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ON DEGREES IN THE HASSE DIAGRAM OF THE
STRONG BRUHAT ORDER
RON M .ADIN' AND YUVAL ROICHMAN"
ABSTRACT . For a permutation 7 in the symmetric group S, let
the total degree be its valency in the Hasse diagram of the strong
Bruhat order on S,,, and let the down degree be the number of per -

mutations which are covered by 7 in the strong Bruhat order . The

maxima of the total degree and the down degree and their values

at a random permutation are computed . Proofs involve variants of

a classical theorem of Tur ¢ n from extremal graph theory .

1. THE DOWN UP AND TOTAL DEGREES
Definition 1 . 1. For a permutation = € S, let the down degree d_(r)
be
the number of permutations in S,, which are covered by = in the strong
Bruhat order . Let the up degree d.(n) be the number of permutations
which cover rin this order .  The to tal degree of = is the sum

d(m) :=d_(7) + dq(m),

i.e.,thevalency of «in the Hasse diagram of the strong Bruhat order

Explicitly , for 1<a<b<nlet t,, =t,, €S, be the transposition
interchanging « and b, and for = €S, let

(m) :=min{k | T = 8;,8iy -+ Sip }

be the length of = with respect to the standard Coxeter generators

(1 <i<n)ofS,. Then Si =tii+1
d—(m) = #{tap | L(tapm) = £(m) — 1},
di(m) = #{tap | L(tapm) = £(7) + 1},
d(m) = d_(m) + dy.(m) = #{tap | L(tapm) = €(m) £ 1}
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For the general definitions and other properties of the weak and strong

Bruhat orderssee ,e. g., [9,Ex. 3.75]and[2,852.1,3.1

We shall describe 7 € S, by it s sequence of values [x(1),...,7(n)].
Observation 1.2. w covers o in the s trong Bruhat order on S, if and
only if there exist 1<i <k <mn such that

(1) b:=wn(i)>n(k) =:a.

(2) o=tepm, 1.€ .m=[.b.ya.] and o=][.,a,..,b,..]
(3) Thereisno i<j<ksuchthat a<mr(j)<b Corollary 1.
3. For every weS,

d_(m)=d_(z=1).

Example 1. 4. In S3,d_[123] = 0,d_[132] = d_[213] = 1, and d_[321] =
d_[231] =d_[312) =2. On the other hand , d[321] =d[123] =2and

d[213] = d[132] = d[312] = d[231] = 3.

Remark 1.5. The classical descent number of a permutation

in the symmetric group S, is the number of permutations in

S, which are

covered by 7 in the (right ) weak Bruhat order .  Thus , the down
1

degree may be considered as a  “ strong descent number

Definition 1 . 6 . For = e S, denote

D_(m) = {tap | l(tapm) = £(m) — 1},

the s trong des cent s et of =. Example 1.7. The strong descent
set of 7=1[7,9,5,2,3,84,1,6]1s

D_(m) ={ti2,t1,3,t1,4,t25,t35,tas, tag, 57,159, t6,7, t6,8, t8,9}-

Remark 1.8. Generalized pattern avoidance , involving strong
descent

sets , was applied by Woo and Yong [ 1 1] to determine which Schubert
varieties are Gorenstein .

Proposition 1.9. The strong descent s et D_(w) uniquely
determines the permutation .
Proof . By induction on n. The claim clearly holds for n = 1.

Let = be a permutation in S,, and let 7 € S,,_; be the permutation
obtained by deleting the value n from #. Note that , by Observation 1 .
2

Y

D_(7) = D_(m)\ {tam | 1 < a < n}.

By  the induction  hypothesis 7 is  uniquely  determined
by  this set . Hence it suffices to determine the position of nin 7.
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Now, if j :=7"'(n) <mnthen clearly t.;i1, €D_(n).
Moreover ,
by  Observation 1.2, t,, € D_(x) = a > w(j+1). Thus
D_(r) determines

m(j) =7 +1) =min{a | tsn € D_(7)},

and therefore determines j. Note that this set of o’ sis empty if and
only if j=n. This completes the proof . O
2. MAXIMAL DOWN DEGREE
In this section we compute the maximal value of the down degree on
S, and find all the permutations achieving the maximum . We prove
Proposition 2 . 1. For every positive integer n

max{d_(7)| m€S,}= |[n*/4].

Remark 2. 2. The same number appears as the order dimension of
the strong Bruhat poset [ 7].  An upper bound on the maximal down
degree for finite Coxeter groups appearsin [ 4 , Prop. 3. 4].

For the proof of Proposition 2 . 1 we need a classical theorem of Tur 4

n.
Definition 2 . 3 . Let r <n be positive integers . The Tur an
graph T,.(n) is the complete r— partite graph with n vertices and all parts
as equal in s ize as possible , i . e . , each siz e i s either  |n/r] or
[n/r]. Denote by t,.(n) the number of edges of T (n).
Theorem 2. 4 (TUR 4N’ S THEOREM ; [10], [3,1V,
Theorem 8 | ) .

(1)  FEvery graph of order n  with more than t.(n) edges
contains a complete subgraph of order r+1.

(2) T.(n) 1is the unique graph of order n with t.(n) edges that does
not contain a complete subgraph of order r4 1.

We shall  apply the  special case » = 2 (dueto Mantel )
of Tur ¢n’ s theorem to the following graph .
Definition 2 . 5 . The s trong descent graph of =€ S,, denoted
r'_(n),

is the undirected graph whose set of vertices is  {1,..,n} and whose set
of edges is

{{a,0} | tap € D_(m)}.
By definition , the number of edges in T'_(x) equals d_(n).

Remark 2 . 6 . Permutations for which the strong descent graph
i s con - nected are called indecomposable . Their enumeration was
studiedin [5]; see [6,pp. 7-8].  The number of components

in T_(r) 1is equal to the number of global descents in 7w, where
wo := [n,n — 1,...,1]), which were introduced and studied in [ 1 , Corollaries
6.3and6.4].
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Lemma 2. 7. For every m= € S,, the strong descent
graph r_(m) I8
triangle - free . Proof . Assume that T'_(x) contains a triangle .

Then there exist 1 <
a<b<c<nsuch that t,;,tec tpc € D_(7). By Observation 1. 2,

taprtpe € D_(1) = 71 (c) <77 (b) < 7 Y(a) = ta. & D_(7).

This i s a contradiction . O Proof of Proposition 2. 1. By Theorem
2.4 (1) together with Lemma 2 . 7|

foreverym € S,
d_(m) <ta(n) = [n?/4].

Equality holds s ince
d_([In/2] +1,|n/2] +2,...n,1,2, ..., [n/2]]) = |n?/4].
O

Next we classify ( and enumerate )  the permutations which
achieve the maximal down degree .

Lemma 2 . 8. Let 7€S, bea permutation with maximal down
degree .

Then = has no decreasing subsequence of length 4 .

Proof . Assume that = = [.d..c.b.a.] with d > ¢ > b >
aand 7 1(a) —77(d) minimal . Then top,tocrtea € D-_(m) but,

by Observation 1.2,t,4¢ D_(r). It follows that T'_(r) is not a complete
bipartite graph , since {a,b}, {b,c}, and {c,d}are edges but {a,d}
2),

is not . By Lemma 2 . 7, combined with Theorem 2 . 4 (

the number  of

edges in T'_(n) is less than [n?/4]. O
Proposition 2 . 9 . For every positive integer n

. ifnisodd,
#{reS,|d_(r)= |n?/4]} = { Z/Q lf?;fzjseven.

FEach such permutation has the form

m=[t+m+Lt+m+2,...,nt+1,t+2,....,6+m,1,2 .. ¢,

where me  {[n/2],[n/2]} and 1 <t<n-m. Notethat t=n—-m(
for m) gives the same permutation as t=0 ( for n—minstead of m).
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Proof . It is easy to verify the claim for n <3. Assume n > 4.
Let = € S, with d_(x) = [n?/4]. By Theorem 24(2), T'_(m)
is is omorphic to the complete bipartite graph K\, 2| n/21. S ince n >4,
each s ide of the graph contains at least two vertices . Let 1=a<bbe
two vertices on one side, and c< dtwo vertices on the other s ide of
the graph . S ince ty.,tpq € D_(n), there are three possible cases :

(1) b < ¢ andthenm = [...c...d...b..]

(since 7 =[..d..c.b..] contradicts t,q4 € D_(n)).

(2) ¢<b<d,andthent = [...d...b...c...].
(3) d < b,andthenrt = [...b...c...d...]

(since m=[..b..d..c.] contradicts t,.€ D_(n)).

The same also holds for « =1 instead of b, but then cases 2 and 3 are
impossible s ince a =1 <e¢  Thus necessarily c¢ appears before din ,
and case 2 i s therefore impossible for any b on the same s ide as a=1.In
other words :  no vertex on the same s ide as a= 1 1is intermediate
, either in position (in =) or in value , to cand d.

Assume now that niseven.  The vertices not on the s ide of 1
form
(in ) a block of length n/2 of numbers which are consecutive in value as
well in position.  They also form an increasing subsequence  of
7, s ince I'_(r) is bipartite .  The numbers preceding them are all larger
in value , and are increasing ; the numbers succeeding them are all smaller
in value , are increasing , and contain 1. It is easy to check
that each permutation = of this form has maximal d_(7).
Finally , = is com -
pletely determined by the length 1 < ¢ < n/2 of the last in-
creasing subsequence .

For n odd one obtains a s imilar classification , except that the length of
the s ide not containing 1 is either |n/2] or [n/2]. This completes
the proof . O

3.  MAXIMAL TOTAL DEGREE
Obviously , the maximal value of the total degree d=d_ +d, cannot
exceed g , the total number of transpositions in S,,. This is s lightly
better than the bound 2|n?/4] obtainable from Proposition2. 1.  The
actual maximal value i s smaller .
Theorem 3 . 1. For n>2, the maximal to tal degree in the Hasse
dia - gram of the s trong Bruhat order on S, is

|n?/4] +n —2.

In order to prove this result , associate with each permutation = € S, a
graph T'(7), whose s et of vertices i s {1,...,n} and whose set of edges
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{{a,0} | ((tapm) — () = £1}.

This graph has many properties; e.g., it is Ks— free
and is the edge - disj oint union of two triangle - free graphs on
the same set of vertices . However ,  these properties are not  strong

enough to  imply the above result . A property which does imply it
i s the fo llowing bound on the minimal degree .

Lemma 3. 2. There exists a wvertex wn T(x) with degree at
most

In/2] + 1.
Proof . Assume , on the contrary , that each vertex in T'(x) has at
least [n/2] + 2 neighbors . This  applies , in particular , to

the vertex =(1). Being the first value of =, the neighborhood of =(1) in
I'(r), viewed as a subsequence of [r(2),...,m(n)], consists of a shuffle of a
decreasing sequence of numbers larger than =(1) and an increasing
sequence  of numbers smaller than =(1). Let a be the r ightmost
neighbor of =(1). The intersection of the mneighborhood of a with
the  neighborhood of =(1) is of cardinality at most two . Thus the
degree of ais at most

n—(n/2]+2)+2= [n/2] < |[n/2]+1,
which i s a contradiction . O
Proof of Theorem 3 . 1 . First  note that , by definition ,  the
total degree of = ¢ S, in the Hasse diagram of the strong Bruhat order i
s equal to the number of edges in I'(r). We will prove that this number
e(I(r) <
|n?/4] +n — 2, by induction on n.

The claim i s clearly true for n=2. Assume that the claim holds for
n—1,and let 7€ S,. Let abe a vertex of I'(r) with minimal degree , and
let 7 € S,_1 be the permutation obtained from = by deleting the value af(
and decreasing by 1 all the values larger than a). Then

e(I(7)) = e(I'(7) \ a),

where the latter is the number of edges in TI'(r) which are not incident with
the vertex a. By the induction hypothesis and Lemma 3 . 2 |

e(T(m)) = e(T(m) \ a) + d(a) < e(I'(7)) + d(a)
< |((n—-1)2/4]+(n—-1)—2+|n/2| +1
= [n%/4] +n-2.
Equality holds s ince , lett ing m:= |n/2],

eM(m+1,m+2,...n,1,2,...m])) = |n?/4] +n —2.
O
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Theorem 3 . 3.

#{r e S, |d(r)= |n?/4]4+n—2} = braceex—braceex—braceex—bracele ftmid—braceex—braceex—braceex—b
The extremal permutations have one of the fol lowing forms :

mo:=[m+1m+2..,n12..m] (me{|n/2],[n/2]}),

and the permutations ob tained from m by one or more of the fol
lowing
operations :
7= = [r(n),r(n—1),..,7(2),7(1)] (reversingr),
T =7 -1, (interchangingw(1)andm(n)),

7 7li=t;, -7 (interchanging 1 and nin ).
Proof . It is not difficult to see that all the specified permutations are
indeed extremal , and their number is as claimed ( for all n > 2).

The claim that there are no other extremal permu-
tations  will  be proved by induction on n. For small values of n(
say n < 4) this may be verified directly . Assume now that the claim
holds for some n > 4,
and let 7 € S, be extremal . Following the proof of Lemma 3 . 2
, let a be a vertex of I'(r) with degree at  most l(n+1)/2] +1,
which i s either =(1) or it s r ightmost neighbor . As in the proof
of Theorem 3 . 1, let 7 € S, be the permutation obtained from = by
deleting the value « ( and decreasing by 1 all the values larger than a).
All the inequalities in the proof of Theorem 3 . 1 must hold as equalities

, namely :  e((r)\a)=e(7)), da) = |(n+1)/2] +1, and 7 i
s extremal in S,. By the induction hypothesis ,7 must have one
of the prescribed forms . In all of them , {#(1),7(n)} = {m,m + 1} i

s an edge of T'(z). Therefore the corresponding edge {7(1),7(n+1)} (
or {7(2),7(n+1)}if a=n(1),or {x(1),7(n)}if a=x(n+1))is an edge of
I'(m)\ a, namely of I'(r). If a# 7(1),7(n+1) then #(n+1)1is the r ightmost
neighbor of 7(1), contradicting the choice of a. If a = r(n+1) we may use
the operation 7+ 7. Thus we may assume from now on that a = =(1).
Let N(a) denote the set of neighbors of ain I'(r). Assume first that

T=mo=[m+1,m+2,..,n12 ...m] (me{[n/2],[n/2]}).

Noting that [n/2] = |(n+1)/2] and keeping in mind the decrease in
certain values during the transition = — 7 we have the following cases :
(1) a>m+1:in this case 1,..,m & N(a), so that

da)<n-m< [n/2] = |[(n+1)/2] < |[(n+1)/2]+1.
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Thus =1 s not extremal .
(2) a<m:in this case m+3,....,n+ 1,m + lelement — negationslashN(a), so that

da)<1+(m-1)< [n/2] < |[(n+1)/2]+1.

Again 7 is not extremal . (3) a € {m,m+ 1} : in this case

dla)=1+m < [(n+1)/2] +1,

with equality iff m = [(n+1)/2). Thisgives 7€ S,.; of the required
form ( either m or 7°0).

A s imilar analysis for 7 = 7°0 gives extremal permutations only for
a€{m+1,m+2} and d(a) =3,s0 that n=4and 7= [2413] € S;. The
permutations obtained are 7w =[32514] and = = [42513], which are

70, 77510 € S5, respectively.

The other possible values of 7 are obtained by the =+~ 7" and 7+ =
operations from the ones above , and yield analogous results . O

4.  EXPECTATION
In this subsection we prove an exact formula for the expectation of
the down degree of a permutation in S,. Theorem 4 . 1 . For every

positive integer n, the expected down degree
of a random permutation in S, s

i=2 j=2 k=2 i=1

Eres, [d-(m)] = ZZZ% = (n+ 1)2% -

n

It fo llows that
Corollary 4 . 2. As n— oo,
Ercs,[d-(m)] =nlon+ O(n)

and

Eres,[d(m)] =2nlnn + O(n).

To prove Theorem 4.1 we need some notation. For
T € S, and 2 < i < =n let m; be the permutation
obtained from 7 by omitting
all letters which are larger than or equal to i. For example, if = =

thenry = [6,1,4,8,3,2,5,7), 77 = [6,1,4,3,2,5],
andmy = [1,3,2].

Also, denote by 7% the suffix oflength j of =
For example, if

T =106,1,4,8,3,2,5,9, 7]thenn!® = [5,9, 7]and || 2 = [3,2].

T
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I.t.r.m.(r) be the number of left - to - r ight maxima in = :

Ltorm.(m):=#{i|n(i) =17 <j <in(j)}
Lemma 4 . 3. For every weS,, if = |il4+19 =3 then

A (wjisr) = d_(m;) = Ltrm. (|l 7).

Proof of Theorem 4 . 1 . Clearly , for every =€ S,
n
d_(m) =Y [d-(mt1) = d—(m,)]
1=2

Thus , by Lemma 4 . 3,

thrm (b =71,

=2

where jiis the position of iin m;4q,1. € ., ji:=7"|il4+1(3).

Define a random variable X to be the down degree d_(r) of a random
( uniformly distributed ) permutation =€ S,. Then , for each 2<i<
n, w41 18 arandom  ( uniformly  distributed ) = permutation
in S;, and
therefore j =nx~]il+1(i) is uniformly distributed in {1,...,i} and | ]
is essentially a random (uniformly distributed) permutation
in  S;_; (after monotonically renaming its values ) . Therefore , by
| inearity of the expectation ,

1=2 t=0

=3 BIX, M

n i—1

MH

1=2 =

=25 ZEza
where X, := l.t.rm.(o) for a random o € S;. Recall from [ 9 , Corollary 1 .
3. 8] that

t

Z ql.t.r.m-(U) — H(q + k- 1)~

(S St k =1
It follows that , for ¢ >1,

1 1 d l.t.r.m.(o)
=3 > ltrm.(o) = a (Iq > q Mg=1

T oeS, UESt
1 d =1
= (d*H(Q‘Hf Dlg=1= t'zt: <1;[<k :Z;
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tuting these values into ( 1) gives

Substi-

and this i s equivalent ( with j=¢+1and k=r+1) to the first formula

in the statement of the theorem .

The second formula may be obtained through the following manip -

ulations :
i=2 j=2 k=2 1 1
E[X] = — = —
LX) ZZZi-(k—l) Z,ni-(k—l)
noij k<, <j<i<
i—k+1 1 1
= 2 ie-n-_ 2 o1 d
<2k<i<n <2k<i<n
n—k+1 i—
=2 k-1 Z i
<2k<n <2i<n
k=2 1 =2 1
=1 =1 1
= nz - —2n+ Z -
(|
Proof of Corollary 4 . 2 . Notice that

i=1

Z% =Inn+ O(1).

n

( The next t erm in the asymptotic expansion is Euler ’ s constant .

st itute into Theorem 4 . 1 to obtain the desired result . O

5. GENERALIZED DowN DEGREES Definition 5. 1.

reS,and 1<r<nlet

D (x) = {tay | L(m) > Uty ) > £(m) — 27}

the r— th s trong descent s et of .
Define the r— th down degree as

ar (m) = #D(f) ().

) Sub

For
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Example 5. 2. The first strong descent s et and down degree are
those
studied in the previous section ; namely ,D"(x) = D_(x) and dV(x) =

d_(m).

The (n—1)- th strong descent s et is the set of inversions

DV (x) = {tay | a < ba(a) > 7L (b)}.

Thus

d"™ V() = inv(r),
the inversion number of 7. Observation 5 . 3 . For every neS,
and 1<a<b< N,tep € D(f)(w)
if and  onlyif © = [.,b,..,a,..] andthere are less than r
letters

between the positions of b and a in 7 whose value is between a and
b.
Ezxample 5. 4 . Let ©=17,9,5,2,3,8,4,1,6]. Then

1
DS)(W) = {te,7,t6,8,t1,4, 11,3, 1,2, 4,8, 4,5, 18,9, 135, t2 5, t50,t57}

and

p® () = D(_l)(ﬂ) U{te0,t1,8,ta,9,ta,7,t3,9,t3 7,29, t2 7}
Corollary 5.5. For every ne€S, and 1<r<n

d(x) = d (x 7).

Proof . By Observation 5.3,t,, € D" (r)if and only i f te-layx—1lay €

Definition 5. 6. The r—th  strong des cent  graph of
T € S, denoted
') (7), i s the graph whose set of vertices i s {1,...,n} and whose s et of
edgesis  {{a,b} | tay € D (m)}.

The following lemma generalizes Lemma 2 . 7 .

Lemma 5. 7. For every = € S,, the graph T ()  contains no
subgraph is omorphic t o the complete graph K, ».
Proof . Assume that there is a subgraph in T (r) isomorphic to K, ».

Then there exists a decreasing subsequence

n>ay>a > > 0rpg 2> 1

such that for all 1<i<j<r+2t,,,. are r— th strong descents of =.In
particular , for every 1 <i<r+42t,.,,, are r— th strong descents of
n. This implies that , forevery 1 <i <r+2, a;; appearsto
the

r ight of «; in . Then , by Observation 5.3,t4,4,,, 1 s not an r— th
strong descent .  Contradiction . O
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1<r<n,

max{d(_r)(w) | me Sy} <trgi(n) < ( rhd > ( ® )2.

2 r+1
Proof . Combining Tur ¢ n ' s Theorem together with Lemma 5.7. O
Note that for » =1 and r = n—1 equality holds in Corollary 5. 8 . Remark
5.9. For every =€ S, let 7 be the permutation obtained from

7 by omitting the value n. If jis the position of nin = then

4" (m) —d (7)

equals the number of (r— 1)—th almost left - to - right
minima in  the (j—1)- th suffix of 7 seee. g. [8]. This
observation may be applied to
calculate the expectation of ().
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