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x32−x2d−x20 x54−x20−x39−x30−x2e−x33 x44−o \\

/ \end{ a l i gned }\ ]

\noindent I h e $ s−e { c }$ n $ d−minus { pi−x5c } n−x4a s la sh−t x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f−e−y { x32−x2d−x20−x31−x33−x2e−x30−x2d−x20−x66−g
x32−r } x32−x2e−l { w−x54−x20−x37 x44 }$ e i $ n−t { e−d }$ rateby $ \ leq $
p $ a−y { r t s } : $

\begin { a l i g n ∗}
x4a x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 x66−x20−x2d−x33−x2e−x32 ˆ{ x36−x20−x2d−x32 } { x44

x5b−x28−x31 } − 2 / 2 \ tag ∗{$ \{ u { \ infty brace r i ght−e } − \pi
u x5c− i n f i n i t y x29−x5d−x54−minus x4a 2 x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54
x66−x20−x2d−x33−x2e−x32 $}\\ y ˆ{ l }\\ s l a sh−y \\ − 4 i n f i n i t y −x5c minus−two−x54−x5d−x29
x4a−one x54−x20−x37−x39−x2e−x36−x20−x37−x46−x2 f x4a x32−x31−x2e−x35−x2d−x20−x66 ˆ{ x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f }
x54−x20−x39−x30−x2e−x33 x44 ˆ{ x32−x2d−x20−x36 } x54−x20−x39−x30−x2e−x33 −
\pi v 2 \\ y \} \\ \ l l g v − 4 \pi x5c x54−x5d−x29 x4a x54−x20−x37−x39−x2e−x36−x20−x37−x46−x2 f ˆ{ x32−x2d−x20−x31−x31−x2e−x35−x2d−x20−x66 }
x54−x20−x39−x30−x2e−x33 x44 \\ t−h { e } e−l \\ d = \ square e / y { = }
y 2{ − } 1 / 2 + O ( ˆ{ y }\ tag ∗{$ ) $}
\end{ a l i g n ∗}

her h an d comma by R iem e a-minus pi-n sub n u endash S-slash t-y iel t-j e
Line 1 sum Line 2 22 = minus to the power of 2 2 infinity sub x54-x5d-x29 x4a infinity-x5c-x54-x5d-x29 e-

one-x4a minus x54-x20-x37-x39-x2e-x36-x20-x37-x46-x2f x32-x31-x2e-x35-x2d-x20-x66 x32-x2d-x20 x54-x20-x39-
x30-x2e-x33 x44-o Line 3 slash

I h e s-e sub c n d-minus sub pi-x5c n-x4a slash-t x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f-e-y sub x32-x2d-
x20-x31-x33-x2e-x30-x2d-x20-x66-g x32-r x32-x2e-l sub w-x54-x20-x37 x44 e i n-t sub e-d rateby less or equal p
a-y sub r ts :

Equation: open brace u sub infinity braceright-e minus pi u x5c-infinity x29-x5d-x54-minus x4a 2 x2f-x46-
x39-x20-x36-x2e-x39-x37-x20-x54 x66-x20-x2d-x33-x2e-x32 .. x4a x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 x66-
x20-x2d-x33-x2e-x32 to the power of x36-x20-x2d-x32 sub x44 x5b-x28-x31 minus 2 slash 2 y to the power of l
slash-y minus 4 infinity-x5c minus-two-x54-x5d-x29 x4a-one x54-x20-x37-x39-x2e-x36-x20-x37-x46-x2f x4a x32-
x31-x2e-x35-x2d-x20-x66 to the power of x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x54-x20-x39-x30-x2e-x33 x44
to the power of x32-x2d-x20-x36 x54-x20-x39-x30-x2e-x33 minus pi v 2 y closing brace ll g v minus 4 pi x5c x54-
x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-x37-x46-x2f to the power of x32-x2d-x20-x31-x31-x2e-x35-x2d-x20-x66
x54-x20-x39-x30-x2e-x33 x44 t-h sub e e-l Equation: closing parenthesis .. d = square e slash y sub = y 2 minus
1 slash 2 plus O open parenthesis to the power of y

her h an d , by R iem ea−minuspi− nnu – S − slasht− y iel t− j e

∑
22 = −22∞x54−x5d−x29x4a infinity − x5c− x54− x5d− x29e− one− x4a− x54− x20− x37− x39− x2e− x36− x20− x37− x46− x2fx32− x31− x2e− x35− x2d− x20− x66x32− x2d− x20x54− x20− x39− x30− x2e− x33x44− o

/

I h e s − ec n d −minuspi−x5cn − x4aslash − tx54 − x20 − x37 − x39 − x2e − x36 −
x20 − x39 − x46 − x2f − e − yx32−x2d−x20−x31−x33−x2e−x30−x2d−x20−x66−gx32−rx32 −
x2e− lw−x54−x20−x37x44 e i n− te−d rateby ≤ p a− yrts :

x4a x2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54 x66− x20− x2d− x33− x2e− x32x36−x20−x2d−x32
x44x5b−x28−x31 − 2/ 2

{u∞braceright−e − πux5c− infinityx29− x5d− x54−minusx4a2x2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54x66− x20− x2d− x33− x2e− x32

yl

slash− y
−4infinity − x5cminus− two− x54− x5d− x29x4a− onex54− x20− x37− x39− x2e− x36− x20− x37− x46− x2fx4ax32− x31− x2e− x35− x2d− x20− x66x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2fx54− x20− x39− x30− x2e− x33x44x32−x2d−x20−x36x54− x20− x39− x30− x2e− x33 − πv2

y}
� g v − 4πx5c x54− x5d− x29x4ax54− x20− x37− x39− x2e− x36− x20− x37− x46− x2fx32−x2d−x20−x31−x31−x2e−x35−x2d−x20−x66x54− x20− x39− x30− x2e− x33x44

t− hee− l
d = �e /y= y 2−1 /2 + O(y

)



\ [\ begin { a l i gned } \ infty { x4a } x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32−x33−x2e−x30−x2d−x20−x66
x32−x2d−x20 x32 x32−x2e x54−x20−x37 x44 − B \\

= \ square = 1 ( 0 \\
[ 2 \pi \\
y B 2 0 \\
− x4a { 2 ( } u ) y u{ 4 } − 6 2 u ˆ{ 2 } e ˆ{ − } \pi \end{ a l i gned }\ ]

\centerline{n \quad e $ ( ˆ{ B ˆ{ 2 }} { t−h { e }} f i { u } ) $ s $ = $ a $ \{ ˆ{ d }
\} ˆ{ 2 ec ˆ{ o } n }$ d p $e{ + }$ }

\ [ b−s { 1 } 1 x54−x5d−x29−x5c− i n f i n i t y x32−x2d−x20 ˆ{ x4a ˆ{ x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f }} { e { − }
t { − } \pi } x32−x2e x30−x28−x5b ˆ{ x44 } { d { t o } = } b g \ ]

\begin { cente r }
4
N \quad xt \quad $\ l e f t . no\begin { array }{ c} i \\ c \end{ array }\ eth \right . $ a \quad

$ [ ] $
\end{ cente r }

\ [ − \pi u 4 y 2 \ infty 2 \pi 3 − \pi u \ ]

\hspace ∗{\ f i l l } $ l { l }$ y \quad co d i t \quad l \quad $/{ l }$ t \quad $ y
4 / y 2 { o }$ b a \quad g \quad 0

\begin { a l i g n ∗}
\ tag ∗{$ \ infty { x5c x29−x5d−x54 x4a } x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 $} x66−x20−x2d−x30−x2e−x33−x31−x20−x2d−x32 ˆ{ x32 } { x2e−x32
x38−x20−x54 } 8 \pi u \\\ l e f t . x54−x5d−x29 \ infty x4a ˆ{ B } y ˆ{ 2 } { x32−x2e
x54−x20−x37 } ( 2 /\ begin { a l i gned } & 2 1 \\

& 2 \end{ a l i gned }\ right .\\ = 2 ( y v ) y 4 − y 2 \\ t y ˆ{ = }
i ˆ{ ( } { O } ) ˆ{ e } { / 2 . } m \\\ l e f t . m ˆ{ m } a { 2 } four−per iod
As x \rightarrow \ infty ,\ begin { a l i gned } & \{ \\

& 1 o \end{ a l i gned }\ right .\\ / l o ˆ{ g } { p }
\end{ a l i g n ∗}

\centerline{Her e $ \sum p $ d eno e s t hesum }

\ [ o { he i . }\ ]

\centerline{P \quad o \quad $ f { . }$ \quad N o \quad $ \sum ˆ{ t } 2 = ˆ{ \ infty
x29−x5d−x54 } { x5c } a ˆ{ u } { x66−x20−x2d−x30−x2e−x33−x32 { x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 { x4a }}}
x20−x2d−x32 ˆ{ x32 } x2e−x32 x37−x20−x54 , $ }

\ [ p \ ]

Line 1 infinity sub x4a x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32-x33-x2e-x30-x2d-x20-x66 x32-x2d-x20
x32 x32-x2e x54-x20-x37 x44 minus B Line 2 = square = 1 open parenthesis 0 Line 3 bracketleftbigg 2 pi Line 4
y B 2 0 Line 5 minus x4a sub 2 open parenthesis u closing parenthesis y u 4 minus 6 2 u to the power of 2 e to
the power of minus pi

n .. e open parenthesis from B to the power of 2 to t-h sub e fi u closing parenthesis s = a open brace to the
power of d closing brace to the power of 2 ec to the power of o n d p e plus

b-s 1 1 x54-x5d-x29-x5c-infinity x32-x2d-x20 from x4a to the power of x54-x20-x37-x39-x2e-x36-x20-x39-x46-
x2f to e sub minus t sub minus pi x32-x2e x30-x28-x5b from x44 to d sub t o = b g

4
N .. xt .. noRow 1 i Row 2 c no a .. bracketleftbigg bracketrightbigg
minus pi u 4 y 2 infinity 2 pi 3 minus pi u
l l y .. co d it .. l .. slash l t .. y 4 slash y 2 sub o b a .. g .. 0
Equation: infinity sub x5c x29-x5d-x54 x4a x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 .. x66-x20-x2d-x30-x2e-

x33-x31-x20-x2d-x32 to the power of x32 sub x2e-x32 x38-x20-x54 8 pi u x54-x5d-x29 infinity x4a to the power
of B y to the power of 2 sub x32-x2e x54-x20-x37 parenleftbigg 2 Case 1 2 1 Case 2 2 = 2 open parenthesis
y v closing parenthesis y 4 minus y 2 t y to the power of = i sub O to the power of open parenthesis closing
parenthesis from e to slash 2 period m m to the power of m a 2 four-period As x right arrow infinity Case 1
braceleftbigg Case 2 1 o slash l o to the power of g sub p

Her e sum p d eno est hesum
o sub hei period
P .. o .. f sub period .. N o .. sum to the power of t 2 = sub x5c to the power of infinity x29-x5d-x54 a sub

x66-x20-x2d-x30-x2e-x33-x32 x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 x4a to the power of u x20-x2d-x32 to the
power of x32 x2e-x32 x37-x20-x54 comma

p

∞x4a x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2fx32− x33− x2e− x30− x2d− x20− x66x32− x2d− x20x32x32− x2ex54− x20− x37x44− B

= � = 1( 0

[2π

yB 2 0

− x4a2(u) yu4 − 62u2e−π

n e (B
2

t−hefiu) s = a {d}2econ d p e+

b−s1 1 x54−x5d−x29−x5c−infinityx32−x2d−x20x4ax54−x20−x37−x39−x2e−x36−x20−x39−x46−x2f

e−t−π x32−x2ex30−x28−x5bx44
dto=b g

4 N xt no
i
c
ð a [ ]

−πu4y2 ∞ 2π 3− πu

ll y co d it l /l t y4/y2o b a g 0

x66− x20− x2d− x30− x2e− x33− x31− x20− x2d− x32x32
x2e−x32x38−x20−x548πu

∞x5cx29−x5d−x54x4ax2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54

x54− x5d− x29∞x4aB y2
x32−x2ex54−x20−x37 ( 2 /

21

2

= 2 (y v ) y4 − y2

ty=i
(
O )e/2.m

mm a2four − period Asx→ ∞,
{
1 o

/ logp

Her e
∑

p d eno est hesum

ohei.

P o f. N o
∑t

2 =∞x29−x5d−x54
x5c aux66−x20−x2d−x30−x2e−x33−x32x2f−x46−x39−x20−x36−x2e−x39−x37−x20−x54x4a

x20− x2d− x32x32x2e− x32x37− x20− x54 ,

p



\ [ x 1 / 2 x5c−x54−x5d−x29 x4a x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f
x32−x33−x2e−x30−x2d−x20−x66 ˆ{ x32−x2d−x20 } x32 x32−x2e x30−x28−x5b−x44 K
( 1 \ ]

\noindent h r h nd , re c a l \quad t h at $ ax ) $ \quad h $ \ infty x4a−E−o $
m $ ) p ˆ{ d } a $ s $ u / x ) $ ot

e

\ [\ begin { a l i gned } g { e } t \ infty a u / ) ˆ{ d } E ( ) = [
− 2 \\

x32−x2d−x20−x31−x33−x2e−x30−x2d−x20−x66 \\
u a \prime ( u 2 du = − ˆ{ x5c } x29−x5d−x54 x4a x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 ˆ{ x66−x20−x2d−x30−x2e−x33−x32 }

x20−x2d−x32 \\
x54−x5d−x29 x4a x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32 x32−x2e x30−x28−x5b

x v ) a ( v ) d v \end{ a l i gned }\ ]

\centerline{ $ \surd x v ) ˆ{ P } = o ( \surd E r a d i c a l−v ) . $
T r u , T h e o $ r ˆ{ e }$ m \quad $ ( P ˆ{ . } a ( ) v 1 2 { d }$
v $ v ˆ{ ) } = ( o $ }

\ [ m ˆ{ a } v ) { h } \ l e f t . vd\begin { a l i gned } & x30−x28−x5b \\
& R−i e o a n−x { n } H y p o t−h { e } i ˆ{ s } t h

n E ˆ{ u−p a r e n l e f t } ) \ l l u 2 l \end{ a l i gned }\ right . \ ]

\centerline{ $ x29−x5d−x54 x4a { x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 x66−x20−x2d−x30−x2e−x33−x31−x20−x2d−x32 }
x2e−x32 { x37−x20−x54 x5b−x28−x30 } v one−s l a s h { 4 }$ l o g \quad $ 2
x ) a \prime ( ) v \ l l x / 4 $ l o g \quad $ 2 x $ }

\ [ x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f \ ]

\centerline{ l $ x m ˆ{ a−i } a ( v ) ˆ{ s } d v $ b $ i { s }$ d . 4 }

\centerline{a }

\centerline{ $ \sum ap / x ) $ l o $ p = K ( 1 ) + o−p a r e n l e f t
x ) $ \quad u $ c−n $ ond \quad t i $ na l ˆ{ l−y } , $ }

\ [\ begin { a l i gned } ( \\
\rightarrow \ infty a v ) d v = a K−p a r e n l e f t u / x x

E ( u ) . \end{ a l i gned }\ ]

\noindent r
On one han $ , \sum au / x ) $

x 1 slash 2 x5c-x54-x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32-x33-x2e-x30-x2d-x20-x66 to
the power of x32-x2d-x20 x32 x32-x2e x30-x28-x5b-x44 K parenleftbig 1

h r h nd comma re cal .. t h at ax closing parenthesis .. h infinity x4a-E-o m closing parenthesis p to the
power of d a s u slash x closing parenthesis ot

e
Line 1 g sub e t infinity a u slash closing parenthesis to the power of d E open parenthesis closing parenthesis =

open square bracket minus 2 Line 2 x32-x2d-x20-x31-x33-x2e-x30-x2d-x20-x66 Line 3 u a prime open parenthesis
u 2 du = minus to the power of x5c x29-x5d-x54 x4a x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 to the power of
x66-x20-x2d-x30-x2e-x33-x32 x20-x2d-x32 Line 4 x54-x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32
x32-x2e x30-x28-x5b x v closing parenthesis a open parenthesis v closing parenthesis d v

surd x v closing parenthesis to the power of P = o open parenthesis surd E radical-v closing parenthesis period
T r u comma T h e o r to the power of e m .. open parenthesis P to the power of period a open parenthesis
closing parenthesis v 1 2 sub d v v to the power of closing parenthesis = open parenthesis o

m to the power of a v closing parenthesis h Case 1 x30-x28-x5b Case 2 R-i e o a n-x sub n H y p o t-h sub e
i to the power of s t h n E to the power of u-parenleft closing parenthesis ll u 2 l

x29-x5d-x54 x4a sub x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 x66-x20-x2d-x30-x2e-x33-x31-x20-x2d-x32 x2e-
x32 sub x37-x20-x54 x5b-x28-x30 v one-slash sub 4 l o g .. 2 x closing parenthesis a prime open parenthesis closing
parenthesis v ll x slash 4 lo g .. 2 x

x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f
l x m to the power of a-i a open parenthesis v closing parenthesis to the power of s d v b i sub s d period 4
a
sum ap slash x closing parenthesis lo p = K open parenthesis 1 closing parenthesis plus o-parenleft x closing

parenthesis .. u c-n ond .. ti nal to the power of l-y comma
Line 1 open parenthesis Line 2 right arrow infinity a v closing parenthesis d v = a K-parenleft u slash x x E

open parenthesis u closing parenthesis period
r
On one han comma sum au slash x closing parenthesis

x1/2x5c−x54−x5d−x29x4a x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2fx32−x33−x2e−x30−x2d−x20−x66x32−x2d−x20x32x32−x2ex30−x28−x5b−x44 K (1

h r h nd , re cal t h at ax) h ∞x4a− E − o m )pda s u/x) ot e

get ∞ au/)dE( ) = [−2

x32− x2d− x20− x31− x33− x2e− x30− x2d− x20− x66

ua′(u2 du = −x5cx29− x5d− x54x4a x2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54x66−x20−x2d−x30−x2e−x33−x32x20− x2d− x32

x54− x5d− x29x4a x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2f x32 x32− x2ex30− x28− x5b xv)a(v)dv

√
xv)P = o(

√
Eradical − v). T r u , T h e o re m (P . a()v12d v v) = (o

mav)h vd
x30− x28− x5b

R− ieoa n− xn Hy pot− heisthnEu−parenleft) � u2 l

x29− x5d− x54x4ax2f−x46−x39−x20−x36−x2e−x39−x37−x20−x54x66−x20−x2d−x30−x2e−x33−x31−x20−x2d−x32x2e− x32x37−x20−x54x5b−x28−x30 vone− slash4 l o g 2x)a′()v � x /4 lo g 2x

x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2f

l xma−ia(v)sdv b is d . 4

a∑
ap/x) lo p = K(1) + o− parenleftx) u c− n ond ti nall−y,

(

→ ∞ a v)dv = aK − parenleftu/xxE(u).

r On one han ,
∑

au/x)



\ [ \ infty E ( ) ( { u / } x { ) d }\ ]

\centerline{ s }

\ [ x4a−l x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32−x2d−x20−x31−x33−x2e−x30−x2d−x20−x66
x32 x5c−i n f i n i t y −x32−x2e x54−x20−x37 h−x4a−x44 e e−x32−x33−x2e−x30−x2d−x20−x66− l
m−x32−x2d−x20 m−x32\ begin { array }{ c} . \\ x54−x20−x37 \end{ array }x44−x30−x28−x5b \ ]

\centerline{a }

\hspace ∗{\ f i l l } l o $ r a d i c a l−g { p } = K ( 1 ) 1 / 2 + \{ { o
x 1 / 2 ˆ{ 2 } ) } ) $ \quad u nc $ o ˆ{ n di } i { o n }$ a y

\begin { a l i g n ∗}
\sum ( p l g p \\\ l e f t . p a x \ infty x5c ˆ{ a } x ) x32\ begin { a l i gned } &

u \theta ˆ{ u } { ) } u \\
& 1 x44 \ infty x54−x5d−x29 x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32−x33−x2e−x30−x2d−x20−x66

x32−x2d−x20 ) x32 1 x32−x2e x44−x30−x28−x5b \end{ a l i gned }\ right .\\ = \\ h−a−n
d x54−x5d−x29−x5c− i n f i n i t y ˆ{ a } x4a−x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f
u { parenr ightb igg−x32 x32−x2e } a{ i n f i n i t y −x5c−x54−x5d−x29 } x4a ( v )
x32−x2e \\d{ E } u ˆ{ x } ( ({ a } v v ˆ{ = } K 2 \\ \ infty x54−x5d−x29
x4a x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32−x33−x2e−x30−x2d−x20−x66 x32−x2d−x20
x32 x32−x2e { 1 }\\ u E ˆ{ ( } u = ( { E } u ) a u ˆ{ x2e−x32 } { ( }
x u E ( u ) a { \prime }
\end{ a l i g n ∗}

infinity E open parenthesis closing parenthesis open parenthesis sub u slash x sub closing parenthesis d
s
x4a-l x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32-x2d-x20-x31-x33-x2e-x30-x2d-x20-x66 x32 x5c-infinity-x32-

x2e x54-x20-x37 h-x4a-x44 e e-x32-x33-x2e-x30-x2d-x20-x66-l m-x32-x2d-x20 Row 1 period Row 2 x54-x20-x37
.

a
l o radical-g sub p = K parenleftbig 1 parenrightbig 1 slash 2 plus braceleftbigg sub o x 1 slash 2 to the power

of 2 closing parenthesis closing parenthesis .. u nc o to the power of n di i sub o n a y
sum parenleftbigg p l g p p a x infinity x5c to the power of a x parenrightbigg Case 1 u theta to the

power of u sub closing parenthesis u Case 2 1 x44 infinity x54-x5d-x29 x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f
x32-x33-x2e-x30-x2d-x20-x66 x32-x2d-x20 parenrightbigg x32 1 x32-x2e x44-x30-x28-x5b = h-a-n d x54-x5d-x29-
x5c-infinity to the power of a x4a-x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f u sub parenrightbigg-x32 x32-x2e a
infinity-x5c-x54-x5d-x29 x4a open parenthesis v closing parenthesis x32-x2e d E u to the power of x parenleftbigg
parenleftbigg a v v to the power of = K 2 infinity x54-x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f
x32-x33-x2e-x30-x2d-x20-x66 x32-x2d-x20 x32 x32-x2e sub 1 u E to the power of open parenthesis u = open
parenthesis sub E u closing parenthesis a u from x2e-x32 to parenleftbigg x u E open parenthesis u closing
parenthesis a sub prime

∞E() (u/x)d

s

x4a−lx54−x20−x37−x39−x2e−x36−x20−x39−x46−x2fx32−x2d−x20−x31−x33−x2e−x30−x2d−x20−x66x32x5c−infinity−x32−x2ex54−x20−x37h−x4a−x44ee−x32−x33−x2e−x30−x2d−x20−x66−lm−x32−x2d−x20 m−x32
.

x54− x20− x37
x44−x30−x28−x5b

a
l o radical − gp = K(1)1/2 + {ox1/22) ) u nc ondiion a y

∑
( plgp

p a x ∞x5ca x)x32
u θu) u

1x44 ∞x54− x5d− x29 x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2fx32− x33− x2e− x30− x2d− x20− x66x32− x2d− x20)x321x32− x2ex44− x30− x28− x5b

=

h− a− ndx54− x5d− x29− x5c− infinityax4a− x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2fuparenrightbigg−x32x32−x2e ainfinity − x5c− x54− x5d− x29x4a(v) x32− x2e

dE ux((a v v=K 2

∞x54− x5d− x29x4ax54− x20− x37− x39− x2e− x36− x20− x39− x46− x2fx32− x33− x2e− x30− x2d− x20− x66x32− x2d− x20x32x32− x2e1

u E(u = (Eu)a ux2e−x32
( x u E(u)a′



\ [\ begin { a l i gned } \rightarrow \ infty , \\
p ˆ{ \sum } a p \\
og p { = } K ( zero−parenr i ght + ˆ{ \{ } o ( 1 \end{ a l i gned }\ ]

\noindent Po o $ . F { s } ( ) $ c

\begin { a l i g n ∗}
p \sum a { x } p p = a ( { x }ˆ{ u } { ) } u a u \ tag ∗{$ ) $}\\ a ˆ{ \ infty } { ( }

u x32 x37−x20−x54−x44 \ infty a ( v ) d \\ x 1{ u } u equal−p a r e n l e f t b i g g
( v \ tag ∗{$ = ˆ{ K } zero−p a r e n l e f t parenr ight−per iod $}\\ u = ˆ{ − } { x5c }
x29−x5d−x54 ( ˆ{ x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 } { E } u parenr ight−a
u { x5b−x28−x30−x44 } x u E \\ = { = } o ( ˆ{ x } { \ infty } ) x4a
x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f x32−x33−x2e−x30−x2d−x20−x66 x32−x2d−x20
x32−x2e\begin { array }{ c} x44 \\ u \end{ array }o
\end{ a l i g n ∗}

\centerline{me $O{ m }$ a . \quad g \quad R }

\ [\ begin { a l i gned } \ infty , \\
= p one−two K ( 0 ) + \{ o ( − / 4 2 \\
p \end{ a l i gned }\ ]

Line 1 right arrow infinity comma Line 2 p to the power of sum a p Line 3 og p sub = K open parenthesis
zero-parenright plus to the power of braceleftbigg o open parenthesis 1

Po o period F sub s parenleftbigg parenrightbigg c
Equation: parenrightbigg .. p sum a x p p = a parenleftbigg sub x sub parenrightbigg to the power of u u

a u a from infinity to parenleftbigg u x32 x37-x20-x54-x44 infinity a open parenthesis v closing parenthesis d
Equation: = to the power of K zero-parenleft parenright-period .. x 1 u u equal-parenleftbigg parenleftbigg v u
= sub x5c to the power of minus x29-x5d-x54 open parenthesis from x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54
to E u parenright-a u x5b-x28-x30-x44 x u E = sub = o open parenthesis from x to infinity closing parenthesis
x4a x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32-x33-x2e-x30-x2d-x20-x66 x32-x2d-x20 Row 1 x44 Row 2 u .

me O m a period .. g .. R
Line 1 infinity comma Line 2 = p one-two K open parenthesis 0 closing parenthesis plus braceleftbigg o open

parenthesis minus slash 4 2 Line 3 p

→∞ ,

p
∑

ap

ogp=K(zero− parenright+{ o(1

Po o . Fs() c

p
∑

axp p = a (ux) u a u

)

a∞( u x32 x37− x20− x54− x44 ∞a(v)d

x1u u equal − parenleftbigg( v
=K zero− parenleftparenright− period

u =−x5c x29− x5d− x54(x2f−x46−x39−x20−x36−x2e−x39−x37−x20−x54
E uparenright− a ux5b−x28−x30−x44 x u E

== o(x∞)x4a x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2fx32− x33− x2e− x30− x2d− x20− x66x32− x2d− x20 x32− x2e
x44
u

o

me Om a . g R

∞,
= p one− twoK(0) + {o( −/4 2

p



\ [\ begin { a l i gned } p a ) u a \\
n i n f i n i t y −x5c a{ x4a } u one−x2e−x32 1 \ infty a ( v ) d \\
u u = 2 ( ( 2 v = ˆ{ 2 ˆ{ K }} ( 0 \\
i n f i n i t y −x5c x29−x5d−x54 \\
d u ˆ{ ) } = − { \ infty } E ( ) { u } a ˆ{ x32 } { ( } u ˆ{ x32−x2e } { 2 }

) x 1 E \\
= 1 { 2 } − 1 / 2 x29−x5d−x54 x4a p a r e n l e f t−x66−x20−x2d−x30−x2e−x33−x31−x20−x2d−x32− r a d i c a l \begin { array }{ c} x32 \\

x \\ v \end{ array }x37−x20−x54−parenr ight−x2e−x32 a−p a r e n l e f t v ) v \\
− x − 1 / \ infty ˆ{ x5c−x54−x5d−x29 } x4a x v ) a v v{ ) }

− two−s l a s h dv \end{ a l i gned }\ ]

\centerline{ $ \ l l ˆ{ o } x ˆ{ − 1 / 4 } o { l } 2 x ˆ{ u }$ a s u o m
$ i ˆ{ d t i ˆ{ o }} . $ H }

\ [\ begin { a l i gned } \sum a ( p / x ) { p } / l p \ l l x 3 /
2{o{ l }} g x . \\
\sum \\
p o p = = x5c x54−x5d−x29 ˆ{ x4a } i n f i n i t y −x54−x5d−x29 ( x4a

x32−x33−x2e−x30−x2d−x20−x66 ˆ{ x x32−x2e ˆ{ u }} x30−x28−x5b { x32−x2e x44 }\end{ a l i gned }\ ]

Line 1 p a parenrightbigg u a Line 2 n infinity-x5c a x4a u one-x2e-x32 1 infinity a open parenthesis v
closing parenthesis d Line 3 u u = 2 parenleftbigg parenleftbigg 2 v = to the power of 2 to the power of K open
parenthesis 0 Line 4 infinity-x5c x29-x5d-x54 Line 5 d u to the power of closing parenthesis = minus infinity E
open parenthesis closing parenthesis sub u a from x32 to parenleftbigg u from x32-x2e to 2 parenrightbigg x 1 E
Line 6 = 1 2 minus 1 slash 2 x29-x5d-x54 x4a Row 1 x32 Row 2 x Row 3 v . a-parenleft v closing parenthesis v
Line 7 minus x minus 1 slash infinity to the power of x5c-x54-x5d-x29 x4a x v closing parenthesis a v v closing
parenthesis minus two-slash dv

ll to the power of o x to the power of minus 1 slash 4 o l 2 x to the power of u a s u o m i to the power of d t
i to the power of o period H

Line 1 sum a open parenthesis p slash x closing parenthesis sub p slash l p ll x 3 slash 2 ol g x period
Line 2 sum Line 3 p o p = = x5c x54-x5d-x29 to the power of x4a infinity-x54-x5d-x29 open parenthesis x4a
x32-x33-x2e-x30-x2d-x20-x66 to the power of x x32-x2e to the power of u x30-x28-x5b sub x32-x2e x44

p a ) u a

n infinity − x5c ax4au one− x2e− x32 1∞a(v)d

u u = 2( (2v =2K (0

infinity − x5cx29− x5d− x54

d u) = −∞E()ua
x32
( ux32−x2e

2 ) x 1 E

= 12 − 1/2x29− x5d− x54x4a parenleft− x66− x20− x2d− x30− x2e− x33− x31− x20− x2d− x32− radical
x32
x
v

x37− x20− x54− parenright− x2e− x32a− parenleftv)v

−x− 1/∞x5c−x54−x5d−x29 x4a xv)avv)− two− slashdv

�o x−1/4ol2x
u a s u o m idti

o

. H

∑
a(p/x)p /l p � x3/2olgx.∑

p o p == x5cx54− x5d− x29x4ainfinity − x54− x5d− x29(x4ax32− x33− x2e− x30− x2d− x20− x66xx32−x2eux30− x28− x5bx32−x2ex44



\ [\ begin { a l i gned } E ( u ) a \prime ( u / x ) u / l og
( u ) du \\

i n f i n i t y −x5c−x29−x5d−x54 E x4a x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54 x66−x20−x2d−x30−x2e−x33−x32
E−x20−x2d−x32 x32−p a r e n l e f t x20−x2d−x32 v−x2e−x32−x x38−x20−x54 x44−a−x5b−x28−x30
\prime ( v ) v 1 { / l } og \\
− \\
− { − } x{ 1 }\end{ a l i gned }\ ]

\centerline {2 }

\ [ x 1 / i n f i n i t y −two−x5c x29−x5d−x54 \ infty x4a x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54
x66−x20−x2d−x30−x2e−x33−x32 x20−x2d−x32 x32 ˆ{ x20−x2d−x32 x32 } x37−x20−x54
x44 x37−x20−x54 \ ]

\centerline {3 }

\centerline{o }

\noindent t $ o−f ˆ{ x } t ˆ{ a n d } D{ n }$ o t r i v a l z t $ e ˆ{ e }$ re
$ \varrho = $ n m $ \beta $ b $ + \gamma $

e

\centerline{ i e t h $ \sum $ xp re s i o n }

\ [ e \varrho d ) \ ]

\centerline{T h e inne r su m i s o ver $ a−l $ l t }

$ o { s } d $ \quad w \quad $ i−c $ h $ r−a $ \quad e $ i−n $ \quad abs
$ l−o { u }$ \quad eva \quad u $ \sum \ leq D . F−o { r }$ tc h n $ c−i $
a \quad rea onswe u \quad $ e−t { h }$
w i e ght ing \quad $ \sum d e − \pi { d } / D { 2 }$ in s t eado f \quad

$ \mid \mid D , $ \quad which \quad im $ pl { i }$ \quad e $ h { t }$
e $ c−a $ cu a t i $ n−o $

\hspace ∗{\ f i l l } atone \quad po i n t n th e p \quad o o f $ o−f t { h }$ em a $ n−i $
th $ e−o { rem }$ \quad b eow \quad where th \quad $ Po ˆ{ s−i }$ so

\noindent s \quad u m \quad mtio nform \quad ula $ i−s $ \quad ap l ed .

Line 1 E open parenthesis u closing parenthesis a prime open parenthesis u slash x closing parenthesis u slash
l og open parenthesis u closing parenthesis du Line 2 infinity-x5c-x29-x5d-x54 E x4a x2f-x46-x39-x20-x36-x2e-
x39-x37-x20-x54 x66-x20-x2d-x30-x2e-x33-x32 E-x20-x2d-x32 x32-parenleft x20-x2d-x32 v-x2e-x32-x x38-x20-x54
x44-a-x5b-x28-x30 prime open parenthesis v closing parenthesis v 1 sub slash l og Line 3 minus Line 4 minus
minus x 1

2
x 1 slash infinity-two-x5c x29-x5d-x54 infinity x4a x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 x66-x20-x2d-x30-

x2e-x33-x32 x20-x2d-x32 x32 to the power of x20-x2d-x32 x32 x37-x20-x54 x44 x37-x20-x54
3
o
t o-f to the power of x t to the power of a n d D n otrivalz t e to the power of e re rho = n m beta b plus

gamma
e
i e t h sum xp re s i o n
e rho d closing parenthesis
T h einner su m iso ver a-l l t
o sub s d .. w .. i-c h r-a .. e i-n .. abs l-o sub u .. eva .. u sum less or equal D period F-o sub r tc h n c-i a

.. rea onswe u .. e-t sub h
w ie ghting .. sum d e minus pi sub d slash D sub 2 insteado f .. bar bar D comma .. which .. im pl sub i ..

e h sub t e c-a cu ati n-o
atone .. po int n th e p .. o o f o-f t sub h em a n-i th e-o sub rem .. b eow .. where th .. Po to the power of

s-i so
s .. u m .. mtio nform .. ula i-s .. ap led period

E(u)a′(u/x)u/log(u)du

infinity − x5c− x29− x5d− x54Ex4ax2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54x66− x20− x2d− x30− x2e− x33− x32E − x20− x2d− x32x32− parenleftx20− x2d− x32v − x2e− x32− xx38− x20− x54x44− a− x5b− x28− x30′(v)v1/log

−
−−x1

2

x1/infinity−two−x5cx29−x5d−x54∞x4ax2f−x46−x39−x20−x36−x2e−x39−x37−x20−x54x66−x20−x2d−x30−x2e−x33−x32x20−x2d−x32x32x20−x2d−x32x32x37−x20−x54x44x37−x20−x54

3

o
t o− fxtandDn otrivalz t ee re % = n m β b +γ e

i e t h
∑

xp re s i o n

e %d)

T h einner su m iso ver a− l l t
os d w i− c h r− a e i− n abs l− ou eva u

∑
≤ D. F − or tc h n

c− i a rea onswe u e− th w ie ghting
∑
de− πd/D2 insteado f || D, which

im pli e ht e c− a cu ati n− o
atone po int n th e p o o f o− f th em a n− i th e− orem b eow where

th Pos−i so
s u m mtio nform ula i− s ap led .



\centerline{ $ ) 1 2 1 / 2 $ }

\ [ + o\begin { array }{ c} D \\ ( \end{ array }x 1 ˆ{ s l a sh−two } ) + O mi n
x D \ ]

\centerline{ $ s−u $ m eth eG \quad $ r−e−n l−i $ z edRi }

\ [\ begin { a l i gned } \sum \sum \\
d ) ˆ{ K } ( \varrho x \end{ a l i gned }\ ]

\centerline{ $ K ( one−two ˆ{ ) } Dx 1 / + I K ( 1 ) xD { 1 }
2 + a one−p a r e n l e f t / x ) D $ l o g $ D $ }

\begin { a l i g n ∗}
= + O\begin { array }{ c} ( \\ D 3 \end{ array }x 2\ begin { array }{ cc } 3 \\ \ lg

x & ) \end{ array}+ O ( mi { n ( } x D , { D } l { o } g D \ tag ∗{$ og { x
) } ) $}\\ braceex ˆ{ b r a c e l e f t b t } O p a r e n l e f t−x g−o 2 x ) +
\end{ a l i g n ∗}

\noindent T \quad e n t s

\centerline{n $ a−o−l g{ f }ˆ{ x ˆ{ m }} { . } s ˆ{ eW } { parenr ight−parenr i ght }
b y { a−t } { us { e }}ˆ{ O ( { ements }} { t }ˆ{ D ) . } { e expi }ˆ{ h−t
e im } { l ˆ{ c i−t }}ˆ{ f { p }}ˆ{ r { e−i { dco }}} { f { o r } m }ˆ{ = } { u
l } n s−t a { n }ˆ{ a } { p } v { s } d { dep } n−e $ d o n y }

\ [\ begin { a l i gned } \sum K ( \varrho ) x = K ( 1 ) E p a r e n l e f t−ch i
) x − \sum a ( n / x ) \Lambda n ) d / n ) \\
\varrho ( ) \\
d = \\
\sum \pi d 2 / D 2 \sum \varrho \\
\varrho ˆ{ ) } x \\
\varrho ( { d ) }\\
e \sum − d 2 D 2 \\
\ infty d \sum 2 \\
− \Lambda ( n \\
C = a ( 1 / ) e d / D 2 l og ( \mid \\
O O i d e , ˆ{ l } { o } g ˆ{ x } d e \end{ a l i gned }\ ]

\centerline{m \quad 1 \quad a \quad d $ 2 O = O ( $ \quad n $ ( x D
D $ }

parenrightbig 1 2 1 slash 2
plus Row 1 D Row 2 open parenthesis . 1 to the power of slash-two closing parenthesis plus O mi n x D
s-u m eth eG .. r-e-n l-i z edRi
Line 1 sum sum Line 2 d closing parenthesis to the power of K open parenthesis rho x
K parenleftbig one-two to the power of parenrightbig Dx 1 slash plus I K open parenthesis 1 closing parenthesis

xD sub 1 2 plus a one-parenleft slash x closing parenthesis D l o g D
Equation: og sub x closing parenthesis closing parenthesis .. = plus Row 1 open parenthesis Row 2 D 3 . Row

1 3 Row 2 lg x closing parenthesis . O open parenthesis mi sub n open parenthesis x D comma sub D l sub o g
D bracevert to the power of braceleftbt O parenleft-x g-o 2 x closing parenthesis plus

T .. e n ts
n a-o-l g f sub period to the power of x to the power of m s from eW to parenright-parenright b y a-t us sub

e sub t to the power of O open parenthesis ements sub e expi to the power of D closing parenthesis period sub l
to the power of c i-t to the power of h-t e im to the power of f p sub f sub o r m to the power of r sub e-i sub dco
sub u l to the power of = n s-t a sub n from a to p v s d dep n-e d o n y

Line 1 sum K open parenthesis rho closing parenthesis x = K open parenthesis 1 closing parenthesis E
parenleft-chi closing parenthesis x minus sum a open parenthesis n slash x closing parenthesis Capital Lambda n
closing parenthesis d slash n closing parenthesis Line 2 rho open parenthesis closing parenthesis Line 3 d = Line
4 sum pi d 2 slash D 2 sum rho Line 5 rho to the power of closing parenthesis x Line 6 rho open parenthesis sub
d closing parenthesis Line 7 e sum minus d 2 D 2 Line 8 infinity d sum 2 Line 9 minus Capital Lambda open
parenthesis n Line 10 C = a open parenthesis 1 slash closing parenthesis e d slash D 2 l og open parenthesis bar
Line 11 O O i d e comma to the power of l sub o g to the power of x d e

m .. 1 .. a .. d 2 O = O open parenthesis .. n open parenthesis x D D

) 1 2 1/2

+o
D
(
x1slash−two) + OminxD

s− u m eth eG r − e− nl − i z edRi∑ ∑
d)K(%x

K(one− two)Dx1/+ IK(1)xD12 + aone− parenleft/x)D l o g D

= +O
(
D3

x2
3

lg x )
+O (min(x D,D logD ogx))

braceexbraceleftbtOparenleft− xg − o2 x)+

T e n ts
n a− o− lgfxm. seWparenright−parenrightbya− t

O(ements
use

D).
t

h−teim
eexpi

fp
lci−t

re−idco
form

=
ulns− taanpvsddepn− e d o n y

∑
K( %)x = K (1)Eparenleft− chi)x −

∑
a(n/x )Λn) d/n)

%()

d =∑
πd2/D2

∑
%

%)x

%(d)

e
∑

−d2D2

∞ d
∑

2

− Λ(n

C = a(1/) e d /D2log(|
O O i d e ,lo g

x d e

m 1 a d 2 O = O( n ( xD D



\centerline{ma 2 , }

\ [\ begin { a l i gned } D \rightarrow \ infty . \\
e ˆ{ r } B \\
B 1 = − \sum \\
summationdisplay−p \sum d 2 2 \\
\sum p \sum d 2 \\
B 3 p p / x l d−comma−p d ˆ{ e } \pi { d } D , \\
B 4 p m m \geq 3 a ( p / { x } l−o g ˆ{ p } e − \end{ a l i gned }\ ]

\centerline{ $ / zero−u $ n l $ \sum ˆ{ s }$ s $ p m / x { \ in } comma−A
B ˆ{ ] } a ˆ{ n }$ d $ \sum ˆ{ b }$ }

\ [\ begin { a l i gned } \ l l / x ) \mid \\
, \sum m d / 3 \\
\ l l D o \\
p m ˆ{ , } m \geq \\
i { 2 } th \sum − p 2 / D 2 \sum \\
) ˆ{ l−o } g ˆ{ p }\\
1 m p \\
2 { ) }\end{ a l i gned }\ ]

\centerline{yLem \quad mas 1 , 4 , an }

\centerline{m \quad m \quad s \quad a $ ( 1 ( ) / 4 2 ) $ }

\centerline {2 \quad o }

\ [ = − 1 K \ ]

\noindent a $ \sum { i−n }$ g \quad $ R { . } per iod−H { , }$ w \quad $ h−i $
e

\begin { a l i g n ∗}
B = ( \\ = − two−one 2 K ( ˆ{ 1 2 ˆ{ ) }} x−D one−s l a s h 2

+ O ( one−x ˆ{ / } 2 ) \ tag ∗{$ + o D x 1 / 2 ) $}
\end{ a l i g n ∗}

\noindent y . \quad 2
Fina $ l−y $ w e $ o−c $ \quad n s i

ma 2 comma
Line 1 D right arrow infinity period Line 2 e to the power of r B Line 3 B 1 = minus sum Line 4 summationdisplay-

p sum d 2 2 Line 5 sum p sum d 2 Line 6 B 3 p p slash x l d-comma-p d to the power of e pi sub d D comma
Line 7 B 4 p m m greater equal 3 a open parenthesis p slash sub x l-o g to the power of p e minus

slash zero-u n l sum to the power of s s p m slash x sub in comma-A B to the power of closing square bracket
a to the power of n d sum to the power of b

Line 1 ll slash x closing parenthesis bar Line 2 comma sum m d slash 3 Line 3 ll D o Line 4 p m to the power
of comma m greater equal Line 5 i sub 2 th sum minus p 2 slash D 2 sum Line 6 closing parenthesis to the power
of l-o g to the power of p Line 7 1 m p Line 8 2 sub closing parenthesis

yLem .. mas 1 comma 4 comma an
m .. m .. s .. a parenleftbig 1 parenleftbig parenrightbig slash 4 2 parenrightbig
2 .. o
= minus 1 K
a sum sub i-n g .. R sub period period-H sub comma w .. h-i e
B = parenleftbig Equation: plus o D x 1 slash 2 closing parenthesis .. = minus two-one 2 K parenleftbig to

the power of 1 2 to the power of parenrightbig x-D one-slash 2 plus O open parenthesis one-x to the power of
slash 2 closing parenthesis

y period .. 2
Fina l-y w e o-c .. nsi

ma 2 ,

D →∞.
erB

B1 = −
∑

summationdisplay − p
∑

d 2 2∑
p

∑
d 2

B 3 p p / xl d− comma− pde πd D ,

B 4 pmm ≥ 3a(p/xl − ogp e −

/ zero− u n l
∑s

s pm/x∈comma−AB] an d
∑b

� /x) |

,
∑

m d /3

� D o

pm,m ≥

i2th
∑

− p 2/D2
∑

)l−ogp

1 m p

2)

yLem mas 1 , 4 , an
m m s a ( 1() /42 )

2 o

= −1 K

a
∑
i−n g R.period−H, w h− i e

B = (

= −two− one2K(12)

x−Done− slash2 + O(one− x/2) +oDx1/2)

y . 2 Fina l − y w e o− c nsi



\ [\ begin { a l i gned } \ l l \\
( / vex t ends ing l e x5c{ vex t ends ing l e } \ infty x4a \ leq x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54

x32 x37−x20−x54 { x44 − } \pi v 2 \\
\ l l D { 1 } 2 p 1 o x4a ˆ{ g } { p x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f

x32−x33−x2e−x30−x2d−x20−x66 ˆ{ x32−x2d−x20 x32 }} x32−x2e x54−x20−x37 \end{ a l i gned }\ ]

\noindent Bu \quad t e $ nb { y }$ \quad L

\centerline{ $ B ˆ{ 1 } \ l l p a ( p / ) ˆ{ p }$ \quad l o \quad g \quad
$ p lessmuch−x $ \quad l o g $ x $ }

\centerline{a }

\centerline{ $ s ˆ{ ( }$ e \quad e $ per iod−g−per iod ˆ{ [ 5 parenr ight−b r a c k e t r i g h t ˆ{ , }}$
\quad B }

\ [ x \ log p \surd { p } \sum p ˆ{ m } e − { \pi m }\ ]

\centerline{ $ e { n { ow }}$ w \quad $ i−t e ˆ{ B } 1 = B { 1 } +
B 12 + ) B 1 3 , $ wher e }

\ [\ begin { a l i gned } \sum ( p og p \\
\sum p ( p x { ) } p{ p } summationdisplay−m−equal \ square − m \\
B D p a x \surd p m = \ square \\
\ l e f t . B 1 D \sum a ˆ{ ( } p g l ˆ{ ) } o { \surd } \sum\begin { a l i gned } &

( m ) − \pi \\
& m \end{ a l i gned }\ right .\end{ a l i gned }\ ]

\centerline{ s $ 3 , 5 , , n−d 7 ( $ a $ n−parenr i gh tb igg u{ a−s }$
s \quad $ n−i { \sqrt }$ \quad R \quad H ) , }

\begin { a l i g n ∗}
p \\ p a { \sum } x { ( } p−r a d i c a l p{ ) } D { 1 } − ˆ{ 2 } \sum \ tag ∗{$ / { p }

) $}\\ = − p a x g + 2 \\ + OD / 2 summationdisplay−p\begin { array }{ c} (
p \\ a \end{ array }xˆ{ o−l }ˆ{ g p } { p }
\end{ a l i g n ∗}

Line 1 ll Line 2 open parenthesis slash vextendsingle x5c vextendsingle infinity x4a less or equal x2f-x46-x39-
x20-x36-x2e-x39-x37-x20-x54 x32 x37-x20-x54 sub x44 minus pi v 2 Line 3 ll D sub 1 2 p 1 o x4a to the power of
g sub p x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f x32-x33-x2e-x30-x2d-x20-x66 to the power of x32-x2d-x20 x32
x32-x2e x54-x20-x37

Bu .. t e nb sub y .. L
B to the power of 1 ll p a open parenthesis p slash closing parenthesis to the power of p .. l o .. g .. p

lessmuch-x .. l o g x
a
s to the power of open parenthesis e .. e period-g-period to the power of open square bracket 5 parenright-

bracketright to the power of comma .. B
x log p surd sub p sum p to the power of m e minus sub pi m
e sub n sub ow w .. i-t e to the power of B 1 = B sub 1 plus B 12 plus parenrightbigg B 1 3 comma wher e
Line 1 sum parenleftbigg p og p Line 2 sum p parenleftbigg p x sub parenrightbigg p p summationdisplay-m-

equal square minus m Line 3 B D p a x surd p m = square Line 4 B 1 D sum a to the power of parenleftbigg p
gl to the power of parenrightbigg o surd Case 1 parenleftbigg m parenrightbigg minus pi Case 2 m

s 3 comma 5 comma comma n-d 7 open parenthesis a n-parenrightbigg u a-s s .. n-i radicalbigg .. R .. H
closing parenthesis comma

p Equation: slash sub p closing parenthesis .. p a sum x sub parenleftbigg p-radical p parenrightbigg D 1
minus to the power of 2 sum = minus p a x g plus 2 plus OD slash 2 Row 1 parenleftbigg p Row 2 a . to the
power of o-l sub p to the power of g p

�
( / vextendsinglex5cvextendsingle∞x4a ≤ x2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54x32 x37− x20− x54x44−πv2

� D12p1 ox4ag
px54−x20−x37−x39−x2e−x36−x20−x39−x46−x2fx32−x33−x2e−x30−x2d−x20−x66x32−x2d−x20x32

x32− x2ex54− x20− x37

Bu t e nby L
B1 � pa(p /)p l o g plessmuch− x l o g x

a
s( e e period− g − period[5parenright−bracketright, B

x log p
√
p

∑
pme−πm

enow w i− teB1 = B1 +B12+)B13, wher e∑
(p ogp∑

p(px) ppsummationdisplay −m− equal�−m

B D pa x
√
p m = �

B1 D
∑

a(pgl)o√
∑ (m)− π

m

s 3, 5, , n− d7( a n− parenrightbiggua− s s n− i√ R H ) ,

p

pa∑ x(p− radical p) D1 −2
∑

/p)

= − p ax g + 2

+OD/2summationdisplay − p (p
a
xo−lgpp



\ [\ begin { a l i gned } ( ) \\
B 12 = D p a x \surd p { m } e − m p 2 ˆ{ D }\end{ a l i gned }\ ]

\begin { cente r }
$ vex t ends ing l e ˆ{ vex t ends ing l e } \sum ( p ˆ{ ) }$ l o g

$ i { d e } r ˆ{ B } 1 per iod−S $ n $c\begin { array }{ c} e \\ 2 \end{ array } p a r e n l e f t−two−a u{ ) }
= { 2 } { x } vextends ing l e−i−f { 2 ˆ{ vex t ends ing l e } \sum } u > B , { ) }$
w e
\end{ cente r }

\ [\ begin { a l i gned } m \ne \ square . D / p x p \\
\sum ( p ) \ log p ( m ) 2 \\
p x ( p o g m x \\
\sum ( { p } ) o g p ( { m } ) \\
p = x5c \ infty x4a−summationdisplay−x−l e s s e q u a l \begin { array }{ c} \surd \\

( \\ x54−x20−x37−x39−x2e−x36−x20−x39−x46−x2 f \end{ array }x32−m / p l o { p−g }ˆ{ \ leq }
d−u p a r e n l e f t−a \\

= i n f i n i t y −x5c−one−x29−x5d−x54 ˆ{ p−x4a } l e s s e q u a l−x2 f−x46−x39−x20−x36−x2e−x39−x37−x20−x54
x32 ˆ{ \sum } { x20−x2d−x32 } x2e−x32 x37−x20−x54 x44 ( \prime − \\
− \\
x5c ˆ{ p } u x66−x20−x2d−x30−x2e−x33−x32 \sum x20−x2d−x32 x32 x2e−x32 { x44 }\\
x \\
x { 2 } minus−one { − 1 }ˆ{ 2 x29−x5d−x54 } \ infty x29−x5d−x54 p x4a { \ leq }

x66−x20−x2d−x30−x2e−x33−x32 x20−x2d−x32 x32 / x2e−x32 ) o g p a
\prime ˆ{ ( } ) { v }\\

g m , \\
m o p \ l l \end{ a l i gned }\ ]

Line 1 parenleftbigg parenrightbigg Line 2 B 12 = D p a x surd p sub m e minus m p 2 to the power of D
vextendsingle to the power of vextendsingle sum parenleftbigg p to the power of parenrightbigg l o g
i sub d e r to the power of B 1 period-S n Row 1 e Row 2 2 . u closing parenthesis = 2 sub x vextendsingle-i-f

2 to the power of vextendsingle sum u greater B comma sub parenrightbigg w e
Line 1 m equal-negationslash square period D slash p x p Line 2 sum parenleftbigg p parenrightbigg log p

parenleftbigg m parenrightbigg 2 Line 3 p x parenleftbigg p o g m x Line 4 sum parenleftbigg sub p parenrightbigg
o g p parenleftbigg sub m parenrightbigg Line 5 p = x5c infinity Row 1 surd Row 2 open parenthesis Row 3
x54-x20-x37-x39-x2e-x36-x20-x39-x46-x2f . slash p lo sub p-g to the power of less or equal d-u parenleft-a Line
6 = infinity-x5c-one-x29-x5d-x54 to the power of p-x4a lessequal-x2f-x46-x39-x20-x36-x2e-x39-x37-x20-x54 x32
from sum to x20-x2d-x32 x2e-x32 x37-x20-x54 x44 open parenthesis prime minus Line 7 minus Line 8 x5c to the
power of p u x66-x20-x2d-x30-x2e-x33-x32 sum x20-x2d-x32 x32 x2e-x32 sub x44 Line 9 x Line 10 x 2 minus-one
minus 1 to the power of 2 x29-x5d-x54 infinity x29-x5d-x54 p x4a sub less or equal x66-x20-x2d-x30-x2e-x33-
x32 x20-x2d-x32 x32 slash x2e-x32 closing parenthesis o g p a prime to the power of open parenthesis closing
parenthesis sub v Line 11 g m comma Line 12 m o p ll

( )

B12 = D pa x
√
pm e−m p2D

vextendsinglevextendsingle
∑

(p) l o g ider
B1period− S n

c
e
2
parenleft− two− au) = 2xvextendsingle− i− f2vextendsingle

∑u > B,) w e

m 6= � . D / p x p∑
(p) log p(m) 2

p x ( p o gm x∑
(p)o gp(m )

p = x5c∞ x4a− summationdisplay − x− lessequal

√

(
x54− x20− x37− x39− x2e− x36− x20− x39− x46− x2f

x32−m /plo≤p−gd− uparenleft− a

= infinity − x5c− one− x29− x5d− x54p−x4alessequal − x2f − x46− x39− x20− x36− x2e− x39− x37− x20− x54x32
∑
x20−x2d−x32x2e− x32x37− x20− x54x44( ′ −

−

x5cpux66− x20− x2d− x30− x2e− x33− x32
∑

x20− x2d− x32x32x2e− x32x44

x

x2minus− one2x29−x5d−x54
−1 ∞x29− x5d− x54px4a≤x66− x20− x2d− x30− x2e− x33− x32x20− x2d− x32x32/x2e− x32)og pa′()v

gm,

m o p�



\centerline{ f o o sw m \quad me dat $ e { \sum }$ y \quad r om th e i $ d { n }
t ˆ{ i }$ t }

\centerline{ $ \varrho ( K−p a r e n l e f t \varrho ˆ{ ) } = ˆ{ a } 1 ) $ l og
$ \mid d \mid + O ( ) $ \quad a s $ \mid { d \mid }ˆ{ \rightarrow }
\ infty { . }$ }

\centerline{Th \quad $ e ˆ{ T }$ heo em \quad i \quad $o{ nw } e { s } t { ab l s }
h { e }$ d }

\centerline{W \quad enows et $ x = D \alpha $ and \quad $ d−e { f i }$ \quad n e }

\ [ alpha−comma ) = D ˆ{ − } 1 \sum e − \pi d 2 D 2 one−two
K ) ) − ˆ{ 1 } \sum K−p a r e n l e f t { \varrho }\ ]

\noindent $ h−e $ n \quad san \quad imm ed $ a−i $ te coro $ l−l $ a ryto
C oro l a r y $ . { 1 }$ As ume \quad G . R .

\ [\ begin { a l i gned } alpha−comma { \{ } D ) \\
− 1 \\
= 0 + o ( 2{ 1 } ) 2 a D ( \end{ a l i gned }\ ]

\centerline{ eimpiedco n s nt sep nd \quad o ly \quad onh ek r l $ K . $ }

\centerline{N o i c et }

\centerline{ o f $ greate r−n−f 1 G{ e }ˆ{ R } { T h }ˆ{ H } .{ \oe }$ b $ e { m }$
c a u e \quad $ o four { v }$ eryr o $ u { g x }$ e $ i−t $ m a t e \quad
$ nt { F K } h { ( }ˆ{ e }ˆ{ , } { \alpha }ˆ{ u } { D ) }ˆ{ m } = o $ }

\centerline{T \quad $ h−e $ \quad Th eorem \quad rem ain sv id i $ K ( s
) $ s rep l $ e−c { d }$ }

\hspace ∗{\ f i l l } $ p a r e n l e f t−s ) ˆ{ = } 1 / { s , }$ nw h $ i { h }$ \quad ca s \quad
$ a ( { x } ) = ˆ{ \xi } [ comma−zero ] p a r e n l e f t−x { ) , t } e−h { c }
h { ar }$ a t e \quad s i fu $ n { c }$ \quad o \quad no

\hspace ∗{\ f i l l } th \quad $ e ˆ{ u }$ n t $ i { n } t−e v−r { a l } . { Th }$
eon l y cha nge s n \quad $ t ˆ{ h−e }$ p $ r ˆ{ o } { o f } o { f }$ th e $ T { h }$
eoe m \quad $c{ oc }$ u $ r { i }$

\hspace ∗{\ f i l l } th \quad e r r o $ r { e } s−t m−i a t e s { i } n { Lm } ma { s }
7 $ \quad nd \quad 8 , wh $ i ˆ{ c }$ h d $ o { n o } t { a } f f $ c \quad t t
$ h ˆ{ e }$ e s u $ 2 t−s $ i

\centerline{ th \quad e s t $ e { m }$ }

\centerline{ $ he { o } em { the }$ n $ aket ˆ{ h }$ \quad e f o l o i n g o r m \quad : }

\ [\ begin { a l i gned } \sum − d 2 / D 2 \sum x ˆ{ i } \gamma \\
e \pi \varrho \\
d b r a c e l e f t t p \varrho ( d { ) }\end{ a l i gned }\ ]

\noindent $ brac e l e f tm id − D + I x 1 / 2 D 12 + x − 2
D $ l o g $ D + O x { l }$ o $ g { x } ) $

$ = + O ( Dx − { 1 } / { 6 }$ l og $ x ) + O ( $ m \quad i
$ ( x 12 ˆ{ D }$

\begin { a l i g n ∗}
\ tag ∗{$ S n $} \sum ˆ{ O } ( ˆ{ x } p−p a r e n l e f t { x − } 2 ˆ{ \pi } { x ) }
\end{ a l i g n ∗}

\centerline{n \quad e \quad e \quad o $ v ˆ{ e } { r }ˆ{ d } ) ˆ{ , }$ }

fo o sw m .. me dat e sub sum y .. r om th ei d sub n t to the power of i t
rho open parenthesis K-parenleft rho to the power of closing parenthesis = to the power of a 1 closing

parenthesis l og bar d bar plus O open parenthesis closing parenthesis .. a s bar sub d bar to the power of right
arrow infinity sub period

Th .. e to the power of T heo em .. i .. o nw e sub s t sub abls h sub e d
W .. enows et x = D alpha and .. d-e sub fi .. n e
alpha-comma closing parenthesis = D to the power of minus 1 sum e minus pi d 2 D 2 one-two K parenrightbig

parenrightbig minus to the power of 1 sum K-parenleft sub rho
h-e n .. san .. imm ed a-i te coro l-l a ryto
C oro lar y period sub 1 As ume .. G period R period
Line 1 alpha-comma sub open brace D closing parenthesis Line 2 minus 1 Line 3 = 0 plus o open parenthesis

2 1 closing parenthesis 2 a D open parenthesis
eimpiedco n s nt sep nd .. oly .. onh ek r l K period
N oi c et
of greater-n-f 1 G e to the power of R sub T h to the power of H period oe b e sub m c a u e .. ofour sub v

eryr o u sub g x e i-t m a t e .. nt F K h open parenthesis to the power of e sub alpha to the power of comma to
the power of u sub D closing parenthesis to the power of m = o

T .. h-e .. Th eorem .. rem ain sv id i K open parenthesis s closing parenthesis srep l e-c sub d
parenleft-s closing parenthesis to the power of = 1 slash sub s comma nw h i sub h .. ca s .. a open parenthesis

sub x closing parenthesis = to the power of xi open square bracket comma-zero closing square bracket parenleft-x
sub closing parenthesis comma t e-h sub c h sub ar a t e .. s i fu n sub c .. o .. no

th .. e to the power of u n t i sub n t-e v-r sub a l period sub Th eon l y cha nge s n .. t to the power of h-e
p r to the power of o sub of o sub f th e T sub h eoe m .. c oc u r sub i

th .. e r r o r sub e s-t m-i ates sub i n sub Lm ma sub s 7 .. nd .. 8 comma wh i to the power of c h d o sub
n o t sub a ff c .. tt h to the power of e e s u 2 t-s i

th .. e s t e sub m
he sub o em sub the n aket to the power of h .. e fo l o i n g o r m .. :
Line 1 sum minus d 2 slash D 2 sum x to the power of i gamma Line 2 e pi rho Line 3 d bracelefttp rho open

parenthesis d sub closing parenthesis
braceleftmid minus D plus I x 1 slash 2 D 12 plus x minus 2 D lo g D plus O x sub l o g sub x closing

parenthesis
= plus O open parenthesis Dx minus sub 1 slash sub 6 l og x closing parenthesis plus O open parenthesis m

.. i open parenthesis x 12 to the power of D
Equation: S n .. sum to the power of O open parenthesis to the power of x p-parenleft x minus 2 from pi to

x closing parenthesis
n .. e .. e .. o v to the power of e sub r to the power of d closing parenthesis to the power of comma

fo o sw m me dat e∑ y r om th ei dnt
i t

%(K − parenleft%) =a 1) l og | d | + O() a s |→d| ∞.

Th eT heo em i onw establshe d
W enows et x = Dα and d− efi n e

alpha−comma) = D−1
∑

e−πd2D2one−two K ))−1
∑

K−parenleft%

h− e n san imm ed a− i te coro l− l a ryto C oro lar y .1 As ume G . R .

alpha− comma{D)

−1

= 0 + o( 21) 2 a D (

eimpiedco n s nt sep nd oly onh ek r l K.
N oi c et

of greater − n− f1GeRTh
H .œ b em c a u e ofourv eryr o ugx e i− t m a t e ntFKh

e
(
,
α
u
D)
m = o

T h− e Th eorem rem ain sv id i K (s) srep l e− cd
parenleft− s )= 1/s, nw h ih ca s

a(x) =ξ [comma− zero]parenleft− x),te− hchar a t e s i fu nc o no

th eu n t int− ev − ral.Th eon l y cha nge s n th−e p roofof th e Th eoe m
coc u ri

th e r r o res− tm− iatesinLm mas7 nd 8 , wh ic h d onotaff c tt he e
s u 2t− s i

th e s t em
heoemthe n aketh e fo l o i n g o r m :∑

− d2/D2
∑

xi γ

eπ %

d bracelefttp %(d)

braceleftmid− D+Ix1/2D12+ x− 2D lo g D+ Oxl o gx) = +O(Dx−1 /6

l og x) + O( m i (x12D

O∑
(x p− parenleftx −2πx) Sn

n e e o ver
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\centerline{p r o o f o f t h e \quad The o $ r−e $ m w \quad e s ee }

\begin { a l i g n ∗}
\ l e f t . d \ square e\begin { a l i gned } & p 2 \ leq x o g + D x \ leq
x p \\

& \{ p \\
& = 1 + ( 1 ˆ{ ) } i f x o ( D , \end{ a l i gned }\ right .\\ 0

+ o ( 1 i { f D }\\\ tag ∗{$ a $} \rightarrow \ infty − 1 s la sh−two
\sum − \pi 2 2 \sum p−g = )
\end{ a l i g n ∗}

\centerline{o \quad 1 }

\ [\ begin { a l i gned } m , p \ leq x \\
D − { x } − { / 2 }\\
d ˆ{ \not= \ square } p \ leq ˆ{ x } \{ \\
+ ˆ{ o { ( { 1 }}}\end{ a l i gned }\ ]

\centerline{ $ e−r \rightarrow { s } \ infty . $ p $ p−e $ n \quad $ er ˆ{ w }$
s $ n ˆ{ h } o−f $ p rime s \quad $ \ leq $ }

\centerline{bet \quad d \quad $ d $ }

\centerline{ $ d ˆ{ \alpha } parenr ight−a o { e }ˆ{ \mid } { m } { o } \alpha
\mid ˆ{ > } { e−r }$ o r \quad $w{ es } h{ e } r { v ˆ{ n } { e }}ˆ{ a−s } { l
y }ˆ{ o−f }ˆ{ r } { d }$ i \quad $t−r \begin { array }{ c} i \\ u \end{ array } t $ ed . }

\hspace ∗{\ f i l l } $ .{ 4 }$ \quad A $ p ˆ{ pl }$ i \quad a $ i−o { n }$ \quad s W \quad e n o
$ w { inv }$ \quad t \quad g e th \quad e dst \quad bt $ o−i $ n o f then $ o ˆ{ n }
t−r { i v i }$

\centerline{z r $ o−s o { f } L comma−s \chi { d ) wh } i−c $ ha r \quad c o
$ s ˆ{ et o { t } he }$ \quad r ea a $ i ˆ{ x } . $ }

Co \quad ro l l r \quad y 2 . Su pp $ o−s { e } p a r e n l e f t−r \alpha ) $ i \quad a n e v e n f u n c t i o nde
$ f i $ ned \quad on $ ( − \ infty , \ infty $

s uch $ t−h $ a t i sFou $ i−r e−r $ \quad t r $ s−n $ fo m $ , r ( u
e − 2 \pi i \alpha u du , $

\ [ r−hatwide−p a r e n l e f t \alpha ) = x54−x20−x31−x2e x54 \ infty \ ]

\centerline{ ex i t s a n d h \quad a s u p o r t \quad $ n { [ } − , { 2 } ]
a { n }$ \quad dt h t \quad $ − $ }

\ [\ begin { a l i gned } \sum 2 2 ( \\
D − 1 e − \pi ˆ{ d } / D 1 \\
2 K 2 1 K ( ˆ{ \varrho ) r } ( \gamma l { 2 \pi }\\
\varrho \\
= 2 x5c { x54−x5d−x29 x4a } x54−x20−x37−x39−x2e−x36−x20−x30−x31−x46−x2 f

x34−x2e−x35−x2d−x20−x66 x54−x20−x31−x2e x44 ( \alpha ) d \alpha +
o ) , \end{ a l i gned }\ ]

\centerline{ $ h−e ˆ{ r e } e−h i ˆ{ mp l−i e dc }$ \quad o $ n { s }
a−t $ n t \quad d e p $ n−d $ on l y o $n\begin { array }{ c} t hek e \\ r \end{ array }n$
}

p r o o f o f t h e .. The o r-e m w .. e s ee
d square Case 1 p 2 less or equal x o g plus D x less or equal x p Case 2 braceleftbigg p Case 3 = 1 plus open

parenthesis 1 to the power of closing parenthesis i f x o open parenthesis D comma 0 plus o open parenthesis 1 i
sub f D Equation: a .. right arrow infinity minus 1 slash-two sum minus pi 2 2 sum p-g = closing parenthesis

o .. 1
Line 1 m comma p less or equal x Line 2 D minus sub x minus sub slash 2 Line 3 d to the power of

negationslash-equal square p less or equal to the power of x braceleftbigg Line 4 plus to the power of o sub open
parenthesis sub 1

e-r right arrow sub s infinity period p p-e n .. er to the power of w s n to the power of h o-f p rime s .. less
or equal

bet .. d .. d
d to the power of alpha parenright-a o e sub m to the power of bar sub o alpha bar sub e-r to the power of

greater o r .. w es h e r sub v from n to e to the power of a-s sub l y to the power of o-f sub d to the power of r i
.. Row 1 i Row 2 u . ed period

period 4 .. A p to the power of pl i .. a i-o sub n .. s W .. e n o w sub inv .. t .. g e th .. e dst .. bt o-i n o f
then o to the power of n t-r sub ivi

z r o-s o sub f L comma-s chi sub d closing parenthesis wh i-c ha r .. c o s to the power of et o sub t he .. r
ea a i to the power of x period

Co .. ro ll r .. y 2 period Su pp o-s sub e parenleft-r alpha closing parenthesis i .. a n e v e n functio nde fi
ned .. on open parenthesis minus infinity comma infinity

s uch t-h ati sFou i-r e-r .. tr s-n fo m comma r open parenthesis u e minus 2 pi i alpha u du comma
r-hatwide-parenleft alpha closing parenthesis = x54-x20-x31-x2e x54 infinity
exi t s a n d h .. a s u p o rt .. n sub open square bracket minus comma sub 2 closing square bracket a sub n

.. dt h t .. minus
Line 1 sum 2 2 parenleftbig Line 2 D minus 1 e minus pi to the power of d slash D 1 Line 3 2 K 2 1 K

open parenthesis to the power of rho closing parenthesis r parenleftbigg gamma l sub 2 pi Line 4 rho Line 5 = 2
x5c sub x54-x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-x30-x31-x46-x2f x34-x2e-x35-x2d-x20-x66 x54-x20-x31-x2e
x44 open parenthesis alpha closing parenthesis d alpha plus o closing parenthesis comma

h-e to the power of r e e-h i to the power of mp l-i e dc .. o n s a-t n t .. d e p n-d on l y o Row 1 t hek e Row
2 r .

p r o o f o f t h e The o r − e m w e s ee

d �e

p2 ≤ x og +D x ≤ xp
{ p

= 1 + (1) ifx o(D,

0 + o(1 ifD

→ ∞ − 1 slash− two
∑

−π2 2
∑

p− g = ) a

o 1

m, p ≤ x
D −x −/2

d6=� p ≤x {
+o(1

e− r →s ∞. p p− e n erw s nho− f p rime s ≤
bet d d

dαparenright− ao|emoα |>e−r o r weshera−svne

o−f
ly

r
d i t− r i

u
t ed .

.4 A ppl i a i− on s W e n o winv t g e th e dst bt o− i n o
f then ont− rivi

z r o− sof Lcomma− sχd)whi− c ha r c o setothe r ea a ix.
Co ro ll r y 2 . Su pp o − separenleft − rα) i a n e v e n functio

nde fi ned on (−∞, ∞ s uch t − h ati sFou i − re − r tr s − n fo m
, r(ue− 2πiαudu,

r − hatwide− parenleftα) = x54− x20− x31− x2e x54∞

exi t s a n d h a s u p o rt n[−,2 ]an dt h t −

∑
22(

D − 1 e− πd/D 1

2K 2 1 K(%)r(γl2π

%

= 2 x5cx54−x5d−x29x4a x54− x20− x37− x39− x2e− x36− x20− x30− x31− x46− x2fx34− x2e− x35− x2d− x20− x66 x54− x20− x31− x2ex44 (α)dα+ o ),

h− eree− himpl−iedc o nsa− t n t d e p n− d on l y o n
theke
r

n



\ [\ begin { a l i gned } 2 K 2 \widehat{} D − a ˆ{ D } − \alpha l { o } \ infty
x4a D x54−x20−x37−x39−x2e−x36−x20−x30−x31−x46−x2 f ( \alpha \\

w h−e { r } e ˆ{ [ } one−xi−minus minus−one ˆ{ ] } 1 ] ( parenr ight−h−alpha { \widehat{ r } }\\
( D − ˆ{ \alpha ˆ{ / 2 }} a ( D − \alpha parenr ight−two ˆ{\pi{ ) }

\alpha } p a r e n l e f t−r \alpha ) d alpha−per iod . \\
Bu t \ infty x5c x29−x5d−x54 x4a x2 f−x46−x31−x30−x20−x36−x2e−x39−x37−x20−x54

x66−x20−x2d−x35−x2e−x34 x31−x20−x2d−x32 x32 x44 x5b−x28−x0−x31 a ( D
) { \widehat{} r { \alpha }} ( ) { d } \alpha = D − a ( D − { \beta }
e \end{ a l i gned }\ ]

\centerline{B \quad $ y { a }$ \quad c \quad h a n g eo $ ( D v−a { r }
b ˆ{ a } −{ e } ){ = } D − \beta , $ t h i s l $ a { s } n ˆ{ i }$ e \quad r \quad
$ e { q }ˆ{ ual }$ }

\ [\ begin { a l i gned } dt \\
a ( t t 1 t @ ) t ˆ{ 1 2 } ( 2{ t } pi−i \alpha / \\
x2e−x32 x37−x20−x54 \end{ a l i gned }\ ]

\noindent $ = $ \quad l o g \quad $ D t + $ \quad l og \quad $ D $
$ c { o }$ h t

\centerline{ $ e { 2 }$ \quad go l \quad $ t g{ e } D ˆ{ ( }$ \quad l o \quad
$ ) $ }

\ [\ begin { a l i gned } 2 \alpha / og D\begin { array }{ c} e \\ og { \ l l l }\end{ array } t \\
\ l e f t . t ) / { two−p a r e n l e f t t } i { 2 ˆ{ \pi }} \alpha{ / } o { l } D
− 1 )\ begin { a l i gned } & t \\

& d \end{ a l i gned }\ right .\\
1 x4a x32 x2e−x32 \end{ a l i gned }\ ]

\centerline{a \quad i \quad n \quad p n de $\alpha{ n } { t o }$ f \quad a }

Line 1 2 K 2 hatwide D minus a to the power of D minus alpha l o infinity x4a D x54-x20-x37-x39-x2e-x36-
x20-x30-x31-x46-x2f open parenthesis alpha Line 2 w h-e sub r e to the power of open square bracket one-xi-minus
minus-one to the power of closing square bracket 1 closing square bracket open parenthesis parenright-h-alpha
sub r-hatwide Line 3 open parenthesis D minus to the power of alpha to the power of slash 2 a open parenthesis
D minus alpha parenright-two to the power of pi closing parenthesis alpha parenleft-r alpha closing parenthesis
d alpha-period period Line 4 Bu t infinity x5c x29-x5d-x54 x4a x2f-x46-x31-x30-x20-x36-x2e-x39-x37-x20-x54
x66-x20-x2d-x35-x2e-x34 x31-x20-x2d-x32 x32 x44 x5b-x28-x0-x31 a open parenthesis D closing parenthesis sub
hatwide r sub alpha open parenthesis closing parenthesis sub d alpha = D minus a open parenthesis D minus sub
beta e

B .. y sub a .. c .. h a n g eo open parenthesis D v-a sub r b to the power of a minus e closing parenthesis =
D minus beta comma t h i s l a sub s n to the power of i e .. r .. e q to the power of ual

Line 1 dt Line 2 a open parenthesis t t 1 t at closing parenthesis t to the power of 1 2 open parenthesis 2 t
pi-i alpha slash Line 3 x2e-x32 x37-x20-x54

= .. lo g .. D t plus .. log .. D
c o h t
e 2 .. go l .. t g e D to the power of parenleftbigg .. lo .. parenrightbigg
Line 1 2 alpha slash og Row 1 e Row 2 og sub ll l . Line 2 t closing parenthesis slash sub two-parenleft t i 2

to the power of pi alpha slash o l D minus 1 Case 1 t Case 2 d Line 3 1 x4a x32 x2e-x32
a .. i .. n .. p n de alpha n sub t o f .. a

2 K 2̂ D − aD − αlo∞x4aDx54− x20− x37− x39− x2e− x36− x20− x30− x31− x46− x2f (α

w h− ere[ one− xi−minusminus− one]1](parenright− h− alphar̂
(D −α

/2

a(D − αparenright− twoπ)αparenleft− rα)dalpha− period .

But ∞x5cx29− x5d− x54x4ax2f − x46− x31− x30− x20− x36− x2e− x39− x37− x20− x54x66− x20− x2d− x35− x2e− x34x31− x20− x2d− x32x32x44x5b− x28− x0− x31a(D )̂rα( )d α = D − a (D −β e

B ya c h a n g eo (D v − arba − e )= D − β, t h i s l asn
i e r eualq

dt

a (tt1 t @)t12(2t pi− iα/
x2e− x32x37− x20− x54

= lo g D t+ log D co h t
e2 go l tge D( lo )

2α/ogD
e

og� l
t

t)/two−parenleftti2πα/olD − 1)
t

d

1 x4a x32x2e− x32

a i n p n de αnto f a



\ [\ begin { a l i gned } K ({ 2 } { 1 } ( \\
K ( \\
] ˆ{ ( } + { ) } { 1 } ) ) minus−one \alpha ) \\
i n f i n i t y −x5c x4a x2 f−x46−x31−x30−x20−x36−x2e−x39−x37−x20−x54 x31−x20−x2d−x32

( { x32 } x44 n ){ 2 } { \pi \alpha \alpha } d \\
n e i n f i n i t y −x5c { x54−x5d−x29 } x4a x54−x20−x37−x39−x2e−x36−x20−x30−x31−x46−x2 f ˆ{ K }

x34−x2e−x35−x2d−x20−x66 x32−x2d−x20−x31 x32 x54−x20−x39−x30−x2e x44 )
r ( ) d \alpha = { 2 } ) \\

2 \pi \\
x54−x20−x37−x39−x2e−x36−x20−x30−x31−x46−x2 f x34−x2e−x35−x2d−x20−x66 \\
= ( ) ) \sum e \pi\begin { array }{ c} 2 \\ \sum \end{ array }\varrho \ infty

x29−x5d−x54 x4a x66−x20−x2d−x35−x2e−x34 x31−x20−x2d−x32 x32 x2e−x30−x39−x20−x54
x5b−x28−x0−x31 \\

( \\
2 K ( { 1 }\end{ a l i gned }\ ]

\centerline{ $ = { r } ( − \alpha ) = ˆ{ r−p a r e n l e f t } \alpha . h−T $
s e s t a b l s $ e−s $ heco \quad o \quad a ry }

\centerline{z e ro \quad lD }

\centerline{da r $ a ˆ{ \pi }$ c $/\ begin { array }{ c} ( \\ L \end{ array}−$ un ) n
$ o−n { o } , $ \quad c $ o ˆ{ o } { l } l ˆ{ r } v−i−r { m es }$ l l ze o
$s−v\begin { array }{ cc } e & be n \\ ha { r }\end{ array } r−e$ r }

\centerline{ r }

\centerline{ $ f−r $ om \quad the $ e { r }$ a l a $ i−x $ s }

\centerline{T he $ n { e }$ x \quad ap p $ l { cat }$ i n $ g { i }$ vs \quad a n \quad
$ u { p }$ p er bo \quad u n \quad o $ t ˆ{ h }$ \quad e \quad $ n { u m }
b { e }$ r o f $ d { ’ s f }$ }

\begin { a l i g n ∗}
\ tag ∗{$ w { hi } c ˆ{ h } ( $}/{ 12 } , { \chi d } ) = ˆ{ 0 } .
\end{ a l i g n ∗}

Cor o l l a r \quad y 3 \quad Suppo se \quad $ 1 { / } 2 $ i s a \quad ‘ ‘ z e ro ’ ’ \quad o f
$ L ( s , \chi d ) $ ofm \quad u t i l $ i−c $ i t y $ m $

$ \geq 0 . $ A \quad $ s−s { um }$ in gG . R . H . ,

\ [\ begin { a l i gned } \sum \\
e ˆ{ − } d m d \ leq 8 D + O \ log D a { s } D \rightarrow

\ infty . \\
d \end{ a l i gned }\ ]

Line 1 K parenleftbig 2 sub 1 parenleftbigg Line 2 K parenleftbig Line 3 closing square bracket to the power
of open parenthesis plus closing parenthesis sub 1 parenrightbig parenrightbig minus-one alpha parenrightbig
Line 4 infinity-x5c x4a x2f-x46-x31-x30-x20-x36-x2e-x39-x37-x20-x54 x31-x20-x2d-x32 parenleftbigg sub x32 x44
n parenrightbigg 2 sub pi alpha alpha d Line 5 n e infinity-x5c sub x54-x5d-x29 x4a x54-x20-x37-x39-x2e-x36-x20-
x30-x31-x46-x2f to the power of K x34-x2e-x35-x2d-x20-x66 x32-x2d-x20-x31 x32 x54-x20-x39-x30-x2e x44 closing
parenthesis r open parenthesis closing parenthesis d alpha = sub 2 parenrightbigg Line 6 2 pi Line 7 x54-x20-
x37-x39-x2e-x36-x20-x30-x31-x46-x2f x34-x2e-x35-x2d-x20-x66 Line 8 = parenleftbig parenrightbig parenrightbig
sum e Row 1 2 Row 2 sum . infinity x29-x5d-x54 x4a x66-x20-x2d-x35-x2e-x34 x31-x20-x2d-x32 x32 x2e-x30-
x39-x20-x54 x5b-x28-x0-x31 Line 9 parenleftbig Line 10 2 K parenleftbig sub 1

= sub r open parenthesis minus alpha closing parenthesis = to the power of r-parenleft alpha period h-T sesta
bls e-s heco .. o .. a ry

z e ro .. lD
da r a to the power of pi c Row 1 open parenthesis Row 2 L . un closing parenthesis n o-n o comma .. c o to

the power of o sub l l to the power of r v-i-r m es l l ze o Row 1 e be n Row 2 ha sub r . r
r
f-r om .. the e sub r a l a i-x s
T he n sub e x .. ap p l sub cat i n g sub i vs .. a n .. u sub p p er bo .. u n .. o t to the power of h .. e .. n

sub u m b sub e r of d sub quoteright sf
Equation: w sub hi c to the power of h open parenthesis .. slash 12 comma sub chi d closing parenthesis =

to the power of 0 period
Cor ollar .. y 3 .. Suppo se .. 1 sub slash 2 is a .. quotedblleft zero quotedblright .. o f L open parenthesis s

comma chi d closing parenthesis ofm .. uti l i-c i t y m
greater equal 0 period A .. s-s sub um in gG period R period H period comma
Line 1 sum Line 2 e to the power of minus d m d less or equal 8 D plus O log D a sub s D right arrow infinity

period Line 3 d

K(21 (

K(

]( +) 1 ))minus− one α )

infinity − x5c x4ax2f − x46− x31− x30− x20− x36− x2e− x39− x37− x20− x54x31− x20− x2d− x32(x32x44 n)2πα αd

n e infinity − x5cx54−x5d−x29 x4ax54− x20− x37− x39− x2e− x36− x20− x30− x31− x46− x2fKx34− x2e− x35− x2d− x20− x66x32− x2d− x20− x31x32x54− x20− x39− x30− x2ex44)r()dα =2 )

2π

x54− x20− x37− x39− x2e− x36− x20− x30− x31− x46− x2fx34− x2e− x35− x2d− x20− x66

= () )
∑

eπ
2∑ % ∞x29− x5d− x54x4ax66− x20− x2d− x35− x2e− x34x31− x20− x2d− x32x32x2e− x30− x39− x20− x54x5b− x28− x0− x31

(

2K (1

=r (−α) =r−parenleft α .h− T sesta bls e− s heco o a ry
z e ro lD

da r aπ c /
(
L
− un ) n o− no, c ool l

rv − i− rmes l l ze o s− v e ben
har

r − e r

r
f − r om the er a l a i− x s

T he ne x ap p lcat i n gi vs a n up p er bo u n o th e num be r of d′sf

/12,χd ) =0 . whic
h(

Cor ollar y 3 Suppo se 1/2 is a “ zero ” o f L(s, χd) ofm uti
l i− c i t y m ≥ 0. A s− sum in gG . R . H . , ∑

e− d m d ≤ 8D + O logD asD →∞.
d



\ [\ begin { a l i gned } ( 2 { / } D { 2 } \sum ( { \gamma } l−o { g } D ) \\
\ infty x29−x5d−x54 x4a x2 f−x46−x31−x30−x20−x36−x2e−x39−x37−x20−x54 K { x32 }

( x32 { − \xi } r d ) ( \alpha ) + ( one−rho1−p a r e n l e f t )
2 ˆ{ \pi }\\
\ infty x4a x34−x2e−x35−x2d−x20−x66 x32−x2d−x20−x31 x44{ x54−x20−x39−x30−x2e } { x32 }

x44 x31−x0−x28−x5b 1 ] \\
= x5c ˆ{ x29−x5d−x54 } x2e−x31−x20−x54 \\
( ) \\
= − 1 x5c−x29−x5d−x54 1 x4a x2 f−x46−x31−x30−x20−x36−x2e−x39−x37−x20−x54

x66−x20−x2d−x33−x2e−x34 x33−x20−x2d−x32 x32 { x2e−x32 }\\
= \\
− [ \alpha 2 ] 1 ( 1 ( 1 − K ( 2 ) i n f i n i t y −x5c

x29−x5d−x54 x4a x66−x20−x2d−x35−x2e−x34−x2 f−x46−x31−x30−x20−x36−x2e−x39−x37−x20−x54
x31−x20−x2d−x32 x32 x2e−x30−x39−x20−x54−x44 { x5b−x28−x0−x31 }\\

1{ 2 } − 2 2 ( 0 ) + O ( 1 ) 1 + ({ O } 1 ) . \\
\ infty h−F{ x4a } x66−x20−x2d−x35−x2e−x34 x32−K ˆ{ \alpha } x20−x2d−x32 D

\widehat{h−r } { ) }ˆ{ ( } alpha−n ) \alpha \\
= 1 ( 1 ) ) \sum two−s l a s h D 2 \sum \\
T h−e { e } f o { \sum } comma−e \\
( 1 ( ) ) − \sum { e } \sum \end{ a l i gned }\ ]

\centerline {1 }

\ [ ( d ) rho1−p a r e n l e f t−d \ ]

Line 1 parenleftbig 2 sub slash D sub 2 sum parenleftbigg sub gamma l-o sub g D parenrightbigg Line 2
infinity x29-x5d-x54 x4a x2f-x46-x31-x30-x20-x36-x2e-x39-x37-x20-x54 K sub x32 parenleftbig x32 sub minus xi
r d closing parenthesis open parenthesis alpha closing parenthesis plus parenleftbig one-rho1-parenleft closing
parenthesis 2 to the power of pi Line 3 infinity x4a x34-x2e-x35-x2d-x20-x66 x32-x2d-x20-x31 x44 x54-x20-
x39-x30-x2e sub x32 x44 x31-x0-x28-x5b 1 closing square bracket Line 4 = x5c to the power of x29-x5d-x54
x2e-x31-x20-x54 Line 5 parenleftbig parenrightbig Line 6 = minus 1 x5c-x29-x5d-x54 1 x4a x2f-x46-x31-x30-
x20-x36-x2e-x39-x37-x20-x54 x66-x20-x2d-x33-x2e-x34 x33-x20-x2d-x32 x32 sub x2e-x32 Line 7 = Line 8 minus
bracketleftbigg alpha 2 bracketrightbigg 1 parenleftbig 1 parenleftbig 1 minus K open parenthesis 2 closing
parenthesis infinity-x5c x29-x5d-x54 x4a x66-x20-x2d-x35-x2e-x34-x2f-x46-x31-x30-x20-x36-x2e-x39-x37-x20-x54
x31-x20-x2d-x32 x32 x2e-x30-x39-x20-x54-x44 sub x5b-x28-x0-x31 Line 9 1 2 minus 2 2 open parenthesis 0 closing
parenthesis plus O parenleftbigg 1 parenrightbigg 1 plus parenleftbigg O 1 parenrightbigg period Line 10 infinity
h-F x4a x66-x20-x2d-x35-x2e-x34 x32-K to the power of alpha x20-x2d-x32 D h-r-hatwide closing parenthesis
to the power of open parenthesis alpha-n closing parenthesis alpha Line 11 = 1 parenleftbig 1 parenrightbig
parenrightbig sum two-slash D 2 sum Line 12 T h-e sub e f o sub sum comma-e Line 13 parenleftbig 1 parenleftbig
parenrightbig parenrightbig minus sum e sum

1
parenleftbigg d parenrightbigg rho1-parenleft-d

( 2/D2

∑
(γ l − og D)

∞x29− x5d− x54x4ax2f − x46− x31− x30− x20− x36− x2e− x39− x37− x20− x54Kx32 (x32−ξrd)(α) + (one− rho1− parenleft) 2π

∞ x4a x34− x2e− x35− x2d− x20− x66x32− x2d− x20− x31x44x54− x20− x39− x30− x2ex32x44x31− x0− x28− x5b1]

= x5cx29−x5d−x54 x2e− x31− x20− x54

()

= −1 x5c− x29− x5d− x541x4ax2f − x46− x31− x30− x20− x36− x2e− x39− x37− x20− x54x66− x20− x2d− x33− x2e− x34x33− x20− x2d− x32x32x2e−x32

=

−[ α2]1 (1 (1 − K( 2)infinity − x5cx29− x5d− x54x4ax66− x20− x2d− x35− x2e− x34− x2f − x46− x31− x30− x20− x36− x2e− x39− x37− x20− x54x31− x20− x2d− x32x32x2e− x30− x39− x20− x54− x44x5b−x28−x0−x31

12 − 2 2(0) +O( 1 ) 1 + (O 1 ) .

∞ h− Fx4ax66− x20− x2d− x35− x2e− x34x32−Kαx20− x2d− x32Dĥ− r
(

)alpha− n)α

= 1(1))
∑

two− slashD2
∑

T h− eefo∑comma− e
(1 ( ) )−

∑
e

∑
1

( d) rho1− parenleft− d



\ [ d \ ]

\centerline{R \quad ema r $ k { . } S { i } n−c $ e \quad $ m d $ i }

\centerline{ $/{ e−m } n−e $ s \quad l $ d ˆ{ ’ } { s } . $ ld i l e o h a nk P o e }

\noindent g \quad o $ m { e }ˆ{ r } { y }$ f o $ b { r }$ i $ g ˆ{ i }$ g
$ t { h }$ i p $ r { ob }$ e m \quad too ur a t

\hspace ∗{\ f i l l }Added \quad in \quad pr $ o−o { f } . $ S inc e \quad t e \quad
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