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\centerline{RON M $ . ADIN ˆ{ 1 }$ AND YUVAL $ ROICHMAN ˆ{ 1 }$ }

\centerline{Abstract . \quad For a permutation $ \pi $ in the symmetric group $ S { n }$
l e t }

\centerline{ the t o t a l degree be i t s va lency in the Hasse diagram of the s t rong }

\centerline{Bruhat order on $ S { n } , $ and l e t the down degree be the number o f per − }

\centerline{mutations which are covered by $ \pi $ in the s t rong Bruhat order . The }

\centerline{maxima o f the t o t a l degree and the down degree and t h e i r va lue s }

\centerline{ at a random permutation are computed . Proof s i nvo lv e v a r i a n t s o f }

\centerline{a c l a s s i c a l theorem o f Tur $ \acute{a} $ n from extremal graph theory . }

\centerline {1 . \quad The Down , \quad Up and \quad Total Degrees }

\noindent D e f i n i t i o n 1 . 1 . For a permutation $ \pi \ in S { n }$ l e t the down degree
$ d { − } ( \pi ) $ be

\noindent the number o f permutat ions in $ S { n }$ which are covered by $ \pi $
in the s t rong

\noindent Bruhat order . \ h f i l l Let the up degree $ d { + } ( \pi ) $ be the number o f permutat ions

\noindent which cover $ \pi $ in t h i s order . \quad The to t a l degree o f $ \pi $
i s the sum

\ [ d ( \pi ) : = d { − } ( \pi ) + d { + } ( \pi ) , \ ]

\noindent i . e . , the valency o f $ \pi $ in the Hasse diagram of the s t rong Bruhat order .

\hspace ∗{\ f i l l } E x p l i c i t l y , f o r $ 1 \ leq a < b \ leq n $ l e t $ t { a
, b } = t { b , a } \ in S { n }$ be the t r a n s p o s i t i o n

\noindent i n t e r chang ing $ a $ and $ b , $ and f o r $ \pi \ in S { n }$ l e t

\ [ \ e l l ( \pi ) : = \min \{ k \mid \pi = s { i { 1 }} s { i { 2 }}
\cdot \cdot \cdot s { i { k }} \} \ ]

\noindent be \ h f i l l the \ h f i l l l ength o f $ \pi $ \ h f i l l with \ h f i l l r e s p e c t \ h f i l l to \ h f i l l the \ h f i l l standard \ h f i l l Coxeter \ h f i l l gene ra to r s

\begin { a l i g n ∗}
\ tag ∗{$ s { i } = t { i , i + 1 }$} ( 1 \ leq i < n ) o f
S { n } . Then \\ d { − } ( \pi ) = \# \{ t { a , b } \mid
\ e l l ( t { a , b } \pi ) = \ e l l ( \pi ) − 1 \} , \\ d { + }
( \pi ) = \# \{ t { a , b } \mid \ e l l ( t { a , b } \pi
) = \ e l l ( \pi ) + 1 \} , \\ d ( \pi ) = d { − } (
\pi ) + d { + } ( \pi ) = \# \{ t { a , b } \mid \ e l l
( t { a , b } \pi ) = \ e l l ( \pi ) \pm 1 \} . \\ \ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}
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ON DEGREES IN THE HASSE DIAGRAM OF THE
STRONG BRUHAT ORDER

RON M .ADIN1 AND YUVAL ROICHMAN1

Abstract . For a permutation π in the symmetric group Sn let
the total degree be its valency in the Hasse diagram of the strong

Bruhat order on Sn, and let the down degree be the number of per -
mutations which are covered by π in the strong Bruhat order . The
maxima of the total degree and the down degree and their values

at a random permutation are computed . Proofs involve variants of
a classical theorem of Tur á n from extremal graph theory .

1 . The Down , Up and Total Degrees
Definition 1 . 1 . For a permutation π ∈ Sn let the down degree d−(π)
be
the number of permutations in Sn which are covered by π in the strong
Bruhat order . Let the up degree d+(π) be the number of permutations
which cover π in this order . The to tal degree of π is the sum

d(π) := d−(π) + d+(π),

i . e . , the valency of π in the Hasse diagram of the strong Bruhat order
.

Explicitly , for 1 ≤ a < b ≤ n let ta,b = tb,a ∈ Sn be the transposition
interchanging a and b, and for π ∈ Sn let

`(π) := min{k | π = si1si2 · · · sik}

be the length of π with respect to the standard Coxeter generators

(1 ≤ i < n)ofSn. Then si = ti,i+1

d−(π) = #{ta,b | `(ta,bπ) = `(π)− 1},
d+(π) = #{ta,b | `(ta,bπ) = `(π) + 1},

d(π) = d−(π) + d+(π) = #{ta,b | `(ta,bπ) = `(π)± 1}.
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\noindent 2 \quad RON M . ADIN AND YUVAL ROICHMAN

\noindent For the gene ra l d e f i n i t i o n s and other p r o p e r t i e s o f the weak and st rong

\noindent Bruhat o rde r s s ee , e . g . , \quad [ 9 , Ex . \quad 3 . 75 ] and [ 2 , \S \S 2 . 1 , 3 . 1 ] .

\centerline{We s h a l l d e s c r i b e $ \pi \ in S { n }$ by i t s sequence o f va lue s
$ [ \pi ( 1 ) , . . . , \pi ( n ) ] . $ }

\noindent Observation $ 1 . 2 . \pi $ cover s $ \sigma $ in the s trong Bruhat order on
$ S { n }$ i f and

only i f the re e x i s t $ 1 \ leq i < k \ leq n $ such that

\ [ ( 1 ) b : = \pi ( i ) > \pi ( k ) = : a . \ ]

\hspace ∗{\ f i l l } $ ( 2 ) \sigma = t { a , b } \pi , $ \quad i . e
$ . , \pi = [ . . . , b , . . . , a , . . .
] $ \quad and $ \sigma = [ . . . , a , . . . , b ,
. . . ] . $

\noindent ( 3 ) \quad There i s no $ i < j < k $ su ch that $ a < \pi
( j ) < b . $

Coro l l a ry \quad 1 . 3 . \quad For every $ \pi \ in S { n }$

\ [ d { − } ( \pi ) = d { − } ( \pi ˆ{ − 1 } ) . \ ]

\noindent Example 1 . 4 . In $ S { 3 } , d { − } [ 1 23 ] = 0 ,
d { − } [ 1 32 ] = d { − } [ 2 1 3 ] = 1 , $ and $ d { − }
[ 32 1 ] = $

$ d { − } [ 23 1 ] = d { − } [ 3 1 2 ] = 2 . $ \quad On the other hand
$ , d [ 32 1 ] = d [ 1 23 ] = 2 $ and

\begin { a l i g n ∗}
d [ 2 1 3 ] = d [ 1 32 ] = d [ 3 1 2 ] = d

[ 23 1 ] = 3 .
\end{ a l i g n ∗}

\noindent Remark \quad 1 . 5 . \quad The c l a s s i c a l descent number o f a permutation
$ \pi $ in the

symmetric group \quad $ S { n }$ \quad i s \quad the number \quad o f permutat ions \quad in \quad
$ S { n }$ \quad which are

\noindent covered by $ \pi $ in the ( r i gh t ) \quad weak Bruhat order . \quad Thus , the down degree
may be cons ide red as a \quad ‘ ‘ s t rong descent $\ l e f t . number\begin { a l i gned } & ’ ’ \\
& . \end{ a l i gned }\ right . $

\noindent D e f i n i t i o n 1 . 6 . \quad For $ \pi \ in S { n }$ denote

\ [ D { − } ( \pi ) : = \{ t { a , b } \mid \ e l l ( t { a
, b } \pi ) = \ e l l ( \pi ) − 1 \} , \ ]

\noindent the s trong des cent s et o f $ \pi . $
Example \quad 1 . 7 . \quad The st rong descent s e t o f $ \pi = [ 7 , 9

, 5 , 2 , 3 , 8 , 4 , 1 , 6 ] $ i s

\ [ D { − } ( \pi ) = \{ t { 1 , 2 } , t { 1 , 3 } , t { 1
, 4 } , t { 2 , 5 } , t { 3 , 5 } , t { 4 , 5 } , t { 4
, 8 } , t { 5 , 7 } , t { 5 , 9 } , t { 6 , 7 } , t { 6
, 8 } , t { 8 , 9 } \} . \ ]

\noindent Remark \ h f i l l 1 . 8 . \ h f i l l Genera l i zed pattern avoidance , \ h f i l l i n v o l v i n g s t rong descent

\noindent s e t s , was app l i ed by Woo and Yong [ 1 1 ] to determine which Schubert
v a r i e t i e s are Gorenste in .

\noindent Propos i t i on \quad 1 . 9 . \quad The st rong descent s et $ D { − } (
\pi ) $ \quad unique ly determines

the permutation $ \pi . $

\noindent Proof . \quad By induct i on on $ n . $ \quad The cla im c l e a r l y ho lds f o r
$ n = 1 . $

Let $ \pi $ be a permutation in $ S { n } , $ and l e t $ \bar{\pi} \ in S { n
− 1 }$ be the permutation

obtained by d e l e t i n g the value $ n $ from $ \pi . $ \quad Note that , by Observat ion 1 . 2 ,

\ [ D { − } ( \bar{\pi} ) = D { − } ( \pi ) \setminus \{ t { a
, n } \mid 1 \ leq a < n \} . \ ]

\noindent By \quad the \quad i nduct i on \quad hypothes i s \quad $ \bar{\pi} $ \quad i s \quad unique ly \quad determined \quad by \quad t h i s \quad s e t .
Hence i t s u f f i c e s to determine the p o s i t i o n o f $ n $ in $ \pi . $

2 .. RON M period ADIN AND YUVAL ROICHMAN
For the general definitions and other properties of the weak and strong
Bruhat orders see comma e period g period comma .. open square bracket 9 comma Ex period .. 3 period 75

closing square bracket and open square bracket 2 comma S S 2 period 1 comma 3 period 1 closing square bracket
period

We shall describe pi in S sub n by it s sequence of values open square bracket pi open parenthesis 1 closing
parenthesis comma period period period comma pi open parenthesis n closing parenthesis closing square bracket
period

Observation 1 period 2 period pi covers sigma in the s trong Bruhat order on S sub n if and
only if there exist 1 less or equal i less k less or equal n such that
open parenthesis 1 closing parenthesis b : = pi open parenthesis i closing parenthesis greater pi open parenthesis

k closing parenthesis = : a period
open parenthesis 2 closing parenthesis sigma = t sub a comma b pi comma .. i period e period comma pi =

open square bracket period period period comma b comma period period period comma a comma period period
period closing square bracket .. and sigma = open square bracket period period period comma a comma period
period period comma b comma period period period closing square bracket period

open parenthesis 3 closing parenthesis .. There is no i less j less k su ch that a less pi open parenthesis j closing
parenthesis less b period

Corollary .. 1 period 3 period .. For every pi in S sub n
d sub minus open parenthesis pi closing parenthesis = d sub minus open parenthesis pi to the power of minus

1 closing parenthesis period
Example 1 period 4 period In S sub 3 comma d sub minus open square bracket 1 23 closing square bracket =

0 comma d sub minus open square bracket 1 32 closing square bracket = d sub minus open square bracket 2 1 3
closing square bracket = 1 comma and d sub minus open square bracket 32 1 closing square bracket =

d sub minus open square bracket 23 1 closing square bracket = d sub minus open square bracket 3 1 2 closing
square bracket = 2 period .. On the other hand comma d open square bracket 32 1 closing square bracket = d
open square bracket 1 23 closing square bracket = 2 and

d open square bracket 2 1 3 closing square bracket = d open square bracket 1 32 closing square bracket = d
open square bracket 3 1 2 closing square bracket = d open square bracket 23 1 closing square bracket = 3 period

Remark .. 1 period 5 period .. The classical descent number of a permutation pi in the
symmetric group .. S sub n .. is .. the number .. of permutations .. in .. S sub n .. which are
covered by pi in the open parenthesis r ight closing parenthesis .. weak Bruhat order period .. Thus comma

the down degree
may be considered as a .. quotedblleft strong descent Case 1 quotedblright Case 2 period
Definition 1 period 6 period .. For pi in S sub n denote
D sub minus open parenthesis pi closing parenthesis : = open brace t sub a comma b bar l open parenthesis

t sub a comma b pi closing parenthesis = l open parenthesis pi closing parenthesis minus 1 closing brace comma
the s trong des cent s et of pi period
Example .. 1 period 7 period .. The strong descent set of pi = open square bracket 7 comma 9 comma 5

comma 2 comma 3 comma 8 comma 4 comma 1 comma 6 closing square bracket i s
D sub minus open parenthesis pi closing parenthesis = open brace t sub 1 comma 2 comma t sub 1 comma 3

comma t sub 1 comma 4 comma t sub 2 comma 5 comma t sub 3 comma 5 comma t sub 4 comma 5 comma t sub
4 comma 8 comma t sub 5 comma 7 comma t sub 5 comma 9 comma t sub 6 comma 7 comma t sub 6 comma 8
comma t sub 8 comma 9 closing brace period

Remark .... 1 period 8 period .... Generalized pattern avoidance comma .... involving strong descent
sets comma was applied by Woo and Yong open square bracket 1 1 closing square bracket to determine which

Schubert
varieties are Gorenstein period
Proposition .. 1 period 9 period .. The strong descent s et D sub minus open parenthesis pi closing parenthesis

.. uniquely determines
the permutation pi period
Proof period .. By induction on n period .. The claim clearly holds for n = 1 period
Let pi be a permutation in S sub n comma and let pi-macron in S sub n minus 1 be the permutation
obtained by deleting the value n from pi period .. Note that comma by Observation 1 period 2 comma
D sub minus open parenthesis pi-macron closing parenthesis = D sub minus open parenthesis pi closing

parenthesis backslash open brace t sub a comma n bar 1 less or equal a less n closing brace period
By .. the .. induction .. hypothesis .. pi-macron .. is .. uniquely .. determined .. by .. this .. set period
Hence it suffices to determine the position of n in pi period

2 RON M . ADIN AND YUVAL ROICHMAN

For the general definitions and other properties of the weak and strong
Bruhat orders see , e . g . , [ 9 , Ex . 3 . 75 ] and [ 2 , §§2 . 1 , 3 . 1
] .

We shall describe π ∈ Sn by it s sequence of values [π(1), ..., π(n)].
Observation 1.2. π covers σ in the s trong Bruhat order on Sn if and
only if there exist 1 ≤ i < k ≤ n such that

(1) b := π(i) > π(k) =: a.

(2) σ = ta,bπ, i . e ., π = [..., b, ..., a, ...] and σ = [..., a, ..., b, ...].
( 3 ) There is no i < j < k su ch that a < π(j) < b. Corollary 1 .
3 . For every π ∈ Sn

d−(π) = d−(π−1).

Example 1 . 4 . In S3, d−[123] = 0, d−[132] = d−[213] = 1, and d−[321] =
d−[231] = d−[312] = 2. On the other hand , d[321] = d[123] = 2 and

d[213] = d[132] = d[312] = d[231] = 3.

Remark 1 . 5 . The classical descent number of a permutation π
in the symmetric group Sn is the number of permutations in
Sn which are
covered by π in the ( r ight ) weak Bruhat order . Thus , the down

degree may be considered as a “ strong descent number
′′

.

Definition 1 . 6 . For π ∈ Sn denote

D−(π) := {ta,b | `(ta,bπ) = `(π)− 1},

the s trong des cent s et of π. Example 1 . 7 . The strong descent
set of π = [7, 9, 5, 2, 3, 8, 4, 1, 6] i s

D−(π) = {t1,2, t1,3, t1,4, t2,5, t3,5, t4,5, t4,8, t5,7, t5,9, t6,7, t6,8, t8,9}.

Remark 1 . 8 . Generalized pattern avoidance , involving strong
descent
sets , was applied by Woo and Yong [ 1 1 ] to determine which Schubert
varieties are Gorenstein .
Proposition 1 . 9 . The strong descent s et D−(π) uniquely
determines the permutation π.
Proof . By induction on n. The claim clearly holds for n = 1.

Let π be a permutation in Sn, and let π̄ ∈ Sn−1 be the permutation
obtained by deleting the value n from π. Note that , by Observation 1 .
2 ,

D−(π̄) = D−(π) \ {ta,n | 1 ≤ a < n}.

By the induction hypothesis π̄ is uniquely determined
by this set . Hence it suffices to determine the position of n in π.



\hspace ∗{\ f i l l }DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER \quad 3

\hspace ∗{\ f i l l }Now , \quad i f $ j : = \pi ˆ{ − 1 } ( n ) < n $
then c l e a r l y $ t { \pi ( j + 1 ) , n } \ in D { − } ( \pi )
. $ \quad Moreover ,

\noindent by \quad Observation \quad $ 1 . 2 , t { a , n } \ in D { − }
( \pi ) \Longrightarrow a \geq \pi ( j + 1 ) . $ \quad Thus \quad
$ D { − } ( \pi ) $

determines

\ [ \bar{\pi} ( j ) = \pi ( j + 1 ) = \min \{ a \mid
t { a , n } \ in D { − } ( \pi ) \} , \ ]

\noindent and t h e r e f o r e determines $ j . $ \ h f i l l Note that t h i s s e t o f $ a $
’ s i s empty i f and

\noindent only i f $ j = n . $ \ h f i l l This completes the proo f $ . \ square $

\centerline {2 . \quad Maximal Down Degree }

\hspace ∗{\ f i l l } In t h i s s e c t i o n we compute the maximal va lue o f the down degree on

\noindent $ S { n }$ and f i n d a l l the permutations ach i ev ing the maximum . \quad We prove
Propos i t i on 2 . 1 . \quad For every p o s i t i v e i n t e g e r $ n $

\ [ \max \{ d { − } ( \pi ) \mid \pi \ in S { n } \} = \ l f l oor
n ˆ{ 2 } / 4 \ rf loor . \ ]

\noindent Remark 2 . 2 . \quad The same number appears as the order dimension o f the
s t rong Bruhat poset [ 7 ] . \quad An upper bound on the maximal down degree
f o r f i n i t e Coxeter groups appears in [ 4 , Prop . \quad 3 . 4 ] .

\hspace ∗{\ f i l l }For the proo f o f Propos i t i on 2 . 1 we need a c l a s s i c a l theorem o f Tur
$ \acute{a} $ n .

\noindent D e f i n i t i o n 2 . 3 . Let $ r \ leq n $ be p o s i t i v e i n t e g e r s . \quad The Tur
$ \acute{a} $ n graph $ T { r } ( n ) $

i s the complete $ r − $ p a r t i t e graph with $ n $ v e r t i c e s and a l l par t s as equal
in s i z e as p o s s i b l e , i . e . , each s i z e i s e i t h e r \quad $ \ l f l oor n /

r \ rf loor $ \quad or \quad $ \ l c e i l n / r \ rce i l . $ \quad Denote by
$ t { r } ( n ) $ the number o f edges o f $ T { r } ( n ) . $

\noindent Theorem 2 . 4 \quad ( Tur $ \acute{a} $ n ’ s Theorem ; \quad [ 1 0 ] , \quad [ 3 , IV , Theorem 8 ] ) .

( 1 ) \quad Every graph \quad o f order $ n $ \quad with more than $ t { r } (
n ) $ \quad edges \quad conta in s \quad a

complete subgraph o f order $ r + 1 . $

$ ( 2 ) T { r } ( n ) $ \quad i s the unique graph o f order $ n $ with
$ t { r } ( n ) $ \quad edges that does

not conta in a complete subgraph o f order $ r + 1 . $

We s h a l l \quad apply the \quad s p e c i a l case $ r = 2 ( $ due to \quad Mantel ) \quad o f Tur
$ \acute{a} $ n ’ s

theorem to the f o l l o w i n g graph .

\noindent D e f i n i t i o n 2 . 5 . \ h f i l l The s trong descent graph o f $ \pi \ in S { n }
, $ denoted $ \Gamma { − } ( \pi ) , $

\noindent i s the und i rec ted graph whose s e t o f v e r t i c e s i s \quad $ \{ 1 , .
. . , n \} $ \quad and whose

s e t o f edges i s

\ [ \{ \{ a , b \} \mid t { a , b } \ in D { − } ( \pi )
\} . \ ]

\centerline{By d e f i n i t i o n , the number o f edges in $ \Gamma { − } ( \pi ) $
equa l s $ d { − } ( \pi ) . $ }

\noindent Remark 2 . 6 . \quad Permutations f o r which the s t rong descent graph i s con −
nected are c a l l e d indecomposable . \quad Their enumeration was s tud i ed in [ 5 ] ;
s e e \quad [ 6 , pp . \quad 7 −− 8 ] . \quad The number o f components in $ \Gamma { − }

( \pi ) $ \quad i s equal to the
number o f g l o b a l de s cent s in $ \pi w { 0 } ( $ where $ w { 0 } : = [

n , n − 1 , . . . , 1 ] ) , $ which
were introduced and stud i ed in [ 1 , C o r o l l a r i e s 6 . 3 and 6 . 4 ] .
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open parenthesis 1 closing parenthesis .. Every graph .. of order n .. with more than t sub r open parenthesis
n closing parenthesis .. edges .. contains .. a

complete subgraph of order r plus 1 period
open parenthesis 2 closing parenthesis T sub r open parenthesis n closing parenthesis .. is the unique graph of

order n with t sub r open parenthesis n closing parenthesis .. edges that does
not contain a complete subgraph of order r plus 1 period
We shall .. apply the .. special case r = 2 open parenthesis due to .. Mantel closing parenthesis .. of Tur

acute-a n quoteright s
theorem to the following graph period
Definition 2 period 5 period .... The s trong descent graph of pi in S sub n comma denoted Capital Gamma

sub minus open parenthesis pi closing parenthesis comma
is the undirected graph whose set of vertices is .. open brace 1 comma period period period comma n closing

brace .. and whose
set of edges is
open brace open brace a comma b closing brace bar t sub a comma b in D sub minus open parenthesis pi

closing parenthesis closing brace period
By definition comma the number of edges in Capital Gamma sub minus open parenthesis pi closing parenthesis

equals d sub minus open parenthesis pi closing parenthesis period
Remark 2 period 6 period .. Permutations for which the strong descent graph i s con hyphen
nected are called indecomposable period .. Their enumeration was studied in open square bracket 5 closing

square bracket semicolon
see .. open square bracket 6 comma pp period .. 7 endash 8 closing square bracket period .. The number of

components in Capital Gamma sub minus open parenthesis pi closing parenthesis .. i s equal to the
number of global descents in pi w sub 0 open parenthesis where w sub 0 : = open square bracket n comma n

minus 1 comma period period period comma 1 closing square bracket closing parenthesis comma which
were introduced and studied in open square bracket 1 comma Corollaries 6 period 3 and 6 period 4 closing

square bracket period
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Now , i f j := π−1(n) < n then clearly tπ(j+1),n ∈ D−(π).
Moreover ,
by Observation 1.2, ta,n ∈ D−(π) =⇒ a ≥ π(j + 1). Thus
D−(π) determines

π̄(j) = π(j + 1) = min{a | ta,n ∈ D−(π)},

and therefore determines j. Note that this set of a ’ s i s empty i f and
only if j = n. This completes the proof . �

2 . Maximal Down Degree
In this section we compute the maximal value of the down degree on

Sn and find all the permutations achieving the maximum . We prove
Proposition 2 . 1 . For every positive integer n

max{d−(π) | π ∈ Sn} = bn2/4c.

Remark 2 . 2 . The same number appears as the order dimension of
the strong Bruhat poset [ 7 ] . An upper bound on the maximal down
degree for finite Coxeter groups appears in [ 4 , Prop . 3 . 4 ] .

For the proof of Proposition 2 . 1 we need a classical theorem of Tur á
n .
Definition 2 . 3 . Let r ≤ n be positive integers . The Tur á n
graph Tr(n) is the complete r− partite graph with n vertices and all parts
as equal in s ize as possible , i . e . , each s iz e i s either bn/rc or
dn/re. Denote by tr(n) the number of edges of Tr(n).
Theorem 2 . 4 ( Tur á n ’ s Theorem ; [ 1 0 ] , [ 3 , IV ,
Theorem 8 ] ) .

( 1 ) Every graph of order n with more than tr(n) edges
contains a complete subgraph of order r + 1.

(2) Tr(n) is the unique graph of order n with tr(n) edges that does
not contain a complete subgraph of order r + 1.

We shall apply the special case r = 2 ( due to Mantel )
of Tur á n ’ s theorem to the following graph .
Definition 2 . 5 . The s trong descent graph of π ∈ Sn, denoted
Γ−(π),
is the undirected graph whose set of vertices is {1, ..., n} and whose set
of edges is

{{a, b} | ta,b ∈ D−(π)}.

By definition , the number of edges in Γ−(π) equals d−(π).
Remark 2 . 6 . Permutations for which the strong descent graph
i s con - nected are called indecomposable . Their enumeration was
studied in [ 5 ] ; see [ 6 , pp . 7 – 8 ] . The number of components
in Γ−(π) i s equal to the number of global descents in πw0( where
w0 := [n, n− 1, ..., 1]), which were introduced and studied in [ 1 , Corollaries
6 . 3 and 6 . 4 ] .
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\noindent Lemma \ h f i l l 2 . 7 . \ h f i l l For \ h f i l l every $ \pi \ in S { n } , $
\ h f i l l the \ h f i l l s trong \ h f i l l descent \ h f i l l graph \ h f i l l $ \Gamma { − } (
\pi ) $ \ h f i l l i s

\noindent t r i a n g l e − f r e e .
Proof . \quad Assume that \quad $ \Gamma { − } ( \pi ) $ \quad conta in s a t r i a n g l e . \quad Then there e x i s t \quad

$ 1 \ leq $

\noindent $ a < b < c \ leq n $ such that $ t { a , b } , t { a
, c } , t { b , c } \ in D { − } ( \pi ) . $ \quad By Observat ion 1 . 2 ,

\ [ t { a , b } , t { b , c } \ in D { − } ( \pi ) \Longrightarrow
\pi ˆ{ − 1 } ( c ) < \pi ˆ{ − 1 } ( b ) < \pi ˆ{ − 1 } (
a ) \Longrightarrow t { a , c } \not\ in D { − } ( \pi ) . \ ]

\noindent This i s a c o n t r a d i c t i o n $ . \ square $
Proof o f Propos i t i on 2 . 1 . \quad By Theorem 2 . 4 ( 1 ) toge the r with Lemma 2 . 7 ,

\begin { a l i g n ∗}
f o r every \pi \ in S { n }\\ d { − } ( \pi ) \ leq t { 2 } (

n ) = \ l f l oor n ˆ{ 2 } / 4 \ rf loor .
\end{ a l i g n ∗}

\noindent Equal i ty ho lds s i n c e

\begin { a l i g n ∗}
d { − } ( [ \ l f l oor n / 2 \ rf loor + 1 , \ l f l oor n / 2
\ rf loor + 2 , . . . , n , 1 , 2 , . . . , \ l f l oor
n / 2 \ rf loor ] ) = \ l f l oor n ˆ{ 2 } / 4 \ rf loor . \\ \ square
\end{ a l i g n ∗}

Next \quad we \quad c l a s s i f y \quad ( and enumerate ) \quad the permutat ions which ach i eve
the maximal down degree .

\noindent Lemma 2 . 8 . \ h f i l l Let $ \pi \ in S { n }$ \ h f i l l be a permutation with maximal down degree .

\noindent Then $ \pi $ has no dec r ea s ing subsequence o f l ength 4 .

\noindent Proof . \ h f i l l Assume \ h f i l l that \ h f i l l $ \pi = [ . . . d
. . . c . . . b . . . a . . . ] $ \ h f i l l with \ h f i l l
$ d > c > b > $

\noindent $ a $ and $ \pi ˆ{ − 1 } ( a ) − \pi ˆ{ − 1 } ( d ) $
\quad minimal . \quad Then $ t { a , b } , t { b , c } , t { c
, d } \ in D { − } ( \pi ) $ \quad but , \quad by
Observation $ 1 . 2 , t { a , d } \not\ in D { − } ( \pi )

. $ \quad I t f o l l o w s that $ \Gamma { − } ( \pi ) $ i s not a complete
b i p a r t i t e graph , \quad s i n c e \quad $ \{ a , b \} , \{ b , c
\} , $ \quad and $ \{ c , d \} $ are edges but \quad $ \{ a , d
\} $ i s

not . \quad By Lemma 2 . 7 , \quad combined with Theorem 2 . 4 ( 2 ) , \quad the number \quad o f

\noindent edges in $ \Gamma { − } ( \pi ) $ i s l e s s than \ h f i l l $ \ l f l oor
n ˆ{ 2 } / 4 \ rf loor . \ square $

\noindent Propos i t i on 2 . 9 . \quad For every p o s i t i v e i n t e g e r $ n $

\ [ \# \{ \pi \ in S { n } \mid d { − } ( \pi ) = \ l f l oor n ˆ{ 2 }
/ 4 \ rf loor \} = \ l e f t \{\ begin { a l i gned } & n , i f n i s odd ; \\

& n / 2 , i f n i s even . \end{ a l i gned }\ right . \ ]

\noindent Each such permutation has the form

\ [ \pi = [ t + m + 1 , t + m + 2 , . . . , n
, t + 1 , t + 2 , . . . , t + m , 1 , 2 ,
. . . , t ] , \ ]

\noindent where $ m \ in \{ \ l f l oor n / 2 \ rf loor , \ l c e i l n
/ 2 \ rce i l \} $ \quad and $ 1 \ leq t \ leq n − m . $ \quad Note that
$ t = n − m $

( f o r $ m ) $ g i v e s the same permutation as $ t = 0 ( $ f o r $ n −
m $ ins t ead o f $ m ) . $
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Lemma .... 2 period 7 period .... For .... every pi in S sub n comma .... the .... s trong .... descent .... graph

.... Capital Gamma sub minus open parenthesis pi closing parenthesis .... is
triangle hyphen free period
Proof period .. Assume that .. Capital Gamma sub minus open parenthesis pi closing parenthesis .. contains

a triangle period .. Then there exist .. 1 less or equal
a less b less c less or equal n such that t sub a comma b comma t sub a comma c comma t sub b comma c in

D sub minus open parenthesis pi closing parenthesis period .. By Observation 1 period 2 comma
t sub a comma b comma t sub b comma c in D sub minus open parenthesis pi closing parenthesis equal-

arrowdblright pi to the power of minus 1 open parenthesis c closing parenthesis less pi to the power of minus
1 open parenthesis b closing parenthesis less pi to the power of minus 1 open parenthesis a closing parenthesis
arrowdblright-equal t sub a comma c negationslash-element D sub minus open parenthesis pi closing parenthesis
period

This i s a contradiction period square
Proof of Proposition 2 period 1 period .. By Theorem 2 period 4 open parenthesis 1 closing parenthesis

together with Lemma 2 period 7 comma
for every pi in S sub n d sub minus open parenthesis pi closing parenthesis less or equal t sub 2 open parenthesis

n closing parenthesis = floorleft n to the power of 2 slash 4 floor period
Equality holds s ince
d sub minus open parenthesis open square bracket floorleft n slash 2 floor plus 1 comma floorleft n slash 2 floor

plus 2 comma period period period comma n comma 1 comma 2 comma period period period comma floorleft n
slash 2 floor closing square bracket closing parenthesis = floorleft n to the power of 2 slash 4 floor period square

Next .. we .. classify .. open parenthesis and enumerate closing parenthesis .. the permutations which achieve
the maximal down degree period
Lemma 2 period 8 period .... Let pi in S sub n .... be a permutation with maximal down degree period
Then pi has no decreasing subsequence of length 4 period
Proof period .... Assume .... that .... pi = open square bracket period period period d period period period c

period period period b period period period a period period period closing square bracket .... with .... d greater
c greater b greater

a and pi to the power of minus 1 open parenthesis a closing parenthesis minus pi to the power of minus 1 open
parenthesis d closing parenthesis .. minimal period .. Then t sub a comma b comma t sub b comma c comma t
sub c comma d in D sub minus open parenthesis pi closing parenthesis .. but comma .. by

Observation 1 period 2 comma t sub a comma d negationslash-element D sub minus open parenthesis pi closing
parenthesis period .. It follows that Capital Gamma sub minus open parenthesis pi closing parenthesis is not a
complete

bipartite graph comma .. s ince .. open brace a comma b closing brace comma open brace b comma c closing
brace comma .. and open brace c comma d closing brace are edges but .. open brace a comma d closing brace i s

not period .. By Lemma 2 period 7 comma .. combined with Theorem 2 period 4 open parenthesis 2 closing
parenthesis comma .. the number .. of

edges in Capital Gamma sub minus open parenthesis pi closing parenthesis is less than .... floorleft n to the
power of 2 slash 4 floor period square

Proposition 2 period 9 period .. For every positive integer n
hash open brace pi in S sub n bar d sub minus open parenthesis pi closing parenthesis = floorleft n to the

power of 2 slash 4 floor closing brace = Case 1 n comma if n is odd semicolon Case 2 n slash 2 comma if n is even
period

Each such permutation has the form
pi = open square bracket t plus m plus 1 comma t plus m plus 2 comma period period period comma n comma

t plus 1 comma t plus 2 comma period period period comma t plus m comma 1 comma 2 comma period period
period comma t closing square bracket comma

where m in open brace floorleft n slash 2 floor comma ceilingleft n slash 2 ceilingright closing brace .. and 1
less or equal t less or equal n minus m period .. Note that t = n minus m

open parenthesis for m closing parenthesis gives the same permutation as t = 0 open parenthesis for n minus
m instead of m closing parenthesis period

4 RON M . ADIN AND YUVAL ROICHMAN

Lemma 2 . 7 . For every π ∈ Sn, the s trong descent
graph Γ−(π) is
triangle - free . Proof . Assume that Γ−(π) contains a triangle .
Then there exist 1 ≤
a < b < c ≤ n such that ta,b, ta,c, tb,c ∈ D−(π). By Observation 1 . 2 ,

ta,b, tb,c ∈ D−(π) =⇒ π−1(c) < π−1(b) < π−1(a) =⇒ ta,c 6∈ D−(π).

This i s a contradiction . � Proof of Proposition 2 . 1 . By Theorem
2 . 4 ( 1 ) together with Lemma 2 . 7 ,

foreveryπ ∈ Sn
d−(π) ≤ t2(n) = bn2/4c.

Equality holds s ince

d−([bn/2c+ 1, bn/2c+ 2, ..., n, 1, 2, ..., bn/2c]) = bn2/4c.
�

Next we classify ( and enumerate ) the permutations which
achieve the maximal down degree .
Lemma 2 . 8 . Let π ∈ Sn be a permutation with maximal down
degree .
Then π has no decreasing subsequence of length 4 .
Proof . Assume that π = [...d...c...b...a...] with d > c > b >
a and π−1(a) − π−1(d) minimal . Then ta,b, tb,c, tc,d ∈ D−(π) but ,
by Observation 1.2, ta,d 6∈ D−(π). It follows that Γ−(π) is not a complete
bipartite graph , s ince {a, b}, {b, c}, and {c, d} are edges but {a, d}
i s not . By Lemma 2 . 7 , combined with Theorem 2 . 4 ( 2 ) ,
the number of
edges in Γ−(π) is less than bn2/4c. �
Proposition 2 . 9 . For every positive integer n

#{π ∈ Sn | d−(π) = bn2/4c} =

{
n, ifnisodd;

n/2, ifniseven.

Each such permutation has the form

π = [t+m+ 1, t+m+ 2, ..., n, t+ 1, t+ 2, ..., t+m, 1, 2, ..., t],

where m ∈ {bn/2c, dn/2e} and 1 ≤ t ≤ n−m. Note that t = n−m (
for m) gives the same permutation as t = 0 ( for n−m instead of m).
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\noindent Proof . \quad I t i s easy to v e r i f y the c la im f o r $ n \ leq 3 . $ \quad Assume
$ n \geq 4 . $

Let \quad $ \pi \ in S { n }$ \quad with \quad $ d { − } ( \pi ) =
\ l f l oor n ˆ{ 2 } / 4 \ rf loor . $ \quad By \quad Theorem \quad $ 2 .
4 ( 2 ) , \Gamma { − } ( \pi ) $ \quad i s

i s omorphic to the complete b i p a r t i t e graph $ K { \ l f l oor n / 2 \ rf loor
, \ l c e i l n / 2 \ rce i l } . $ \quad S ince $ n \geq 4 , $

\noindent each s ide o f the graph conta in s at l e a s t two v e r t i c e s . \quad Let $ 1
= a < b $ be

two v e r t i c e s on one s ide , \quad and $ c < d $ two v e r t i c e s on the other s ide o f
the graph . \quad S ince $ t { b , c } , t { b , d } \ in D { − }

( \pi ) , $ the re are three p o s s i b l e ca s e s :

\ [ ( 1 ) b < c , and then \pi = [ . . . c . . .
d . . . b . . . ] \ ]

\centerline {( s i n c e $ \pi = [ . . . d . . . c . . . b
. . . ] $ c o n t r a d i c t s $ t { b , d } \ in D { − } ( \pi ) )
. $ }

\ [\ begin { a l i gned } ( 2 ) c < b < d , and then \pi = [ .
. . d . . . b . . . c . . . ] . \\

( 3 ) d < b , and then \pi = [ . . . b . . .
c . . . d . . . ] \end{ a l i gned }\ ]

\centerline {( s i n c e $ \pi = [ . . . b . . . d . . . c
. . . ] $ c o n t r a d i c t s $ t { b , c } \ in D { − } ( \pi ) )
. $ }

The same a l s o ho lds f o r $ a = 1 $ in s t ead o f $ b , $ but then ca s e s 2 and 3 are
impos s ib l e s i n c e $ a = 1 < c . $ \quad Thus n e c e s s a r i l y $ c $ appears be f o r e

$ d $ in $ \pi , $
and case 2 i s t h e r e f o r e impos s ib l e f o r any $ b $ on the same s ide as $ a =

1 . $
In other words : \quad no ver tex on the same s ide as $ a = 1 $ \quad i s i n t e rmed ia t e ,
e i t h e r in p o s i t i o n ( in $ \pi ) $ or in value , to $ c $ and $ d . $

\hspace ∗{\ f i l l }Assume now that $ n $ i s even . \quad The v e r t i c e s not on the s ide o f 1 form

\noindent ( in $ \pi ) $ a block o f l ength $ n / 2 $ o f numbers which are cons e cu t i v e in value
as \quad we l l \quad in p o s i t i o n . \quad They a l s o \quad form \quad an i n c r e a s i n g subsequence \quad o f

$ \pi , $
s i n c e $ \Gamma { − } ( \pi ) $ i s b i p a r t i t e . \quad The numbers preced ing them are a l l l a r g e r in
va lue , and are i n c r e a s i n g ; the numbers succeed ing them are a l l sma l l e r
in va lue , \quad are i n c r e a s i n g , \quad and conta in \quad 1 . \quad I t \quad i s easy to check that \quad each
permutation $ \pi $ \quad o f t h i s \quad form \quad has \quad maximal \quad $ d { − }

( \pi ) . $ \quad F i n a l l y $ , \pi $ \quad i s \quad com −

\noindent p l e t e l y determined by the l ength \quad $ 1 \ leq t \ leq n / 2 $
\quad o f the l a s t \quad i n c r e a s i n g

subsequence .

For $ n $ odd one obta ins a s i m i l a r c l a s s i f i c a t i o n , except that the l ength
o f the s ide not conta in ing 1 i s e i t h e r \quad $ \ l f l oor n / 2 \ rf loor $
\quad or \quad $ \ l c e i l n / 2 \ rce i l . $ \quad This completes

the proo f $ . \ square $

\centerline {3 . \quad Maximal Total Degree }

\hspace ∗{\ f i l l }Obviously , the maximal va lue o f the t o t a l degree $ d = d { − }
+ d { + }$ cannot

\noindent exceed \ h f i l l $\ l e f t (\ begin { array }{ c} n \\ 2 \end{ array }\ right ) , $ the t o t a l number o f t r a n s p o s i t i o n s in
$ S { n } . $ \ h f i l l This i s s l i g h t l y

\noindent b e t t e r than the bound $ 2 \ l f l oor n ˆ{ 2 } / 4 \ rf loor $ \quad obta inab l e from Propos i t i on 2 . 1 . \quad The
ac tua l maximal va lue i s sma l l e r .

\noindent Theorem 3 . 1 . \quad For $ n \geq 2 , $ \quad the maximal to t a l degree in the Hasse dia −
gram of the s trong Bruhat order on $ S { n }$ \quad i s

\ [ \ l f l oor n ˆ{ 2 } / 4 \ rf loor + n − 2 . \ ]

In order to prove t h i s r e s u l t , a s s o c i a t e with each permutation $ \pi \ in S { n }$
a graph $ \Gamma ( \pi ) , $ whose s et o f v e r t i c e s i s $ \{ 1 ,

. . . , n \} $ and whose s e t o f edges
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Proof period .. It is easy to verify the claim for n less or equal 3 period .. Assume n greater equal 4 period
Let .. pi in S sub n .. with .. d sub minus open parenthesis pi closing parenthesis = floorleft n to the power

of 2 slash 4 floor period .. By .. Theorem .. 2 period 4 open parenthesis 2 closing parenthesis comma Capital
Gamma sub minus open parenthesis pi closing parenthesis .. i s

is omorphic to the complete bipartite graph K sub floorleft n slash 2 floor comma ceilingleft n slash 2 ceilingright
period .. S ince n greater equal 4 comma

each s ide of the graph contains at least two vertices period .. Let 1 = a less b be
two vertices on one s ide comma .. and c less d two vertices on the other s ide of
the graph period .. S ince t sub b comma c comma t sub b comma d in D sub minus open parenthesis pi

closing parenthesis comma there are three possible cases :
open parenthesis 1 closing parenthesis b less c comma and then pi = open square bracket period period period

c period period period d period period period b period period period closing square bracket
open parenthesis s ince pi = open square bracket period period period d period period period c period period

period b period period period closing square bracket contradicts t sub b comma d in D sub minus open parenthesis
pi closing parenthesis closing parenthesis period

Line 1 open parenthesis 2 closing parenthesis c less b less d comma and then pi = open square bracket period
period period d period period period b period period period c period period period closing square bracket period
Line 2 open parenthesis 3 closing parenthesis d less b comma and then pi = open square bracket period period
period b period period period c period period period d period period period closing square bracket

open parenthesis s ince pi = open square bracket period period period b period period period d period period
period c period period period closing square bracket contradicts t sub b comma c in D sub minus open parenthesis
pi closing parenthesis closing parenthesis period

The same also holds for a = 1 instead of b comma but then cases 2 and 3 are
impossible s ince a = 1 less c period .. Thus necessarily c appears before d in pi comma
and case 2 i s therefore impossible for any b on the same s ide as a = 1 period
In other words : .. no vertex on the same s ide as a = 1 .. i s intermediate comma
either in position open parenthesis in pi closing parenthesis or in value comma to c and d period
Assume now that n i s even period .. The vertices not on the s ide of 1 form
open parenthesis in pi closing parenthesis a block of length n slash 2 of numbers which are consecutive in value
as .. well .. in position period .. They also .. form .. an increasing subsequence .. of pi comma
s ince Capital Gamma sub minus open parenthesis pi closing parenthesis is bipartite period .. The numbers

preceding them are all larger in
value comma and are increasing semicolon the numbers succeeding them are all smaller
in value comma .. are increasing comma .. and contain .. 1 period .. It .. is easy to check that .. each
permutation pi .. of this .. form .. has .. maximal .. d sub minus open parenthesis pi closing parenthesis

period .. Finally comma pi .. is .. com hyphen
pletely determined by the length .. 1 less or equal t less or equal n slash 2 .. of the last .. increasing
subsequence period
For n odd one obtains a s imilar classification comma except that the length
of the s ide not containing 1 i s either .. floorleft n slash 2 floor .. or .. ceilingleft n slash 2 ceilingright period

.. This completes
the proof period square
3 period .. Maximal Total Degree
Obviously comma the maximal value of the total degree d = d sub minus plus d sub plus cannot
exceed .... Row 1 n Row 2 2 . comma the total number of transpositions in S sub n period .... This is s lightly
better than the bound 2 floorleft n to the power of 2 slash 4 floor .. obtainable from Proposition 2 period 1

period .. The
actual maximal value i s smaller period
Theorem 3 period 1 period .. For n greater equal 2 comma .. the maximal to tal degree in the Hasse dia

hyphen
gram of the s trong Bruhat order on S sub n .. is
floorleft n to the power of 2 slash 4 floor plus n minus 2 period
In order to prove this result comma associate with each permutation pi in S sub n
a graph Capital Gamma open parenthesis pi closing parenthesis comma whose s et of vertices i s open brace

1 comma period period period comma n closing brace and whose set of edges
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Proof . It is easy to verify the claim for n ≤ 3. Assume n ≥ 4.
Let π ∈ Sn with d−(π) = bn2/4c. By Theorem 2.4(2), Γ−(π)

i s is omorphic to the complete bipartite graph Kbn/2c,dn/2e. S ince n ≥ 4,
each s ide of the graph contains at least two vertices . Let 1 = a < b be
two vertices on one s ide , and c < d two vertices on the other s ide of
the graph . S ince tb,c, tb,d ∈ D−(π), there are three possible cases :

(1) b < c, andthenπ = [...c...d...b...]

( s ince π = [...d...c...b...] contradicts tb,d ∈ D−(π)).

(2) c < b < d, andthenπ = [...d...b...c...].

(3) d < b, andthenπ = [...b...c...d...]

( s ince π = [...b...d...c...] contradicts tb,c ∈ D−(π)).
The same also holds for a = 1 instead of b, but then cases 2 and 3 are

impossible s ince a = 1 < c. Thus necessarily c appears before d in π,
and case 2 i s therefore impossible for any b on the same s ide as a = 1. In
other words : no vertex on the same s ide as a = 1 i s intermediate
, either in position ( in π) or in value , to c and d.

Assume now that n i s even . The vertices not on the s ide of 1
form
( in π) a block of length n/2 of numbers which are consecutive in value as
well in position . They also form an increasing subsequence of
π, s ince Γ−(π) is bipartite . The numbers preceding them are all larger
in value , and are increasing ; the numbers succeeding them are all smaller
in value , are increasing , and contain 1 . It is easy to check
that each permutation π of this form has maximal d−(π).
Finally , π is com -
pletely determined by the length 1 ≤ t ≤ n/2 of the last in-
creasing subsequence .

For n odd one obtains a s imilar classification , except that the length of
the s ide not containing 1 i s either bn/2c or dn/2e. This completes
the proof . �

3 . Maximal Total Degree
Obviously , the maximal value of the total degree d = d− + d+ cannot

exceed
(
n
2

)
, the total number of transpositions in Sn. This is s lightly

better than the bound 2bn2/4c obtainable from Proposition 2 . 1 . The
actual maximal value i s smaller .
Theorem 3 . 1 . For n ≥ 2, the maximal to tal degree in the Hasse
dia - gram of the s trong Bruhat order on Sn is

bn2/4c+ n− 2.

In order to prove this result , associate with each permutation π ∈ Sn a
graph Γ(π), whose s et of vertices i s {1, ..., n} and whose set of edges
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i s

\ [ \{ \{ a , b \} \mid \ e l l ( t { a , b } \pi ) − \ e l l
( \pi ) = \pm 1 \} . \ ]

\noindent This \quad graph \quad has \quad many p r o p e r t i e s ; \quad e . g . , \quad i t \quad i s \quad
$ K { 5 } − $ f r e e \quad and \quad i s \quad the \quad edge −

d i s j o in t union o f two t r i a n g l e − f r e e graphs on the same s e t o f v e r t i c e s .
However , \quad the se p r o p e r t i e s are not \quad s t rong enough to \quad imply the above
r e s u l t . \quad A property which does imply i t i s the fo l l ow ing bound on the
minimal degree .

\noindent Lemma \ h f i l l 3 . 2 . \ h f i l l There \ h f i l l e x i s t s \ h f i l l a \ h f i l l ver tex \ h f i l l in \ h f i l l
$ \Gamma ( \pi ) $ \ h f i l l with \ h f i l l degree \ h f i l l at \ h f i l l most

\begin { a l i g n ∗}
\ l f l oor n / 2 \ rf loor + 1 .
\end{ a l i g n ∗}

\noindent Proof . \quad Assume , on the contrary , that each ver tex in $ \Gamma
( \pi ) $ \quad has at l e a s t

$ \ l f l oor n / 2 \ rf loor + 2 $ ne ighbors . \quad This \quad a p p l i e s , \quad in p a r t i c u l a r , \quad to the ver tex
$ \pi ( 1 ) . $

Being the f i r s t va lue o f $ \pi , $ the neighborhood o f $ \pi ( 1 ) $ in
$ \Gamma ( \pi ) , $ viewed as

a subsequence o f $ [ \pi ( 2 ) , . . . , \pi ( n ) ]
, $ \quad c o n s i s t s o f a s h u f f l e o f a dec r ea s ing
sequence \quad o f numbers \quad l a r g e r than $ \pi ( 1 ) $ \quad and an i n c r e a s i n g sequence \quad o f
numbers sma l l e r than $ \pi ( 1 ) . $ \quad Let $ a $ be the r ightmost ne ighbor o f

$ \pi ( 1 ) . $
The \quad i n t e r s e c t i o n \quad o f the \quad neighborhood o f $ a $ with the \quad neighborhood o f

$ \pi ( 1 ) $ i s o f c a r d i n a l i t y at most two . \quad Thus the degree o f $ a $
i s at most

\ [ n − ( \ l f l oor n / 2 \ rf loor + 2 ) + 2 = \ l c e i l n
/ 2 \ rce i l \ leq \ l f l oor n / 2 \ rf loor + 1 , \ ]

\noindent which i s a c o n t r a d i c t i o n $ . \ square $

\noindent Proof o f Theorem 3 . 1 . \quad F i r s t \quad note that , \quad by d e f i n i t i o n , \quad the t o t a l degree
o f $ \pi \ in S { n }$ in the Hasse diagram of the s t rong Bruhat order i s equal to
the number o f edges in $ \Gamma ( \pi ) . $ \quad We w i l l prove that t h i s number

$ e ( \Gamma ( \pi ) ) \ leq $

\noindent $ \ l f l oor n ˆ{ 2 } / 4 \ rf loor + n − 2 , $ by induct i on on
$ n . $

The cla im i s c l e a r l y t rue f o r $ n = 2 . $ \quad Assume that the c la im holds f o r
$ n − 1 , $ and l e t $ \pi \ in S { n } . $ \quad Let $ a $ be a ver tex o f

$ \Gamma ( \pi ) $ with minimal degree ,
and l e t $ \bar{\pi} \ in S { n − 1 }$ be the permutation obta ined from

$ \pi $ by d e l e t i n g the
value $ a ( $ and dec r ea s ing by 1 a l l the va lue s l a r g e r than $ a ) . $ \quad Then

\ [ e ( \Gamma ( \bar{\pi} ) ) \geq e ( \Gamma ( \pi ) \setminus
a ) , \ ]

\noindent where the l a t t e r i s the number o f edges in $ \Gamma ( \pi ) $ which are not i n c i d e n t
with the ver tex $ a . $ \quad By the induct i on hypothes i s and Lemma 3 . 2 ,

\ [\ begin { a l i gned } e ( \Gamma ( \pi ) ) = e ( \Gamma ( \pi
) \setminus a ) + d ( a ) \ leq e ( \Gamma ( \bar{\pi}
) ) + d ( a ) \\
\ leq \ l f l oor ( n − 1 ) ˆ{ 2 } / 4 \ rf loor + ( n − 1

) − 2 + \ l f l oor n / 2 \ rf loor + 1 \\
= \ l f l oor n ˆ{ 2 } / 4 \ rf loor + n − 2 . \end{ a l i gned }\ ]

\noindent Equal i ty ho lds s i n c e , l e t t ing $ m : = \ l f l oor n / 2 \ rf loor
, $

\begin { a l i g n ∗}
e ( \Gamma ( [ m + 1 , m + 2 , . . . , n , 1

, 2 , . . . , m ] ) ) = \ l f l oor n ˆ{ 2 } / 4 \ rf loor
+ n − 2 . \\ \ square
\end{ a l i g n ∗}
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is
open brace open brace a comma b closing brace bar l open parenthesis t sub a comma b pi closing parenthesis

minus l open parenthesis pi closing parenthesis = plusminux 1 closing brace period
This .. graph .. has .. many properties semicolon .. e period g period comma .. it .. i s .. K sub 5 hyphen

free .. and .. is .. the .. edge hyphen
disj oint union of two triangle hyphen free graphs on the same set of vertices period
However comma .. these properties are not .. strong enough to .. imply the above
result period .. A property which does imply it i s the fo llowing bound on the
minimal degree period
Lemma .... 3 period 2 period .... There .... exists .... a .... vertex .... in .... Capital Gamma open parenthesis

pi closing parenthesis .... with .... degree .... at .... most
floorleft n slash 2 floor plus 1 period
Proof period .. Assume comma on the contrary comma that each vertex in Capital Gamma open parenthesis

pi closing parenthesis .. has at least
floorleft n slash 2 floor plus 2 neighbors period .. This .. applies comma .. in particular comma .. to the

vertex pi open parenthesis 1 closing parenthesis period
Being the first value of pi comma the neighborhood of pi open parenthesis 1 closing parenthesis in Capital

Gamma open parenthesis pi closing parenthesis comma viewed as
a subsequence of open square bracket pi open parenthesis 2 closing parenthesis comma period period period

comma pi open parenthesis n closing parenthesis closing square bracket comma .. consists of a shuffle of a
decreasing

sequence .. of numbers .. larger than pi open parenthesis 1 closing parenthesis .. and an increasing sequence
.. of

numbers smaller than pi open parenthesis 1 closing parenthesis period .. Let a be the r ightmost neighbor of
pi open parenthesis 1 closing parenthesis period

The .. intersection .. of the .. neighborhood of a with the .. neighborhood of
pi open parenthesis 1 closing parenthesis is of cardinality at most two period .. Thus the degree of a i s at

most
n minus open parenthesis floorleft n slash 2 floor plus 2 closing parenthesis plus 2 = ceilingleft n slash 2

ceilingright less or equal floorleft n slash 2 floor plus 1 comma
which i s a contradiction period square
Proof of Theorem 3 period 1 period .. First .. note that comma .. by definition comma .. the total degree
of pi in S sub n in the Hasse diagram of the strong Bruhat order i s equal to
the number of edges in Capital Gamma open parenthesis pi closing parenthesis period .. We will prove that

this number e open parenthesis Capital Gamma open parenthesis pi closing parenthesis closing parenthesis less
or equal

floorleft n to the power of 2 slash 4 floor plus n minus 2 comma by induction on n period
The claim i s clearly true for n = 2 period .. Assume that the claim holds for
n minus 1 comma and let pi in S sub n period .. Let a be a vertex of Capital Gamma open parenthesis pi

closing parenthesis with minimal degree comma
and let pi-macron in S sub n minus 1 be the permutation obtained from pi by deleting the
value a open parenthesis and decreasing by 1 all the values larger than a closing parenthesis period .. Then
e open parenthesis Capital Gamma open parenthesis pi-macron closing parenthesis closing parenthesis greater

equal e open parenthesis Capital Gamma open parenthesis pi closing parenthesis backslash a closing parenthesis
comma

where the latter is the number of edges in Capital Gamma open parenthesis pi closing parenthesis which are
not incident

with the vertex a period .. By the induction hypothesis and Lemma 3 period 2 comma
Line 1 e open parenthesis Capital Gamma open parenthesis pi closing parenthesis closing parenthesis = e open

parenthesis Capital Gamma open parenthesis pi closing parenthesis backslash a closing parenthesis plus d open
parenthesis a closing parenthesis less or equal e open parenthesis Capital Gamma open parenthesis pi-macron
closing parenthesis closing parenthesis plus d open parenthesis a closing parenthesis Line 2 less or equal floorleft
open parenthesis n minus 1 closing parenthesis to the power of 2 slash 4 floor plus open parenthesis n minus 1
closing parenthesis minus 2 plus floorleft n slash 2 floor plus 1 Line 3 = floorleft n to the power of 2 slash 4 floor
plus n minus 2 period

Equality holds s ince comma lett ing m : = floorleft n slash 2 floor comma
e open parenthesis Capital Gamma open parenthesis open square bracket m plus 1 comma m plus 2 comma

period period period comma n comma 1 comma 2 comma period period period comma m closing square bracket
closing parenthesis closing parenthesis = floorleft n to the power of 2 slash 4 floor plus n minus 2 period square
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{{a, b} | `(ta,bπ)− `(π) = ±1}.

This graph has many properties ; e . g . , it i s K5− free
and is the edge - disj oint union of two triangle - free graphs on
the same set of vertices . However , these properties are not strong
enough to imply the above result . A property which does imply it
i s the fo llowing bound on the minimal degree .
Lemma 3 . 2 . There exists a vertex in Γ(π) with degree at
most

bn/2c+ 1.

Proof . Assume , on the contrary , that each vertex in Γ(π) has at
least bn/2c + 2 neighbors . This applies , in particular , to
the vertex π(1). Being the first value of π, the neighborhood of π(1) in
Γ(π), viewed as a subsequence of [π(2), ..., π(n)], consists of a shuffle of a
decreasing sequence of numbers larger than π(1) and an increasing
sequence of numbers smaller than π(1). Let a be the r ightmost
neighbor of π(1). The intersection of the neighborhood of a with
the neighborhood of π(1) is of cardinality at most two . Thus the
degree of a i s at most

n− (bn/2c+ 2) + 2 = dn/2e ≤ bn/2c+ 1,

which i s a contradiction . �
Proof of Theorem 3 . 1 . First note that , by definition , the
total degree of π ∈ Sn in the Hasse diagram of the strong Bruhat order i
s equal to the number of edges in Γ(π). We will prove that this number
e(Γ(π)) ≤
bn2/4c+ n− 2, by induction on n.

The claim i s clearly true for n = 2. Assume that the claim holds for
n−1, and let π ∈ Sn. Let a be a vertex of Γ(π) with minimal degree , and
let π̄ ∈ Sn−1 be the permutation obtained from π by deleting the value a(
and decreasing by 1 all the values larger than a). Then

e(Γ(π̄)) ≥ e(Γ(π) \ a),

where the latter is the number of edges in Γ(π) which are not incident with
the vertex a. By the induction hypothesis and Lemma 3 . 2 ,

e(Γ(π)) = e(Γ(π) \ a) + d(a) ≤ e(Γ(π̄)) + d(a)

≤ b(n− 1)2/4c+ (n− 1)− 2 + bn/2c+ 1

= bn2/4c+ n− 2.

Equality holds s ince , lett ing m := bn/2c,

e(Γ([m+ 1,m+ 2, ..., n, 1, 2, ...,m])) = bn2/4c+ n− 2.

�
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\noindent Theorem 3 . 3 .

\ [ \# \{ \pi \ in S { n } \mid d ( \pi ) = \ l f l oor n ˆ{ 2 }
/ 4 \ rf loor + n − 2 \} = braceex−braceex−braceex−brace l e f tmid−braceex−braceex−braceex−b r a c e l e f t b t
4 ˆ{ 2 , } { 8 , ˆ{ 1 6 } { , } { , }} i f ˆ{ i f ˆ{ i f } { i f }} n ˆ{ n ˆ{ n } { n }}
\geq ˆ{ = = } { \geq } 6 ˆ{ 5 } {2{ 3 }ˆ{ ; }}ˆ{ or } { i s { i s }} even ; ˆ{ odd
. } { n = 4 ; }\ ]

\noindent The extremal permutat ions have one o f the f o l lowing forms :

\ [ \pi { 0 } : = [ m + 1 , m + 2 , . . . , n ,
1 , 2 , . . . , m ] ( m \ in \{ \ l f l oor n / 2 \ rf loor
, \ l c e i l n / 2 \ rce i l \} ) , \ ]

\noindent and the permutat ions ob ta ined from $ \pi { 0 }$ \ h f i l l by one or more o f the f o l lowing

\begin { a l i g n ∗}
ope ra t i on s : \\ \pi \mapsto \pi ˆ{ r } : = [ \pi ( n ) , \pi

( n − 1 ) , . . . , \pi ( 2 ) , \pi ( 1 ) ]
( r e v e r s i n g \pi ) , \\ \pi \mapsto \pi ˆ{ s } : = \pi \cdot t { 1
, n } ( in t e r chang ing \pi ( 1 ) and \pi ( n ) ) ,
\end{ a l i g n ∗}

\centerline{ $ \pi \mapsto \pi ˆ{ t } : = t { 1 , n } \cdot \pi
( $ in t e r chang ing 1 and $ n $ in $ \pi ) . $ }

\noindent Proof . \quad I t i s not d i f f i c u l t to see that a l l the s p e c i f i e d permutat ions are
indeed extremal , and t h e i r number i s as c la imed ( f o r a l l $ n \geq 2 ) . $

The \quad c la im \quad that \quad the re \quad are \quad no \quad other \quad extremal \quad permutat ions \quad w i l l \quad be
proved by induct i on on $ n . $ \quad For smal l va lue s o f $ n ( $ say $ n
\ leq 4 ) $ t h i s may

be v e r i f i e d d i r e c t l y . \quad Assume now that the c la im holds f o r some $ n \geq
4 , $

\noindent and l e t $ \pi \ in S { n + 1 }$ be extremal . \quad Fol lowing the proo f o f Lemma 3 . 2 , l e t
$ a $ be a ver tex o f $ \Gamma ( \pi ) $ \quad with degree at \quad most \quad

$ \ l f l oor ( n + 1 ) / 2 \ rf loor + 1 , $ \quad which i s
e i t h e r $ \pi ( 1 ) $ or i t s r ightmost ne ighbor . \quad As in the proo f o f Theorem 3 . 1 ,
l e t $ \bar{\pi} \ in S { n }$ be the permutation obta ined from $ \pi $ by d e l e t i n g the value

$ a $
( and dec r ea s ing by 1 a l l the va lue s l a r g e r than $ a ) . $ \quad Al l the i n e q u a l i t i e s in
the proo f o f Theorem 3 . 1 must hold as e q u a l i t i e s , namely $ : e ( \Gamma

( \pi ) \setminus a ) = $
$ e ( \Gamma ( \bar{\pi} ) ) , d ( a ) = \ l f l oor (

n + 1 ) / 2 \ rf loor + 1 , $ \quad and \quad $ \bar{\pi} $ \quad i s \quad extremal \quad in \quad
$ S { n } . $ \quad By the

induct i on hypothes i s $ , \bar{\pi} $ must have one o f the p r e s c r i b e d forms . \quad In a l l
o f them $ , \{ \bar{\pi} ( 1 ) , \bar{\pi} ( n ) \} = \{

m , m + 1 \} $ i s an edge o f $ \Gamma ( \bar{\pi} ) . $ \quad There fore the
corre spond ing edge $ \{ \pi ( 1 ) , \pi ( n + 1 ) \} ( $

or $ \{ \pi ( 2 ) , \pi ( n + 1 ) \} $ i f $ a = \pi
( 1 ) , $

or $ \{ \pi ( 1 ) , \pi ( n ) \} $ i f $ a = \pi (
n + 1 ) ) $ i s an edge o f $ \Gamma ( \pi ) \setminus a , $ namely o f
$ \Gamma ( \pi ) . $

I f $ a \ne \pi ( 1 ) , \pi ( n + 1 ) $ then $ \pi (
n + 1 ) $ i s the r ightmost ne ighbor o f $ \pi ( 1 ) , $

c o n t r a d i c t i n g the cho i c e o f $ a . $ \quad I f $ a = \pi ( n + 1
) $ we may use the operat i on

$ \pi \mapsto \pi ˆ{ r } . $ \quad Thus we may assume from now on that $ a
= \pi ( 1 ) . $

\hspace ∗{\ f i l l }Let $ N ( a ) $ denote the s e t o f ne ighbors o f $ a $ in $ \Gamma
( \pi ) . $ \quad Assume f i r s t that

\ [ \bar{\pi} = \pi { 0 } = [ m + 1 , m + 2 , . . .
, n , 1 , 2 , . . . , m ] ( m \ in \{ \ l f l oor n
/ 2 \ rf loor , \ l c e i l n / 2 \ rce i l \} ) . \ ]

\noindent Noting that \ h f i l l $ \ l c e i l n / 2 \ rce i l = \ l f l oor ( n
+ 1 ) / 2 \ rf loor $ \ h f i l l and keeping in mind the dec r ea se in

\noindent c e r t a i n va lue s during the t r a n s i t i o n $ \pi \mapsto \bar{\pi} { , }$
we have the f o l l o w i n g ca s e s :

$ ( 1 ) a > m + 1 : $ in t h i s case $ 1 , . . . , m
\not\ in N ( a ) , $ so that

\ [ d ( a ) \ leq n − m \ leq \ l c e i l n / 2 \ rce i l = \ l f l oor
( n + 1 ) / 2 \ rf loor < \ l f l oor ( n + 1 ) / 2 \ rf loor
+ 1 . \ ]
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Theorem 3 period 3 period
hash open brace pi in S sub n bar d open parenthesis pi closing parenthesis = floorleft n to the power of 2 slash

4 floor plus n minus 2 closing brace = braceex-braceex-braceex-braceleftmid-braceex-braceex-braceex-braceleftbt
4 sub 8 comma from 1 6 to comma sub comma to the power of 2 comma if to the power of if from if to if n to
the power of n from n to n greater equal sub greater equal to the power of = = 6 from 5 to 2 3 to the power of
semicolon sub is sub is to the power of or even semicolon from odd period to n = 4 semicolon

The extremal permutations have one of the fol lowing forms :
pi sub 0 : = open square bracket m plus 1 comma m plus 2 comma period period period comma n comma 1

comma 2 comma period period period comma m closing square bracket open parenthesis m in open brace floorleft
n slash 2 floor comma ceilingleft n slash 2 ceilingright closing brace closing parenthesis comma

and the permutations ob tained from pi sub 0 .... by one or more of the fol lowing
operations : pi mapsto-arrowright pi to the power of r : = open square bracket pi open parenthesis n closing

parenthesis comma pi open parenthesis n minus 1 closing parenthesis comma period period period comma pi open
parenthesis 2 closing parenthesis comma pi open parenthesis 1 closing parenthesis closing square bracket open
parenthesis reversing pi closing parenthesis comma pi arrowright-mapsto pi to the power of s : = pi times t sub
1 comma n open parenthesis interchanging pi open parenthesis 1 closing parenthesis and pi open parenthesis n
closing parenthesis closing parenthesis comma

pi mapsto-arrowright pi to the power of t : = t sub 1 comma n times pi open parenthesis interchanging 1 and
n in pi closing parenthesis period

Proof period .. It is not difficult to see that all the specified permutations are
indeed extremal comma and their number is as claimed open parenthesis for all n greater equal 2 closing

parenthesis period
The .. claim .. that .. there .. are .. no .. other .. extremal .. permutations .. will .. be
proved by induction on n period .. For small values of n open parenthesis say n less or equal 4 closing

parenthesis this may
be verified directly period .. Assume now that the claim holds for some n greater equal 4 comma
and let pi in S sub n plus 1 be extremal period .. Following the proof of Lemma 3 period 2 comma let
a be a vertex of Capital Gamma open parenthesis pi closing parenthesis .. with degree at .. most .. floorleft

open parenthesis n plus 1 closing parenthesis slash 2 floor plus 1 comma .. which i s
either pi open parenthesis 1 closing parenthesis or it s r ightmost neighbor period .. As in the proof of Theorem

3 period 1 comma
let pi-macron in S sub n be the permutation obtained from pi by deleting the value a
open parenthesis and decreasing by 1 all the values larger than a closing parenthesis period .. All the inequalities

in
the proof of Theorem 3 period 1 must hold as equalities comma namely : e open parenthesis Capital Gamma

open parenthesis pi closing parenthesis backslash a closing parenthesis =
e open parenthesis Capital Gamma open parenthesis pi-macron closing parenthesis closing parenthesis comma

d open parenthesis a closing parenthesis = floorleft open parenthesis n plus 1 closing parenthesis slash 2 floor plus
1 comma .. and .. macron-pi .. i s .. extremal .. in .. S sub n period .. By the

induction hypothesis comma pi-macron must have one of the prescribed forms period .. In all
of them comma open brace pi-macron open parenthesis 1 closing parenthesis comma macron-pi open paren-

thesis n closing parenthesis closing brace = open brace m comma m plus 1 closing brace i s an edge of Capital
Gamma open parenthesis pi-macron closing parenthesis period .. Therefore the

corresponding edge open brace pi open parenthesis 1 closing parenthesis comma pi open parenthesis n plus 1
closing parenthesis closing brace open parenthesis or open brace pi open parenthesis 2 closing parenthesis comma
pi open parenthesis n plus 1 closing parenthesis closing brace i f a = pi open parenthesis 1 closing parenthesis
comma

or open brace pi open parenthesis 1 closing parenthesis comma pi open parenthesis n closing parenthesis closing
brace i f a = pi open parenthesis n plus 1 closing parenthesis closing parenthesis is an edge of Capital Gamma
open parenthesis pi closing parenthesis backslash a comma namely of Capital Gamma open parenthesis pi closing
parenthesis period

If a equal-negationslash pi open parenthesis 1 closing parenthesis comma pi open parenthesis n plus 1 closing
parenthesis then pi open parenthesis n plus 1 closing parenthesis i s the r ightmost neighbor of pi open parenthesis
1 closing parenthesis comma

contradicting the choice of a period .. If a = pi open parenthesis n plus 1 closing parenthesis we may use the
operation

pi arrowright-mapsto pi to the power of r period .. Thus we may assume from now on that a = pi open
parenthesis 1 closing parenthesis period

Let N open parenthesis a closing parenthesis denote the set of neighbors of a in Capital Gamma open paren-
thesis pi closing parenthesis period .. Assume first that

pi-macron = pi sub 0 = open square bracket m plus 1 comma m plus 2 comma period period period comma
n comma 1 comma 2 comma period period period comma m closing square bracket open parenthesis m in open
brace floorleft n slash 2 floor comma ceilingleft n slash 2 ceilingright closing brace closing parenthesis period

Noting that .... ceilingleft n slash 2 ceilingright = floorleft open parenthesis n plus 1 closing parenthesis slash
2 floor .... and keeping in mind the decrease in

certain values during the transition pi arrowright-mapsto pi-macron sub comma we have the following cases :
open parenthesis 1 closing parenthesis a greater m plus 1 : in this case 1 comma period period period comma

m negationslash-element N open parenthesis a closing parenthesis comma so that
d open parenthesis a closing parenthesis less or equal n minus m less or equal ceilingleft n slash 2 ceilingright =

floorleft open parenthesis n plus 1 closing parenthesis slash 2 floor less floorleft open parenthesis n plus 1 closing
parenthesis slash 2 floor plus 1 period
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Theorem 3 . 3 .

#{π ∈ Sn | d(π) = bn2/4c+n−2} = braceex−braceex−braceex−braceleftmid−braceex−braceex−braceex−braceleftbt42,8,16, ,
if if

if
if nn

n
n ≥==

≥ 6523;
or
isiseven;odd.n=4;

The extremal permutations have one of the fol lowing forms :

π0 := [m+ 1,m+ 2, ..., n, 1, 2, ...,m] (m ∈ {bn/2c, dn/2e}),

and the permutations ob tained from π0 by one or more of the fol
lowing

operations :

π 7→ πr := [π(n), π(n− 1), ..., π(2), π(1)] (reversingπ),

π 7→ πs := π · t1,n (interchangingπ(1)andπ(n)),

π 7→ πt := t1,n · π ( interchanging 1 and n in π).
Proof . It is not difficult to see that all the specified permutations are
indeed extremal , and their number is as claimed ( for all n ≥ 2).

The claim that there are no other extremal permu-
tations will be proved by induction on n. For small values of n(
say n ≤ 4) this may be verified directly . Assume now that the claim
holds for some n ≥ 4,
and let π ∈ Sn+1 be extremal . Following the proof of Lemma 3 . 2
, let a be a vertex of Γ(π) with degree at most b(n + 1)/2c + 1,
which i s either π(1) or it s r ightmost neighbor . As in the proof
of Theorem 3 . 1 , let π̄ ∈ Sn be the permutation obtained from π by
deleting the value a ( and decreasing by 1 all the values larger than a).
All the inequalities in the proof of Theorem 3 . 1 must hold as equalities
, namely : e(Γ(π) \ a) = e(Γ(π̄)), d(a) = b(n+ 1)/2c + 1, and π̄ i
s extremal in Sn. By the induction hypothesis , π̄ must have one
of the prescribed forms . In all of them , {π̄(1), π̄(n)} = {m,m + 1} i
s an edge of Γ(π̄). Therefore the corresponding edge {π(1), π(n + 1)} (
or {π(2), π(n + 1)} i f a = π(1), or {π(1), π(n)} i f a = π(n + 1)) is an edge of
Γ(π) \ a, namely of Γ(π). If a 6= π(1), π(n+ 1) then π(n+ 1) i s the r ightmost
neighbor of π(1), contradicting the choice of a. If a = π(n+1) we may use
the operation π 7→ πr. Thus we may assume from now on that a = π(1).

Let N(a) denote the set of neighbors of a in Γ(π). Assume first that

π̄ = π0 = [m+ 1,m+ 2, ..., n, 1, 2, ...,m] (m ∈ {bn/2c, dn/2e}).

Noting that dn/2e = b(n+ 1)/2c and keeping in mind the decrease in
certain values during the transition π 7→ π̄, we have the following cases :
(1) a > m+ 1 : in this case 1, ...,m 6∈ N(a), so that

d(a) ≤ n−m ≤ dn/2e = b(n+ 1)/2c < b(n+ 1)/2c+ 1.
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\centerline{Thus $ \pi $ i s not extremal . }

\centerline{ $ ( 2 ) a < m : $ in t h i s case $ m + 3 , . .
. , n + 1 , m + 1 element−n e g a t i o n s l a s h N ( a ) , $ so that }

\ [ d ( a ) \ leq 1 + ( m − 1 ) \ leq \ l c e i l n / 2 \ rce i l
< \ l f l oor ( n + 1 ) / 2 \ rf loor + 1 . \ ]

\noindent Again $ , \pi $ i s not extremal .
$ ( 3 ) a \ in \{ m , m + 1 \} : $ in t h i s case

\ [ d ( a ) = 1 + m \ leq \ l f l oor ( n + 1 ) / 2 \ rf loor
+ 1 , \ ]

with e q u a l i t y i f f $ m = \ l f l oor ( n + 1 ) / 2 \ rf loor . $ \quad This g i v e s
$ \pi \ in S { n + 1 }$ \quad o f the

r equ i r ed form ( e i t h e r $ \pi { 0 }$ or $ \pi ˆ{ s }{ 0 } ) . $

A s i m i l a r a n a l y s i s f o r $ \bar{\pi} = \pi ˆ{ s }{ 0 }$ g i v e s extremal permutat ions only f o r
$ a \ in \{ m + 1 , m + 2 \} $ and $ d ( a ) = 3

, $ so that $ n = 4 $ and $ \bar{\pi} = [ 2413 ] \ in S { 4 }
. $
The permutat ions obtained are $ \pi = [ 325 14 ] $ and $ \pi = [

425 1 3 ] , $ which are

\begin { a l i g n ∗}
\pi ˆ{ r t }{ 0 } , \pi ˆ{ r s t }{ 0 } \ in S { 5 } , r e s p e c t i v e l y .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }The other p o s s i b l e va lue s o f $ \bar{\pi} $ are obta ined by the $ \pi
\mapsto \pi ˆ{ r }$ and $ \pi \mapsto \pi ˆ{ t }$

\noindent ope ra t i on s from the ones above , and y i e l d analogous r e s u l t s $ . \ square $

\centerline {4 . \quad Expectat ion }

\hspace ∗{\ f i l l } In t h i s subs e c t i on we prove an exact formula f o r the expec ta t i on o f

\noindent the down degree o f a permutation in $ S { n } . $
Theorem 4 . 1 . \quad For every p o s i t i v e i n t e g e r $ n , $ \quad the expected down degree

\noindent o f a random permutation in $ S { n }$ \quad i s

\ [ E { \pi \ in S { n }} [ d { − } ( \pi ) ] = \sum ˆ{ i =
2 } { n } \sum ˆ{ j = 2 } { i } \sum ˆ{ k = 2 } { j } \ f r a c { 1 }{ i \cdot
( k − 1 ) } = ( n + 1 ) \sum ˆ{ i = 1 } { n } \ f r a c { 1 }{ i }
− 2 n . \ ]

\centerline{ I t f o l l ows that }

\noindent Coro l l a ry 4 . 2 . \quad As $ n \rightarrow \ infty , $

\ [ E { \pi \ in S { n }} [ d { − } ( \pi ) ] = n \ ln n +
O ( n ) \ ]

\noindent and

\ [ E { \pi \ in S { n }} [ d ( \pi ) ] = 2 n \ ln n +
O ( n ) . \ ]

To \quad prove \quad Theorem \quad 4 . 1 \quad we \quad need \quad some \quad notat ion . \quad For \quad
$ \pi \ in S { n }$ \quad and

$ 2 \ leq i \ leq n $ \quad l e t \quad $ \pi { \mid i }$ \quad be \quad the \quad permutation \quad obtained \quad from \quad
$ \pi $ by \quad omitt ing

\noindent a l l \ h f i l l l e t t e r s \ h f i l l which \ h f i l l are \ h f i l l l a r g e r than or \ h f i l l equal to \ h f i l l
$ i . $ \ h f i l l For \ h f i l l example , \ h f i l l i f $ \pi = $

\ [\ begin { a l i gned } [ 6 , 1 , 4 , 8 , 3 , 2 , 5 , 9 ,
7 ] then \pi { \mid 9 } = [ 6 , 1 , 4 , 8 , 3 , 2
, 5 , 7 ] , \pi { \mid 7 } = [ 6 , 1 , 4 , 3 ,
2 , 5 ] , \\

and \pi { \mid 4 } = [ 1 , 3 , 2 ] . \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }Also , \quad denote \quad by \quad $ \pi ˆ{ \mid j }$ \quad the \quad s u f f i x \quad o f l ength \quad
$ j $ \quad o f $ \pi . $ \quad For \quad example , \quad i f

\begin { a l i g n ∗}
\pi = [ 6 , 1 , 4 , 8 , 3 , 2 , 5 , 9 , 7

] then \pi ˆ{ \mid 3 } = [ 5 , 9 , 7 ] and \mid { \pi }ˆ{ \mid }ˆ{ 2 } { 4 }
= [ 3 , 2 ] .
\end{ a l i g n ∗}

8 .. RON M period ADIN AND YUVAL ROICHMAN
Thus pi i s not extremal period
open parenthesis 2 closing parenthesis a less m : in this case m plus 3 comma period period period comma n

plus 1 comma m plus 1 element-negationslash N open parenthesis a closing parenthesis comma so that
d open parenthesis a closing parenthesis less or equal 1 plus open parenthesis m minus 1 closing parenthesis

less or equal ceilingleft n slash 2 ceilingright less floorleft open parenthesis n plus 1 closing parenthesis slash 2
floor plus 1 period

Again comma pi is not extremal period
open parenthesis 3 closing parenthesis a in open brace m comma m plus 1 closing brace : in this case
d open parenthesis a closing parenthesis = 1 plus m less or equal floorleft open parenthesis n plus 1 closing

parenthesis slash 2 floor plus 1 comma
with equality iff m = floorleft open parenthesis n plus 1 closing parenthesis slash 2 floor period .. This gives

pi in S sub n plus 1 .. of the
required form open parenthesis either pi sub 0 or pi to the power of s 0 closing parenthesis period
A s imilar analysis for pi-macron = pi to the power of s 0 gives extremal permutations only for
a in open brace m plus 1 comma m plus 2 closing brace and d open parenthesis a closing parenthesis = 3

comma so that n = 4 and pi-macron = open square bracket 2413 closing square bracket in S sub 4 period
The permutations obtained are pi = open square bracket 325 14 closing square bracket and pi = open square

bracket 425 1 3 closing square bracket comma which are
pi to the power of rt 0 comma pi to the power of rst 0 in S sub 5 comma respectively period
The other possible values of pi-macron are obtained by the pi mapsto-arrowright pi to the power of r and pi

mapsto-arrowright pi to the power of t
operations from the ones above comma and yield analogous results period square
4 period .. Expectation
In this subsection we prove an exact formula for the expectation of
the down degree of a permutation in S sub n period
Theorem 4 period 1 period .. For every positive integer n comma .. the expected down degree
of a random permutation in S sub n .. is
E sub pi in S sub n open square bracket d sub minus open parenthesis pi closing parenthesis closing square

bracket = sum from i = 2 to n sum from j = 2 to i sum from k = 2 to j 1 divided by i times open parenthesis k
minus 1 closing parenthesis = open parenthesis n plus 1 closing parenthesis sum from i = 1 to n 1 divided by i
minus 2 n period

It fo llows that
Corollary 4 period 2 period .. As n right arrow infinity comma
E sub pi in S sub n open square bracket d sub minus open parenthesis pi closing parenthesis closing square

bracket = n ln n plus O open parenthesis n closing parenthesis
and
E sub pi in S sub n open square bracket d open parenthesis pi closing parenthesis closing square bracket = 2

n ln n plus O open parenthesis n closing parenthesis period
To .. prove .. Theorem .. 4 period 1 .. we .. need .. some .. notation period .. For .. pi in S sub n .. and
2 less or equal i less or equal n .. let .. pi sub bar i .. be .. the .. permutation .. obtained .. from .. pi by ..

omitting
all .... letters .... which .... are .... larger than or .... equal to .... i period .... For .... example comma .... i f

pi =
Line 1 open square bracket 6 comma 1 comma 4 comma 8 comma 3 comma 2 comma 5 comma 9 comma 7

closing square bracket then pi sub bar 9 = open square bracket 6 comma 1 comma 4 comma 8 comma 3 comma 2
comma 5 comma 7 closing square bracket comma pi sub bar 7 = open square bracket 6 comma 1 comma 4 comma
3 comma 2 comma 5 closing square bracket comma Line 2 and pi sub bar 4 = open square bracket 1 comma 3
comma 2 closing square bracket period

Also comma .. denote .. by .. pi to the power of bar j .. the .. suffix .. of length .. j .. of pi period .. For ..
example comma .. if

pi = open square bracket 6 comma 1 comma 4 comma 8 comma 3 comma 2 comma 5 comma 9 comma 7
closing square bracket then pi to the power of bar 3 = open square bracket 5 comma 9 comma 7 closing square
bracket and bar pi to the power of bar sub 4 to the power of 2 = open square bracket 3 comma 2 closing square
bracket period
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Thus π i s not extremal .
(2) a < m : in this case m+ 3, ..., n+ 1,m+ 1element− negationslashN(a), so that

d(a) ≤ 1 + (m− 1) ≤ dn/2e < b(n+ 1)/2c+ 1.

Again , π is not extremal . (3) a ∈ {m,m+ 1} : in this case

d(a) = 1 +m ≤ b(n+ 1)/2c+ 1,

with equality iff m = b(n+1)/2c. This gives π ∈ Sn+1 of the required
form ( either π0 or πs0).

A s imilar analysis for π̄ = πs0 gives extremal permutations only for
a ∈ {m + 1,m + 2} and d(a) = 3, so that n = 4 and π̄ = [2413] ∈ S4. The
permutations obtained are π = [32514] and π = [42513], which are

πrt0, πrst0 ∈ S5, respectively.

The other possible values of π̄ are obtained by the π 7→ πr and π 7→ πt

operations from the ones above , and yield analogous results . �
4 . Expectation

In this subsection we prove an exact formula for the expectation of
the down degree of a permutation in Sn. Theorem 4 . 1 . For every
positive integer n, the expected down degree
of a random permutation in Sn is

Eπ∈Sn
[d−(π)] =

i=2∑
n

j=2∑
i

k=2∑
j

1

i · (k − 1)
= (n+ 1)

i=1∑
n

1

i
− 2n.

It fo llows that
Corollary 4 . 2 . As n→∞,

Eπ∈Sn
[d−(π)] = n lnn+O(n)

and

Eπ∈Sn
[d(π)] = 2n lnn+O(n).

To prove Theorem 4 . 1 we need some notation . For
π ∈ Sn and 2 ≤ i ≤ n let π|i be the permutation
obtained from π by omitting
all letters which are larger than or equal to i. For example , i f π =

thenπ|9 = [6, 1, 4, 8, 3, 2, 5, 7], π|7 = [6, 1, 4, 3, 2, 5],

andπ|4 = [1, 3, 2].

Also , denote by π|j the suffix of length j of π.
For example , if

π = [6, 1, 4, 8, 3, 2, 5, 9, 7]thenπ|3 = [5, 9, 7]and ||π 2
4 = [3, 2].



DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER \quad 9
Let $ l . t . r . m . ( \pi ) $ be the number o f l e f t − to − r i gh t maxima in

$ \pi : $

\ [ l . t . r . m . ( \pi ) : = \# \{ i \mid \pi
( i ) = 1 ˆ{ \max } \ leq j \ leq i \pi ( j ) \} \ ]

\noindent Lemma 4 . 3 . \quad For every $ \pi \ in S { n } , $ \quad i f $ \pi ˆ{ − }{ \mid }
i 1{ + } 1 ˆ{ ( i ) } = j $ \quad then

\ [ d { − } ( \pi { \mid i + 1 } ) − d { − } ( \pi { \mid i }
) = l . t . r . m . ( \mid { \pi }ˆ{ \mid }ˆ{ i − j } { i }
) . \ ]

\noindent Proof o f Theorem 4 . 1 . \quad Clea r l y , f o r every $ \pi \ in S { n }$

\ [\ begin { a l i gned } n \\
d { − } ( \pi ) = \sum [ d { − } ( \pi { \mid i + 1 } )

− d { − } ( \pi { \mid i } ) ] . \\
i = 2 \end{ a l i gned }\ ]

\noindent Thus , by Lemma 4 . 3 ,

\ [\ begin { a l i gned } n \\
d { − } ( \pi ) = \sum l . t . r . m . ( \mid { \pi }ˆ{ \mid }ˆ{ i

− j i } { i } ) , \\
i = 2 \end{ a l i gned }\ ]

\noindent where $ j i $ i s the p o s i t i o n o f $ i $ in $ \pi { \mid i +
1 } , $ i . e $ . , j i : = \pi ˆ{ − }{ \mid } i 1{ + } 1 ( i
) . $

Def ine a random v a r i a b l e $ X $ to be the down degree $ d { − } ( \pi ) $
o f a random

( uni formly d i s t r i b u t e d ) permutation $ \pi \ in S { n } . $ \quad Then , f o r each
$ 2 \ leq i \ leq $

$ n , \pi { \mid i + 1 }$ \quad i s \quad a random \quad ( uni formly \quad d i s t r i b u t e d ) \quad permutation \quad in \quad
$ S { i } , $ \quad and

\noindent t h e r e f o r e $ j = \pi ˆ{ − }{ \mid } i 1{ + } 1 ( i ) $ \ h f i l l i s un i formly d i s t r i b u t e d in \ h f i l l
$ \{ 1 , . . . , i \} $ \ h f i l l and $ \mid { \pi }ˆ{ \mid }ˆ{ i
− j } { i + 1 }$

\noindent i s \quad e s s e n t i a l l y \quad a \quad random \quad ( uni formly \quad d i s t r i b u t e d ) \quad permutation \quad in \quad
$ S { i − j }$

( a f t e r monotonica l ly renaming i t s va lue s ) . \quad There fore , \quad by l i n e a r i t y o f
the expec ta t i on ,

\begin { a l i g n ∗}
\ tag ∗{$ ( 1 ) $} E [ X ] = \sum ˆ{ i = 2 } { n } \ f r a c { 1 }{ i }
\sum ˆ{ j = 1 } { i } E [ X { i − j } ] = \sum ˆ{ i = 2 } { n } \ f r a c { 1 }{ i }
\sum ˆ{ t = 0 } { i − 1 } E [ X { t } ] ,
\end{ a l i g n ∗}

\noindent where $ X { t } : = l . t . r . m . ( \sigma ) $
f o r a random $ \sigma \ in S { t } . $

Reca l l from [ 9 , Coro l l a ry 1 . 3 . 8 ] that

\ [\ begin { a l i gned } t \\
\sum q ˆ{ l . t . r . m . ( \sigma ) } = \prod ( q

+ k − 1 ) . \\
\sigma \ in S { t } k = 1 \end{ a l i gned }\ ]

\noindent I t f o l l o w s that , f o r $ t \geq 1 , $

\ [\ begin { a l i gned } E [ X { t } ] = \ f r a c { 1 }{ t ! } \sum { \sigma \ in
S { t }} l . t . r . m . ( \sigma ) = \ f r a c { 1 }{ t ! }
( \ f r a c { d }{ dq } \sum { \sigma \ in S { t }} q ˆ{ l . t . r .
m . ( \sigma ) } ) \arrowvert { q = 1 }\\

= \ f r a c { 1 }{ t ! } ( \ f r a c { d }{ dq } \prod ˆ{ k = 1 } { t } ( q
+ k − 1 ) ) \arrowvert { q = 1 } = \ f r a c { 1 }{ t ! } \sum ˆ{ r
= 1 } { t } 1 \prod { \ leq k \ leq } k { t } = \sum ˆ{ r = 1 } { t } \ f r a c { 1 }{ r } { . }\\

k \ne r \end{ a l i gned }\ ]

DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER .. 9
Let l period t period r period m period open parenthesis pi closing parenthesis be the number of left hyphen

to hyphen r ight maxima in pi :
l period t period r period m period open parenthesis pi closing parenthesis : = hash open brace i bar pi open

parenthesis i closing parenthesis = 1 to the power of maximum less or equal j less or equal i pi open parenthesis
j closing parenthesis closing brace

Lemma 4 period 3 period .. For every pi in S sub n comma .. if pi to the power of minus bar i 1 plus 1 to the
power of open parenthesis i closing parenthesis = j .. then

d sub minus open parenthesis pi sub bar i plus 1 closing parenthesis minus d sub minus open parenthesis pi
sub bar i closing parenthesis = l period t period r period m period open parenthesis bar pi to the power of bar
sub i to the power of i minus j closing parenthesis period

Proof of Theorem 4 period 1 period .. Clearly comma for every pi in S sub n
Line 1 n Line 2 d sub minus open parenthesis pi closing parenthesis = sum bracketleftbig d sub minus open

parenthesis pi sub bar i plus 1 closing parenthesis minus d sub minus open parenthesis pi sub bar i closing
parenthesis bracketrightbig period Line 3 i = 2

Thus comma by Lemma 4 period 3 comma
Line 1 n Line 2 d sub minus open parenthesis pi closing parenthesis = sum l period t period r period m period

open parenthesis bar pi to the power of bar sub i to the power of i minus j i closing parenthesis comma Line 3 i
= 2

where j i i s the position of i in pi sub bar i plus 1 comma i period e period comma j i : = pi to the power of
minus bar i 1 plus 1 open parenthesis i closing parenthesis period

Define a random variable X to be the down degree d sub minus open parenthesis pi closing parenthesis of a
random

open parenthesis uniformly distributed closing parenthesis permutation pi in S sub n period .. Then comma
for each 2 less or equal i less or equal

n comma pi sub bar i plus 1 .. is .. a random .. open parenthesis uniformly .. distributed closing parenthesis
.. permutation .. in .. S sub i comma .. and

therefore j = pi to the power of minus bar i 1 plus 1 open parenthesis i closing parenthesis .... i s uniformly
distributed in .... open brace 1 comma period period period comma i closing brace .... and bar pi to the power of
bar sub i plus 1 to the power of i minus j

is .. essentially .. a .. random .. open parenthesis uniformly .. distributed closing parenthesis .. permutation
.. in .. S sub i minus j

open parenthesis after monotonically renaming its values closing parenthesis period .. Therefore comma .. by
l inearity of

the expectation comma
Equation: open parenthesis 1 closing parenthesis .. E open square bracket X closing square bracket = sum

from i = 2 to n 1 divided by i sum from j = 1 to i E open square bracket X sub i minus j closing square bracket
= sum from i = 2 to n 1 divided by i sum from t = 0 to i minus 1 E open square bracket X sub t closing square
bracket comma

where X sub t : = l period t period r period m period open parenthesis sigma closing parenthesis for a random
sigma in S sub t period

Recall from open square bracket 9 comma Corollary 1 period 3 period 8 closing square bracket that
Line 1 t Line 2 sum q to the power of l period t period r period m period open parenthesis sigma closing

parenthesis = product open parenthesis q plus k minus 1 closing parenthesis period Line 3 sigma in S sub t k = 1
It follows that comma for t greater equal 1 comma
Line 1 E open square bracket X sub t closing square bracket = 1 divided by t ! sum sigma in S sub t l period

t period r period m period open parenthesis sigma closing parenthesis = 1 divided by t ! open parenthesis d
divided by dq sum sigma in S sub t q to the power of l period t period r period m period open parenthesis sigma
closing parenthesis closing parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle-vextendsingle sub
q = 1 Line 2 = 1 divided by t ! open parenthesis d divided by dq product from k = 1 to t open parenthesis
q plus k minus 1 closing parenthesis closing parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle-
vextendsingle sub q = 1 = 1 divided by t ! sum from r = 1 to t 1 product less or equal k less or equal k t = sum
from r = 1 to t 1 divided by r sub period Line 3 k equal-negationslash r

DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER 9 Let
l.t.r.m.(π) be the number of left - to - r ight maxima in π :

l.t.r.m.(π) := #{i | π(i) = 1max ≤ j ≤ iπ(j)}

Lemma 4 . 3 . For every π ∈ Sn, if π−|i1+1(i) = j then

d−(π|i+1)− d−(π|i) = l.t.r.m.(||π
i−j
i ).

Proof of Theorem 4 . 1 . Clearly , for every π ∈ Sn

n

d−(π) =
∑

[d−(π|i+1)− d−(π|i)].

i = 2

Thus , by Lemma 4 . 3 ,

n

d−(π) =
∑

l.t.r.m.(||π
i−ji
i ),

i = 2

where ji i s the position of i in π|i+1, i . e ., ji := π−|i1+1(i).
Define a random variable X to be the down degree d−(π) of a random

( uniformly distributed ) permutation π ∈ Sn. Then , for each 2 ≤ i ≤
n, π|i+1 is a random ( uniformly distributed ) permutation
in Si, and
therefore j = π−|i1+1(i) i s uniformly distributed in {1, ..., i} and ||π i−j

i+1

is essentially a random ( uniformly distributed ) permutation
in Si−j ( after monotonically renaming its values ) . Therefore , by
l inearity of the expectation ,

E[X] =

i=2∑
n

1

i

j=1∑
i

E[Xi−j ] =

i=2∑
n

1

i

t=0∑
i−1

E[Xt], (1)

where Xt := l.t.r.m.(σ) for a random σ ∈ St. Recall from [ 9 , Corollary 1 .
3 . 8 ] that

t∑
ql.t.r.m.(σ) =

∏
(q + k − 1).

σ ∈ St k = 1

It follows that , for t ≥ 1,

E[Xt] =
1

t!

∑
σ∈St

l.t.r.m.(σ) =
1

t!
(
d

dq

∑
σ∈St

ql.t.r.m.(σ))|q=1

=
1

t!
(
d

dq

k=1∏
t

(q + k − 1))|q=1 =
1

t!

r=1∑
t

1
∏
≤k≤

kt =

r=1∑
t

1

r .

k 6= r



\noindent 1 0 \quad RON M . ADIN AND YUVAL ROICHMAN
Of course $ , E [ X { 0 } ] = 0 . $ \quad S u b s t i t u t i n g these va lue s in to ( 1 ) g i v e s

\ [ E [ X ] = \sum ˆ{ i = 2 } { n } \sum ˆ{ t = 1 } { i − 1 }
\sum ˆ{ r = 1 } { t } \ f r a c { 1 }{ i \cdot r }\ ]

\noindent and t h i s i s equ iva l en t ( with $ j = t + 1 $ and $ k = r
+ 1 ) $ to the f i r s t formula

\noindent in the statement o f the theorem .

\hspace ∗{\ f i l l }The second formula may be obta ined through the f o l l o w i n g manip −

\ [\ begin { a l i gned } u l a t i o n s : \\
E [ X ] = \sum ˆ{ i = 2 } { n } \sum ˆ{ j = 2 } { i } \sum ˆ{ k

= 2 } { j } \ f r a c { 1 }{ i \cdot ( k − 1 ) } = \sum { k { \ leq { 2 }}
\ leq j \ leq i \ leq } n \ f r a c { 1 }{ i \cdot ( k − 1 ) }\\

= \sum { \ leq { 2 } k \ leq i \ leq n } \ f r a c { i − k + 1 }{ i
\cdot ( k − 1 ) } = \sum { \ leq { 2 } k \ leq i \ leq n } (
\ f r a c { 1 }{ k − 1 } − \ f r a c { 1 }{ i } ) \\

= \sum { \ leq { 2 } k \ leq n } \ f r a c { n − k + 1 }{ k − 1 }
− \sum { \ leq { 2 } i \ leq n } \ f r a c { i − 1 }{ i }\\

= n \sum ˆ{ k = 2 } { n } \ f r a c { 1 }{ k − 1 } − ( n − 1 )
− ( n − 1 ) + \sum ˆ{ i = 2 } { n } \ f r a c { 1 }{ i }\\

= n \sum ˆ{ i = 1 } { n } \ f r a c { 1 }{ i } − 2 n + \sum ˆ{ i =
1 } { n } \ f r a c { 1 }{ i } { . }\\
\ square \end{ a l i gned }\ ]

\noindent Proof o f Coro l l a ry 4 . 2 . \quad Notice that

\ [ \sum ˆ{ i = 1 } { n } \ f r a c { 1 }{ i } = \ ln n + O ( 1 ) . \ ]

\noindent ( The next t erm in the asymptotic expansion i s Euler ’ s constant . ) \ h f i l l Sub −

\noindent s t i t u t e in to Theorem 4 . 1 to obta in the d e s i r e d r e s u l t $ . \ square $

\noindent 5 . \quad Genera l i zed \quad Down Degrees
D e f i n i t i o n 5 . 1 . \quad For $ \pi \ in S { n }$ and $ 1 \ leq r < n $

l e t

\ [ D ˆ{ ( r ) } { − } ( \pi ) : = \{ t { a , b } \mid \ e l l
( \pi ) > \ e l l ( t { a , b } \pi ) > \ e l l ( \pi ) −
2 r \} \ ]

\noindent the $ r − $ th s trong descent s et o f $ \pi . $

\centerline{Def ine the $ r − $ th down degree as }

\ [ d ˆ{ ( r ) } { − } ( \pi ) : = \# D ˆ{ ( r ) } { − } ( \pi
) . \ ]

1 0 .. RON M period ADIN AND YUVAL ROICHMAN
Of course comma E open square bracket X sub 0 closing square bracket = 0 period .. Substituting these values

into open parenthesis 1 closing parenthesis gives
E open square bracket X closing square bracket = sum from i = 2 to n sum from t = 1 to i minus 1 sum from

r = 1 to t 1 divided by i times r
and this i s equivalent open parenthesis with j = t plus 1 and k = r plus 1 closing parenthesis to the first

formula
in the statement of the theorem period
The second formula may be obtained through the following manip hyphen
Line 1 ulations : Line 2 E open square bracket X closing square bracket = sum from i = 2 to n sum from j

= 2 to i sum from k = 2 to j 1 divided by i times open parenthesis k minus 1 closing parenthesis = sum k less
or equal 2 less or equal j less or equal i less or equal n 1 divided by i times open parenthesis k minus 1 closing
parenthesis Line 3 = sum less or equal 2 k less or equal i less or equal n i minus k plus 1 divided by i times open
parenthesis k minus 1 closing parenthesis = sum less or equal 2 k less or equal i less or equal n parenleftbigg 1
divided by k minus 1 minus 1 divided by i parenrightbigg Line 4 = sum less or equal 2 k less or equal n n minus k
plus 1 divided by k minus 1 minus sum less or equal 2 i less or equal n i minus 1 divided by i Line 5 = n sum from
k = 2 to n 1 divided by k minus 1 minus open parenthesis n minus 1 closing parenthesis minus open parenthesis
n minus 1 closing parenthesis plus sum from i = 2 to n 1 divided by i Line 6 = n sum from i = 1 to n 1 divided
by i minus 2 n plus sum from i = 1 to n 1 divided by i sub period Line 7 square

Proof of Corollary 4 period 2 period .. Notice that
sum from i = 1 to n 1 divided by i = ln n plus O open parenthesis 1 closing parenthesis period
open parenthesis The next t erm in the asymptotic expansion is Euler quoteright s constant period closing

parenthesis .... Sub hyphen
st itute into Theorem 4 period 1 to obtain the desired result period square
5 period .. Generalized .. Down Degrees
Definition 5 period 1 period .. For pi in S sub n and 1 less or equal r less n let
D sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis :

= open brace t sub a comma b bar l open parenthesis pi closing parenthesis greater l open parenthesis t sub a
comma b pi closing parenthesis greater l open parenthesis pi closing parenthesis minus 2 r closing brace

the r hyphen th s trong descent s et of pi period
Define the r hyphen th down degree as
d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis : =

hash D sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis
period

1 0 RON M . ADIN AND YUVAL ROICHMAN Of course , E[X0] = 0. Substi-
tuting these values into ( 1 ) gives

E[X] =

i=2∑
n

t=1∑
i−1

r=1∑
t

1

i · r

and this i s equivalent ( with j = t+ 1 and k = r + 1) to the first formula
in the statement of the theorem .

The second formula may be obtained through the following manip -

ulations :

E[X] =

i=2∑
n

j=2∑
i

k=2∑
j

1

i · (k − 1)
=

∑
k≤2
≤j≤i≤

n
1

i · (k − 1)

=
∑

≤2k≤i≤n

i− k + 1

i · (k − 1)
=

∑
≤2k≤i≤n

(
1

k − 1
− 1

i
)

=
∑
≤2k≤n

n− k + 1

k − 1
−
∑
≤2i≤n

i− 1

i

= n

k=2∑
n

1

k − 1
− (n− 1)− (n− 1) +

i=2∑
n

1

i

= n

i=1∑
n

1

i
− 2n+

i=1∑
n

1

i .

�

Proof of Corollary 4 . 2 . Notice that

i=1∑
n

1

i
= lnn+O(1).

( The next t erm in the asymptotic expansion is Euler ’ s constant . ) Sub
-
st itute into Theorem 4 . 1 to obtain the desired result . �
5 . Generalized Down Degrees Definition 5 . 1 . For
π ∈ Sn and 1 ≤ r < n let

D
(r)
− (π) := {ta,b | `(π) > `(ta,bπ) > `(π)− 2r}

the r− th s trong descent s et of π.
Define the r− th down degree as

d
(r)
− (π) := #D

(r)
− (π).



DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER \quad 1 1
Example \quad 5 . 2 . \quad The f i r s t s t rong descent s et and down degree are those

\noindent s tud i ed in the prev ious s e c t i o n ; namely $ , D ˆ{ ( 1 ) } { − } (
\pi ) = D { − } ( \pi ) $ and $ d ˆ{ ( 1 ) } { − } ( \pi )
= $

\begin { a l i g n ∗}
d { − } ( \pi ) .
\end{ a l i g n ∗}

\centerline{The $ ( n − 1 ) − $ th st rong descent s et i s the s e t o f i n v e r s i o n s : }

\ [ D ˆ{ ( n − 1 ) } { − } ( \pi ) = \{ t { a , b } \mid
a < b , \pi ˆ{ − 1 } ( a ) > \pi ˆ{ − 1 } ( b ) \} . \ ]

\noindent Thus

\ [ d ˆ{ ( n − 1 ) } { − } ( \pi ) = inv ( \pi ) , \ ]

\noindent the i n v e r s i o n number o f $ \pi . $
Observation 5 . 3 . \quad For every $ \pi \ in S { n }$ and $ 1 \ leq a

< b \ leq n , t { a , b } \ in D ˆ{ ( r ) } { − } ( \pi ) $

\noindent i f and \ h f i l l only i f $ \pi = [ . . . , b , . . .
, a , . . . ] $ \ h f i l l and there \ h f i l l are \ h f i l l l e s s \ h f i l l than $ r $
\ h f i l l l e t t e r s

\noindent between the p o s i t i o n s o f $ b $ and $ a $ in $ \pi $ whose value i s between
$ a $ and $ b . $

\noindent Example 5 . 4 . \quad Let $ \pi = [ 7 , 9 , 5 , 2 ,
3 , 8 , 4 , 1 , 6 ] . $ \quad Then

\ [ D ˆ{ ( 1 ) } { − } ( \pi ) = \{ t { 6 , 7 } , t { 6 ,
8 } , t { 1 , 4 } , t { 1 , 3 } , t { 1 , 2 } , t { 4
, 8 } , t { 4 , 5 } , t { 8 , 9 } , t { 3 , 5 } , t { 2
, 5 } , t { 5 , 9 } , t { 5 , 7 } \} \ ]

\noindent and

\ [ D ˆ{ ( 2 ) } { − } ( \pi ) = D ˆ{ ( 1 ) } { − } ( \pi )
\cup \{ t { 6 , 9 } , t { 1 , 8 } , t { 4 , 9 } , t { 4
, 7 } , t { 3 , 9 } , t { 3 , 7 } , t { 2 , 9 } , t { 2
, 7 } \} . \ ]

\noindent Coro l l a ry \quad 5 . 5 . \quad For every $ \pi \ in S { n }$ \quad and
$ 1 \ leq r < n $

\ [ d ˆ{ ( r ) } { − } ( \pi ) = d ˆ{ ( r ) } { − } ( \pi ˆ{ −
1 } ) . \ ]

\noindent Proof . \ h f i l l By Observat ion $ 5 . 3 , t { a , b } \ in
D ˆ{ ( r ) } { − } ( \pi ) $ \ h f i l l i f and only i f $ t { \pi ˆ{ − }}
1 { ( a ) , \pi } − 1 { ( b ) } \ in $

\ [ D ˆ{ ( r ) } { − } ( \pi ˆ{ − 1 } ) . \ square \ ]

\noindent D e f i n i t i o n \ h f i l l 5 . 6 . \ h f i l l The \ h f i l l $ r − $ th \ h f i l l s trong \ h f i l l des cent \ h f i l l graph o f
$ \pi \ in S { n } , $ \ h f i l l denoted

\noindent $ \Gamma ˆ{ ( r ) } { − } ( \pi ) , $ i s the graph whose s e t o f v e r t i c e s i s
$ \{ 1 , . . . , n \} $ and whose s et

o f edges i s \quad $ \{ \{ a , b \} \mid t { a , b } \ in D ˆ{ (
r ) } { − } ( \pi ) \} . $

\centerline{The f o l l o w i n g lemma g e n e r a l i z e s Lemma 2 . 7 . }

\noindent Lemma 5 . 7 . \quad For every $ \pi \ in S { n } , $ the graph $ \Gamma ˆ{ (
r ) } { − } ( \pi ) $ \quad conta in s no subgraph

i s omorphic t o the complete graph $ K { r + 2 } . $

\noindent Proof . \quad Assume that the re i s a subgraph in $ \Gamma ˆ{ ( r ) } { − }
( \pi ) $ i somorphic to $ K { r + 2 } . $
Then there e x i s t s a dec r ea s ing subsequence

\ [ n \geq a { 1 } > a { 2 } > \cdot \cdot \cdot > a { r +
2 } \geq 1 \ ]

\noindent such that f o r a l l $ 1 \ leq i < j \ leq r + 2 , t { a { i }
, a { j }}$ are $ r − $ th st rong descent s o f $ \pi . $
In p a r t i c u l a r , f o r every $ 1 \ leq i < r + 2 , t { a { i } ,

a { i + 1 }}$ \quad are $ r − $ th st rong descent s
o f $ \pi . $ \quad This i m p l i e s that , \quad f o r every \quad $ 1 \ leq i

< r + 2 , a { i + 1 }$ \quad appears to the

\noindent r i gh t o f $ a { i }$ in $ \pi . $ \quad Then , by Observation $ 5
. 3 , t { a { 1 } , a { r + 2 }}$ i s not an $ r − $ th st rong

descent . \quad Contrad ic t ion $ . \ square $

DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER .. 1 1
Example .. 5 period 2 period .. The first strong descent s et and down degree are those
studied in the previous section semicolon namely comma D sub minus to the power of open parenthesis 1

closing parenthesis open parenthesis pi closing parenthesis = D sub minus open parenthesis pi closing parenthesis
and d sub minus to the power of open parenthesis 1 closing parenthesis open parenthesis pi closing parenthesis =

d sub minus open parenthesis pi closing parenthesis period
The open parenthesis n minus 1 closing parenthesis hyphen th strong descent s et is the set of inversions :
D sub minus to the power of open parenthesis n minus 1 closing parenthesis open parenthesis pi closing

parenthesis = open brace t sub a comma b bar a less b comma pi to the power of minus 1 open parenthesis a
closing parenthesis greater pi to the power of minus 1 open parenthesis b closing parenthesis closing brace period

Thus
d sub minus to the power of open parenthesis n minus 1 closing parenthesis open parenthesis pi closing

parenthesis = inv open parenthesis pi closing parenthesis comma
the inversion number of pi period
Observation 5 period 3 period .. For every pi in S sub n and 1 less or equal a less b less or equal n comma t

sub a comma b in D sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing
parenthesis

if and .... only if pi = open square bracket period period period comma b comma period period period comma
a comma period period period closing square bracket .... and there .... are .... less .... than r .... letters

between the positions of b and a in pi whose value is between a and b period
Example 5 period 4 period .. Let pi = open square bracket 7 comma 9 comma 5 comma 2 comma 3 comma 8

comma 4 comma 1 comma 6 closing square bracket period .. Then
D sub minus to the power of open parenthesis 1 closing parenthesis open parenthesis pi closing parenthesis =

open brace t sub 6 comma 7 comma t sub 6 comma 8 comma t sub 1 comma 4 comma t sub 1 comma 3 comma t
sub 1 comma 2 comma t sub 4 comma 8 comma t sub 4 comma 5 comma t sub 8 comma 9 comma t sub 3 comma
5 comma t sub 2 comma 5 comma t sub 5 comma 9 comma t sub 5 comma 7 closing brace

and
D sub minus to the power of open parenthesis 2 closing parenthesis open parenthesis pi closing parenthesis =

D sub minus to the power of open parenthesis 1 closing parenthesis open parenthesis pi closing parenthesis cup
open brace t sub 6 comma 9 comma t sub 1 comma 8 comma t sub 4 comma 9 comma t sub 4 comma 7 comma t
sub 3 comma 9 comma t sub 3 comma 7 comma t sub 2 comma 9 comma t sub 2 comma 7 closing brace period

Corollary .. 5 period 5 period .. For every pi in S sub n .. and 1 less or equal r less n
d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis =

d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi to the power of minus 1
closing parenthesis period

Proof period .... By Observation 5 period 3 comma t sub a comma b in D sub minus to the power of open
parenthesis r closing parenthesis open parenthesis pi closing parenthesis .... i f and only i f t sub pi to the power of
minus 1 sub open parenthesis a closing parenthesis comma pi minus 1 sub open parenthesis b closing parenthesis
in

D sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi to the power of minus
1 closing parenthesis period square

Definition .... 5 period 6 period .... The .... r hyphen th .... s trong .... des cent .... graph of pi in S sub n
comma .... denoted

Capital Gamma sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing
parenthesis comma i s the graph whose set of vertices i s open brace 1 comma period period period comma n
closing brace and whose s et

of edges is .. open brace open brace a comma b closing brace bar t sub a comma b in D sub minus to the
power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis closing brace period

The following lemma generalizes Lemma 2 period 7 period
Lemma 5 period 7 period .. For every pi in S sub n comma the graph Capital Gamma sub minus to the power

of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis .. contains no subgraph
is omorphic t o the complete graph K sub r plus 2 period
Proof period .. Assume that there is a subgraph in Capital Gamma sub minus to the power of open parenthesis

r closing parenthesis open parenthesis pi closing parenthesis isomorphic to K sub r plus 2 period
Then there exists a decreasing subsequence
n greater equal a sub 1 greater a sub 2 greater times times times greater a sub r plus 2 greater equal 1
such that for all 1 less or equal i less j less or equal r plus 2 comma t sub a sub i comma a sub j are r hyphen

th strong descents of pi period
In particular comma for every 1 less or equal i less r plus 2 comma t sub a sub i comma a sub i plus 1 .. are r

hyphen th strong descents
of pi period .. This implies that comma .. for every .. 1 less or equal i less r plus 2 comma a sub i plus 1 ..

appears to the
r ight of a sub i in pi period .. Then comma by Observation 5 period 3 comma t sub a sub 1 comma a sub r

plus 2 i s not an r hyphen th strong
descent period .. Contradiction period square

DEGREES IN THE HASSE DIAGRAM OF THE STRONG BRUHAT ORDER 1 1

Example 5 . 2 . The first strong descent s et and down degree are
those
studied in the previous section ; namely , D

(1)
− (π) = D−(π) and d

(1)
− (π) =

d−(π).

The (n− 1)− th strong descent s et is the set of inversions :

D
(n−1)
− (π) = {ta,b | a < b, π−1(a) > π−1(b)}.

Thus

d
(n−1)
− (π) = inv(π),

the inversion number of π. Observation 5 . 3 . For every π ∈ Sn
and 1 ≤ a < b ≤ n, ta,b ∈ D(r)

− (π)
if and only if π = [..., b, ..., a, ...] and there are less than r
letters
between the positions of b and a in π whose value is between a and
b.
Example 5 . 4 . Let π = [7, 9, 5, 2, 3, 8, 4, 1, 6]. Then

D
(1)
− (π) = {t6,7, t6,8, t1,4, t1,3, t1,2, t4,8, t4,5, t8,9, t3,5, t2,5, t5,9, t5,7}

and

D
(2)
− (π) = D

(1)
− (π) ∪ {t6,9, t1,8, t4,9, t4,7, t3,9, t3,7, t2,9, t2,7}.

Corollary 5 . 5 . For every π ∈ Sn and 1 ≤ r < n

d
(r)
− (π) = d

(r)
− (π−1).

Proof . By Observation 5.3, ta,b ∈ D(r)
− (π) i f and only i f tπ−1(a),π − 1(b) ∈

D
(r)
− (π−1). �

Definition 5 . 6 . The r− th s trong des cent graph of
π ∈ Sn, denoted
Γ
(r)
− (π), i s the graph whose set of vertices i s {1, ..., n} and whose s et of

edges is {{a, b} | ta,b ∈ D(r)
− (π)}.

The following lemma generalizes Lemma 2 . 7 .
Lemma 5 . 7 . For every π ∈ Sn, the graph Γ

(r)
− (π) contains no

subgraph is omorphic t o the complete graph Kr+2.

Proof . Assume that there is a subgraph in Γ
(r)
− (π) isomorphic to Kr+2.

Then there exists a decreasing subsequence

n ≥ a1 > a2 > · · · > ar+2 ≥ 1

such that for all 1 ≤ i < j ≤ r + 2, tai,aj are r− th strong descents of π. In
particular , for every 1 ≤ i < r + 2, tai,ai+1 are r− th strong descents of
π. This implies that , for every 1 ≤ i < r + 2, ai+1 appears to
the
r ight of ai in π. Then , by Observation 5.3, ta1,ar+2

i s not an r− th
strong descent . Contradiction . �



\noindent 1 2 \quad RON M . ADIN AND YUVAL ROICHMAN
Coro l l a ry 5 . 8 . \quad For every $ 1 \ leq r < n , $

\ [ \max \{ d ˆ{ ( r ) } { − } ( \pi ) \mid \pi \ in S { n } \}
\ leq t { r + 1 } ( n ) \ leq \ l e f t (\ begin { array }{ c} r + 1 \\ 2 \end{ array }\ right )
( \ f r a c { n }{ r + 1 } ) 2 . \ ]

\noindent Proof . \ h f i l l Combining Tur $ \acute{a} $ n ’ s Theorem toge the r with Lemma
$ 5 . 7 . \ square $

\noindent Note that f o r $ r = 1 $ and $ r = n − 1 $ e q u a l i t y ho lds in Coro l l a ry 5 . 8 .
Remark 5 . 9 . \quad For every $ \pi \ in S { n }$ l e t $ \bar{\pi} $ be the permutation obtained from

\noindent $ \pi $ by omitt ing the value $ n . $ \quad I f $ j $ i s the p o s i t i o n o f
$ n $ in $ \pi $ then

\ [ d ˆ{ ( r ) } { − } ( \pi ) − d ˆ{ ( r ) } { − } ( \bar{\pi}
) \ ]

\noindent equa l s \quad the \quad number \quad o f \quad $ ( r − 1 ) − $
th \quad almost \quad l e f t − to − r i gh t \quad minima \quad in \quad the

$ ( j − 1 ) − $ th s u f f i x o f $ \bar{\pi} { , }$ s ee e . g . \quad [ 8 ] . \quad This obse rvat i on may be app l i ed to

\noindent c a l c u l a t e the expec ta t i on o f $ d ˆ{ ( r ) } { − } ( \pi ) . $
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1 2 .. RON M period ADIN AND YUVAL ROICHMAN
Corollary 5 period 8 period .. For every 1 less or equal r less n comma
maximum open brace d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi

closing parenthesis bar pi in S sub n closing brace less or equal t sub r plus 1 open parenthesis n closing parenthesis
less or equal Row 1 r plus 1 Row 2 2 . parenleftbigg n divided by r plus 1 parenrightbigg 2 period

Proof period .... Combining Tur acute-a n quoteright s Theorem together with Lemma 5 period 7 period
square

Note that for r = 1 and r = n minus 1 equality holds in Corollary 5 period 8 period
Remark 5 period 9 period .. For every pi in S sub n let pi-macron be the permutation obtained from
pi by omitting the value n period .. If j i s the position of n in pi then
d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi closing parenthesis

minus d sub minus to the power of open parenthesis r closing parenthesis open parenthesis pi-macron closing
parenthesis

equals .. the .. number .. of .. open parenthesis r minus 1 closing parenthesis hyphen th .. almost .. left
hyphen to hyphen r ight .. minima .. in .. the

open parenthesis j minus 1 closing parenthesis hyphen th suffix of pi-macron sub comma s ee e period g period
.. open square bracket 8 closing square bracket period .. This observation may be applied to

calculate the expectation of d sub minus to the power of open parenthesis r closing parenthesis open parenthesis
pi closing parenthesis period
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1 2 RON M . ADIN AND YUVAL ROICHMAN Corollary 5 . 8 . For every
1 ≤ r < n,

max{d(r)− (π) | π ∈ Sn} ≤ tr+1(n) ≤
(
r + 1

2

)
(

n

r + 1
)2.

Proof . Combining Tur á n ’ s Theorem together with Lemma 5.7. �
Note that for r = 1 and r = n−1 equality holds in Corollary 5 . 8 . Remark
5 . 9 . For every π ∈ Sn let π̄ be the permutation obtained from
π by omitting the value n. If j i s the position of n in π then

d
(r)
− (π)− d(r)− (π̄)

equals the number of (r − 1)− th almost left - to - r ight
minima in the (j − 1)− th suffix of π̄, s ee e . g . [ 8 ] . This
observation may be applied to
calculate the expectation of d

(r)
− (π).
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[ 2 ] A . Bj ö rner and F . Brenti , Combinatorics of Coxeter Groups , Graduate

Texts in Mathematics 23 1 , Springer , New York , 2005 .
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rie formelle
∑
n!tn, Compt . Rend . Acad . Sci . Paris A - B 275 ( 1 972 ) , A 569 –

A 572 .
[ 6 ] I . M . Gessel and R . P . Stanley , Alge braic Enumeration , in :

Handbook of Combinatorics , Vol . 2 , Eds . R . Graham et al . , M . I . T . Press , 1
995 .

[ 7 ] N . Reading , Order dimension , s trong Bruhat order and lattice properties
for posets , Order 1 9 ( 2002 ) , 73 – 1 0 .

[ 8 ] A . Regev and Y . Roichman , Generalized s tatistics on Sn and pattern
avoid - ance , Europ . J . Combin . 26 ( 2005 ) , 29 – 57 .

[ 9 ] R . P . Stanley , Enumerative Combinatorics , Vol . 1 ,
Wadsworth and Brooks / Cole , Monterey , CA , 1 986 .
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