e—t

altat—ioa numb r—eshaving (wr—1it
naor . An umber p/q € Qbracketleft — parenleft)] with qodds—icons
. Gtey Yz 0€ Q 2)]{d1’l€dy
g0(n—1) if anl sve,
() zn= gone—parenleftezn—1) ifzn —isodd,
fo n €N.The tuctr ofthse—tof Collazcyls (.eperiodc Cla
eq uences ) in Q[2)]hs* b e, n tud edb yLagarisin 6.ip couseifaz o0€Nts
henthe ge—nertdsequ en cisthe us
Ct awr'a—c-— lCllchlf‘fh quce_gec s hengésv cim
(Cfora—lz0eN threexitsanid—m.x n wi—th x n=,
isstlopen Of corse(C) sq wulaenttoth ecnjuntionof(A)
and B)
i . u i e v 1 o ¢ (
A) (12);s t heony C olagz, ycI*® N.
(B)E'°ryCo a—1It sequencein Ni—s bounded.
sa. manreseceabou tpe Cllat,,rbemw.r fo
reCentre  tssee [1][2,4], [F9]3]s nd [10] P, arcsltare
ee[]).heC la;zconectu,. hodtue
(E)The ength faColatzycein N w h
le a — s1707915( se [3parenright — bracketright.
T heimofthis artileistop resent somenew tchniqu eswh ichall
finedanl—ysis ofrai—to mnal(andhenceiteger) Col—1atzcyce
period —synp,ricula
we  pr o,



a 0 <212 36 603280 1ly4nis nm b

oignal r—i.ionwo*d 1o rTeo ch ekalliyiialviue’ upto2lg- 10
wpi® h a butdby megrge).
2. A ux ijayy e—suts. Letusstat w th so menogio n

‘e t Sin d eno

tUh—1° et oal 0l,ygunce* ofe—1I, ghlcont ann
ge 7% y m n—oes,g=
n=0Sl,n nad S= 1€NSW i er—y s = (s soosl) € Sly e as
ocia
thea ffineunct;ong¢gs: R — Ry

1 .?Se Slsuchty, t

()62, ) = i — parenright® € i — 2 +2 | 2)or = ser0— - !
5i  +() =1 —parenright_ € i —x +<(2)or = zero — comma..,

N tcet hatif pg € Qwth2r,then 2r|wi~de,iqui~dede o esth ede no
minatoro

oi / i | ¢ nt
if p/q andg(pg).=p/wideq
1= 0 1 ps ¢
= i pi od i"celsep & (2
The conls;son fiis,i mplobsrvaioni®
LeEm wMA 1. Teh s e—tof  peud oc yce s cincid s w t—1 hthe set 0
D¢y sareether ostieorn e—gt—a ve.
wed fi hefunc—tiongp:S — N reui—svelyb

pparenle ft — braceleft}) = 0,
) @(s0) = (s
o(sl) =3p(s) + 2¢),
he—res dene—t; an a—7rpt—tlrery €e—Ilmet—noS andi(s)th—ey
(seeas
I[summationdisplay — parenlefts) sj+
s= gjlsg 1 sl

A neayconseuece ofthedefinii n 2isthe f lloingdeo mp s—1
io formuaswich wl®becove nn tfter

(os=3 o0 +2 V(s



orarbirary se€ Sw

¢s() =3 2(s —parenright ( )

and h e, efo 1% ry s€ S h eqel,, au cege n—ea —rted by s.xg isg ve
n by

_j— 3
20 = lap(sfparenright

Proof. T heprofsbyinu ction wthre pett— ol(s)

(i)l(s=1iseasil c¢—h eckedfrom thedefinton (i)(s))>1:ifs= 10
the n

) 3)0,.

ecae s=Tlisa algous. 2-2ls 2 shF rss S leto(s)denotet her
itofsinS g

ermutatnl

koad:( o e (s2, o)
i {A( k
Mn: seS' tei(sy
N o — w, su pp
wthat

(5) vn,l < L: M Il—comman <m

hofa ollazy, cy?—l.e nnN w
atieasL .Bef—-o.ewes rtwyhade tal®daaysisof thecrucddgamn
M | —commann theu, Xtseto—17 n

be equecs s ub, T arl

summationdisplay — n Z n
i=1 =1

henor @ neN w, h ave n n

e fo< D df

equal — one equal — il



i 1 i=1 141 =1
u C ee—r—tyf—o h f—wucgo—1 n.
s= .5 =/

mentso — fScomma — In.I — f Zkzlsig Z

ca eo; B ceyareitonttee U eers sa®*smaletnu®mberkwthos®sa
=—and wu;s =hyand ad; males tnum ber t k

owl—etsb suchh—t t s = sif ri%{gk‘l}, sk0= 1 nd
1 =0.T he
Sik_siS iks, <Y, kit(fr al-lke {,.,1}). k
Conig r thes—eu—gen es§=(sk—zero + .. s 1—-1).F

om (2)t sno harto seethat p(01) > ( 50)ad by 4)we get
©(s) < pperiod — parenright If s,, twcamn, e* t hesme pro.eue
wys a w. havd, e w h say, fi" d

s —equen ce s, such that ¢()* > (1. A fterfmitely may e—rpe itng
we g

> @t — parenright o(

Int henext emma wed e rmin®the sequencesw{defo—rwhi ch
¢t —a tansth valu M.
LEMM A 5. Let n<lbenatral u  bes. Let wide:= [n/l]— (i—1)nl (
fr 1<i <I). Then p(wides) =min € o){p()}=Mn. /
0
ite(ln) fort. co u ed on n? n e w of
w s

<) by ataicsaeseeFigurte 1.S455, mee atpe™ e exP istsak iuch (t'h
kkn/l_ > kO trsos(m mal. Thenfort Mgt

0 i:1 ) ik = [ e
1=

ys Cco mn-—s utionof s weaso hav

Z k summationdisplay — k
equal —one =1 /

ede

¢(s> min{

€



m—m—u—period—s—t—T—-h—s—h—e—-n—o—w—-b—y—t—h—c—a—o—t—m—s—phl—t

n t ee oe p(swide < o(/)(by L emm a four — parenright.
h
c

eer lya—nd n lwehave r v

M n/1-[i-1 n
j=1

U s tpse p;f ormua wnowdeiy
t—i0N lo—F"a=!' lad n<n(parenright —1:=|lo g32] we h

201_.3n<1-2—3n/l



=1
= (ceilingleft — parenleftl — +1)n/l]— |
i

(w ejeesh—a"ged therderofsum matin )O bp o

> Dk
(I
i= i=1

A p plyngLe mm®3 we hepeecOne u d®

si
n

: “ofth =1
P pew as eie, ¢ o0 €a u—qm == deln

M n
)y n < 1, + 2 zl/m-1

f—oral 1>6 and n=n(l). Here ,

a =2n+3l a d a=Sn+l.
159, thess—eihc; 2, " nLaemmab)scmopaosedoft

- Z
ber wideajeA hen fo thl — periodowsf?_ m

56 + 3z=l—comma 3a +2z=n

tagz m= a 4+,=2n —.Then () ( )

ns — tilde — parenright™ Z 8 eZky 32 £A()
olg =3 9 27 (eight — parenright

Jdnteh e mbrsoZ



( braceleftbtbraceex23 ifak =
The orm wula(8)is easly povedbyi

A — asteriskmath) = 3()5k ©n((%))3227
p(z) =3Zy) 3n(x)- 9+ 9.
2e2(k) + (£, “ek)F,m

5e A ) I

n 1

eZk) >=4®) 13

an o meAk +eZ(k =_ksolow—s_:)( )e(m
p(wide,y = > 8 3 x(m — i +1) (1)
(s)two — five —3 1 —n3)(ml "5
< 9

:m21i - i +1

eos—t—e—hnun—tZe—e—rml—l,/mfos sitvekacde, as
k
xm—i+1= 17(15
=1
wher Ez( k)a nd FA (k denot th enu mbe of Zand

Ar, pect—i e

(a—k+1. ,a).From
3EZk)3.5EA(k) > 1



x( m— i+
1anddi =a2fori>2cAppiano;
Qnd
s—1 0

= nlparenright — comma e
20 Mnzn  <qo

3 Spcew wanttoimrve

msat;,

1 nd >ad ala2 and m( ainPro p’tn 2 w e, av )

fparenleft —x) := one —alphazl —1m+ «ax 1m — 1 3z —-1)<a.

povdatoim. W f()=10p.82...forlr ge mnough.l of ¢ 1db

.4
Zmrelz—>lzla

3
2 glllog 2o <n §:_l g 3

a< 9 2 g2log 3— 253 —9 -2log 2 —og3 =1 8

-
a2 < 27 -202— lg 3— 20g 3 —>272l—092 — log = 0.476..
. iz o
n — c.f(z) SZZZQ;,(};WM — (’fz)l(i 1)1)‘1?;‘;’“ atng thesev

m f(.=) U al+a2m— —)) 2parenleft —two— =i0g,3 0cight—periodd -~ a5 1

imfr,)=3 a 4+am —-1)+ 3 a ( m— 2) -2 am -1 )
( 2n2 1 2( 2mn 2( z—1

an thecmifolwseai frmt,s®fcs



ethatn =n/ +1. L  n/.stpei Oil.Froe m  the®sonstruct onit folo™w™ag
tht t# =1s/¢ Sn n
,dom 11 eatestv=0s € S+ 1,nint esense

ko> k
ti < ar o forflke{l.c1+1}.
i=1 i=1
He nce,Le mma 4dimpesth—at ¢(parenright —t> ¢t). N ow ()
impl es Yparentefi—s ) < o8- 237 andts, poes thclim.
s—on f—od-—iff e t—ncrite i—a
l1l7s rot n

ofCo l—ayy—ccLem;, | 8(CranSi — sdald“etonm Iff,;l>l —11]:

a d ¢ s €Sn i n< n

m< ( 241-—/3mn
r—Gpdi—a th°rem. el no b d con 1

pl(ch: e n
n >min qgkg+ qk+ 1
wt h  m and n asin
Uingte f cthat theC o—1[, zconj ct rewasverii d or ali
talv I — a ue

Tz <

1 >031 bracketright —nined. houmprov—o
E s c .
THEORE M 2 (Elahou. If k(m) denoteshe  sm alestineger
k su ch tha
i) (t ) ot

ko<

nk) m

th fo e, ryC o'laz ycec



or wvery postue Co atzcyce C in

|C |k m inC |
(0%
rogd | | > 60.

roofe Cb eapsiiv e Co—lat z.clemn—e eat—ed by o

C <Mln, M

wh erew eudth e
Propo—s i—tww2a—nmgLemma 6w ehave

Mnl)

h o fLSmm a ."Sa,, ¢tfinalyconclde

el

eormis ored.C|ly mnC
Th—eoem3d e—t;sin par—tcuartat E1aho quoteright —u e—s; mat
es o h—teleng hocycles (e—periodg . the
cz(il:;gi anly eqs —man e—u—=k
Optim lc r —1i terion T
abisoptma,sicne f"evr—eygven yclelengththe—re xt—ss
acy le , nam el
thecycl—e genea—rtedby Sin Lemmab, withequalt—iyin (12)
be low ) hasth dis adv ntag et hati tis r—elt—aivey cos_ylyo—¢ heck i
t — period Ho we ve comma —r we wij_n—icludan examplebel—o0 w whi
hs howsh owto hanleh — ti,
T, EOREM 4. If L(my den otes thes m al lestin t—e ger L su ch
h—tatf o—rn=

edva
bh

nlL),

Z L; = parenleft — ceilingleft;n/L — [(—1)n/L]2j — 13n — jnL])
1 7 L n >m

2 —3

2) |C|>Limn C).

(!

es%<lem:u2p 366" 28072111% he® nj, ctuu

mES



tcom putation,w e 915Se.,0 nst.p:AsimplMat h®ma t.a
proc ur® a.heckt,a

n(l),1<m
I 2 - 1

0 ategnatel t ha t ( l )

2 parenleft — I — parenright < m  3n() — 1

.jpsi}’“:\i""*lu

17087915 and pone — eight
1%f0arhem—e—ecmteon d (parenright —e — 1 —s
T hird step Usi,g Coroay lwecanchckbyd—i.ctco mpu
t
i
th at

a

Mcomma—n < m
217371
fri=p6andn=n().
Obsr etha—t six—one, g—three2=q +ecosomenumbege Na
nde€]0,1/10
and

encwide(
dnLe n)

fr o m parenleft — four) tfo o 1;) that

M  ql6(k — ¢6) = Mlcomma — sixn — parenleftqs) < m
2 Qone—siz — 3n k( 6 2(] 6_ 3 q( )
for k=1,2...,0. T h —i s ru es outnp a tic l ra the who®!set Al withou furth

rc o mputat on . The casel € A 2canrbeha ndlede the riwth as—imi
a—lar—gument orbydie—ryg

:From thefi s eestepsw
ptzr t e f

2l— 3 parenleft —1) < m
feelte {1.018-1 g ¢t h
Ml — comma,,

¥ -, 3< (.



r s Al es tiateo tpeem gthosoay fo dnrge Colaz. ylesB
U Sl Nee Whaesee™ t,atpmn™ u

or raonalcyclegr® ws  agle®silin

a ¢, chevef, t—herpgess n h a ¢*"ton wowud heye

invlvnumerthey tici,, gu menge.gofthefol wWhgking
I fglden(,tcs h erig ts hit Erm Uq in Ctng on laie .

0:81,...,8l) = (s,sl.., 82parenright — comma

thenweo tan rom (4)the olowingfrmuaswhihdecrieteeffetog on
v: i o s b ¢

3) (" )= elos) =2p(s" )
D)= ¢ =3¢( 1 )
T, ew e, vetheo o Wpg; €M My,

LeEM
(14 ged(p(sleel(s)y =gecd (psV?  —  3n

Apdinaricul — a,

) gede ) te(® ge o )2 ) —3ns).
Po( 3Gz + 3n —2)d hen®

ngZL’7 3(2

No thefirst inabove e%u**d the fo ta'l3(2
m t ax / a mu t o 3 /v n th h

gcd(goso)go(glsO)): gc
g5

Usyy Lempma 9uw® setpe(A)isequuaenty,, (A) Thee xissano

n-peiodes €8Sl—commal> 3,suh—c t

g—cd {pt):teo(s)} =20 s_3" (s

A ckno Waf Ogrsgrteruse u hnsand co m meyap ea® T

grate sulto a  h eefere Veom,s vralbiiogaphialhg



[1] R E.Crandll, On the 3z +1 pro
.32(97eight — parenright, 128,0ne — endash292. [ 2]

b em M ath . C om p
J.M.Dola n—commay.F

. G ilm an and S. Manickam, A g

endash — fiveg.

Cc 124)(198 )791__

96

[ . LiGar a T e 3xy1—robm ay;  Gne 1 toms A m ey ah

92( 195) 323.
— T hse o Totomnc Yy fo hes+1p

Tobem, Ac a A rf.h56(1990)733,,

G . Leaen andM.Ve mq.u
J W .Sen eonthe BN+ 1—c¢ ole. upaca Al ht.55(1990)) 24—

‘ J
B G .S efery O ny hea [1 . Wirc
mae — — 2., nernng 3 mn+1 ped e ssor ts

G

D ihi cn, An Gmp T oved® esi
Act

A1ty 63(1993%5 - 20

M hem—atk D pgr,ment ET  Hgrch
r c¢c—h,Sw i,r—eang E — a—ila—hé ei
hur hS ¢, t —eS

Upo e 8ty of Min esot 0892 7 ~
@Qm  awperiod —e; z., 206C

mn e
a 2 86 2



