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\ [ E ˆ{ n } : y = x \pm ˆ{ 1 } 7 2 ˆ{ e ight−e p s i l o n } , − { 6 } \ leq
n < { 6 } . \ ]

\noindent Thu sto d etermine \quad t e $ e−l ˆ{ i−l pt i−c } c { u } rv ˆ{ s−e }$
wi h \quad v $ e−r { y }$ hw e re \quad $ o−g { o }$ \quad dred $ u−c $ t
$ o−i $ n

$ k , $ w \quad e $ f i $ s r t de ermineth \quad e $ s−e ˆ{ t s }$
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y ) \mapsto ( x \varepsilon 2 { , } y \varepsilon { 3 }\ ]

\hspace ∗{\ f i l l } i s a b $ i−j $ e t i on , an \quad d the \quad ma p $ ( x ,
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$ y−r , $ the $ r−e $ i s an \quad e }

$ r { v−e } E 1 $ w i t h e \quad $ e { r }$ wh $ r−e $ e g oo dredu to n over
$ k $ g ive nbya \quad g l o b a l \quad m nima

Wei r s t r a s e quationwh

Lem m \quad a \quad . \quad L t \quad M bea \quad rea q u $ a−r a d i c a l r−d a−t $
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$ 2 ] per iod−parenr i ght $ \quad L
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$ M , $ and

\ [\ begin { a l i gned } F = M p a r e n l e f t−l i n e \surd \surd \ r u l e {3em}{0 .4 pt}
a { \surd } \ r u l e {3em}{0 .4 pt} t i \\
− three−parenr i ght and K = M ( 3 \Delta ) = M ( 3 \end{ a l i gned }\ ]

o f \quad $ M e ˆ{ n e }$ r ted b y $ t ˆ{ h } e ˆ{ c ˆ{ o } o } r ˆ{ d }
n ˆ{ a } { t }$ s o \quad a l p $ o { in }$ \quad o $ o ˆ{ r } d { e } 3 ˆ{ . }$
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$ p $ b i r a m i f i d i $ o { n }$ n o $ f { K }$ an
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$ f i ˆ{ e }$ d \quad $ n { K } / M . T ˆ{ e } { r }$ e o $ r { e } p
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3 ˆ{ e { r e }} 3 d{ ec }$ om }

\ [\ begin { a l i gned } ( P F P F ) . S i ˆ{n{ c }} e F K ={ F }
( \\

u 0 ) i { s }\end{ a l i gned }\ ]

\hspace ∗{\ f i l l } $ F , $ w esee , \quad by T \quad h orem 119 o $ [ He { bracke t r i ght−comma }
h−t $ at $ P F $ \quad s $ l−i−t ˆ{ s } cm { p } e ˆ{ t }$ l y i \quad n
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n \end{ array }e\\
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have a \quad $ s−o u { o }$ \quad n $ N ( u ) X \sigma ˆ{ o }$ \quad thecon gr ence
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\centerline{ad \quad m $ i { t }$ a ny 3 }

L e m m a $ 2 { . }$ L $ e−t ˆ{ M } a { nd }$ E b \quad e $ a ˆ{ s inL } e{ m }
ma { \surd } n−a { d }$ \quad l e $ u 0 $ be \quad f u $ n ˆ{ d ˆ{m{ a }}}
e ˆ{ n }$
u $ n ˆ{ i } o−f $ M $ . I { f }$ t $e{ h }$ \quad c $ a ˆ{ s } s { n }$
\quad u mb er o f \quad $ K $

\centerline{ $ a−l $ po $ n { t }$ s o f $ r−o $ er 3 a nd et \quad $ F =
M ( − v l i n e . $ W \quad em \quad ay \quad eg a rd $ G = $ G a $ (
L $ }

\centerline{ as as \quad ub r \quad o \quad p ofG L \quad $ ( F ) $ S i n $ L $
cn $ a−i−n ˆ{ 3 ) }$ s \quad $ M ( 3 \surd v l i n e $ \quad r \quad l }

\centerline{g \quad u }

\hspace ∗{\ f i l l } i n \quad a \quad $ o { r }$ e s $ b { g } ou { p }$ o \quad f G
$ L { ( ˆ{ F }} 3 ˆ{ ) } o−r $ t o n t $ a { i }$ n $ S { L } 2 ˆ{ ( } { F }
3 ) $ b yP \quad r $ o { po } i ˆ{ t }$

o $ f { [ } S ˆ{ e } r ˆ{ . } T ˆ{ h }$ e $ f ˆ{ o }$ r $ m { e }$ r $c\begin { array }{ c} s \\
e \end{ array } i−s e ˆ{ i−u−q }$ v $ a { l } n−t $ \quad t $ t { h }$ e a \quad
$ s ˆ{ s } r−e i−o $ n $ h { a }$ t $ E $ ad

$ 3 − { s }$ o ge n $ y ˆ{ d } e f i { n }$ ed $ o { v }$ \quad r $ M
. $ S $ up ˆ{ p }$ o \quad $ s { e t } h−a $ t \quad $ E $ d $ e ˆ{ s }
n { o } t ˆ{ a d }$ m t \quad n y \quad $ 3 −{ i } { s }$

d \quad e $ n ˆ{ e } o { v } er { M } . $ T h $ e ˆ{ n } G \supset $
\quad S \quad $ L { 2 } ( F 3 , { \times } h { i } hi { s } e ˆ{ q }
u ˆ{ i }$ v $ l−e n { t } to ˆ{ t }$ h \quad e \quad a $ s−s $

t \quad h $ a ˆ{ t } G = $ \quad GL $ 2 ( ˆ{ F } parenr ight−comma ˆ{ s } { i }$
nc e \quad $ d ˆ{ e } : G \rightarrow F { 3 } s−i ˆ{ s } u ˆ{ r−j }$ e c
$ i { v } b { y } t ˆ{ h }$ e $c{ o }$ \quad m m u

\ [\ begin { a l i gned } d { i } ra { m }\\
G G 2 ( F ) \\
d47−d47 3 \end{ a l i gned }\ ]

\centerline{R s }

\ [ \sim d47−d47 \ ]

\centerline{a 2 − \quad p o }

\ [\ begin { a l i gned } t { h }ˆ{ e } g r ˆ{ o } p 3{ o } o ˆ{ n }\\
G ˆ{ a−l } ( L / K = \ langle \sigma , { angbracketr ight−tau } whe ˆ{ r−e }

\sigma = 1 0 , \tau = 1 1 − 1 1 . \end{ a l i gned }\ ]

\centerline{ ing $\ l e f t . abve\begin { array }{ c} , \\ 3 \end{ array }we\right . $ c $ a { n }
p ˆ{ p−l }$ y t \quad a $ g { r } m−e\begin { array }{ cc } e & t \\ f i & d \end{ array }n$
t \quad e $ r { p } o−a n g b r a c k e t l e f t \begin { array }{ cc } f & P r \\ , & i \end{ array }o−s $
p }

\ [\ begin { a l i gned } q u { d } r { t ˆ{ ce } x } e { n } i−o n { o f } K
. \\
\surd \surd v l i n e \surd v l i n e \end{ a l i gned }\ ]

\noindent T h e \quad c l $ a { s }$ s $ n ˆ{ u }$ \quad m $ b ˆ{ e } s { o }$
\quad f

on \quad Spar $ cs ˆ{ t−a }$ to n SS $ 4 b ˆ{ u−y }$ s $ i { n }$ \quad g KASH \quad V
$ e−r $ s on \quad . 7 ) T \quad $ e { r }$ \quad e f o $ e−r E 1 $ \quad adm

\hspace ∗{\ f i l l } $ 3 ˆ{ hyphen−i−s }$ ogen y \quad d f i n edo ver $ k . $ Wesho w \quad hatth s l e ad s to a \quad
$ c ˆ{ n−o }$ t a d i c $ t−i $ on .

\centerline{pre i s e l y , w epr ve }

\centerline{Pr opos i }

ad .. m i t a ny 3
L e m m a 2 sub period L e-t to the power of M a sub nd E b .. e a to the power of sinL e m ma sub surd n-a

sub d .. le u 0 be .. f u n to the power of d to the power of m a e to the power of n
u n to the power of i o-f M period I sub f t e h .. c a to the power of s s sub n .. u mb er o f .. K
a-l po n sub t sof r-o er 3 a nd et .. F = M open parenthesis minus vline period W .. em .. ay .. eg a rd G =

G a open parenthesis L
as as .. ub r .. o .. p ofG L .. open parenthesis F closing parenthesis Si n L cn a-i-n to the power of 3 closing

parenthesis s .. M open parenthesis 3 surd vline .. r .. l
g .. u
i n .. a .. o sub r e s b sub g ou sub p o .. f G L sub open parenthesis to the power of F 3 to the power of

closing parenthesis o-r t o n t a sub i n S sub L 2 to the power of open parenthesis sub F 3 closing parenthesis b
yP .. r o sub po i to the power of t

o f sub open square bracket S to the power of e r to the power of period T to the power of h e f to the power
of o r m sub e r Row 1 s Row 2 e . e to the power of i-u-q v a sub l n-t .. t t sub h e a .. s to the power of s r-e
i-o n h sub a t E ad

3 hyphen sub s o ge n y to the power of d efi sub n ed o sub v .. r M period S up to the power of p o .. s sub
e t h-a t .. E d e to the power of s n sub o t to the power of a d m t .. n y .. 3 hyphen i sub s

d .. e n to the power of e o sub v er sub M period T h e to the power of n G supset .. S .. L sub 2 open
parenthesis F 3 comma sub times h sub i hi sub s e to the power of q u to the power of i v l-e n sub t to to the
power of t h .. e .. a s-s

t .. h a to the power of t G = .. GL 2 open parenthesis to the power of F parenright-comma to the power of
s sub i nc e .. d to the power of e : G right arrow F sub 3 s-i to the power of s u to the power of r-j e c i sub v b
sub y t to the power of h e c o .. m m u

Line 1 d sub i ra sub m Line 2 G G 2 open parenthesis F closing parenthesis Line 3 d47-d47 3
R s
thicksim d47-d47
a 2 hyphen .. p o
Line 1 t sub h to the power of e g r to the power of o p 3 o o to the power of n Line 2 G to the power of

a-l open parenthesis L slash K = angbracketleft sigma comma sub angbracketright-tau whe to the power of r-e
sigma = 1 0 comma tau = 1 1 minus 1 1 period

ing abveRow 1 comma Row 2 3 abve c a sub n p to the power of p-l y t .. a g sub r Row 1 e t Row 2 fi d . t
.. e r sub p Row 1 f P r Row 2 comma i . p
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\ [ = ( + 2 ) \ ]

\noindent T hen , b y \ h f i l l P nc h [ Pi 2 ] , t h e $ j $ iva \ h f i l l r at $ j
( E i ) $ o f $ E i i = , 2 ) $ c an be \ h f i l l r

\noindent a s \ h f i l l n \ h f i l l ( \ h f i l l 1 \ h f i l l w

\centerline{n $ o−f h { t } j { u−t−n−a−i−r−a−v−n−i } j − ) = J 2 $
s e \quad d }

\hspace ∗{\ f i l l } $ w { h } h { i s }$ g $ v ˆ{ e }$ n b \quad $ y ˆ{ F } { r }$
\quad c $k{ e } [ F ˆ{ r ˆ{ ] }} ) ˆ{ . }$ \quad M $ o ˆ{ r }$ o $ e ˆ{ r }
l { e } c 4 6 $ \quad b e $ th ˆ{ e } u { s } u ˆ{ l ˆ{ q }}$ u \quad a

\ [\ begin { a l i gned } ( E 1 { ) } = ˆ{ c } 4 ( \tau 27 ) ( \tau +
3 3 \\
\Delta = 1 + \tau 1 , \end{ a l i gned }\ ]

\centerline {2 \quad 2 \quad 1 \quad 2 }

\ [ j ( E 1 − 17 28 = ˆ{ c } 6 { = } l i n e−tau−one + 1 \ ]

\noindent $ E 2 $ ha v e $e{ v−e }$ rywe $ \Delta $ \quad d \quad r \quad
$ \tau $ o

a nd a s u a $ r−e , r { e } s { e } p ˆ{ c } c { t } y ˆ{ − 1 } { ve l ˆ{ e }
. T hus i ) ca ˆ{ n }}$

\ [ 1 = { \pi } \pi u , 2 = \pi a \pi − u , a ˆ{ , } =
0 , ˆ{ 6 } , u ˆ{ \ in } O k ˆ{ . }\ ]

Consi de i g \quad $ t−h $ e \quad d $ a−u ˆ{ l }$ i sogen y \quad $ f \widehat{}
: E 2 \rightarrow E 1 $ an dt he c n j ugat e $ f : { \prime } E
\prime \rightarrow $
w \quad e m ays u $ ppo ˆ{ s−e } t { h }$ at $ ( a , b ) = { ( }

, 0 ) $ o r ( , 6 ) W \quad e

\centerline{ $ i { p } c ˆ{ i } c ˆ{ u } r ˆ{ e } d { e } e { d } v ˆ{ o }
e ˆ{ r { a } q } ua { d } r { a ˆ{ t }}$ c \quad d w $ h ˆ{ t } j = 0 $
h a t l }

\centerline { . }

\centerline{ $ u { 1 } = \Delta $ an d $ u 2 = \Delta / u , $ w e ob
$ a−i $ \quad t \quad $ = \tau $ }

\centerline{ t \quad 3 }

\ [\ l e f t . ( 2 ) X = u 1 +\begin { a l i gned } & 7 \\
& u \\
& 2 \end{ a l i gned }\ right . \ ]

\noindent I n $ c−a $ se $ ( a , ) = ( 0 { , } 6 { comma−parenr i ght }
i−f $ \quad we \quad $ p { u }$ t $ X = c 4 \pi / ( 1 + 3
) , one−u = \Delta $ a $ n { d } u 2 = $
w eob $ a { i }$ n

\ [ X = \pi 3 u { 1 + }\ ]

\centerline{S n c e $u\begin { array }{ c} 1 \\ , \end{ array }u 2 \ in O \times{ k }
, $ we hav e $ X \ in O k $ in b o h c $ a−s { e } s ˆ{ . }$ }

\centerline{L }

\ [\ begin { a l i gned } Z / 9 { Z } . In a tcu { l a }\\
c { u } e m d ˆ{ o } \pi . \end{ a l i gned }\ ]

\centerline{L \quad m \quad $ ma { 4 }$ E q a o $ s ˆ{ ( } ) $ n \quad ( 3 ) \quad a \quad e n \quad o
$ s { o }$ l $ t ˆ{ o }$ ns \quad . }

\hspace ∗{\ f i l l }Pr o f . W \quad e $ pr ˆ{ o−v }$ e \quad he as s e r i o n \quad n $ y { l }$
f \quad requ t i o \quad $ two−p a r e n l e f t ) $ s nc e \quad a s

\centerline{proofw or k }

\centerline{S p \quad $ o { s ˆ{ et h }}ˆ{ a }$ \quad t t $ h ˆ{ e }$ r \quad ex i t \quad
$ X \ in { O } k $ an d \quad $ u { 1 , }ˆ{ u } 2 \ in $ }

\centerline{L \quad e \quad 1 \quad c \quad b \quad w \quad h \quad e }

= open parenthesis plus 2 closing parenthesis
T hen comma b y .... P nc h open square bracket Pi 2 closing square bracket comma t h e j iva .... r at j open

parenthesis E i closing parenthesis o f E i i = comma 2 closing parenthesis c an be .... r
a s .... n .... open parenthesis .... 1 .... w
n o-f h sub t j u-t-n-a-i-r-a-v-n-i j hyphen closing parenthesis = J 2 s e .. d
w sub h h sub is g v to the power of e n b .. y to the power of F sub r .. c k e open square bracket F to the

power of r to the power of closing square bracket closing parenthesis to the power of period .. M o to the power
of r o e to the power of r l sub e c 4 6 .. b e th to the power of e u sub s u to the power of l to the power of q u ..
a

Line 1 open parenthesis E 1 sub closing parenthesis = to the power of c 4 open parenthesis tau 27 closing
parenthesis open parenthesis tau plus 3 3 Line 2 Capital Delta = 1 plus tau 1 comma

2 .. 2 .. 1 .. 2
j open parenthesis E 1 minus 17 28 = to the power of c 6 sub = line-tau-one plus 1
E 2 ha v e e v-e rywe Capital Delta .. d .. r .. tau o
a nd a s u a r-e comma r sub e s e p to the power of c c sub t y from minus 1 to vel to the power of e period

T hus i closing parenthesis ca to the power of n
1 = sub pi pi u comma 2 = pi a pi minus u comma a to the power of comma = 0 comma to the power of 6

comma u to the power of in O k to the power of period
Consi de i g .. t-h e .. d a-u to the power of l isogen y .. f hatwide : E 2 right arrow E 1 an dt he c n j ugat e

f : sub prime E prime right arrow
w .. e m ays u ppo to the power of s-e t sub h at open parenthesis a comma b closing parenthesis = sub open

parenthesis comma 0 closing parenthesis o r open parenthesis comma 6 closing parenthesis W .. e
i sub p c to the power of i c to the power of u r to the power of e d sub e e sub d v to the power of o e to the

power of r sub a q ua sub d r sub a to the power of t c .. d w h to the power of t j = 0 h a t l
period
u sub 1 = Capital Delta an d u 2 = Capital Delta slash u comma w e ob a-i .. t .. = tau
t .. 3
open parenthesis 2 closing parenthesis X = u 1 Case 1 7 Case 2 u Case 3 2
I n c-a se open parenthesis a comma closing parenthesis = open parenthesis 0 sub comma 6 sub comma-

parenright i-f .. we .. p sub u t X = c 4 pi slash open parenthesis 1 plus 3 closing parenthesis comma one-u =
Capital Delta a n sub d u 2 =

w eob a sub i n
X = pi 3 u sub 1 plus
S n c e Row 1 1 Row 2 comma . 2 in O times k comma we hav e X in O k in b o h c a-s sub e s to the power

of period
L
Line 1 Z slash 9 sub Z period In a tcu sub l a Line 2 c sub u e m d to the power of o pi period
L .. m .. ma sub 4 E q a o s to the power of open parenthesis closing parenthesis n .. open parenthesis 3

closing parenthesis .. a .. e n .. o s o l t to the power of o ns .. period
Pr of period W .. e pr to the power of o-v e .. he ass erion .. n y sub l f .. requ ti o .. two-parenleft closing

parenthesis s nc e .. a s
proofw or k
S p .. o sub s to the power of et h to the power of a .. tt h to the power of e r .. ex i t .. X in sub O k an d ..

u sub 1 comma to the power of u 2 in
L .. e .. 1 .. c .. b .. w .. h .. e

= ( + 2)

T hen , b y P nc h [ Pi 2 ] , t h e j iva r at j(Ei) o f Ei i = , 2) c an be r
a s n ( 1 w

n o− f htju−t−n−a−i−r−a−v−n−ij−) = J 2 s e d

whhis g ve n b yF
r c ke [Fr]

). M or o erle c46 b e theusu
lq u a

(E1) =c 4 (τ 27)(τ + 3 3

∆ = 1 + τ1 ,

2 2 1 2

j(E1 − 1728 =c 6= line− tau− one+ 1

E2 ha v e ev − e rywe ∆ d r τ o a nd a s u a r− e, resepc cty
−1
vele.Thusi)can

1 =π π u, 2 = π aπ − u , a, = 0,6 , u∈O k.

Consi de i g t− h e d a− ul isogen y f̂ : E 2 → E 1 an dt he c n j ugat
e f :′ E ′ → w e m ays u ppos−eth at (a, b) =( , 0) o r ( , 6 ) W e

ipcicurede edvoeraq uadrat c d w htj = 0 h a t l
.

u1 = ∆ an d u2 = ∆/u, w e ob a− i t = τ
t 3

(2) X = u1 +

7

u

2

I n c− a se (a, ) = (0, 6comma−parenrighti− f we pu tX = c4π /(1+3), one− u =
∆ a ndu2 = w eob ai n

X = π3u1+

S n c e u
1
,
u2 ∈ O × k, we hav e X ∈ Ok in b o h c a− ses.

L

Z/9Z.In atcula

cu e mdo π.

L m ma4 E q a o s( ) n ( 3 ) a e n o so l to ns .
Pr of . W e pro−v e he ass erion n yl f requ ti o two− parenleft) s nc e

a s
proofw or k

S p oa
seth tt he r ex i t X ∈O k an d uu1, 2 ∈

L e 1 c b w h e



\begin { a l i g n ∗}
+ 1 = \pi 3 − a \pi \ tag ∗{$ , b $}
\end{ a l i g n ∗}

\centerline{ $ w { h }$ \quad n c }

\ [\ begin { a l i gned } \pi 2 ˆ{ b } 3 + 3 \pi ˆ{ \pi } u 3 + 3 = −
\prime 3 \\

W i−t \end{ a l i gned }\ ]

\begin { cente r }
$ 0 , a { n }ˆ{ d a } = i ˆ{ m } { m } e { i ˆ{ t }}$ l $ l ˆ{ e { a

d }} s ˆ{ to } a { c } r { d } c { t }$ o $ . ˆ{ T }$ \quad e r m a n g
s i d
\end{ cente r }

\ [\ begin { a l i gned } Q ( { 4 } ) = 3 3 T−r { k } / Q ˆ{ ( u } 3
) + ( { 3 } + 3 5 { N } k / Q { ( u 3 }\\

+ ( 3 6 + 1 + 3 3 N k Q ˆ{ ( } u 3 ) \end{ a l i gned }\ ]

For l p s i l e s i n \quad s o f theno r m , Tr \quad $ ( u ) $ \quad can \quad t \quad b e r to nal , acon
d c i o n $ . o { s }$ \quad b \quad g \quad s \quad $ k / { Q }$ \quad n o \quad a i

\ [ i ˆ{ t }\ ]

\noindent p i on t a t $ E 1 $ admi t s a \quad 3
a $ c ˆ{ on } r ˆ{ a } d ˆ{ i } ct { o } .{ n }$ \quad T \quad $ i ˆ{ s }

c−o { m }$ p $ l ˆ{ ee }$ s \quad $ h { e pr }$ o o f f \quad Pr o p $ o { i }$
i o $ n { 2 ˆ{ , }} a { n }$ d $ he ˆ{ n }$ c e

\noindent $ P ˆ{ r } { o }$ p \quad s

\centerline {5 . W e \quad n ow $ d ˆ{ e−t }$ ermin e $ E { n } \pm O { k }
per iod−parenr i ght $ }

\begin { a l i g n ∗}
+ \ tag ∗{$ \sim $}\\ P ˆ{ r } o { p ˆ{ o }} s
\end{ a l i g n ∗}

\noindent P \quad ro o $ f−per iod $ \quad We $ f i r ˆ{ t−s }$ c $ a−l u { a }$
l t e t $ h { e }$

$ f i { n ˆ{ edo }}$ \quad ve \quad $ Q $ h \quad $ nt { h } r { an }$ k o f
$ E { ( } Q ( m v l i n e $ i s \quad ac u t ed f r \quad t h e \quad r

\ [ \surd \ ]

\centerline{ r $ an ˆ{ k } E { ( Q { ( }} m { ) } = $ r \quad $ n { k }
E ˆ{ ( ˆ{ Q } ) } + $ \quad a n k $ E ( Q ˆ{ ) , }$ }

w h re $ E m $ \quad i s t e \quad q $ uad ˆ{ r−a } i−t ˆ{ c } tw ˆ{ i−s }$
tby $ m ( $ or a \quad pr o $ f−o $ \quad s ee R \quad o $ parenr ight−per iod
e−L $ t $ E $

$ E 0 $ \quad o r $ i ˆ{ t } s ˆ{ t−w }$ i s t $ ( E 0 ˆ{ ) 3 } ) $
a \quad n l t \quad $ L ( E ˆ{ / } Q , ˆ{ ) }$

\centerline{ $ f ˆ{ n c t }$ \quad o \quad o \quad S \quad $ c ˆ{ e } E $
\quad h a c \quad $ l ˆ{ e }$ \quad i \quad $ n ˆ{ b }$ y $ Z ( + $ }

\centerline{a d \quad $ \{ 1 214 . . . $ i $ E = E + , $ }

\ [ L−p a r e n l e f t E / Q 1 ) = 3 94 ˆ{ 3 } 1 . . . i f ˆ{ f }
E = ( 0 + ) ( seven−three \ ]

\centerline{W i e s [ C l W $ , a−b y{ k−n } S { E } IMA { ( Q } ) = $
T \quad $ . ˆ{ V } T ˆ{ r } r ˆ{ o ˆ{ e } { i }} 9 ˆ{ eo ˆ{ e−r }} { n ˆ{ three−per iod }}$
\quad r an }

\hspace ∗{\ f i l l } $ N ˆ{ e } x ˆ{ , }$ w \quad e $ o { m } put ˆ{ t }$ he $ t { r }$
s $ i ˆ{o{ n }}$ \quad s $ + $ b g \quad o p L \quad e \quad $ p $ \quad b a p
$ r ˆ{ i }$ e \quad d

\centerline{a b $ o { ve } a ˆ{ p { r }}$ i \quad m $ e ˆ{ n u }$ m $ b ˆ{ e }
p $ n \quad l e $ ( E ˆ{ 0 } ) p $ \quad b e $ t ˆ{ e } { r }$ e d u t }

\begin { a l i g n ∗}
we av \# { , { e } y } ( { T } E 0 ˆ{ ) } p { h } { \oe }ˆ{ ( }\ tag ∗{$O{ k }ˆ{ / } { m

1 }ˆ{ p−seven } { f } ){ = } { [ }ˆ{ 2 ˆ{ 2 } , } { MS } { Z , } \# ( { E }
E { + ( k ) t o r s \ leq 2 }ˆ{ 0 ) { p } 1 ( k / p 4 parenr ight−one
= } { . T }ˆ{ 2 } { h } { i s } \cdot 3 \cdot 7 { om } ,{ pe }$}
\end{ a l i g n ∗}

\centerline{o o . }

Equation: comma b .. plus 1 = pi 3 minus a pi
w sub h .. n c
Line 1 pi 2 to the power of b 3 plus 3 pi to the power of pi u 3 plus 3 = minus prime 3 Line 2 W i-t
0 comma a sub n to the power of d a = i to the power of m sub m e sub i to the power of t l l to the power

of e sub a d s to the power of to a sub c r sub d c sub t o period to the power of T .. e r m a n g
sid
Line 1 Q open parenthesis sub 4 closing parenthesis = 3 3 T-r sub k slash Q to the power of open parenthesis

u 3 closing parenthesis plus open parenthesis sub 3 plus 3 5 sub N k slash Q sub open parenthesis u 3 Line 2 plus
open parenthesis 3 6 plus 1 plus 3 3 N k Q to the power of open parenthesis u 3 closing parenthesis

For l p s ilesin .. s o f theno r m comma Tr .. open parenthesis u closing parenthesis .. can .. t .. b erto nal
comma acon

d c io n period o sub s .. b .. g .. s .. k slash sub Q .. n o .. a i
i to the power of t
p i on t a t E 1 admi ts a .. 3
a c to the power of on r to the power of a d to the power of i ct sub o period n .. T .. i to the power of s c-o

sub m p l to the power of ee s .. h sub e pr o o f f .. Pr o p o sub i i o n sub 2 to the power of comma a sub n d
he to the power of n c e

P to the power of r sub o p .. s
5 period W e .. n ow d to the power of e-t ermin e E sub n plusminux O sub k period-parenright
Equation: thicksim .. plus P to the power of r o sub p to the power of o s
P .. ro o f-period .. We fir to the power of t-s c a-l u sub a l tet h sub e
fi sub n to the power of edo .. ve .. Q h .. nt sub h r sub an k o f E sub open parenthesis Q open parenthesis

m vline is .. ac u t ed f r .. t h e .. r
surd
r an to the power of k E sub open parenthesis Q sub open parenthesis m sub closing parenthesis = r .. n sub

k E to the power of open parenthesis to the power of Q closing parenthesis plus .. a n k E open parenthesis Q to
the power of closing parenthesis comma

w h re E m .. is t e .. q uad to the power of r-a i-t to the power of c tw to the power of i-s tby m open
parenthesis or a .. pr o f-o .. see R .. o parenright-period e-L t E

E 0 .. o r i to the power of t s to the power of t-w i s t open parenthesis E 0 to the power of closing parenthesis
3 closing parenthesis a .. n l t .. L open parenthesis E to the power of slash Q comma to the power of closing
parenthesis

f to the power of n c t .. o .. o .. S .. c to the power of e E .. h a c .. l to the power of e .. i .. n to the power
of b y Z open parenthesis plus

a d .. braceleftbigg 1 214 period period period i E = E plus comma
L-parenleft E slash Q 1 closing parenthesis = 3 94 to the power of 3 1 period period period if to the power of

f E = open parenthesis 0 plus closing parenthesis open parenthesis seven-three
W ies open square bracket C l W comma a-b y k-n S sub E IMA open parenthesis Q closing parenthesis = T

.. period to the power of V T to the power of r r to the power of o from e to i 9 from eo to the power of e-r to n
to the power of three-period .. r an

N to the power of e x to the power of comma w .. e o sub m put to the power of t he t sub r s i to the power
of o n .. s plus b g .. o p L .. e .. p .. b a p r to the power of i e .. d

a b o sub ve a to the power of p sub r i .. m e to the power of n u m b to the power of e p n .. l e open
parenthesis E to the power of 0 closing parenthesis p .. b e t to the power of e sub r e d u t

Equation: O k sub m 1 to the power of slash to the power of p-seven sub f closing parenthesis = open square
bracket sub MS to the power of 2 to the power of 2 comma sub Z comma hash open parenthesis E E plus open
parenthesis k closing parenthesis tors less or equal 2 sub period T to the power of 0 closing parenthesis sub p 1
open parenthesis k slash p 4 parenright-one = sub h to the power of 2 sub is times 3 times 7 om comma pe.. we
av hash comma e y open parenthesis T E 0 to the power of closing parenthesis p h sub oe to the power of open
parenthesis

o o period

+1 = π3− aπ , b

wh n c

π 2b3 + 3ππu3 + 3 = − ′3
Wi− t

0, ada
n = immeit l leadsto ac rd ct o .T e r m a n g sid

Q(4) = 33T− rk/Q(u3) + (3+35Nk/Q(u3

+ (36 + 1 + 33NkQ(u3)

For l p s ilesin s o f theno r m , Tr ( u) can t b erto nal , acon d c io n
. os b g s k/Q n o a i

it

p i on t a t E1 admi ts a 3 a conradicto .n T is c− om p lee s hepr o o f f
Pr o p oi i o n2, an d hen c e
Pr

o p s
5 . W e n ow de−t ermin e En ±Okperiod− parenright

+ ∼
P r opos

P ro o f − period We firt−s c a− lua l tet he finedo ve Q h nthran k o f
E(Q ( mvline is ac u t ed f r t h e r

√

r ank E(Q(
m) = r nkE

(Q) + a n k E (Q),

w h re Em is t e q uadr−ai− tctwi−s tby m ( or a pr o f − o see R o
parenright− period e− L t E E0 o r itst−w i s t (E0)3) a n l t L(E/ Q,)

fnct o o S ce E h a c le i nb y Z (+
a d {1214 ... i E = E+ ,

L− parenleftE/Q1) = 39431... if f E = (0+)(seven− three

W ies [ C l W , a− byk− nSEIMA(Q) = T .V Trroe
i 9eoe−r

nthree−period r an
Nex, w e omputt he tr s ion s + b g o p L e p b a p ri e d

a b oveapr i m enu m be p n l e (E0 )p b e te
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\centerline {4 \quad r \quad $ t { o L ˆ{ − fu }}$ }

\noindent $ h e sam ep ap ˆ{ r−e } , we kno ˆ{ co mbining t h i s
w−i th t e } { oma r−e ˆ{ s } { u } t i n [ Sa ] wi } wtha t t
he ˆ{ hyphen−three } p rim a−r y pa t o ˆ{ r e s u l t o−f [ R { u
comma−b r a c k e t r i g h t } in which } { mai ˆ{ ho utu } s i g the L ˆ{ f−hyphen }
unc ˆ{ t−i } o per iod−n } B { X }ˆ{ y } { i }ˆ{ other } { t r−i v ia }ˆ{ e−r
s u l } { . }ˆ{ s−t } { H enc } i { h−e } { ab o } e−v $ \ h f i l l v a lue \ h f i l l
$ o−f $ th

\noindent $ L hyphen−f $ unc t i nap pea s , wes ee that t h $ e { o }$ rder o f \quad X

Lemma \quad $ . { L }$ et \quad $ u 1 , u 2 $ \quad tand fo \quad un t s i n \quad
$ k $ \quad a nd $ A $ \quad f o r \quad an \quad $ n ˆ{ i }$ e er \quad in $ k $
Th \quad n

\centerline {( a ) T hee q u i o n $ 64 u 1 + u 2 = A { 2 }$ h as \quad no ou t n }

\centerline{b ) \quad T e \quad so $ u t i ˆ{ a }$ o nso th e q ut o n \quad $ 8
u { 1 } + u = ˆ{ l } A 2 $ are }

\centerline{e \quad $ a { 2 } 2 2 \times $ }

\ [\ begin { a l i gned } A = w 2 , 3 ) w \ in O k \\
( \end{ a l i gned }\ ]

\centerline{d \quad ) T \quad $ u ˆ{ t } s ˆ{ o }$ \quad e \quad $ 2 3 ˆ{ o }
n { 2 \prime } 3 2 = A $ }

\ [ ( u , u { 2 } A ) = ( w − w , { 0 } , ( w \varepsilon
, w { \varepsilon } , \pm { 4 } w ˆ{ 2 } parenr ight−comma w \varepsilon \ ]

\centerline{P \quad oo \quad $ . { ( }$ a \quad $ ) ˆ{ i }$ \quad s a $ p { e { c }}$
a $ l { a }$ \quad e $ f ˆ{ L }$ m \quad m \quad a $ 2 . 1 o ˆ{ f } { Ih }$
}

\noindent s \quad p \quad $ o f { i }$ s t h \quad $ a ˆ{ t } 4 $ \quad i s d
$ v { i } i { b }$ e \quad $b{ y } { 4 } . $ \quad e $ c { e } ( ) ˆ{ c }$
\quad n

) ( d ) \quad I \quad $ A s \begin { array }{ c} 0 \\ \ne \end{ array } ,$ t h en P r o p \quad o
$ s−i t { o−i }ˆ{ n }$ n $ 2 ˆ{ 8 }$ o f $ 1 { [ } C−o ] $ im $ s { p } \ l e f t . e s tha \begin { a l i gned } &
t 2 \\

& t \end{ a l i gned }\ right . $

\ [ x ˆ{ 2 } x \ in Z . \ ]

\centerline{W \quad m a \quad s \quad p \quad p o s t h $ a−t u 1 ˆ{ i }$ sp o t i v , anh e n c e
$ u 0 = \varepsilon n $ fo \quad s \quad me $ n \ in Z . $ B }

\centerline{T $ h−e ore ˆ{ y }$ m 1 u o f [ KT $ ] , r−T k / Q (
\varepsilon ˆ{ n } ) i { = } 2 $ \quad o ldso n l y or \quad $ n = 3 ,
x = \pm 2 . $ }

\centerline{Pr o p o s i t i n \quad 4 . }

\ [ E + ( O k ) = \{ ( − 1 2 \varepsilon , 0 ) ,
12 58 8 − \varepsilon ˆ{ − } 3 , \pm 3 0 42 1 9 6 + −
3 { ) ) } . \ ]

\centerline{Proo \quad f . F ac o r }

\centerline{ $ 3 \sqrt \surd , $ \quad w e }

\ [ + ˆ{ = } 4 3 ) − 2 ˆ{ 4 }\ ]

\centerline{m \quad $ E 3 O , $ w \quad u \quad h e \quad o l \quad w }

\ [\ begin { a l i gned } a ) O L = O k \oplus O { k } v l i n e \surd \\
N ( 1 { ) } = . u f \end{ a l i gned }\ ]

$ L ( $ c $ ) \varepsilon { 2 } , $ an \quad d $ \pi \prime { deco }$
mp oea s $ ( 2 = P \pi ( ) = P two−a { n } ( \prime ) =
P \prime 2 $

( d ) T \quad e l \quad f \quad $ L 2 ˆ{ . }$

4 .. r .. t sub o L to the power of hyphen fu
h e sam ep ap to the power of r-e comma we kno from co mbining this w-i th t e to oma r-e to the power of s

sub u tin open square bracket Sa closing square bracket wi wtha tt he to the power of hyphen-three p rim a-r y
pa t o from result o-f open square bracket R sub u comma-bracketright in which to mai to the power of ho utu s
i g the L to the power of f-hyphen unc to the power of t-i o period-n B X sub i to the power of y sub t r-i via to
the power of other sub period to the power of e-r sul sub H enc to the power of s-t i h-e sub ab o e-v .... v a lue
.... o-f th

L hyphen-f unc t i nap pea s comma wes ee that t h e sub o rder of .. X
Lemma .. period sub L et .. u 1 comma u 2 .. tand fo .. un tsin .. k .. a nd A .. for .. an .. n to the power of

i e er .. in k
Th .. n
open parenthesis a closing parenthesis T hee q u io n 64 u 1 plus u 2 = A sub 2 h as .. no ou t n
b closing parenthesis .. T e .. so uti to the power of a o nso th e q ut o n .. 8 u sub 1 plus u = to the power

of l A 2 are
e .. a sub 2 2 2 times
Line 1 A = w 2 comma 3 closing parenthesis w in O k Line 2 open parenthesis
d .. closing parenthesis T .. u to the power of t s to the power of o .. e .. 2 3 to the power of o n sub 2 prime

3 2 = A
open parenthesis u comma u sub 2 A closing parenthesis = open parenthesis w minus w comma sub 0 comma

open parenthesis w epsilon comma w sub epsilon comma plusminux sub 4 w to the power of 2 parenright-comma
w epsilon

P .. oo .. period sub open parenthesis a .. closing parenthesis to the power of i .. s a p sub e sub c a l sub a
.. e f to the power of L m .. m .. a 2 period 1 o to the power of f sub Ih

s .. p .. of sub i st h .. a to the power of t 4 .. i s d v sub i i sub b e .. b y sub 4 period .. e c sub e open
parenthesis closing parenthesis to the power of c .. n

closing parenthesis open parenthesis d closing parenthesis .. I .. A Row 1 0 Row 2 equal-negationslash . t h
en P r o p .. o s-i t sub o-i to the power of n n 2 to the power of 8 o f 1 sub open square bracket C-o closing
square bracket im s sub p Case 1 t 2 Case 2 t

x to the power of 2 x in Z period
W .. m a .. s .. p .. p o s t h a-t u 1 to the power of i sp o ti v comma anh e n c e u 0 = epsilon n fo .. s ..

me n in Z period B
T h-e ore to the power of y m 1 u of open square bracket KT closing square bracket comma r-T k slash Q

open parenthesis epsilon to the power of n closing parenthesis i sub = 2 .. oldso nl y or .. n = 3 comma x =
plusminux 2 period

Pr opositi n .. 4 period
E plus open parenthesis O k closing parenthesis = open brace open parenthesis minus 1 2 epsilon comma 0

closing parenthesis comma 12 58 8 minus epsilon to the power of minus 3 comma plusminux 3 0 42 1 9 6 plus
minus 3 sub closing parenthesis closing parenthesis period

Proo .. f period F ac o r
3 square root surd comma .. w e
plus to the power of = 4 3 closing parenthesis minus 2 to the power of 4
m .. E 3 O comma w .. u .. h e .. o l .. w
Line 1 a closing parenthesis O L = O k oplus O sub k vline surd Line 2 N open parenthesis 1 sub closing

parenthesis = period u f
L open parenthesis c closing parenthesis epsilon sub 2 comma an .. d pi prime sub deco mp oea s open

parenthesis 2 = P pi open parenthesis closing parenthesis = P two-a sub n open parenthesis prime closing
parenthesis = P prime 2

open parenthesis d closing parenthesis T .. e l .. f .. L 2 to the power of period

4 r toL−fu

hesam epapr−e,we knocombiningthis w−ithte
oma r−es

u tin[Sa]wi wthatthehyphen−threeprima− rypat o
resulto−f[Rucomma−bracketrightinwhich

maihoutusig the Lf−hyphenunct−ioperiod−n
By
X

other
i

e−rsul
tr−ivia

s−t
. Hencih− eaboe− v

v a lue o− f th
L hyphen− f unc t i nap pea s , wes ee that t h eo rder of X

Lemma .L et u1, u2 tand fo un tsin k a nd A for an ni

e er in k Th n
( a ) T hee q u io n 64u1 + u2 = A2 h as no ou t n

b ) T e so utia o nso th e q ut o n 8u1 + u =l A2 are
e a2 2 2 ×

A = w 2, 3 ) w ∈ Ok
(

d ) T ut so e 23on2′3 2 = A

(u , u2A ) = (w − w,0 , (w ε ,wε ,±4w
2parenright− comma wε

P oo .( a )i s a pec
a la e fL m m a 2.1 of

Ih

s p of i st h at 4 i s d viib e by4. e ce()c n ) ( d ) I As
0
6= , t h en

P r o p o s− itn
o−i n 28 o f 1[C− o] im sp estha

t 2

t

x2x ∈ Z .

W m a s p p o s t h a− t u1i sp o ti v , anh e n c e u0 = εn fo s me n ∈ Z. B
T h− eorey m 1 u of [ KT ], r− Tk/Q(εn)i=2 oldso nl y or n = 3, x = ±2.

Pr opositi n 4 .

E + (Ok) = {(−12ε, 0), 12588− ε−3,±3042196 +−3)) .

Proo f . F ac o r
3

√ √
, w e

+= 43 ) − 24

m E3 O , w u h e o l w

a) OL = Ok ⊕Okvline
√

N (1) = . uf

L ( c )ε2, an d π′deco mp oea s (2 = P π( ) = Ptwo− an (′) = P′2 ( d )
T e l f L 2.



\begin { a l i g n ∗}
y \pm 2 4 \varepsilon 3 \varepsilon ) \ tag ∗{$ can $}\\ A = P

2 ˆ{ 2 } 3 P 3 , \ leq a { 2 , } 3 , 3 < { 3 } .
\end{ a l i g n ∗}

Si $ n−c−equal−e { B }$ \quad a d ( c ) wes $ e−e $ th $ a−t A = B . $
\quad Moreover , s i n c e \quad $ A B $ sa c be , w

h a e $ a 2 = a 3 = a 3 = 0 . $ H ence \quad u

\ [\ begin { a l i gned } v \surd \\
+ \surd \end{ a l i gned }\ ]

\centerline{ $B{ y } 2 \ r u l e {3em}{0 .4 pt} \surd $ \quad d $ ( ) \surd
v l i n e ˆ{ w } { 3 r }$ t \quad $ = a { \times } 3 ) ˆ{ w }$ \quad i t $ h { a }
\ in O l , { m }$ \quad n }

\ [ + 4 { 3 } \varepsilon = ˆ{ \eta } ( + 3 3 \varepsilon \ ]

\centerline{ e l s 1 \quad n \quad o }

\ [\ begin { a l i gned } x = \varepsilon two−l a−p a r e n l e f t \{ + b l i n e−three−eps i l on−parenr i ght
( a − b ˆ{ \surd } 3 \varepsilon \} , \\

) \end{ a l i gned }\ ]

\centerline{w h $ e ˆ{n{ c }}$ \quad e $ l = 0 a ˆ{ n }$ d \quad $ \surd $
}

\ [ y + 2 4 \ ]

\centerline{n \quad k n \quad c on u gt ion \quad i l s 3 }

\ [ − 3 \varepsilon = \varepsilon ˆ{ 1 } 3 ) \ ]

\centerline{ r \quad $ f ˆ{ o }$ \quad t \quad s \quad $ \sqrt \sqrt $ \quad n \quad o \quad
$ \surd ˆ{ e }$ \quad t h }

\ [ 3 \varepsilon = \varepsilon { 1 } p a r e n l e f t−a + b \varepsilon )
, comma−a { b }ˆ{ , } { \surd }\ ]

\centerline{C $ a { s }$ e \quad $ 1 : ˆ{ m } = 1 $ E \quad $ qu ˆ{ a } { t }$
i $ n ˆ{ g } { t } h { e } c { o { e }}ˆ{ f f i } c ˆ{ e }$ }

\ [\ l e f t . 2 ˆ{ a } 3 + \varepsilon ab + 1 a { b } + 3 b =\begin { a l i gned } &
4 \\

& \varepsilon \end{ a l i gned }\ right . \ ]

\noindent W \quad e $ s ˆ{ e }$ \quad t $ h ˆ{ a } t { a } i−s { d ˆ{ i v
i }}ˆ{ s }$ b l $ e ˆ{ b } { y } 3 , w { h } e { n ˆ{ c } e } \varepsilon ˆ{ b }
minus−equ iva l ence 1 ( m { o }$

$ m = ˆ{ a } . $ \quad Eq a n \quad gthe \quad e \quad $ f f i $ \quad e \quad s t y i e l

\ [ ( ) 8 \varepsilon = b a ˆ{ 2 } + \varepsilon b 2 , y =
( a 2 + 9 \varepsilon 2 ) . \ ]

\centerline{ $ F { ro }$ m \quad t $ f i ˆ{ e } r { s } e { q ˆ{ ua t o }}$
i \quad n $ o ˆ{ f } { ( } 5 ) w−e h { a } v { e } b ˆ{ = u { , }}$
}

\centerline{ os l o u ton s y $ i ˆ{ s } { L e }$ \quad a 5 ( a . I f $ b =
u , ˆ{ , }$ t h }

\hspace ∗{\ f i l l } tha t $ u 3 = − 1 , $ wh ch c o n \quad ra $ i { c−t }$
s $ u > . f−I { b } = 4 u , $ th en $ a 2 = − 16 \varepsilon
u 2{ + } { 2 }$

\centerline{wh c hhas \quad noso u i t o ns $ b−y $ \quad Le m m \quad $ 5 c−p a r e n l e f t
. { ) }$ I $ b = 2 u \ l e f t . th\begin { a l i gned } & n \\

& e \end{ a l i gned }\ right . $ }

\ [\ begin { a l i gned } ( a \\
( ) { 6 } ) 2 \\
v l i n e = \varepsilon u − 1 − \varepsilon u 2 . \end{ a l i gned }\ ]

\noindent $ e−e h−t $ \quad t ( 6 ) \quad o d so \quad n
coesp n di n g \quad va \quad ues o f $ y $ \quad r e $ 8 , \pm ˆ{ \varepsilon }

30 41 ˆ{ B } 9 6 + − ) , $ \quad r e $ p ˆ{ q }$ c t \quad ve l $ .
( ˆ{ 5 } , $

\centerline{ r \quad r \quad o \quad l \quad a \quad 0 \quad 2 \quad ( \quad e \quad y }

Equation: can .. y plusminux 2 4 epsilon 3 epsilon closing parenthesis A = P 2 to the power of 2 3 P 3 comma
less or equal a sub 2 comma 3 comma 3 less sub 3 period

Si n-c-equal-e sub B .. a d open parenthesis c closing parenthesis wes e-e th a-t A = B period .. Moreover
comma since .. A B sa c be comma w

h a e a 2 = a 3 = a 3 = 0 period H ence .. u
Line 1 v surd Line 2 plus surd
B y 2 hline surd .. d open parenthesis closing parenthesis surd vline to the power of w sub 3 r t .. = a sub

times 3 closing parenthesis to the power of w .. it h sub a in O l comma sub m .. n
plus 4 sub 3 epsilon = to the power of eta open parenthesis plus 3 3 epsilon
el s 1 .. n .. o
Line 1 x = epsilon two-l a-parenleft open brace plus b line-three-epsilon-parenright open parenthesis a minus

b to the power of surd 3 epsilon closing brace comma Line 2 closing parenthesis
w h e to the power of n c .. e l = 0 a to the power of n d .. surd
y plus 2 4
n .. k n .. c on u gtion .. i l s 3
minus 3 epsilon = epsilon to the power of 1 3 closing parenthesis
r .. f to the power of o .. t .. s .. square root square root .. n .. o .. surd to the power of e .. t h
3 epsilon = epsilon sub 1 parenleft-a plus b epsilon closing parenthesis comma comma-a sub b to the power

of comma sub surd
C a sub s e .. 1 : to the power of m = 1 E .. qu to the power of a sub t i n to the power of g sub t h sub e c

sub o sub e to the power of ffi c to the power of e
2 to the power of a 3 plus epsilon ab plus 1 a sub b plus 3 b Case 1 4 Case 2 epsilon
W .. e s to the power of e .. t h to the power of a t sub a i-s sub d to the power of iv i to the power of s b l e

to the power of b sub y 3 comma w sub h e sub n to the power of c e epsilon to the power of b minus-equivalence
1 open parenthesis m sub o

m = to the power of a period .. Eq a n .. gthe .. e .. ffi .. e .. st yie l
open parenthesis closing parenthesis 8 epsilon = b a to the power of 2 plus epsilon b 2 comma y = open

parenthesis a 2 plus 9 epsilon 2 closing parenthesis period
F sub ro m .. t fi to the power of e r sub s e sub q to the power of ua t o i .. n o to the power of f sub open

parenthesis 5 closing parenthesis w-e h sub a v sub e b to the power of = u sub comma
os lo u ton s y i to the power of s sub L e .. a 5 open parenthesis a period If b = u comma to the power of

comma t h
tha t u 3 = minus 1 comma wh ch c o n .. ra i sub c-t s u greater period f-I sub b = 4 u comma th en a 2 =

minus 16 epsilon u 2 plus sub 2
wh c hhas .. noso u it o ns b-y .. Le m m .. 5 c-parenleft period sub closing parenthesis I b = 2 u Case 1 n

Case 2 e
Line 1 parenleftbigg a Line 2 open parenthesis closing parenthesis sub 6 parenrightbigg 2 Line 3 vline = epsilon

u minus 1 minus epsilon u 2 period
e-e h-t .. t open parenthesis 6 closing parenthesis .. o d so .. n
coesp n di n g .. va .. ues of y .. r e 8 comma plusminux to the power of epsilon 30 41 to the power of B 9 6

plus minus closing parenthesis comma .. r e p to the power of q c t .. vel period open parenthesis to the power
of 5 comma

r .. r .. o .. l .. a .. 0 .. 2 .. open parenthesis .. e .. y

y ± 24ε 3ε) can

A = P223P 3 , ≤ a2,3, 3 <3 .

Si n− c− equal− eB a d ( c ) wes e− e th a− t A = B. Moreover , since
AB sa c be , w h a e a2 = a3 = a3 = 0. H ence u

v
√

+
√

By2
√

d ( )
√

vlinew
3r t = a× 3 )w it ha ∈ Ol,m n

+43ε =η (+ 3 3ε

el s 1 n o

x = εtwo− la− parenleft{ +b line− three− epsilon− parenright(a − b
√
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)

w h enc e l = 0 an d
√

y + 2 4

n k n c on u gtion i l s 3

− 3ε = ε1 3)

r fo t s
√√

n o
√e

t h
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C as e 1 :m= 1 E qua
t i ng

t hecffi
oe

ce

2a3 + εab + 1 ab + 3b =
4

ε

W e se t hata i− ss
divi b l eb

y3,whence εbminus− equivalence1(mo m =a . Eq
a n gthe e ffi e st yie l

() 8ε = ba2 + εb2, y = (a2 + 9ε2).

Fro m t fiers equato i n of
(5)w − eha veb

=u,

os lo u ton s y isLe a 5 ( a . If b = u,, t h
tha t u3 = −1, wh ch c o n ra ic−t s u > .f − Ib = 4u, th en a2 = −16εu2+2

wh c hhas noso u it o ns b− y Le m m 5c− parenleft.) I b = 2u th
n

e

(a

()6 )2

vline = εu− 1− εu2.
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\ [ 3 ) , ( f i v e−seven 2 \ ]

Proo f \quad $ Lt { L } = k ˆ{ 3 } { ) } . $ T \quad o \quad provet $ h { e }
p−r $ o $ p { o } i−s $ t i $ o { n , }ˆ{ w }$ \quad e u s t h e f o $ l { o }ˆ{ w }$

a $ ) O = O $ a $ \oplus O \zeta , $ w \quad h r \quad e $ \zeta
: = ( 1 + \surd $

\ [ b parenr ight−O \times = \ langle \varepsilon \rangle \times \zeta
\rangle = \sim Z \oplus Z / 6 per iod−Z − ) / ˆ{ 2 . }\ ]

\hspace ∗{\ f i l l } $ ( c { ) } 2 { , } \pi a ˆ{ n }$ d $ \pi ˆ{ prime−d }$
e $ c { o } m { p }$ s $ e { a }$ s \quad $ ( { ) } = P 2 ˆ{ P } 2 ˆ{ ( }
two−P \ne P 2 ) , ( \pi ) = P $

\ [ ( prime−parenr i ght = P \prime{ 3 } . \ ]

\centerline{ $ ) ˆ{ d }$ T \quad h $ d { e } a { l } c ˆ{ a } s ˆ{ s }$ g r u p i a
$ c−y−c $ l i $ cg { r }$ }

\ [\ begin { a l i gned } l−a ˆ{ s } o four−P 2 \\
e ) P = p a r e n l e f t−one + ˆ{ \omega } − 3 \zeta . \end{ a l i gned }\ ]

\centerline{A }

\centerline{ oso ve }

\centerline{ f o \quad $ r { a 2 } ) ˆ{ , } = ( 0 , 0 ) , ( ,
1 parenr ight−comma y \ in O k $ a ndan \quad in egra $ i { d } a−e $
l \quad $ C $ o f $ L . $ }

\centerline{Ca }

\centerline {2 }

\centerline{ $ L ˆ{ i−s }$ p r me $ o−t 3 , $ w $ e ˆ{ y } { s } e ˆ{ + }
eh ˆ{ 4 } a−t $ }

\ [ b y ( ) an { d } ( { b } ) , \pm y + 2 − 3 = \varepsilon
m \zeta n { ( a + } b \zeta 3{ ) } , a , b \ in O−k { , }\ ]

\noindent $\ l e f t . n { = } 0 , ˆ{ \pm } 1 . a{ T } { k } i \begin { array }{ c} g \\
n \end{ array } th\right . { e } n { o } m { f ro }$ m $ L t−o k f−o ˆ{ b }$
o \quad h id $ s ˆ{ , } w { e } o { b }$ t an \quad $ m = $

a d \quad c $ o { s }$ i $ d ˆ{ e } i−n g { t }$ h eo n $ j { g } a { t }
, $ w e m ay \quad s p $p{ o }$ \quad e h $ a { t } n = 0 o { r } 1 $

\centerline{ $ I ˆ{ f } n = 0 { , } e { q }$ a $ i−n $ g $ h−t ˆ{ e }
o ˆ{ c } e ˆ{ f f i −c }$ i e n t g ve s }

\centerline {1 }

\ [\ l e f t . ( seven−parenr i ght \pm y { = } a − b p a r e n l e f t−parenr i ght
2 a + b ) ( a + 2\ begin { a l i gned } & , \\

& b \end{ a l i gned }\ right . \ ]

\centerline {2 }

\ [\ begin { a l i gned } i−n \\
( u 2 8 u − 1 parenr ight−comma ( 4 \end{ a l i gned }\ ]

\noindent f r \quad s me uni t $ u $

\centerline{o $ t { h }$ e q \quad $ a ˆ{ u }$ r $ a { t }$ i c \quad p l
$ y { n }$ \quad o $ m { i { a }}$ l }

\ [ X − 4 { u } X + 4 u − ˆ{ . }\ ]

\centerline{T e \quad dsc r imi nanto f the }

\ [ u , − u ) = ( { w }ˆ{ , } − \ ]

\centerline{e $ con ˆ{ T } d c a s e l ˆ{ h }$ ea dst o $ w ˆ{ d } 2 = u{ \varepsilon }
, ˆ{ = }$ a c o n t ra i $ c−t $ o $ , { n . } I f ˆ{ w } ( a + b ,
a parenr ight−b = ( 2 u , 8 u $ }

\noindent t h en $ t−h { equa }$ r at i c po l y no \quad i a as t $ s−i { f i }$
edb \quad y $ a $ an d $ b $ i s

\centerline{ $ 2 − 1 $ }

\ [ X − 2 u X + , \ ]

3 closing parenthesis comma open parenthesis five-seven 2
Proo f .. Lt sub L = k sub closing parenthesis to the power of 3 period T .. o .. provet h sub e p-r o p sub o

i-s t i o sub n comma to the power of w .. e u s t h efo l sub o to the power of w
a closing parenthesis O = O a oplus O zeta comma w .. h r .. e zeta : = open parenthesis 1 plus surd
b parenright-O times = angbracketleft epsilon right angbracket times zeta right angbracket = thicksim Z oplus

Z slash 6 period-Z minus closing parenthesis slash to the power of 2 period
open parenthesis c sub closing parenthesis 2 sub comma pi a to the power of n d pi to the power of prime-d

e c sub o m sub p s e sub a s .. open parenthesis sub closing parenthesis = P 2 to the power of P 2 to the
power of open parenthesis two-P equal-negationslash P 2 closing parenthesis comma open parenthesis pi closing
parenthesis = P

open parenthesis prime-parenright = P prime 3 period
closing parenthesis to the power of d T .. h d sub e a sub l c to the power of a s to the power of s g r u p i a

c-y-c li cg sub r
Line 1 l-a to the power of s o four-P 2 Line 2 e closing parenthesis P = parenleft-one plus to the power of

omega minus 3 zeta period
A
oso ve
f o .. r sub a 2 closing parenthesis to the power of comma = open parenthesis 0 comma 0 closing parenthesis

comma open parenthesis comma 1 parenright-comma y in O k a ndan .. in egra i sub d a-e l .. C o f L period
Ca
2
L to the power of i-s p r me o-t 3 comma w e sub s to the power of y e to the power of plus eh to the power

of 4 a-t
b y open parenthesis closing parenthesis an sub d open parenthesis sub b closing parenthesis comma plusminux

y plus 2 minus 3 = epsilon m zeta n sub open parenthesis a plus b zeta 3 closing parenthesis comma a comma b
in O-k sub comma

n sub = 0 comma to the power of plusminux 1 period a T sub k Row 1 g Row 2 n . sub e n sub o m sub f ro
m L t-o k f-o to the power of b o .. h id s to the power of comma w sub e o sub b t an .. m =

a d .. c o sub s i d to the power of e i-n g sub t h eo n j sub g a sub t comma w e m ay .. s p p o .. e h a sub
t n = 0 o sub r 1

I to the power of f n = 0 sub comma e sub q a i-n g h-t to the power of e o to the power of c e to the power
of ffi-c ie n t g ve s

1
open parenthesis seven-parenright plusminux y sub = a minus b parenleft-parenright 2 a plus b closing

parenthesis open parenthesis a plus Case 1 comma Case 2 b
2
Line 1 i-n Line 2 open parenthesis u 2 8 u minus 1 parenright-comma open parenthesis 4
f r .. s me unit u
o t sub h e q .. a to the power of u r a sub t i c .. p l y sub n .. o m sub i sub a l
X minus 4 sub u X plus 4 u minus to the power of period
T e .. dscrimi nantofthe
u comma minus u closing parenthesis = open parenthesis sub w to the power of comma minus
e con to the power of T dcasel to the power of h ea dst o w to the power of d 2 = u epsilon comma to the

power of = a c o n tra i c-t o comma sub n period If to the power of w open parenthesis a plus b comma a
parenright-b = open parenthesis 2 u comma 8 u

t h en t-h sub equa r at i c pol y no .. i a as t s-i sub fi edb .. y a an d b i s
2 minus 1
X minus 2 u X plus comma

3 ), (five− seven2

Proo f LtL = k3
) . T o provet he p− r o poi− s t i ow

n, e u s t h efo lwo a

) O = O a ⊕ O ζ, w h r e ζ := (1 +
√

bparenright−O× = 〈ε〉 × ζ〉 =∼ Z ⊕ Z/6period− Z −)/2.

(c)2, πan d πprime−d e comp s ea s

() = P 2P 2( two− P 6= P2), (π) = P

(prime− parenright = P′3.

)d T h dealc
ass g r u p i a c− y − c li cgr

l− aso four− P2

e) P = parenleft− one +ω −3ζ.

A
oso ve

f o ra2), = (0, 0), (, 1parenright− comma y ∈ O k a ndan in egra ida− e l C o f L.
Ca

2
Li−s p r me o− t3, w eys e+eh4a− t

b y()and (b), ±y + 2− 3 = εmζn(a+ bζ3), a, b ∈ O − k,

n= 0,± 1. aTki
g
n
th

e

no mfro m L t− o kf − ob o h id s,weob t an m =

a d c os i dei− ngt h eo n jgat, w e m ay s p po e h atn = 0or 1
Ifn = 0, eq a i− n g h− teoceffi−c ie n t g ve s

1

(seven− parenright ± y= a− bparenleft− parenright2a + b)(a+ 2
,

b

2

i− n

(u28u− 1parenright− comma(4

f r s me unit u
o th e q au r at i c p l yn o mia l

X − 4uX + 4u −.

T e dscrimi nantofthe

u,−u ) = (,w−

e conTdcaselh ea dst o wd2 = uε,= a c o n tra i c− t o ,n. If
w(a+ b, aparenright− b = (2u, 8u

t h en t− hequa r at i c pol y no i a as t s− ifi edb y a an d b i s
2 − 1



X − 2u X + ,



\centerline{a e }

\noindent re p e c t i $ v−e $ ly , no n eo f w $ i−h { ch }$ i s \quad asqu re b \quad Lem m \quad
$ 5 p a r e n l e f t−a comma−parenr i ght { ( c . }$

I $ n = 1 $ \quad t h e n \quad ew \quad o \quad b ain \quad a \quad y \quad a

\centerline{ f \quad , \quad 3 \quad 2 \quad 3 }

\ [ a ˆ{ t } a \equiv { b } ( 3 d ˆ{ 3 ) } . L e { t }ˆ{ i g }
= 3 A + b ˆ{ , A }\ ]

\centerline{o \quad u \quad o \quad $ t ˆ{ a }$ \quad n $ b $ \quad d \quad ) \quad h c \quad o \quad r \quad a }

\ [\ begin { a l i gned } C a e ˆ{ 2 } : a 2 \\
2 ˆ{ 1 } ) M u { l } l ˆ{ y } n b { o }\\
e v l i n e \surd 4 v l i n e 3 v l i n e 3 \\
( 4{ ) } ( \pm ˆ{ y } + − 3 ) = P ˆ{ 2 } ( 2 C { ) } = (

1 + \omega − \zeta { ) ˆ{ ( P }} C \\
\ l e f t . wh e ˆ{ n } c , y{ b } (\ begin { a l i gned } & , \\
& \surd \end{ a l i gned }\ right .\\
4 ( \pm y + 2 − 4 \end{ a l i gned }\ ]

\centerline{ $ = 0 , $ h e eq $ u−a−t { in }$ gt $ e−h $ \quad c $ o−e { f f i }$
\quad c \quad nt s y i d }

\begin { a l i g n ∗}
\ tag ∗{$ 9 $} ) \\ 1 0 ) \pm four−y − 96 = ( \omega + 1 a
+ 9 a b − 3 ( \omega 2 ) a 2 − ( \omega + 1 b { 3 }
.
\end{ a l i g n ∗}

\noindent As w e w i l s e e $ l−a $ t e r $ , h−t $ e s o l $ t i o ˆ{ n−s }$ o f ( 9 \quad are \quad t

\begin { a l i g n ∗}
( − , 0 ) , \\\ tag ∗{$ ( $} \surd v l i n e \surd \surd v l i n e \surd

v l i n e \surd v l i n e \surd \\ 37 , − { \surd } 2 { \surd } 3 7 ) { , }
( − ˆ{ 2 } { \surd } 3 7 3 + \surd ˆ{ 3 } 7 , ( { 3 } + 3{ 7 } { \surd }ˆ{ − }\\ (
− 4 0 − { 3 } , \surd 3 7 { ) }\\ ( − 2 3 three−plus comma−parenr i ght
( − 1 − \surd{ 37 } , 2 ) ( 3 + \surd 3 comma−minus 1
− 7 ) , \\ ( − plus−three 7 { , } 2 p a r e n l e f t−comma 1 − \surd
, 37 − 3 + \surd{ 37 } { ) { , }} ( 2 , 1 − \surd{ 3 } { 7 }
, \\ − 9 − 3 , 6 + \surd { 3 } , ( 1 6 + 2 \surd{ 3 } { 7 }
, 3 + \surd{ 37 } { ) , }\\ ( − 1 6 3 { plus−seven } 2 9 −
r a d i c a l−three { 3 } ) , ( three−plus \surd 3 7 , 1 plus−s i x { 2 }
\end{ a l i g n ∗}

Subst tu n gthe m \quad i n ( 0 , we \quad g e a l t h e \quad v l e s o f $ y $ e x e p t .
f I \quad $ n = 1 $ or $ n = − 1 , $ hen \quad w \quad o t $ a−i $

n

\ [\ begin { a l i gned } 1 9 2 = ( − 2 + \omega ) a 3 + 3 (
1 + \omega ) a b + 9 ab + \\

1 9 2 = ( + \omega ) a 3 + \end{ a l i gned }\ ]

\centerline{c t i l e y . T e y a r \quad s h o w n o $ b ˆ{ b }$ e m $ pos ˆ{ + }$
l es m l a $ r ˆ{ − }$ y }

\centerline{C a $\ l e f t . s e \begin { a l i gned } & . \\
& 1 \end{ a l i gned }\ right . $ }

\centerline{R e m \quad r }

\begin { a l i g n ∗}
\ tag ∗{$ y { 2 − e { s ˆ{ e }}}$} .
\end{ a l i g n ∗}

a e
re p ecti v-e ly comma no n eof w i-h sub ch i s .. asqu re b .. Lem m .. 5 parenleft-a comma-parenright sub

open parenthesis c period
I n = 1 .. t h e n .. ew .. o .. b ain .. a .. y .. a
f .. comma .. 3 .. 2 .. 3
a to the power of t a equiv sub b open parenthesis 3 d to the power of 3 closing parenthesis period L e sub t

to the power of i g = 3 A plus b to the power of comma A
o .. u .. o .. t to the power of a .. n b .. d .. closing parenthesis .. h c .. o .. r .. a
Line 1 C a e to the power of 2 : a 2 Line 2 2 to the power of 1 closing parenthesis M u sub l l to the power

of y n b sub o Line 3 e vline surd 4 vline 3 vline 3 Line 4 open parenthesis 4 closing parenthesis open parenthesis
plusminux to the power of y plus minus 3 closing parenthesis = P to the power of 2 open parenthesis 2 C sub
closing parenthesis = open parenthesis 1 plus omega minus zeta sub closing parenthesis to the power of open
parenthesis P C Line 5 wh e to the power of n c comma y b Case 1 comma Case 2 surd Line 6 4 open parenthesis
plusminux y plus 2 minus 4

= 0 comma h e eq u-a-t sub in gt e-h .. c o-e sub ffi .. c .. nt s y i d
Equation: 9 .. closing parenthesis 1 0 closing parenthesis plusminux four-y minus 96 = open parenthesis omega

plus 1 a plus 9 a b minus 3 open parenthesis omega 2 closing parenthesis a 2 minus open parenthesis omega plus
1 b sub 3 period

As w e w i lsee l-a ter comma h-t e sol tio to the power of n-s of open parenthesis 9 .. are .. t
open parenthesis minus comma 0 closing parenthesis comma Equation: open parenthesis .. surd vline surd

surd vline surd vline surd vline surd 37 comma minus sub surd 2 sub surd 3 7 closing parenthesis sub comma
open parenthesis minus to the power of 2 sub surd 3 7 3 plus surd to the power of 3 7 comma open parenthesis
sub 3 plus 3 7 sub surd to the power of minus open parenthesis minus 4 0 minus sub 3 comma surd 3 7 sub closing
parenthesis open parenthesis minus 2 3 three-plus comma-parenright open parenthesis minus 1 minus surd of 37
comma 2 closing parenthesis open parenthesis 3 plus surd 3 comma-minus 1 minus 7 closing parenthesis comma
open parenthesis minus plus-three 7 sub comma 2 parenleft-comma 1 minus surd comma 37 minus 3 plus surd of
37 sub closing parenthesis sub comma open parenthesis 2 comma 1 minus surd of 3 sub 7 comma minus 9 minus 3
comma 6 plus surd sub 3 comma open parenthesis 1 6 plus 2 surd of 3 sub 7 comma 3 plus surd of 37 sub closing
parenthesis comma open parenthesis minus 1 6 3 sub plus-seven 2 9 minus radical-three sub 3 closing parenthesis
comma open parenthesis three-plus surd 3 7 comma 1 plus-six sub 2

Subst tu n gthe m .. i n open parenthesis 0 comma we .. g e a lthe .. v l esof y e x e p t period
fI .. n = 1 or n = minus 1 comma hen .. w .. o t a-i n
Line 1 1 9 2 = open parenthesis minus 2 plus omega closing parenthesis a 3 plus 3 open parenthesis 1 plus

omega closing parenthesis a b plus 9 ab plus Line 2 1 9 2 = open parenthesis plus omega closing parenthesis a 3
plus

c ti le y period T e y a r .. s h o w n o b to the power of b e m pos to the power of plus l es m l a r to the
power of minus y

C a Case 1 period Case 2 1
R e m .. r
Equation: y sub 2 hyphen e sub s to the power of e .. period

a e
re p ecti v − e ly , no n eof w i− hch i s asqu re b Lem m 5parenleft− acomma− parenright(c.

I n = 1 t h e n ew o b ain a y a
f , 3 2 3

ata ≡b ( 3d3). Leig
t = 3 A+ b,A

o u o ta n b d ) h c o r a

Ca e2 : a2

21)M ul lynbo

e vline
√

4vline 3 vline 3

( 4)(±y +− 3) = P2( 2 C) = ( 1 + ω − ζ)(P C

when c, yb(
,
√

4(±y + 2− 4

= 0, h e eq u− a− tin gt e− h c o− effi c nt s y i d

) 9

10) ± four− y − 96 = (ω + 1a + 9ab− 3(ω 2)a2− (ω + 1b3.

As w e w i lsee l− a ter ,h− t e sol tion−s of ( 9 are t

(− , 0),
√

vline
√ √

vline
√

vline
√

vline
√

(

37,−√2√37),(−2√ 3 7 3 +
√3

7, (3+ 37−√

( −40−3 ,
√

37)

(−2 3three− pluscomma− parenright(− 1−
√

37, 2)(3 +
√

3comma−minus1 − 7),

(−plus− three7,2parenleft− comma1−
√

, 37− 3 +
√

37), (2, 1−
√

37,

−9− 3 , 6 +
√

3, (1 6 + 2
√

37, 3 +
√

37),

(−163plus−seven 29− radical − three3), (three− plus
√

37, 1plus− six2

Subst tu n gthe m i n ( 0 , we g e a lthe v l esof y e x e p t . fI n = 1 or
n = −1, hen w o t a− i n

192 = (−2 + ω)a3 + 3(1 + ω)ab + 9ab+

1 92 = (+ ω)a3+

c ti le y . T e y a r s h o w n o bb e m pos+ l es m l a r− y

C a se
.
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R e m r
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\noindent $ i { s }$ \quad th eonly \quad xa mpe i nt he \quad $ i ˆ{ t−e }$
r ture where \quad a

th e T h u equat ion 9 ) \quad a f l ows . \quad B y $ m { . }ˆ{ t a−t−i−n } = ˆ{ o
f e−w } { a } \omega $ n

\begin { a l i g n ∗}
\ tag ∗{$ h ave $} A 3 + ( 4 k { \omega + } 4 A 2 b + (
16 \omega + 48 ) A b + 32 \omega + 8 0 ) ˆ{ 3 } = 64
. \\ (
\end{ a l i g n ∗}

\centerline{ I $ t { i e }$ a $ s ˆ{ y } t ˆ{ o } { s }$ e $ e ˆ{ t }$ h at
$ 4 { \mid } A $ a n }

\begin { a l i g n ∗}
\ tag ∗{$ ( 11 ) $} X 3 { + } 2 ( \omega + 1 ) X 2 ˆ{ Y } +
4 \omega + 3 { ) } XY { 2 } + 2 p a r e n l e f t−two + { \omega } parenr ight−f i v e
Y 3 ˆ{ = } 1 .
\end{ a l i g n ∗}

\noindent i \quad r
r \quad $ i ˆ{ t }$ \quad o \quad 6 . \quad o n y \quad $ X \ in ˆ{ O } k
\times $ \quad s i \quad n g \quad a

\ [\ begin { a l i gned } ( ˆ{ 2 } − 9 \omega 2 − ˆ{ 4 ˆ{ \omega } ) } ( −
2 − 8 \omega ˆ{ , − ˆ{ + }} 8 \omega ˆ{ ) } 2 + ˆ{ 1 ˆ{ 7 }} − \\

( 9 + 2 \omega , 1 − 2 \omega ) ( − 3 − \omega ,
− 2 \\

( − 5 − 2 , 1 + \omega , ( 1 + \omega − 1 ) (
4 + omega−comma { − } \omega ) , \\
− 2 − \omega , ) , ( 1 { , } ) , ( 1 + \omega , { − }

2 ) \\
( + { \omega } , 1 − \omega ) , − \omega , ) ( { − } 3

− 2 + \omega , \\
( 7 − 2 \omega 11 − 3 \omega parenr ight−comma ( 1 + ,

− 9 + \omega ) , ( 8 + \omega , − { 2 }\end{ a l i gned }\ ]

\centerline{P r oo . \quad L e \quad $ F ( X , Y ) $ b e \quad t \quad e \quad
$ l−e $ t \quad had }

\centerline{o ly o $ m { a }$ l \quad $ F ( X , 1 { ) }$ \quad a n d
$ l−e { t } L = $ }

\centerline{ $ O ˆ{ L } = Z b r a c k e t l e f t−x i ] $ w $ h { 4 }$ \quad r e
$ 5 = ( 2 \surd + 1 \theta − 4 \theta $ }

\centerline{ $ \xi ˆ{ 2 } 4 { \xi } + + $ \quad a n d }

\hspace ∗{\ f i l l } $ v l i n e { 7 } = 3 − 12 \xi − 8 \xi 2 + 8 \xi
3 { + } 2 4 . $ Th \quad ex ten

\noindent $ L / Q $ s \quad Gais \quad w \quad thG a lo \quad s \quad o \quad p
$ \ langle \sigma , , $ whe \quad e \quad $ \sigma $ \quad n d \quad $ \tau $
a \quad $ r ˆ{ \xi }$ \quad g i \quad n \quad b

\centerline{ i \quad l o \quad i \quad g r \quad $ 2 r { 3 }$ \quad a \quad $ 4
e { 5 }$ \quad v \quad y }

\ [\ begin { a l i gned } \sigma \xi ) = − 1 4 − 6 + 4 9 + \xi
− 8 \xi − \xi , \\

tau−p a r e n l e f t { \xi } ) = − 1 − 3 \xi + 5 \xi + 4 3
− 4 \xi 4 − \xi 5 , \end{ a l i gned }\ ]

\noindent t s f y $ \sigma ˆ{ 3 } = 1 , \tau = 1 $ and $ \sigma \tau
= \tau \sigma . $ Th \quad s Gal (

m et r $ c ˆ{ g }$ \quad o u o fd $ e−g $ ree $ per iod−three $ T \quad h c onj a
$ te { s }$

\ [\ begin { a l i gned } a ˆ{ s } { f { o }} l o w{ s } : 1 ) \\
\xi { ( } = \xi { = } − four−per iod 6017164 . . . , \\
\xi ) = 2 ( \xi ) = − 0 4 1 1 2 \\
\xi ) = ( { \xi } ) = − 1 ˆ{ per iod−two } 7 76 4 5 3 \end{ a l i gned }\ ]

i sub s .. th eonly .. xa mpe i nt he .. i to the power of t-e r ture where .. a
th e T h u equation 9 closing parenthesis .. a flows period .. B y m sub period to the power of t a-t-i-n = sub

a to the power of o f e-w omega n
Equation: h ave .. A 3 plus open parenthesis 4 k omega plus 4 A 2 b plus open parenthesis 16 omega plus 48

closing parenthesis A b plus 32 omega plus 8 0 closing parenthesis to the power of 3 = 64 period open parenthesis
I t sub ie a s to the power of y t to the power of o sub s e e to the power of t h at 4 sub bar A a n
Equation: open parenthesis 11 closing parenthesis .. X 3 sub plus 2 open parenthesis omega plus 1 closing

parenthesis X 2 to the power of Y plus 4 omega plus 3 sub closing parenthesis XY sub 2 plus 2 parenleft-two plus
sub omega parenright-five Y 3 to the power of = 1 period

i .. r
r .. i to the power of t .. o .. 6 period .. o n y .. X in to the power of O k times .. s i .. n g .. a
Line 1 open parenthesis to the power of 2 minus 9 omega 2 minus to the power of 4 to the power of omega closing

parenthesis open parenthesis minus 2 minus 8 omega to the power of comma minus to the power of plus 8 omega
to the power of closing parenthesis 2 plus to the power of 1 to the power of 7 minus Line 2 open parenthesis 9 plus
2 omega comma 1 minus 2 omega closing parenthesis open parenthesis minus 3 minus omega comma minus 2 Line
3 open parenthesis minus 5 minus 2 comma 1 plus omega comma open parenthesis 1 plus omega minus 1 closing
parenthesis open parenthesis 4 plus omega-comma sub minus omega closing parenthesis comma Line 4 minus 2
minus omega comma closing parenthesis comma open parenthesis 1 sub comma closing parenthesis comma open
parenthesis 1 plus omega comma sub minus 2 closing parenthesis Line 5 open parenthesis plus sub omega comma
1 minus omega closing parenthesis comma minus omega comma closing parenthesis open parenthesis sub minus 3
minus 2 plus omega comma Line 6 open parenthesis 7 minus 2 omega 11 minus 3 omega parenright-comma open
parenthesis 1 plus comma minus 9 plus omega closing parenthesis comma open parenthesis 8 plus omega comma
minus sub 2

P r oo period .. L e .. F open parenthesis X comma Y closing parenthesis b e .. t .. e .. l-e t .. had
o ly o m sub a l .. F open parenthesis X comma 1 sub closing parenthesis .. a n d l-e sub t L =
O to the power of L = Z bracketleft-xi closing square bracket w h sub 4 .. r e 5 = open parenthesis 2 surd

plus 1 theta minus 4 theta
xi to the power of 2 4 sub xi plus plus .. a n d
vline sub 7 = 3 minus 12 xi minus 8 xi 2 plus 8 xi 3 sub plus 2 4 period Th .. ex ten
L slash Q s .. Gais .. w .. thG alo .. s .. o .. p angbracketleft sigma comma comma whe .. e .. sigma .. n d ..

tau a .. r to the power of xi .. gi .. n .. b
i .. l o .. i .. g r .. 2 r sub 3 .. a .. 4 e sub 5 .. v .. y
Line 1 sigma xi closing parenthesis = minus 1 4 minus 6 plus 4 9 plus xi minus 8 xi minus xi comma Line 2

tau-parenleft sub xi closing parenthesis = minus 1 minus 3 xi plus 5 xi plus 4 3 minus 4 xi 4 minus xi 5 comma
t sf y sigma to the power of 3 = 1 comma tau = 1 and sigma tau = tau sigma period Th .. s Gal open

parenthesis
m et r c to the power of g .. o u o fd e-g ree period-three T .. h c onj a te sub s
Line 1 a to the power of s sub f sub o lo w s : 1 closing parenthesis Line 2 xi sub open parenthesis = xi sub

= minus four-period 6017164 period period period comma Line 3 xi closing parenthesis = 2 open parenthesis xi
closing parenthesis = minus 0 4 1 1 2 Line 4 xi closing parenthesis = open parenthesis sub xi closing parenthesis
= minus 1 to the power of period-two 7 76 4 5 3

is th eonly xa mpe i nt he it−e r ture where a th e T h u equation 9 ) a flows
. B y mta−t−i−n

. =ofe−w
a ω n

A3 + (4kω+ 4A 2b+ (16ω + 48)A b+ 32ω + 80)3 = 64. have

(

I tie a sy to
s e et h at 4|A a n

X3+2(ω + 1)X2Y + 4ω + 3) XY2 + 2parenleft− two +ω parenright− fiveY 3=1.
(11)

i r r it o 6 . o n y X ∈O k× s i n g a

(2−9ω 2 −4ω) (−2 − 8ω,−
+

8 ω) 2 +17

−
(9 + 2ω, 1− 2ω) (−3− ω,−2

(−5− 2, 1 + ω, (1 + ω − 1)(4 + omega− comma− ω),

−2− ω, ), (1, ), (1 + ω,− 2)

( +ω, 1− ω), −ω, ) (−3− 2 + ω,

(7− 2ω11− 3ωparenright− comma(1 +,−9 + ω), (8 + ω,−2

P r oo . L e F (X,Y ) b e t e l− e t had
o ly o ma l F (X , 1) a n d l− et L =

OL = Z bracketleft− xi] w h4 r e 5 = ( 2
√

+ 1θ − 4θ
ξ2 4ξ + + a n d

vline7 = 3 − 12ξ − 8ξ 2 + 8ξ 3+ 2 4. Th ex ten
L /Q s Gais w thG alo s o p 〈σ, , whe e σ n d τ a rξ gi
n b

i l o i g r 2 r3 a 4 e5 v y

σξ) = −14− 6 + 49 + ξ − 8ξ − ξ,

tau− parenleftξ) = −1 − 3ξ + 5ξ + 43− 4ξ4− ξ5,

t sf y σ3 = 1, τ = 1 and στ = τσ. Th s Gal ( m et r cg o u o fd e− g ree
period− three T h c onj a tes

as
fo lows : 1)

ξ( = ξ= − four− period6017164...,

ξ) = 2(ξ) = −04112

ξ) = (ξ) = −1period−two776453



\centerline{ $ o−f $ fu nd am e n }

\ [\ begin { a l i gned } = − \xi , \\
= − 5 − 4 \xi + 1 ˆ{ 8 } \xi 2 + 5 \xi 3 − 9 \xi \\
\varepsilon ˆ{ 3 } = − 6 { − } 8 \xi + 23 \xi + { 9 } \xi −

1 { 3 }ˆ{ \xi } − 3 , \\
eps i l on−f our = 1 + 3 \xi − 5 \xi − 4 \xi 3 ˆ{ + } 4 \xi

4 ˆ{ + } \xi 5 { , }\\
5 = \end{ a l i gned }\ ]

\centerline{ $ s { o } \sigma { f }$ \quad a n d $ \tau $ o n heu \quad $ n−i $
sa r e $ s−a $ o l ws : }

\begin { a l i g n ∗}
\varepsilon { 3 } 1 i i = , braceex braceex 4 \\ 4 − 1 i ˆ{ f }

i = 2 ˆ{ , }\\ \varepsilon { 2 } \varepsilon { 4 } i−f i = 4 , i
b r a c e l e f t b t \bracevert \varepsilon 1 \\ b r a c e l e f t b t 1 \varepsilon 2
\varepsilon 3 1 ˆ{ 4 } 5 i ˆ{ i } = 5 ˆ{ , }\\ a n { d } S−a−two−N−i
L ˆ{ c−n { \varepsilon ˆ{ a } { 3 }}}ˆ{ e { 3 }} { / k ˆ{ ( } { ( }ˆ{ \varepsilon } { \sigma { ( ˆ{ \theta }}
) { − }}} \sigma a ˆ{ l i { ) ) }} { va l } m ˆ{ e { 1 }} { \eta } . ˆ{ t ˆ{ n }} { n ˆ{ i ˆ{ . }} { + }}
( ˆ{ . { , }ˆ{ t { i }} { t { o }}} { \sigma } X , Y w { e } eta−e−Y−o
bt ˆ{ \theta ) { th }} { + } ( \theta { − } \sigma ( ˆ{ \theta ) } \sigma ˆ{ 2
\eta }\ tag ∗{$ ( i ˆ{ = } { : = } = { 0 } 1 ˆ{ , } { X } , ˆ{ − } { 2 }$}
\end{ a l i g n ∗}

\noindent h e nc e \quad $ \theta − \sigma 2 \theta ) $

\ [\ begin { a l i gned } \sigma { v l i n e } \eta ) − 1 = − \sigma p a r e n l e f t−l i n e ˆ{ \theta }
) − \sigma ˆ{ 2 } ( \theta ) \cdot \eta \\

a t ˆ{ y } \varepsilon{ − } { 1 } \varepsilon 2 3 ˆ{ 3 } \varepsilon \varepsilon ˆ{ −
1 = \varepsilon 1 } { 4 1 d } 2 4 ˆ{ 3 ˆ{ 3 } \varepsilon ˆ{ 4 } , } { d }\end{ a l i gned }\ ]

\centerline{wh ere }

\ [ b { 2 } = a ˆ{ 2 } + 2 a − 1 b { 3 } = − 2 a { 1 }\ ]

\hspace ∗{\ f i l l }A s $ in { [ { K }} ] { , } [ ˆ{ T } d { W } ] [ d { W }
1 ] { o } [ { d }$ W $ ] , w { e }$ s $ t { i } m−a t { e } n { a }$
r o $ rm { s }$ i $ n { h }$

\centerline{ r $ i { t }$ \quad s \quad $ b r a c e l e f t t p $ }

\centerline{ $ \sum 4 braceex−braceex−brac e l e f tm id $ l o \quad g $ \theta
− \sigma ( { \theta } \sigma ( \eta i ) ) v ex t ends ing l e vex t ends ing l e $
}

\centerline{e \quad $ vex t ends ing l e ˆ{ braceex−braceex−b r a c e l e f t b t ˆ{ braceex }
vex t ends ing l e i { ) } − \sigma } { l o g vex t ends ing l e { \theta } \theta
( −{ \sigma } 2 }ˆ{ \sigma }{ th inde } { x } − { su ch }$ t h \quad $ ( ˆ{ ( ˆ{ \theta { \theta }
i { ) }} { t \mid \eta } i \sigma ˆ{ 0 ) { \mid }} { \cdot \sigma l i n e−two { ( }}} { (
i ) \sigma } \eta { equal−p a r e n l e f t } ) { m } vex t ends ing l e ˆ{ vex t ends ing l e } { \ leq { n }}
\ leq \{ \mid \eta $ }

o-f fu nd am e n
Line 1 = minus xi comma Line 2 = minus 5 minus 4 xi plus 1 to the power of 8 xi 2 plus 5 xi 3 minus 9 xi

Line 3 epsilon to the power of 3 = minus 6 sub minus 8 xi plus 23 xi plus sub 9 xi minus 1 sub 3 to the power of
xi minus 3 comma Line 4 epsilon-four = 1 plus 3 xi minus 5 xi minus 4 xi 3 to the power of plus 4 xi 4 to the
power of plus xi 5 sub comma Line 5 5 =

s sub o sigma sub f .. a n d tau o n heu .. n-i sar e s-a o l ws :
epsilon sub 3 1 i i = comma bracevert bracevert 4 4 minus 1 i to the power of f i = 2 to the power of comma

epsilon sub 2 epsilon sub 4 i-f i = 4 comma i braceleftbt braceex-braceex-braceex epsilon 1 braceleftbt 1 epsilon
2 epsilon 3 1 to the power of 4 5 i to the power of i = 5 to the power of comma Equation: open parenthesis i
from = to : = = 0 1 from comma to X comma sub 2 to the power of minus .. a n sub d S-a-two-N-i L to the
power of c-n sub epsilon sub 3 to the power of a sub slash k from open parenthesis to open parenthesis sub sigma
sub open parenthesis to the power of theta closing parenthesis sub minus to the power of epsilon to the power of
e sub 3 sigma a from li closing parenthesis closing parenthesis to va l m sub eta to the power of e sub 1 period
sub n sub plus to the power of i to the power of period to the power of t to the power of n open parenthesis sub
sigma to the power of period sub comma from t sub i to t sub o X comma Y w sub e eta-e-Y-o bt sub plus to
the power of theta closing parenthesis th open parenthesis theta sub minus sigma open parenthesis to the power
of theta closing parenthesis sigma to the power of 2 eta

h e nc e .. theta minus sigma 2 theta closing parenthesis
Line 1 sigma sub vline eta closing parenthesis minus 1 = minus sigma parenleft-line to the power of theta

closing parenthesis minus sigma to the power of 2 open parenthesis theta closing parenthesis times eta Line 2 a t
to the power of y epsilon minus sub 1 epsilon 2 3 to the power of 3 epsilon epsilon from minus 1 = epsilon 1 to 4
1 d 2 4 from 3 to the power of 3 epsilon to the power of 4 comma to d

wh ere
b sub 2 = a to the power of 2 plus 2 a minus 1 b sub 3 = minus 2 a sub 1
A s in sub open square bracket sub K closing square bracket sub comma open square bracket to the power

of T d sub W closing square bracket open square bracket d sub W 1 closing square bracket sub o open square
bracket sub d W closing square bracket comma w sub e s t sub i m-a t sub e n sub a r o rm sub s i n sub h

r i sub t .. s .. bracelefttp
sum 4 braceex-braceex-braceleftmid l o .. g theta minus sigma open parenthesis sub theta sigma open paren-

thesis eta i closing parenthesis closing parenthesis vextendsingle vextendsingle
e .. vextendsingle sub l o g vextendsingle sub theta theta open parenthesis minus sigma 2 to the power of

braceex-braceex-braceleftbt to the power of bracevert vextendsingle i sub closing parenthesis minus sigma to the
power of sigma thinde sub x minus su ch t h .. open parenthesis from open parenthesis sub t bar eta to the power
of theta sub theta i sub closing parenthesis i sigma from 0 closing parenthesis sub bar to times sigma line-two
sub open parenthesis to open parenthesis i closing parenthesis sigma eta equal-parenleft closing parenthesis sub
m vextendsingle sub less or equal n to the power of vextendsingle less or equal open brace bar eta

o− f fu nd am e n

= −ξ,
= −5− 4ξ + 18ξ2 + 5ξ3− 9ξ

ε3 = − 6−8ξ + 23ξ +9 ξ − 1ξ3 − 3,

epsilon− four = 1 + 3ξ − 5ξ − 4ξ3+4ξ4+ξ5,

5 =

soσf a n d τ o n heu n− i sar e s− a o l ws :

ε31 ii = , braceexbraceex4

4 − 1 if i = 2,

ε2ε4 i− fi = 4, i braceleftbtε1
braceleftbt1ε2ε3145 ii = 5,

andS− a− two−N− iL
c−nεa3 e3

/k
(

(
ε
σ

(θ
)−

σ a
li))
valm

e1
η .

tn

ni.
+

(
.ti, to
σ X,Y weeta− e− Y − obt

θ)th
+ (θ−σ(θ)σ2η

(i=:= =0 1,X ,
−
2

h e nc e θ − σ2θ )

σvlineη) − 1 = −σparenleft− lineθ)− σ2(θ) · η

a ty ε−1ε233εε−1=ε1
4 1 d2433ε4,

d

wh ere

b2 = a2 + 2a− 1 b3 = −2a1

A s in[K ],[
TdW][dW1]o [d W ],we s tim− ate na r o rms i nh

r it s bracelefttp∑
4 braceex− braceex− braceleftmid l o g θ − σ(θ σ(ηi))vextendsinglevextendsingle

e vextendsingle
braceex−braceex−braceleftbtbraceex vextendsingle i) −σ
logvextendsingleθθ( −σ2

σthindex−such t h (
(
θθi)

t|η i σ
0)|
·σline−two(

(i) σ ηequal−parenleft )mvextendsingle
vextendsingle
≤n

≤ {| η



\centerline{ in \quad se \quad h at $ i 0 = $ }

\centerline{g \quad t t \quad d \quad t \quad s \quad e \quad $ f i ˆ{ n { d }}
18 $ }

\centerline{o \quad $ 1 \mid > − 4 0 \cdot 1 0 $ \quad o g 21 }

\hspace ∗{\ f i l l }o A p pl ing P $ rp ˆ{ b } os ˆ{ u }$ i t n 3 1 . o [ T $ d ˆ{ B }$
W $ \ leq { ] }$ t o \quad 1 o u r \quad c a 1 se b $ y { t }$ a $ k−i $ n g \quad th \quad param \quad et

\noindent $ c 0 $ appe a \ h f i l l r n g \ h f i l l he eto be $ 10 ˆ{ one−zero 0 }
, $ w \ h f i l l eg e t \ h f i l l am \ h f i l l u \ h f i l l hs mal rb o nd $ B ˆ{ e } \ leq
7 19 . $ W

\centerline{ $ a−g $ a i ap p l t e \quad s m e \quad p r o p os ion }

\noindent a \quad n g $ e { f }$ o s l $ u { t }$ i o ns o f ( 1 2 ) a nd $ f i $
w \quad h i $h{ c } g { i v } e ˆ{ i } { nte } r { a l } ( 1 { , } a

2 3 { , } a ) $ o o $ w ˆ{ i n { g }}$ t h $ e ˆ{ a r }$

\hspace ∗{\ f i l l } $ h { se ˆ{ a } { r }}ˆ{ c }$ h t $ a { k e l ˆ{ es }}ˆ{ s }
t { h ˆ{ a }}$ n 1 \quad m n \quad $ u { e }$ o $ n { S } pa ˆ{ r }$ c s ta
$ i { o }$ S \quad $ S ˆ{ 4 } { w i } 1 ˆ{ h } a 2 ˆ{ a } 3 p ˆ{ a−f our }$
g $ r { a }$ m

\hspace ∗{\ f i l l }F o $ re ˆ{ ac } h{ ( } { a } , ˆ{ a } { 2 } , a 3 { , } 4 { ) }
w ˆ{ e }$ s \quad e w t h K S H t $ a ˆ{ t } th { e } n { i t } \varepsilon
1 2 \varepsilon 3 ˆ{ \varepsilon } 4 s { o }$

\centerline{ t \quad $ h { e }$ o r \quad m \quad $ X ˆ{ − } Y \theta ˆ{ . }$
W \quad e l $ i ˆ{ t } t { h }$ e \quad s $ l { u } i { o }ˆ{ n ˆ{ s }}$
i n $ T { a }$ b e $ 1 ˆ{ . }$ }

\ [ v l i n e \ ]

\centerline{T a b $ l−e 1 . $ T he so u ions $ f−o ( 1 1 ) $ a d $ (
1 two−parenr i ght $ }

\ [\ begin { a l i gned } l { t }\\
a−one two−a a 3 a ˆ{ 4 } b { 1 } b−two 3 four−b v l i n e X \end{ a l i gned }\ ]

\centerline{ $ 4 4 0 8 3 − 3 − 8 − two−three − 8 \omega $
}

\ [ − \ ]

\centerline{ $ 4 1 4 4 0 3 2 − $ }

\ [\ begin { a l i gned } − \\
− 0 − 9 − 1 \\
− − − { 1 } 2 − 7 + \\
3 − − − 2 9 + 1 − \end{ a l i gned }\ ]

\centerline{ $ − 2 3 − 3 − 2 $ }

\ [\ begin { a l i gned } − − 6 1 \\
− 1 − 5 − 1 \\
− 0 − 1 \end{ a l i gned }\ ]

\centerline{ $ 2 4 − $ }

\ [ − − 1 − 2 \ ]

\centerline{ $ 0 − 1 $ }

\centerline {1 \quad 1 }

\centerline {1 \quad 2 \quad 3 \quad 1 }

\centerline{ $ 0 1 − $ }

\centerline {1 \quad 2 }

\centerline{ $ 1 3 7 − 1 − $ }

\centerline{ $ 3 1 1 − { 9 } + $ }

\centerline{ $ 0 1 − 8 2 $ }

\hspace ∗{\ f i l l } $ x y ) $ I $ t ˆ{ a }$ t $ r−n $ s t ou ttha \quad o t nyt
$ h ˆ{ o }$ e f o \quad owin $ gtwo ˆ{ s }$ s $ s { a }$ e t s yt e $ n { c }$
on \quad d $ in ˆ{ 4 }$ s o f h

\centerline {( \quad , . \quad u \quad t \quad l \quad l \quad i f \quad h \quad i t }

in .. se .. h at i 0 =
g .. t t .. d .. t .. s .. e .. fi to the power of n sub d 18
o .. 1 bar greater minus 4 0 times 1 0 .. o g 21
o A p pl ing P rp to the power of b os to the power of u it n 3 1 period o open square bracket T d to the

power of B W less or equal sub closing square bracket t o .. 1 o u r .. c a 1 se b y t a k-i n g .. th .. param .. et
c 0 appe a .... r n g .... he eto be 10 to the power of one-zero 0 comma w .... eg e t .... am .... u .... hs mal rb

o nd B to the power of e less or equal 7 19 period W
a-g ai ap pl t e .. s m e .. p r o p os ion
a .. n g e sub f o s l u sub t i o ns o f open parenthesis 1 2 closing parenthesis a nd fi
w .. h i h c g sub i v e to the power of i sub nte r sub al open parenthesis 1 sub comma a 2 3 sub comma a

closing parenthesis o o w to the power of i n sub g t h e to the power of a r
h sub se to the power of a sub r to the power of c h t a sub k e l to the power of es to the power of s t sub h

to the power of a n 1 .. m n .. u sub e o n sub S pa to the power of r csta i sub o S .. S to the power of 4 sub w i
1 to the power of h a 2 to the power of a 3 p to the power of a-four g r sub a m

F o re to the power of ac h open parenthesis sub a comma to the power of a sub 2 comma a 3 sub comma 4
sub closing parenthesis w to the power of e s .. e w t h K S H t a to the power of t th sub e n sub it epsilon 1 2
epsilon 3 to the power of epsilon 4 s sub o

t .. h sub e o r .. m .. X to the power of minus Y theta to the power of period W .. e l i to the power of t t
sub h e .. s l sub u i sub o to the power of n to the power of s i n T sub a b e 1 to the power of period

vline
T a b l-e 1 period T he so uions f-o open parenthesis 1 1 closing parenthesis a d open parenthesis 1 two-

parenright
Line 1 l sub t Line 2 a-one two-a a 3 a to the power of 4 b sub 1 b-two 3 four-b vline X
4 4 0 8 3 minus 3 minus 8 minus two-three minus 8 omega
minus
4 1 4 4 0 3 2 minus
Line 1 minus Line 2 minus 0 minus 9 minus 1 Line 3 minus minus minus sub 1 2 minus 7 plus Line 4 3 minus

minus minus 2 9 plus 1 minus
minus 2 3 minus 3 minus 2
Line 1 minus minus 6 1 Line 2 minus 1 minus 5 minus 1 Line 3 minus 0 minus 1
2 4 minus
minus minus 1 minus 2
0 minus 1
1 .. 1
1 .. 2 .. 3 .. 1
0 1 minus
1 .. 2
1 3 7 minus 1 minus
3 1 1 minus sub 9 plus
0 1 minus 8 2
x y closing parenthesis I t to the power of a t r-n s t ou ttha .. o t nyt h to the power of o efo .. owin gtwo to

the power of s s s a e ts yt e n sub c on .. d in to the power of 4 sof h
open parenthesis .. comma period .. u .. t .. l .. l .. if .. h .. i t

in se h at i0 =
g t t d t s e find 18
o 1 |> −4 0 · 10 o g 21

o A p pl ing P rpbosu it n 3 1 . o [ T dB W ≤] t o 1 o u r c a 1 se b yt a k− i
n g th param et
c0 appe a r n g he eto be 10one−zero0, w eg e t am u hs mal rb o nd Be ≤ 719. W

a− g ai ap pl t e s m e p r o p os ion
a n g ef o s l ut i o ns o f ( 1 2 ) a nd fi w h i hc givei

nteral(1,a23,a) o o wing t h ear

hc
sea

r
h t as

keles tha n 1 m n ue o nSpar csta io S S4
wi1

ha2a3pa−four g ra m

F o reach(a,
a
2 , a3,4) we s e w t h K S H t atthe nitε12ε3ε4 so

t he o r m X− Y θ. W e l itth e s luin
s

o i n Ta b e 1.

vline

T a b l − e1. T he so uions f − o(11) a d (1two− parenright

lt

a− one two− a a3 a4 b1 b− two 3 four − bvline X
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\hspace ∗{\ f i l l }o S h $ i ˆ{ m }$ \quad ura ’ s \quad t e r

\ [\ begin { a l i gned } c ˆ{ u }\\
Y = X − 2 { 7 } x−X − 5 { 4 } y \end{ a l i gned }\ ]

\noindent t hnt h \quad ea b $ o−v $ eg $ t { i }$ e s $ an ˆ{ a } e i p t ˆ{ o }$
c $ cu ˆ{ v } rve ˆ{ e } t { w }$ \quad ih go or edu t i o no $ \ in $ uts d e 2 .

\hspace ∗{\ f i l l } a l go r th m ove quadra $ t i c f i ˆ{ l }$ e l d s $ i−s $ imple \quad m nte dbyA . U \quad m eg kio n S pa
$ c−r $

\centerline{ $\ l e f t . 39\ begin { array }{ c} b \\ , \end{ array }ut\right . $ t do $ e−s $
n t w \quad $ r−o $ }

\centerline{Th \quad $ u−s $ \quad wec o m \quad $ l−p $ e t e th eproo f o f \quad Theor em . }

\hspace ∗{\ f i l l }A \quad ckn o wle dg m e nts . \quad W ew u ld l k e t \quad oexpre s s ourt ha n k s \quad toPr o

\hspace ∗{\ f i l l }K \quad . Hash moto fo r i n to \quad d u c i g \quad uto th s s u b $ e−c $
t to \quad K . A oki f r hs

\hspace ∗{\ f i l l }m at ion a $ b−o $ utvar usn \quad um b e r t h \quad o $ i { yso f }$
tw r $ esuch ˆ{ , }$ \quad a \quad K ASH and \quad S IM

\noindent whch wer e in d i s p esa \quad b e f o r t h i w or k . W \quad ea so \quad t h ank \quad A . U meg a
$ s−e $ v $ r−e $ a \quad u s f u l d scu $ s−i $ ons .

\centerline{ $ Re { f e }$ r e ce s }

\ [ [ BW ˆ{ ] } A ˆ{ . } Bk e { r } a \ ]

\noindent $ a−b $ e ian v $ r−a $ i e
$ C { W } ] $ \quad J . \quad Coa $ e { s } a−n $ d \quad A . \quad W i \quad es , On \quad

$ h−t $ e \quad con $ j−e $ c ure o f B $ r−i $ cha n d $ S { w } i { n }
n−e $ r $ o−t $ n

\ [ i i−d . 3 { 9 } ( 19 7 ) , 22 { 3 } −− 2 { 5 } per iod−one \ ]

$ b r a c k e t l e f t−C ] $ \quad S . C o mal d \quad , E $ i−l p−t c−i $ c \quad rve with r i i a l co n uctoro \quad
$ e−r $ \quad qu $ r−d $ atc \quad $ e { l }$ s ,

$ . M { a }$ th .

$ D { R } ] $ \quad P . \quad D e $ i g { n }$ ee \quad M . Ra po p or $ t−comma $
Le s ch $ \acute{e} $ m asdem $ odulesd { e }$ sco r es $ e l i ˆ{ p }$
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