de

\ [ \mid C \mid ( \ ]

\centerline{e o r mis \quad or e d $ . C \mid { ) }$ \quad m n $ C $ }

T $ h−e $ o em $ 3 e−t { l }$ s i n \quad p a $ r−t $ cu a r t a t E l aho $ quoter ight−u
e−s { t }$ \quad mat es \quad o \quad $ h−t $ e l e n g \quad ho

c y c l e s $ ( e−per iod $ g . the

\centerline{ $ c ˆ{ e o ˆ{ i−r } g i } { u ˆ{ r−e } n }$ an ly $ e { d }
s−m $ a n $ b ˆ{ edv a } { h } e−u−k $ }

\centerline {4 \quad . . \quad Optim l c $ r−i $ t e r i o n \quad T }

\hspace ∗{\ f i l l }a 5 i s o p t m a , s i cn e $ f ˆ{ o−r }$ e v $ r−e $ yg ven \quad y c l e l e n g t ht h
$ e−r $ ee \quad x $ t−s $ s acy l e , nam e l

\noindent th ec yc $ l−e $ \quad gen e $ a−r $ t edby \quad $ \widetilde{ s } $
i n \quad Le mm a 5 , \quad wi theq ual $ t−i $ yin ( 12 ) be low ) \quad hasth

d i s adv ntag et ha t i t i s \quad $ r−e $ l $ t−a $ iv e y $ co { s−t }$ ly $ o−t $
\quad heck \quad i $ t−per iod $ Ho we ve $ comma−r $ w e $ wi { l−l } n−i $
c lud
a n \quad ex ample b e $ l−o $ \quad w whi h s \quad how sh owto \quad han l e

$ h−t i { s }$

\hspace ∗{\ f i l l } $ T { h }$ eorem \quad 4 . I f $ L ( m { ) }$ den ote s thes m a l l e s t i n
$ t−e $ ger \quad $ L $ su \quad ch $ h−t $ a t f $ o−r n = $

\ [\ begin { a l i gned } n L ) , \\
\sum L { j } = p a r e n l e f t−c e i l i n g l e f t { j } n / L − \ l c e i l (

− 1 ) n / L \ rce i l 2 j − 1 3 n − jn L \ rce i l ) \\
1 \ rce i l L n \geq m \\
2 − { 3 }\\
2 ) \mid C \mid \geq L ( mn C ) . \\
( ˆ{ 1 }\end{ a l i gned }\ ]

\centerline{ $ e ˆ{ 0 } { s ˆ{ m } { x 0 \ leq } l e m = u 2 p 3
66 ˆ{ h } 2 80721 1 ˆ{ l { l }ˆ{ a t }} h ˆ{ c ˆ{ o }} n j { e } ctu
u }$ t h }

o r .. v e r y .. p o s t ve .. Co .. a t z cy c e C .. i n
Line 1 bar C bar greater equal k m in C comma Line 2 alpha Line 3 r v sub d d bar to the power of C bar

greater to the power of 1 60 period
P .. ro o to the power of period L e .. C b .. ea p s to the power of ii v .. e .. C o-l sub l a t .. z sub c c l e

sub g n-e e a t-e d .. b y .. o .. m sub e s
C less or equal M ln sub n M
wh .. erew .. e u d t h .. e
P r o p o-s i-t sub on 2 a-n sub d L em m a .. 6 w .. e hav e
M nl closing parenthesis
h .. o .. f L from e to x mm .. a .. period to the power of minus sub r to the power of less or equal alpha om

.. t
final yc oncl de
bar C bar parenleftbigg
e o r mis .. or e d period C bar sub closing parenthesis .. m n C
T h-e o em 3 e-t sub l sin .. p a r-t cu artat E l aho quoteright-u e-s sub t .. mat es .. o .. h-t e l e n g .. ho
cycle s open parenthesis e-period g period the
c from e o to the power of i-r g i to u to the power of r-e n an ly e sub d s-m a n b from edv a to h e-u-k
4 .. period period .. Optim lc r-i terion .. T
a 5 isopt m a comma si cn e f to the power of o-r e v r-e yg ven .. yclelengt ht h e-r ee .. x t-s s acy le comma

nam el
th ec yc l-e .. gen e a-r t edby .. s-tildewide i n .. Le mm a 5 comma .. wi theq ual t-i yin open parenthesis

12 closing parenthesis be low closing parenthesis .. hasth
dis adv ntag et hati tis .. r-e l t-a ive y co sub s-t ly o-t .. heck .. i t-period Ho we ve comma-r w e wi sub l-l

n-i clud
a n .. ex ample b e l-o .. w whi h s .. how sh owto .. han le h-t i sub s
T sub h eorem .. 4 period If L open parenthesis m sub closing parenthesis den otes thes m al lesti n t-e ger ..

L su .. ch h-t a t f o-r n =
Line 1 n L closing parenthesis comma Line 2 sum L sub j = parenleft-ceilingleft sub j n slash L minus ceilingleft

open parenthesis minus 1 closing parenthesis n slash L ceilingright 2 j minus 1 3 n minus jn L ceilingright closing
parenthesis Line 3 1 ceilingright L n greater equal m Line 4 2 minus sub 3 Line 5 2 closing parenthesis bar C bar
greater equal L open parenthesis mn C closing parenthesis period Line 6 open parenthesis to the power of 1

e from 0 to s sub x 0 less or equal to the power of m l e m = u 2 p 3 66 to the power of h 2 80721 1 to the
power of l l to the power of a t h to the power of c to the power of o n j sub e ctu u t h

o r v e r y p o s t ve Co a t z cy c e C i n

| C |≥ k m inC ,

α

rvdd |C | >1 60.

P ro o.L e C b ea p sii v e C o− ll a t zc c l egn− e eat− e d b y o mes

C ≤M lnn M

wh erew e u d t h e
P r o p o− s i− ton2a− nd L em m a 6 w e hav e

Mnl)

h o fLex mm a .−≤r αom t final yc oncl de

| C | (

e o r mis or e d .C |) m n C
T h− e o em 3 e− tl sin p a r− t cu artat E l aho quoteright−u e− st mat

es o h− t e l e n g ho cycle s (e− period g . the

ceo
i−rgi

ur−en an ly eds−m a n bedvah e− u− k
4 . . Optim lc r − i terion T

a 5 isopt m a , si cn e fo−r e v r − e yg ven yclelengt ht h e− r ee x t− s s
acy le , nam el
th ec yc l− e gen e a− r t edby s̃ i n Le mm a 5 , wi theq ual t− i yin ( 12 )
be low ) hasth dis adv ntag et hati tis r − e l t− a ive y cos−t ly o− t heck i
t− period Ho we ve comma− r w e wil−ln− i clud a n ex ample b e l − o w whi
h s how sh owto han le h− tis

Th eorem 4 . If L(m) den otes thes m al lesti n t− e ger L su ch
h− t a t f o− rn =

nL),∑
Lj = parenleft− ceilingleftjn/L− d(−1)n/Le2j − 13n− jnLe)

1 e L n ≥ m
2 −3

2) | C |≥ L(mn C).
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tc om \quad pu t a t i o n , w \quad ec \quad 915
S $ e { c }$ o \quad n s $ t { e }$ p : A s i m pl M a t $ h ˆ{ e }$ m a

$ t ˆ{ i } { c }$ a $ p { r }$ o c \quad u $ r ˆ{ e } a { c }$ hec k $ t { h }$
a

\ [\ begin { a l i gned } n { ( } l { ) \cdot } 1 < m \\
l 2 − l \end{ a l i gned }\ ]

\centerline{o \quad $ a { t } e { rna t }ˆ{ v } { e l }$ t ha t \quad $ (
l ) $ }

\ [\ begin { a l i gned } 2 ˆ{ 1 n } p a r e n l e f t−l−parenr i ght < m 3 n ( ) −
1 \\

. ˆ{ + } { . . , } p 8 ˆ{ : k = ˆ{ \setminus } 3 , 4 } { \} } 1
\cup \end{ a l i gned }\ ]

\noindent 1 7 0 8791 5 \quad and \quad $ p one−e i g h t $

\centerline{ $ 1 ˆ{ ) } { n }$ f $ o ˆ{ a }$ r h e $ m−e−e c{ i n t }ˆ{ e }$ o n \quad d
$ ( parenr ight−e−l−s $ }

\hspace ∗{\ f i l l }T \quad hi rd \quad s t e p \quad Us $ i { n }$ g \quad C oro a y \quad 1 wec a nc h ckb y
$ d−i { r } c { t }$ c o \quad m p u $\ l e f t . a\begin { a l i gned } & t \\

& i \end{ a l i gned }\ right . $

\noindent t h \quad a t

\ [\ begin { a l i gned } M comma−n < m \\
2 l { − 3 n }\end{ a l i gned }\ ]

\noindent f r $ l = p 6 $ an d $ n = n ( ) . $
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$ 3 \prime $ v \quad n \quad $ th { \prime }$ \quad h \quad $ \prime $ }
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