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\centerline {1 . In t roduc t i on }

\centerline{Let \quad $ U = \{ z \ in C , \mid z \mid < 1 \} $ be the un i t d i s c o f the complex plane and de − }

\noindent note by \quad $ H ( U ) , $ \quad the \quad c l a s s \quad o f the \quad o lomorphic \quad f u n c t i o n s \quad in \quad
$ U . $ \quad Consider \quad $ A = $

\noindent $ \{ f \ in H ( U ) , f ( z ) = z + a { 2 } z ˆ{ 2 }
+ a { 3 } z ˆ{ 3 } + . . . , z \ in U \} $ be the c l a s s o f a n a l y t i c func −

\noindent t i on s in $ U $ and $ S = \{ f \ in A : f $ \quad i s un iva l en t in \quad
$ U \} . $

\centerline{Consider $ S ˆ{ ∗ } , $ the c l a s s o f s t a r l i k e f u n c t i o n s in un i t d i sk , de f i n ed by }

\ [ S ˆ{ ∗ } = \{ f \ in H ( U ) : f ( 0 ) = f ˆ{ \prime } (
0 ) − 1 = 0 , Re \ f r a c { z f ˆ{ \prime } ( z ) }{ f ( z ) } > 0
, z \ in U \} . \ ]

\noindent A func t i on $ f \ in S $ i s the s t a r l i k e func t i on o f order $ \alpha ,
0 \ leq \alpha < 1 $ and denote

t h i s c l a s s by $ S ˆ{ ∗ } ( \alpha ) $ i f $ f $ v e r i f y the i n e q u a l i t y

\ [ Re \ f r a c { z f ˆ{ \prime } ( z ) }{ f ( z ) } > \alpha , z \ in U
. \ ]

\centerline{Denote with $ K $ the c l a s s o f convex f u n c t i o n s in $ U , $ de f ined by }

\begin { a l i g n ∗}
K = \{ f \ in H ( U ) : f ( 0 ) = f ˆ{ \prime } ( 0 )
− 1 = 0 , Re \{ \ f r a c { z f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } (
z ) } + 1 \} > 0 , z \ in U \} . \\ \ r u l e {3em}{0 .4 pt}
\end{ a l i g n ∗}
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1 . Introduction

Let U = {z ∈ C, | z |< 1} be the unit disc of the complex plane and de -
note by H(U), the class of the o lomorphic functions in U.
Consider A =
{f ∈ H(U), f(z) = z + a2z

2 + a3z
3 + ..., z ∈ U} be the class of analytic func -

t ions in U and S = {f ∈ A : f is univalent in U}.
Consider S∗, the class of starlike functions in unit disk , defined by

S∗ = {f ∈ H(U) : f(0) = f ′(0)− 1 = 0,Re
zf ′(z)

f(z)
> 0, z ∈ U}.

A function f ∈ S i s the starlike function of order α, 0 ≤ α < 1 and denote this
class by S∗(α) i f f verify the inequality

Re
zf ′(z)

f(z)
> α, z ∈ U.

Denote with K the class of convex functions in U, defined by

K = {f ∈ H(U) : f(0) = f ′(0)− 1 = 0,Re{zf
′′(z)

f ′(z)
+ 1} > 0, z ∈ U}.
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\centerline{D . Breaz , S . Owa , N . Breaz − A new i n t e g r a l un iva l en t operator }

\ [ \ r u l e {3em}{0 .4 pt} \ ]

A func t i on $ f \ in S $ i s convex func t i on o f order $ \alpha , 0 \ leq \alpha
< 1 $ \quad and denote

t h i s c l a s s by $ K ( \alpha ) $ i f $ f $ v e r i f y the i n e q u a l i t y

\ [ Re \{ \ f r a c { z f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z ) } + 1
\} > \alpha , z \ in U . \ ]

\centerline{A func t i on $ f \ in UCV $ i f and only i f }

\ [ Re \{ 1 + \ f r a c { z f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z ) }
\} \geq \arrowvert \ f r a c { z f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z
) } \arrowvert , z \ in U . \ ]

S . \quad N . \quad Kudryashov in \quad 1 973 \quad i n v e s t i g a t e d the \quad maximum value \quad o f
$ M $ \quad such

that the i n e q u a l i t y

\ [ \arrowvert \ f r a c { f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z ) } \arrowvert
\ leq M \ ]

\noindent i m p l i e s that $ f $ i s un iva l en t in $ U . $ \quad He showed that i f $ M
= 3 , 5 . . . $ and

\ [ \arrowvert \ f r a c { f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z ) } \arrowvert
\ leq 3 , 5 . . . \ ]

\noindent where $ M $ i s the so l u t ion o f the equat ion $ 8 [ M ( M − 2
) ˆ{ 3 } ] 1 / 2 − 3 ( 3 − M ) ˆ{ 2 } = 1 2 , $

\noindent then $ f $ i s un iva l en t in $ U . $

\centerline{Also , i f }

\ [ \arrowvert \ f r a c { f ˆ{ \prime \prime } ( z ) }{ f ˆ{ \prime } ( z ) } \arrowvert
\ leq 2 , 8329 . . . , \ ]

\noindent then the func t i on $ f $ i s s t a r l i k e in un i t d i sk . \ h f i l l This r e s u l t i s obta ined by M i l l e r

\noindent and Mocanu .

\centerline{Consider the new gene ra l i n t e g r a l operator de f ined by the formula : }

\begin { a l i g n ∗}
F { \alpha { 1 } , . . . , \alpha { n }} ( z ) = \ int ˆ{ z } { 0 }

( f ˆ{ \prime } { 1 } ( t ) ) ˆ{ \alpha { 1 }} . . . ( f ˆ{ \prime } { n }
( t ) ) ˆ{ \alpha { n }} dt . \ tag ∗{$ ( 1 ) $}
\end{ a l i g n ∗}

\centerline {2 . Main r e s u l t s }

\centerline{ In the next theorem we proved the un iva l ence f o r t h i s operator . }

\hspace ∗{\ f i l l }Theorem \quad 1 . \quad Let $ \alpha { i } \ in $ \quad R $ , i \ in
\{ 1 , . . . , n \} $ \quad and $ \alpha { i } > 0 . $ \quad Consider
$ f i \ in S $

\noindent ( un iva l en t f u n c t i o n s ) and suppose that

\centerline {1 2 }
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A function f ∈ S i s convex function of order α, 0 ≤ α < 1 and
denote this class by K(α) if f verify the inequality

Re{zf
′′(z)

f ′(z)
+ 1} > α, z ∈ U.

A function f ∈ UCV i f and only i f

Re{1 +
zf ′′(z)

f ′(z)
} ≥ |zf

′′(z)

f ′(z)
|, z ∈ U.

S . N . Kudryashov in 1 973 investigated the maximum value of
M such that the inequality

|f
′′(z)

f ′(z)
| ≤M

implies that f is univalent in U. He showed that i f M = 3, 5... and

|f
′′(z)

f ′(z)
| ≤ 3, 5...

where M i s the so lut ion of the equation 8[M(M − 2)3]1/2− 3(3−M)2 = 12,
then f is univalent in U.

Also , if

|f
′′(z)

f ′(z)
| ≤ 2, 8329...,

then the function f i s starlike in unit disk . This result i s obtained by Miller
and Mocanu .

Consider the new general integral operator defined by the formula :

Fα1,...,αn(z) =

∫ z

0

(f ′1(t))α1 ...(f ′n(t))αndt. (1)

2 . Main results
In the next theorem we proved the univalence for this operator .
Theorem 1 . Let αi ∈ R , i ∈ {1, ..., n} and αi > 0.

Consider fi ∈ S
( univalent functions ) and suppose that
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\centerline{D . Breaz , S . Owa , N . Breaz − A new i n t e g r a l un iva l en t operator }

\ [\ begin { a l i gned } \ r u l e {3em}{0 .4 pt} \\
\arrowvert \ f r a c { f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z

) } \arrowvert \ leq M , ( 2 ) \end{ a l i gned }\ ]

\noindent where $ M = 3 , 5 . . . , $ f o r a l l $ z \ in U . $

\ [ n \ ]

\centerline{ I f $ \sum \alpha { i } \ leq 1 $ \quad the i n t e g r a l operator $ F { \alpha { 1 }
, . . . , \alpha { n }}$ \quad i s un iva l en t . }

\ [ i = 1 \ ]

\centerline{Proof . \quad We have }

\begin { a l i g n ∗}
\ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z
) }{ F { \alpha }ˆ{ \prime } { 1 , . . . , \alpha { n }} ( z ) } = \alpha { 1 } \ f r a c { f ˆ{ \prime
\prime } { 1 } ( z ) }{ f ˆ{ \prime } { 1 } ( z ) } + . . . + \alpha { n } \ f r a c { f ˆ{ \prime
\prime } { n } ( z ) }{ f ˆ{ \prime } { n } ( z ) } { . }\ tag ∗{$ ( 3 ) $}
\end{ a l i g n ∗}

\noindent that i s equ iva l en t with ,

\ [ \arrowvert \ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}
( z ) }{ F { \alpha }ˆ{ \prime } { 1 { , . . . , }ˆ{ \alpha } n } ( z
) } \arrowvert \ leq \alpha { 1 } \arrowvert \ f r a c { f ˆ{ \prime \prime } { 1 } (
z ) }{ f ˆ{ \prime } { 1 } ( z ) } \arrowvert + . . . + \alpha { n }
\arrowvert \ f r a c { f ˆ{ \prime \prime } { n } ( z ) }{ f ˆ{ \prime } { n } ( z
) } \arrowvert . \ ]

\centerline{Now , apply ing the i n e q u a l i t y ( 2 ) , we obta in that }

\ [ \arrowvert \ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}
( z ) }{ F ˆ{ \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z ) }
\arrowvert \ leq \alpha { 1 } M + . . . + \alpha { n } M = M \sum ˆ{ i
= 1 } { n } \alpha { i } \ leq M . \ ]

The l a s t i n e q u a l i t y i m p l i e s that the i n t e g r a l operator $ F { \alpha { 1 } , . .
. , \alpha { n }}$ i s un iva l en t .
Theorem \quad 2 . \quad Let $ \alpha { i } \ in $ \quad R $ , i \ in \{ 1 ,

. . . , n \} $ \quad and $ \alpha { i } > 0 . $ \quad Consider $ f i
\ in S $

\noindent ( un iva l en t f u n c t i o n s ) and suppose that

\begin { a l i g n ∗}
\arrowvert \ f r a c { f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z

) } \arrowvert \ leq M { 1 } , \ tag ∗{$ ( 4 ) $}
\end{ a l i g n ∗}

\noindent where $ M { 1 } = 2 , 8329 . . . , $ \quad i s the s m a l l e s t root o f equat ion
$ xs inx + cosx = 1 / e . $

\ [ n \ ]

\centerline{ I f $ \sum \alpha { i } \ leq 1 , $ \quad the i n t e g r a l operator $ F { \alpha { 1 }
, . . . , \alpha { n }}$ \quad i s s t a r l i k e . }

\ [ i = 1 \ ]

\centerline{Proof . \quad We have }

\begin { a l i g n ∗}
\ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z
) }{ F { \alpha }ˆ{ \prime } { 1 , . . . , \alpha { n }} ( z ) } = \alpha { 1 } \ f r a c { f ˆ{ \prime
\prime } { 1 } ( z ) }{ f ˆ{ \prime } { 1 } ( z ) } + . . . + \alpha { n } \ f r a c { f ˆ{ \prime
\prime } { n } ( z ) }{ f ˆ{ \prime } { n } ( z ) } { . }\ tag ∗{$ ( 5 ) $}
\end{ a l i g n ∗}

\centerline{ that i s equ iva l en t with , }

\centerline {1 3 }
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period period comma to the power of alpha n to the power of prime open parenthesis z closing parenthesis vextendsingle-
vextendsingle-vextendsingle-vextendsingle less or equal alpha sub 1 vextendsingle-vextendsingle-vextendsingle-vextendsingle
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sub n vextendsingle-vextendsingle-vextendsingle-vextendsingle f sub n to the power of prime prime open parenthesis z closing
parenthesis divided by f sub n to the power of prime open parenthesis z closing parenthesis vextendsingle-vextendsingle-
vextendsingle-vextendsingle period

Now comma applying the inequality open parenthesis 2 closing parenthesis comma we obtain that
vextendsingle-vextendsingle-vextendsingle-vextendsingle F sub alpha sub 1 comma period period period comma alpha

sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 comma period
period period comma alpha sub n to the power of prime open parenthesis z closing parenthesis vextendsingle-vextendsingle-
vextendsingle-vextendsingle less or equal alpha sub 1 M plus period period period plus alpha sub n M = M sum from i =
1 to n alpha sub i less or equal M period

The last inequality implies that the integral operator F sub alpha sub 1 comma period period period comma alpha sub
n i s univalent period

Theorem .. 2 period .. Let alpha sub i in .. R comma i in open brace 1 comma period period period comma n closing
brace .. and alpha sub i greater 0 period .. Consider f i in S

open parenthesis univalent functions closing parenthesis and suppose that
Equation: open parenthesis 4 closing parenthesis .. vextendsingle-vextendsingle-vextendsingle-vextendsingle f sub i to

the power of prime prime open parenthesis z closing parenthesis divided by f sub i to the power of prime open parenthesis
z closing parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle less or equal M sub 1 comma

where M sub 1 = 2 comma 8329 period period period comma .. is the smallest root of equation xsinx plus cosx = 1
slash e period

n
If sum alpha sub i less or equal 1 comma .. the integral operator F sub alpha sub 1 comma period period period comma

alpha sub n .. is starlike period
i = 1
Proof period .. We have
Equation: open parenthesis 5 closing parenthesis .. F sub alpha sub 1 comma period period period comma alpha sub

n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 comma period period
period comma alpha sub n to the power of prime open parenthesis z closing parenthesis = alpha sub 1 f sub 1 to the power
of prime prime open parenthesis z closing parenthesis divided by f sub 1 to the power of prime open parenthesis z closing
parenthesis plus period period period plus alpha sub n f sub n to the power of prime prime open parenthesis z closing
parenthesis divided by f sub n to the power of prime open parenthesis z closing parenthesis sub period

that is equivalent with comma
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|f
′′
i (z)

f ′i(z)
| ≤M, (2)

where M = 3, 5..., for al l z ∈ U.

n

If
∑
αi ≤ 1 the integral operator Fα1,...,αn is univalent .

i = 1

Proof . We have

F ′′α1,...,αn(z)

F ′α1,...,αn(z)
= α1

f ′′1 (z)

f ′1(z)
+ ...+ αn

f ′′n (z)

f ′n(z) .
(3)

that is equivalent with ,

|
F ′′α1,...,αn(z)

F ′α1α,...,n
(z)
| ≤ α1|

f ′′1 (z)

f ′1(z)
|+ ...+ αn|

f ′′n (z)

f ′n(z)
|.

Now , applying the inequality ( 2 ) , we obtain that

|
F ′′α1,...,αn(z)

F ′α1,...,αn(z)
| ≤ α1M + ...+ αnM = M

i=1∑
n

αi ≤M.

The last inequality implies that the integral operator Fα1,...,αn i s univalent .
Theorem 2 . Let αi ∈ R , i ∈ {1, ..., n} and αi > 0.
Consider fi ∈ S
( univalent functions ) and suppose that

|f
′′
i (z)

f ′i(z)
| ≤M1, (4)

where M1 = 2, 8329..., is the smallest root of equation xsinx+ cosx = 1/e.

n

If
∑
αi ≤ 1, the integral operator Fα1,...,αn is starlike .

i = 1

Proof . We have

F ′′α1,...,αn(z)

F ′α1,...,αn(z)
= α1

f ′′1 (z)

f ′1(z)
+ ...+ αn

f ′′n (z)

f ′n(z) .
(5)

that is equivalent with ,
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\centerline{D . Breaz , S . Owa , N . Breaz − A new i n t e g r a l un iva l en t operator }

\ [\ begin { a l i gned } \ r u l e {3em}{0 .4 pt} \\
\arrowvert \ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}

( z ) }{ F ˆ{ \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z ) }
\arrowvert \ leq \alpha { 1 } \arrowvert \ f r a c { f ˆ{ \prime \prime } { 1 } ( z
) }{ f ˆ{ \prime } { 1 } ( z ) } \arrowvert + . . . + \alpha { n } \arrowvert
\ f r a c { f ˆ{ \prime \prime } { n } ( z ) }{ f ˆ{ \prime } { n } ( z ) } \arrowvert
. \end{ a l i gned }\ ]

\centerline{Now , apply ing the i n e q u a l i t y ( 4 ) , we obta in that }

\ [ \arrowvert \ f r a c { F ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}
( z ) }{ F { \alpha }ˆ{ \prime } { 1 , . . . , \alpha { n }} ( z ) }
\arrowvert \ leq \alpha { 1 } M { 1 } + . . . + \alpha { n } M { 1 }
= M { 1 } \sum ˆ{ i = 1 } { n } \alpha { i } \ leq M { 1 } . \ ]

The l a s t i n e q u a l i t y i m p l i e s that the i n t e g r a l operator $ F { \alpha { 1 } , . .
. , \alpha { n }}$ i s s t a r l i k e .
Theorem \quad 3 . \quad Let $ \alpha { i } \ in $ \quad R $ , i \ in \{ 1 ,

. . . , n \} $ \quad and $ \alpha { i } > 0 . $ \quad Consider $ f i
\ in K $

\noindent ( convex f u n c t i o n s ) , f o r a l l $ i \ in \{ 1 , . . . , n \}
. $ \ h f i l l Then the i n t e g r a l operator $ F { \alpha { 1 } , . . . , \alpha { n }}$

\noindent i s convex .

\centerline{Proof . }

\ [ Re \{ \ f r a c { zF ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}
( z ) }{ F ˆ{ \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z ) }
+ 1 \} = \sum ˆ{ i = 1 } { n } \alpha { i } Re ( \ f r a c { z f ˆ{ \prime \prime } { i }
( z ) }{ f ˆ{ \prime } { i } ( z ) } + 1 ) \geq 0 . \ ]

\noindent S ince

\ [ Re ( \ f r a c { z f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z
) } + 1 ) \geq 0 \ ]

\noindent f o r a l l $ i \ in \{ 1 , . . . , n \} , $ we have the i n t e g r a l operator
$ F { \alpha { 1 } , . . . , \alpha { n }}$ i s convex .

\hspace ∗{\ f i l l }Theorem 4 . \quad Let $ \alpha { i } \ in $ R $ , i \ in \{ 1
, . . . , n \} $ and $ \alpha { i } > 0 . $ \quad Consider $ f i
\ in K ( \beta i ) , $

\noindent $ 0 \ leq \beta i < 1 , $ f o r a l l $ i \ in \{ 1 , . .
. , n \} . $ \ h f i l l In thes e \ h f i l l c o n d i t i o n s , \ h f i l l the i n t e g r a l operator

\ [ n n \ ]

\noindent $ F { \alpha { 1 } , . . . , \alpha { n }}$ i s convex o f order
$ \sum \alpha { i } ( \beta i − 1 ) + 1 , $ where $ 0 \ leq \sum
\alpha { i } ( \beta i − 1 ) + 1 < 1 . $

\ [ i = 1 i = 1 \ ]

\centerline{Proof . \quad We have }

\begin { a l i g n ∗}
Re \{ \ f r a c { zF ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}

( z ) }{ F { \alpha }ˆ{ \prime } { 1 { , . . . , }ˆ{ \alpha } n } ( z
) } + 1 \} = \sum ˆ{ i = 1 } { n } \alpha { i } Re ( \ f r a c { z f ˆ{ \prime
\prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z ) } + 1 ) . \ tag ∗{$ ( 6
) $}
\end{ a l i g n ∗}

\centerline{S ince $ f i \ in K ( \beta i ) , $ we have }

\ [ Re ( \ f r a c { z f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z
) } + 1 ) \geq \beta i , \ ]

\centerline {14 }
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Line 1 hline Line 2 vextendsingle-vextendsingle-vextendsingle-vextendsingle F sub alpha sub 1 comma period period

period comma alpha sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1
comma period period period comma alpha sub n to the power of prime open parenthesis z closing parenthesis vextendsingle-
vextendsingle-vextendsingle-vextendsingle less or equal alpha sub 1 vextendsingle-vextendsingle-vextendsingle-vextendsingle
f sub 1 to the power of prime prime open parenthesis z closing parenthesis divided by f sub 1 to the power of prime open paren-
thesis z closing parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle plus period period period plus alpha
sub n vextendsingle-vextendsingle-vextendsingle-vextendsingle f sub n to the power of prime prime open parenthesis z closing
parenthesis divided by f sub n to the power of prime open parenthesis z closing parenthesis vextendsingle-vextendsingle-
vextendsingle-vextendsingle period

Now comma applying the inequality open parenthesis 4 closing parenthesis comma we obtain that
vextendsingle-vextendsingle-vextendsingle-vextendsingle F sub alpha sub 1 comma period period period comma alpha

sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 comma period
period period comma alpha sub n to the power of prime open parenthesis z closing parenthesis vextendsingle-vextendsingle-
vextendsingle-vextendsingle less or equal alpha sub 1 M sub 1 plus period period period plus alpha sub n M sub 1 = M sub
1 sum from i = 1 to n alpha sub i less or equal M sub 1 period

The last inequality implies that the integral operator F sub alpha sub 1 comma period period period comma alpha sub
n is starlike period

Theorem .. 3 period .. Let alpha sub i in .. R comma i in open brace 1 comma period period period comma n closing
brace .. and alpha sub i greater 0 period .. Consider f i in K

open parenthesis convex functions closing parenthesis comma for al l i in open brace 1 comma period period period
comma n closing brace period .... Then the integral operator F sub alpha sub 1 comma period period period comma alpha
sub n

is convex period
Proof period
Re braceleftbigg zF sub alpha sub 1 comma period period period comma alpha sub n to the power of prime prime open

parenthesis z closing parenthesis divided by F sub alpha sub 1 comma period period period comma alpha sub n to the power
of prime open parenthesis z closing parenthesis plus 1 bracerightbigg = sum from i = 1 to n alpha sub i Re parenleftbigg
zf sub i to the power of prime prime open parenthesis z closing parenthesis divided by f sub i to the power of prime open
parenthesis z closing parenthesis plus 1 parenrightbigg greater equal 0 period

S ince
Re parenleftbigg zf sub i to the power of prime prime open parenthesis z closing parenthesis divided by f sub i to the

power of prime open parenthesis z closing parenthesis plus 1 parenrightbigg greater equal 0
for all i in open brace 1 comma period period period comma n closing brace comma we have the integral operator F sub

alpha sub 1 comma period period period comma alpha sub n i s convex period
Theorem 4 period .. Let alpha sub i in R comma i in open brace 1 comma period period period comma n closing brace

and alpha sub i greater 0 period .. Consider f i in K open parenthesis beta i closing parenthesis comma
0 less or equal beta i less 1 comma for al l i in open brace 1 comma period period period comma n closing brace period

.... In thes e .... conditions comma .... the integral operator
n n
F sub alpha sub 1 comma period period period comma alpha sub n is convex of order sum alpha sub i open parenthesis

beta i minus 1 closing parenthesis plus 1 comma where 0 less or equal sum alpha sub i open parenthesis beta i minus 1
closing parenthesis plus 1 less 1 period

i = 1 i = 1
Proof period .. We have
Equation: open parenthesis 6 closing parenthesis .. Re braceleftbigg zF sub alpha sub 1 comma period period period

comma alpha sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 sub
comma period period period comma to the power of alpha n to the power of prime open parenthesis z closing parenthesis
plus 1 bracerightbigg = sum from i = 1 to n alpha sub i Re parenleftbigg zf sub i to the power of prime prime open
parenthesis z closing parenthesis divided by f sub i to the power of prime open parenthesis z closing parenthesis plus 1
parenrightbigg period

S ince f i in K open parenthesis beta i closing parenthesis comma we have
Re parenleftbigg zf sub i to the power of prime prime open parenthesis z closing parenthesis divided by f sub i to the

power of prime open parenthesis z closing parenthesis plus 1 parenrightbigg greater equal beta i comma
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|
F ′′α1,...,αn(z)

F ′α1,...,αn(z)
| ≤ α1|

f ′′1 (z)

f ′1(z)
|+ ...+ αn|

f ′′n (z)

f ′n(z)
|.

Now , applying the inequality ( 4 ) , we obtain that

|
F ′′α1,...,αn(z)

F ′α1,...,αn(z)
| ≤ α1M1 + ...+ αnM1 = M1

i=1∑
n

αi ≤M1.

The last inequality implies that the integral operator Fα1,...,αn is starlike .
Theorem 3 . Let αi ∈ R , i ∈ {1, ..., n} and αi > 0.
Consider fi ∈ K
( convex functions ) , for al l i ∈ {1, ..., n}. Then the integral operator Fα1,...,αn

is convex .
Proof .

Re{
zF ′′α1,...,αn(z)

F ′α1,...,αn(z)
+ 1} =

i=1∑
n

αiRe(
zf ′′i (z)

f ′i(z)
+ 1) ≥ 0.

S ince

Re(
zf ′′i (z)

f ′i(z)
+ 1) ≥ 0

for all i ∈ {1, ..., n}, we have the integral operator Fα1,...,αn i s convex .
Theorem 4 . Let αi ∈ R , i ∈ {1, ..., n} and αi > 0. Consider

fi ∈ K(βi),
0 ≤ βi < 1, for al l i ∈ {1, ..., n}. In thes e conditions , the integral
operator

n n

Fα1,...,αn is convex of order
∑
αi(βi− 1) + 1, where 0 ≤

∑
αi(βi− 1) + 1 < 1.

i = 1 i = 1

Proof . We have

Re{
zF ′′α1,...,αn(z)

F ′α1α,...,n
(z)

+ 1} =

i=1∑
n

αiRe(
zf ′′i (z)

f ′i(z)
+ 1). (6)

S ince fi ∈ K(βi), we have

Re(
zf ′′i (z)

f ′i(z)
+ 1) ≥ βi,

14



\centerline{D . Breaz , S . Owa , N . Breaz − A new i n t e g r a l un iva l en t operator }

\ [\ begin { a l i gned } \ r u l e {3em}{0 .4 pt} \\
f o r a l l i \ in \{ 1 , . . . , n \} . \end{ a l i gned }\ ]

\centerline{We apply t h i s property in ( 6 ) and we obta in that : }

\begin { a l i g n ∗}
Re \{ \ f r a c { zF ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}

( z ) }{ F ˆ{ \prime } { \alpha { 1 } , . . . , \alpha { n }} ( z ) }
+ 1 \} = \sum ˆ{ i = 1 } { n } \alpha { i } \beta i + 1 − \sum ˆ{ i
= 1 } { n } \alpha { i } = \sum ˆ{ i = 1 } { n } \alpha { i } ( \beta i
− 1 ) + 1 . \ tag ∗{$ ( 7 ) $}
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }The r e l a t i o n \quad ( 7 ) \quad i m p l i e s that the i n t e g r a l operator $ F { \alpha { 1 }
, . . . , \alpha { n }}$ \quad i s convex o f

\begin { a l i g n ∗}
n \\ order \sum \alpha { i } ( \beta i − 1 ) + 1 . \\ i = 1
\end{ a l i g n ∗}

Theorem 5 . \quad Let $ \alpha { i } \ in $ R $ , i \ in \{ 1 , . . .
, n \} $ \quad and $ \alpha { i } > 0 . $ \quad Consider $ f i \ in UCV
, $
f o r a l l $ i \ in \{ 1 , . . . , n \} . $ \quad In \quad thes e \quad c o n d i t i o n s , \quad the \quad i n t e g r a l \quad operator

$ F { \alpha { 1 } , . . . , \alpha { n }}$ \quad i s

\ [ n n \ ]

\noindent convex o f order $ 1 − \sum \alpha { i } , $ \quad where $ 1 − \sum
\alpha { i } \geq 0 . $

\ [ i = 1 i = 1 \ ]

\centerline{Proof . \quad We have }

\begin { a l i g n ∗}
Re \{ \ f r a c { zF ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}

( z ) }{ F { \alpha }ˆ{ \prime } { 1 { , . . . , }ˆ{ \alpha } n } ( z
) } + 1 \} = \sum ˆ{ i = 1 } { n } \alpha { i } Re ( \ f r a c { z f ˆ{ \prime
\prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z ) } + 1 ) . \ tag ∗{$ ( 8
) $}
\end{ a l i g n ∗}

\centerline{Because $ f i \ in UCV , $ we have }

\ [ Re \{ 1 + \ f r a c { z f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i }
( z ) } \} \geq \arrowvert \ f r a c { z f ˆ{ \prime \prime } { i } ( z ) }{ f ˆ{ \prime } { i }
( z ) } \arrowvert , z \ in U . \ ]

\centerline{We apply t h i s i n e q u a l i t y in r e l a t i o n ( 8 ) and obta in that : }

\begin { a l i g n ∗}
Re \{ \ f r a c { zF ˆ{ \prime \prime } { \alpha { 1 } , . . . , \alpha { n }}

( z ) }{ F { \alpha }ˆ{ \prime } { 1 , . . . , \alpha { n }} ( z ) }
+ 1 \} \geq \sum ˆ{ i = 1 } { n } \alpha { i } \arrowvert \ f r a c { z f ˆ{ \prime
\prime } { i } ( z ) }{ f ˆ{ \prime } { i } ( z ) } \arrowvert + 1 − \sum ˆ{ i
= 1 } { n } \alpha { i } \geq 1 − \sum ˆ{ i = 1 } { n } \alpha { i } . \ tag ∗{$ (
9 ) $}
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }The r e l a t i o n \quad ( 9 ) \quad i m p l i e s that the i n t e g r a l operator $ F { \alpha { 1 }
, . . . , \alpha { n }}$ \quad i s convex o f

\begin { a l i g n ∗}
n \\ order 1 − \sum \alpha { i } . \\ i = 1
\end{ a l i g n ∗}

\centerline{Refe rences }
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Line 1 hline Line 2 for all i in open brace 1 comma period period period comma n closing brace period
We apply this property in open parenthesis 6 closing parenthesis and we obtain that :
Equation: open parenthesis 7 closing parenthesis .. Re braceleftbigg zF sub alpha sub 1 comma period period period

comma alpha sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 comma
period period period comma alpha sub n to the power of prime open parenthesis z closing parenthesis plus 1 bracerightbigg
= sum from i = 1 to n alpha sub i beta i plus 1 minus sum from i = 1 to n alpha sub i = sum from i = 1 to n alpha sub i
open parenthesis beta i minus 1 closing parenthesis plus 1 period

The relation .. open parenthesis 7 closing parenthesis .. implies that the integral operator F sub alpha sub 1 comma
period period period comma alpha sub n .. i s convex of

n order sum alpha sub i open parenthesis beta i minus 1 closing parenthesis plus 1 period i = 1
Theorem 5 period .. Let alpha sub i in R comma i in open brace 1 comma period period period comma n closing brace

.. and alpha sub i greater 0 period .. Consider f i in UCV comma
for al l i in open brace 1 comma period period period comma n closing brace period .. In .. thes e .. conditions comma

.. the .. integral .. operator F sub alpha sub 1 comma period period period comma alpha sub n .. is
n n
convex of order 1 minus sum alpha sub i comma .. where 1 minus sum alpha sub i greater equal 0 period
i = 1 i = 1
Proof period .. We have
Equation: open parenthesis 8 closing parenthesis .. Re braceleftbigg zF sub alpha sub 1 comma period period period

comma alpha sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 sub
comma period period period comma to the power of alpha n to the power of prime open parenthesis z closing parenthesis
plus 1 bracerightbigg = sum from i = 1 to n alpha sub i Re parenleftbigg zf sub i to the power of prime prime open
parenthesis z closing parenthesis divided by f sub i to the power of prime open parenthesis z closing parenthesis plus 1
parenrightbigg period

Because f i in UCV comma we have
Re braceleftbigg 1 plus zf sub i to the power of prime prime open parenthesis z closing parenthesis divided by f sub

i to the power of prime open parenthesis z closing parenthesis bracerightbigg greater equal vextendsingle-vextendsingle-
vextendsingle-vextendsingle zf sub i to the power of prime prime open parenthesis z closing parenthesis divided by f sub i to
the power of prime open parenthesis z closing parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle comma
z in U period

We apply this inequality in relation open parenthesis 8 closing parenthesis and obtain that :
Equation: open parenthesis 9 closing parenthesis .. Re braceleftbigg zF sub alpha sub 1 comma period period period

comma alpha sub n to the power of prime prime open parenthesis z closing parenthesis divided by F sub alpha sub 1 comma
period period period comma alpha sub n to the power of prime open parenthesis z closing parenthesis plus 1 bracerightbigg
greater equal sum from i = 1 to n alpha sub i vextendsingle-vextendsingle-vextendsingle-vextendsingle zf sub i to the power
of prime prime open parenthesis z closing parenthesis divided by f sub i to the power of prime open parenthesis z closing
parenthesis vextendsingle-vextendsingle-vextendsingle-vextendsingle plus 1 minus sum from i = 1 to n alpha sub i greater
equal 1 minus sum from i = 1 to n alpha sub i period

The relation .. open parenthesis 9 closing parenthesis .. implies that the integral operator F sub alpha sub 1 comma
period period period comma alpha sub n .. i s convex of

n order 1 minus sum alpha sub i period i = 1
References
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foralli ∈ {1, ..., n}.
We apply this property in ( 6 ) and we obtain that :

Re{
zF ′′α1,...,αn(z)

F ′α1,...,αn(z)
+ 1} =

i=1∑
n

αiβi+ 1−
i=1∑
n

αi =

i=1∑
n

αi(βi− 1) + 1. (7)

The relation ( 7 ) implies that the integral operator Fα1,...,αn i s
convex of

n

order
∑

αi(βi− 1) + 1.

i = 1

Theorem 5 . Let αi ∈ R , i ∈ {1, ..., n} and αi > 0. Consider
fi ∈ UCV, for al l i ∈ {1, ..., n}. In thes e conditions , the
integral operator Fα1,...,αn is

n n

convex of order 1−
∑
αi, where 1−

∑
αi ≥ 0.

i = 1 i = 1

Proof . We have

Re{
zF ′′α1,...,αn(z)

F ′α1α,...,n
(z)

+ 1} =

i=1∑
n

αiRe(
zf ′′i (z)

f ′i(z)
+ 1). (8)

Because fi ∈ UCV, we have

Re{1 +
zf ′′i (z)

f ′i(z)
} ≥ |zf

′′
i (z)

f ′i(z)
|, z ∈ U.

We apply this inequality in relation ( 8 ) and obtain that :

Re{
zF ′′α1,...,αn(z)

F ′α1,...,αn(z)
+ 1} ≥

i=1∑
n

αi|
zf ′′i (z)

f ′i(z)
|+ 1−

i=1∑
n

αi ≥ 1−
i=1∑
n

αi. (9)

The relation ( 9 ) implies that the integral operator Fα1,...,αn i s
convex of

n

order1−
∑

αi.

i = 1
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\ [ \ r u l e {3em}{0 .4 pt} \ ]

\hspace ∗{\ f i l l } [ 2 ] F . Ronning , A survey on uni formly convex and uni formly s t a r l i k e func −

\noindent t i ons , Annales U n i v e r s i t a t i s Mariae Curie − Sklodowska , vo l . \quad XLVII , \quad 1 3 , \quad 1 23 −
1 34 , Lubl in − Polonia .

\ [ Authors : \ ]

\noindent Danie l Breaz
Department o f Mathematics

\noindent ’ ’ 1 Decembrie 1 9 1 8 ’ ’ \quad Unive r s i ty

\noindent Alba I u l i a
Romania
e − mail : dbreaz $ @ $ uab . ro

\noindent Sh igeyosh i Owa

\noindent Department o f Mathematics

\noindent Kinki Un ive r s i ty

\noindent Higash i − Osaka , Osaka 577 − 8502

\noindent Japan

\noindent e − mail : owa $ @ $ math . k inda i . ac . jp

\noindent Nico l e ta Breaz
Department o f Mathematics

\noindent ’ ’ 1 Decembrie 1 9 1 8 ’ ’ \quad Unive r s i ty

\noindent Alba I u l i a

\noindent Romania
e − mail : nbreaz $ @ $ uab . ro

\centerline {1 6 }

D period Breaz comma S period Owa comma N period Breaz hyphen A new integral univalent operator
hline
open square bracket 2 closing square bracket F period Ronning comma A survey on uniformly convex and uniformly s

tarlike func hyphen
ti ons comma Annales Universitatis Mariae Curie hyphen Sklodowska comma vol period .. XLVII comma .. 1 3 comma

.. 1 23 hyphen
1 34 comma Lublin hyphen Polonia period
Authors :
Daniel Breaz
Department of Mathematics
quotedblright 1 Decembrie 1 9 1 8 quotedblright .. University
Alba Iulia
Romania
e hyphen mail : dbreaz at uab period ro
Shigeyoshi Owa
Department of Mathematics
Kinki University
Higashi hyphen Osaka comma Osaka 577 hyphen 8502
Japan
e hyphen mail : owa at math period kindai period ac period jp
Nicoleta Breaz
Department of Mathematics
quotedblright 1 Decembrie 1 9 1 8 quotedblright .. University
Alba Iulia
Romania
e hyphen mail : nbreaz at uab period ro
1 6

D . Breaz , S . Owa , N . Breaz - A new integral univalent operator

[ 2 ] F . Ronning , A survey on uniformly convex and uniformly s tarlike func
-
ti ons , Annales Universitatis Mariae Curie - Sklodowska , vol . XLVII , 1
3 , 1 23 - 1 34 , Lublin - Polonia .

Authors :

Daniel Breaz Department of Mathematics
” 1 Decembrie 1 9 1 8 ” University
Alba Iulia Romania e - mail : dbreaz @ uab . ro
Shigeyoshi Owa
Department of Mathematics
Kinki University
Higashi - Osaka , Osaka 577 - 8502
Japan
e - mail : owa @ math . kindai . ac . jp
Nicoleta Breaz Department of Mathematics
” 1 Decembrie 1 9 1 8 ” University
Alba Iulia
Romania e - mail : nbreaz @ uab . ro

1 6


