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AN UNBOUNDED BERGE ’ S MINIMUM THEOREM
WITH APPLICATIONS TO DISCOUNTED MARKOV
DECISION PROCESSES
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This paper deals with a certain class of unbound e —d o ptimizat o —1in problems T h eoptimizatio
problems taken into account depend on a pa r —a me ter Firstly ther ar establishe condition which
permit to guarantee the cont i—nu t—iy, wi t—hre p—sec t—o thpa a—r1r mete o)
th eminim u—m o fth optimization problems under considera t i —o0 n , and h—t. upp e semicont

i—nui"t o th  multifunctio which applies each parameter into 1 —ts s t — e of minmizers  Besi® de s
wi t—h th eadd’ itiona lconditio no uniqueness of the minimizer , i— ts con tnu t — i, i—s igv—ie
n Some e —X amp le o) nonconve xoptimizatio problems that satisfy the conditi ons of the a rtic 1 —e
ae—r s—upplied Se o—cnfdly th theor ydevelope is applied to discounted Markov decis i — o

n proc esse wi h—tu n—bu—ond e—d cos function an wit possibly noncompact actions
sets in order toobta i—ncont n—iu—ouopt m—1ia policie s T spi  par o the paper is i
llustrated with two examp 1 —esof h—t, controll e—d sLn—idley”’ rand o—m  walk On
o these examples has nonconstant act i—onsets
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1. INTRODUCTION
Let X and A be nonempty Borel spaces . F o —r each x € X le y(z b a n onempt ysubse
of A. Let Gr(y) :={(z,a) : z € X,a € vy(z)} and le G Gr(y - R be a nonnegativ function .
Consider the following minimi—zato—in pr—o be—Im

inf G(za) z€X (1
€ay(z)

Let f* :X — A, such that f*(z) € y(z)r € X bea minimize o (1 assuming
of course , that such a minimi—zerexs—it—s and le G*be h—t, corresp®™™ rdin opt) ima
valu function ,i. e .

G*(x) = G(x, f*(z) =™ i(mG(m,a) reX (2

*part Oof the present paper was pre Ss—en € —1t don Augus 31 21 a Pragu Stochasti 2101
Prague Czech Republic .
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The first part of this paper i—sconcerned wih—t est—a Dblishn—igaversio—n o th
Berg e > Minimum Theorem (see [5]p. 116 )whi—chpermit o—to btai—n th contn—i
uit—y oG* ,andth

upper semicontinuity of the mu It i — fypc t o —in z — y*( 7 {aev(z Gxza =G=x(x)}

The main condition that has been impos—edn—1i thipar o th articl i thaG hato
be a moment functioni. e. ,that Ggr—owswih—touabo u—-nd n—o th complemen
o compact sets . Additionally , for theconti—nut—i,of f* itu ni—quenes i rq—euired

These conditions permit to deal wi—t h unboundd—e pr—o blms i.e wih—t mini-
mizatio problems with possibly unbounded func t i —on G and p  ossib y —1 n oncompac  restriction
sets y(z),z € X, and they also work for minmi—zato—in pr—o blms fow hih—c¢G and
/ o rth
restrictions sets y(z),z € X, are nonconvex i (s—eeSecto—in3ebel—0o w)

It is important to mention that the moment functi—o nhav ben—euse—d i differen
classes of sto chastic control problems (s —ee[10 20 2 124 and three — bracketleft e 0] )

The first antecedent in the study of theconti—nuiy —tof G*a n—d thup persemicontinuit
of £ — v*(x) requiring the compactne s —s of h—t. restrictci—on sety(z)reX i know a
the Minimum Theorem ( and related resul —t sdueo—tBer—ge (se[5pp.115-117) (Infact
Berge in [ 5 ] works with maximiza t i —on pro be—1msand i—n hib o— ok he n aturall referre dt
the result related to the continu i — t, of G* and h — te upper semiconti—nuiy—t oz —~v =x(z a
the Maximum Theorem ) .

In Lemmas6.11.8and6.11.90f[27 theconti—nuiy—tofG*a n-—df* ha be
n—e analyze
under the assumption that y(z) = Aforalz € X pr—ovidd—e t—haA ia compac set

Alsoin [ 1 1] a result concerning the conti—nuiy—tof G* and f* 1 presented bu th
convexity of G is assumed . Neverthe l —es—s i i—simpora—tn t—o o—c mnside th
nonconve cas as well , regarding not only the economi—calapplc—iati—ont[15 17b ua
Is it importanc
when the action set is finite or d i —s connece—td andhe—ncenono—cnve—x [1§]

The major bulk of the research on Ber — g e s — quoteright Theorm ass—ume bu—on dednes
o threward ( or cost ) function and compactne s —s of h —tey(z)r € X sgee, [4], [8], [9], [14], [16]

[25],[32],[33],[34]. The importance of the unbounde dnonc—omp ac cas i apparen i
such a work as [1 5] or [17]ineconomi—cs,and one— bracketleftO] wher—e larg bibliograph
relate t

Markov decision processes ( MDPs ) can be found on thi s—ubject Hence presentin a version
of the Berge ’ s Theorem for the unbounded no—no—cmp ac cas c¢c—a n n—i ouropinion
considerably extend its usefulness .

On the other hand , correspondences or mu lt i —f,;, cto—i mnarbasi tool i—n contempo
rary economic mathematical mode llng i—nsuch po—-r bl—ems a o—c ns—ume
theor o game theoretical modelling of economic in iy_eac t 0—inswher—e thy—en atural
l—y appea frm—o th start as basic building blocks of the cor r —espon’ d n —i g ma t — hepa t
ica. model Berge’ Max imum Theorem provides extremely val—ua be—1 i—nfomato—i
na b—o wulth continuit o th optimal actions of the agents involved , f o — rn — i sanc e un
dea de—quat cn—o ditionsy; guar antees the continuity of the ind i —r ect u tili y — t
functi—onn—i c—o0o mnu—sme theory a—nd th uppe semi - continuity of the best
responses cor —rs —e pond e —n ¢ e n — i game r theory Furthe infor mation on the application of
Berge quoteright —s Theoe—rm t—0Dy a—n mi Prog"*m min ad—nr; thproblems
mentioned above can be found 1—n two — bracketleft5 and bracketleft — threel]

The second part of the paper deal—swt—ih t—hea pplc—iati—onof th result o
th  firs part to MDPs on Borel spaces , w i—t h ( po ssibly unboun dd—e cos f—u nction
wit  ( possi
bly ) noncompact action sets , and w i —t h the expe ce —t d tota disco—untd—e cos a ob jectiv
function (see [10]) .
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For this type of MDPs the ex i —s tence of sta t o—inar—y o ptm—ia p olicie a
minimizer o the Optimality Equation (OE ) i—sassumed (e—se[10])And fo suc—ha sk ;
d o discounte Markov decision process , denote by f* 1i—ts op tmal po licy a d—nby V* it
optima  valu function [1 0] .

In this part , the function G gvenin (1) i—s h—t, ri—ghth—hyphena—nd sid o

th OE an th
main conditions which ensure the cont i—nuiy —tof f*and V* ar thu ni—quenes o f d(se
[ 6] for conditions for the uniqueness of op tmal po licie of edisco—untd—eMD Ps an thfact
that the cost function ¢ is a moment func t i —on

The theory presented in this part of the a rticl—eiapple—id t—o th eve y—r importan
tmodel proposed by Lindley [ 22 | that in the paper wilbe r—eferrd—e t—o a Ln—i dley’
srand o —m  wal k useful in queueing and dam management t—h,, re—isfo th c¢c—o ntroll
d —e cas eo fth eLindley ’ random walk see , for inst ance , [ 35 ]

When dealing with MDPs in econom i —capplc—iati—o ns th contn—iuit—y o
th  optima policy f* greatly simplifies or clarifies the anal—yss—iof th corres—p n—o din
stabil®it o thmodel[16,17,23]. However,thi—ss—inotalwaystresse—d N —eiam or theoretica
researc h becoming then an important research area . T sp;_s paper u—sggesta lin o researc
o the uniqueness of the optimal policy based on t—h,wok—r starte—d n—i [6]

It is interesting to note that researchon di—so—cunt—edMD Ps n—iano—n— Berg
e’ sTheor m — e approach , usually analyzes contin ui—t, of thevau—lefu ncti—o n se fo
x—eampl [12]

The continuity of the optimal poli—cy f*s—iest—a blishd—e i—n [13 fo lineam
odel s wit
finite horizon , constant mul ti functi—onax —y( z) undecn—ovexit—y asu—s mptions Th
nonlinear case , with infinite hor i —z on , a pos sib y—1no mn—consa—tnm ultif—u nctio
x —  y(x and nonconvexity restrictions i—s ofcoure—s of t—he ge—ra interest p recise
l1—y motivate b[13], and constitutes an important por t i —on of thi pape r

The paper is organized as fol —l,ys. Sect o—in 2 present th minimizatio problem Section
3 gives the version of the Minmum The or—em and o—s mmnonco—nve examples Section 4
applies Section 3todi—scoune—td MDP sand Secti—on5 present tw oexample st i llustrate
the theory developed in the previ—ous e—scti—o nT —periodhefi na ( Conclusions Sectio
is followed by two appendixes which cont a i—n h —t. comp let deta' iI o th proof o th
examples in the article .

2.  PRELIMINARIES
For short , throughout the paper , u period — sc — period wilbeus—edfou ppe semicontn—iuou
s an 1. s. c for lower semicontinuous .

Let X and A be nonempty Borel space—s (i.e measua—r bl s—u bset o complet
an separable metric spaces ) .

Now , some basics on multifunc t i —onsaresupple—id i—n thi secto—i n fo mor
informatio see [ 1] .

A multifunction v from X to A i—safuncto—infr—omX o—tAw hosvalu~vy(z) fo
reac ¢ € X, is a nonempty subset of A.

The graph of the multifincti—on~ys—iasubseof X x A de—fi nd-eas Gr(’yi{(m,a

x € X,a € v(x)}.

Definition 2 . 1. A multifunction v from X to Ai sai—d o—t be



Unbounded Berge ’ s minimum theorem 27 ( a ) Borel - measurable if {l‘ e X: ’7(33) No # @} ia B ore
s—u bse oX fo ever ope

setO C A;
(b) uppers emicontinuous if {r € X: ~(@)NF#@}i close—d n—iX fo ever close

FC A;

e—n

(c¢) lower s emicontinuous if {r € X :v(x)NO#@}io pe—n fo evey—r op se
Oc A
(d) continuous if it is both u period —s ¢ . and 1s — periodperiod — ¢

The terms correspondence inst ( ead of multi—fy,cto—1 mna n—dhem icont n—iuou
( instea do semicontinuous ) are more conven i —entn—igene—ralbut n—iorde t sta—y
clos t Berg e’ original terminology ( see [ 5] ) , they wil not beado pt—ed n—i thipaper
Remark 2. 1. It is well - known that Defi niti—on 2one—period(b) i—n th cas o
a  compact - value 7, is equivalent to :  if z, — z in X and a,, € ~yparenleft —x,,) th n—e e ther
exis' t a  subsequenc {a, 1)} of {a,} and a € v(z), such that a,(k - a (seT heore—m 172 p
.56 1 [1])
Besides , Definition 2. 1 (¢ )isalsoequi—vae—Ilnt t—o f—ix, >2 i—nX thn—e fo
eac a € y(x there exists a subsequence {1} of {z,} and ap € yparenleft —x n(k) fo eah—ck
suc—h thata—a
( see Theorem 1 7. 21 p. 565 in [1bracketright — parenright

Now , the minimization problem wil be e s a blis —h, d
Throughout the remainder of Sect i—ons2and3 le X and Abefixd—e nonempt yBore

spaces and v denotes a given Borel - measurabl —emult'in—fncti—on fo-rmX t A F
denote the set of measurable functions f : X — A such t—hef(z € v(z fo alz e X f—
parenleft € F is called a s e lector for themulti—f,cto—iny) Furt—hemoreG )gr(y—R
ia give nonnegative ( or bounded below ) and measurabl—e funcryo—; na n-—d

G*(x) :==€i7® g(me — parenle fta) (3

z € X. If G(x,-) attains its minimum at some p oin i—ny(z) therwil b writte “min

instead of inf * 7 in (3). Remark 2 . 2. In Rieder [28] i—ts—1i proved that
i— fGrgamma — parenleft) 1aBore subse oX x AG i

lower semicontinuous , bounded be 1l — o w , and n — i f hyphen — ¢ ompa c on Gr(y (1i. ets ever x € X
and r € R, the set {a € y(x) :G(z,a) <r} i—scompact) th n — e) ther exist a selecto
f* € F such that for each x € X,G(x,- a ttain it mini —m um n—if*(z) Lemma 2. 1. If v is

closed - valued (i.e. ~v(z) i—scloe—sd fo eac—hreX n—ad u.s.c. the
Gr(7) is closed in X x A.

Proof. This is a consequence of Propo sit i —o n 7Tpl10 [3] O
Lemma 2 . 2. Ifyisl.s.c.and G i—sus— periodperiod —c then G*i u.s.c

Proof. See the proof of Lemma 17.29 i—n [1] O
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UE 3. THE MINIMUM THEOREM
The Moment Condition (MC ). Ther—es—iase—qun—ec{K,} o compac set suc

thatK,, T Gr(y),and
(za) =400 (4

lim ((JZH - lcomma—a)element—negationslashﬂ(nG

n—oo
Remark 3 . 1. (a) Incasex — vy(z) i—sconsant h—te iy(z= A fo alzeX
wit A as a compact set , and X wh i—c h s —iochyphen —c ompac s (i. e )ther exis a

increasin sequence of compact sets {W,,} such that W,, 1 X)G 1ie trivialla momen t because , if
K,=W,xA n=12, . t—hn—-eK,7Gr,(ya n—d (4 hold becaus Gr(y)\K, is empty ,
for each n, and the minmum ove thempt—y se i equa t

+00.

(b) A nonnegative measurable functi—on HonaBore p—s acY 1 sai—d t ba
mom en

onY(see,[10,20,21][24]and [30] i—f h—ter—eianincreasn—ig se—quenc o
compac sets Y, 1Y such that

i, mq(yi — nfelement — negationslashY, H(y) = +oo

Thus , the MC states that G 1 —s a moment on Grgamma — parenleft)
In many important optimization prob 1 —e ms co erciv n —e es of th objectiv functio i
observed . It is remarkable that th i —s simp e —1 and us—e fu c oncep ei  sometime ignored

being so natural in the context of the probl1—emssu—t d i—ed . l_i thi p aper Se [26sg,

mor information .
Define , for each z € X, ~*(z) = {a€ ~( =z Glxa) < Gx(x) = {{e A
G(z,a) =G*(z)}, andforeach(C X, wher—e(:iano mnmpy-—t compac set Qg :=
{(z,a) € Gr(y): x € ae*(x)}. Obse—re—v t—ha fo a—e—-hreX v x(z i
nonempt and compact if G is lower semicon t i — n uous and n —i f hyphen — ¢ ompa ¢ on Gr(y ( se)
Remar 2. 2)
Now the version of the Minimum Theo r — e m wil be pre e — s nte d

Theorem 3 . 1 . Suppose that the mu It i —fc t o—in v iclose—dv—hyphen alue—d a
d—n conti—nuous G icontinuous and inf - compact on Gr(y), and t—he MCholds T h
n—eG* i continuou an the multifunction x — v*(x) i—sus— period c.
Proof. Fix ¢ C X, where ( is a nonempty compa c se t Le (zr,ak e QCk= 1,2,..
and (x,a) € Gr(7y), such that (zg,ar) — (r,a) Not—e h—tex € (¢ M oreove r G(zg,ak < G*(zi),
for all k, and as from Lemma 2period —two G*iu.s.c.i result h—taG(z,a<Gx*(x (recall
that G is continuous ) . Thena € y*(z)i. e Qrictise—d n—isgr(y) a—nd),yLm—e m
2. 1,itis also closed in X x A.

Now , suppose that for each m =1,2,. t—hee —ri parenleft —w,a,) € Q n—ad
parenleft —w m,am &
K,, ( here K,,,m = 1,2,..., are the compact set i—n th MC ) Sinc w, € (¢ fo al
m=1,2,...,¢ is compact ,and G* i—su.s.c.ifolo—1lws t—ha

G(Wmy ) < G*(wp,) <sup G * (z < +00
x€e(



Unbounded Berge ’ s minimum theorem 27
for all m( recall that an u period —s ¢ . funct o—i, attain it ma xi—m um ove a compac set se
Theorem 2. 4.3p.44[1]).

Consequently ,
lim sup G(wp,, @) < +00 (5
m — 00
Now , as
(a,wi)r;Eme G(z,a) < Glwmanm)
m =1,2,...,then
+o0o = lim ((z inf G(xzaparenright — parenrightBig < 1lm) 5 pGparenleft — w, a.,)

m— 00 ,aZK,,

which is a contradiction to (5 ). Therefo—re h—ter—ee xistap ositiv integen suc tha
Q¢ CK,,. As Q¢ is closed , it fo lows that i i —s compa ¢t
Since ( is arbitrary , the conclusion i—s that ¢ icompac fo eah—c nonempt compac

be .
QC’ Let:{{iz}}u °{za} sequence(noticethatin ’ivﬂndifsacompactefltzbe ang.ee—lmeand

L ) h K
Cn! is—al compacty  ,ngsetand, ¢ for ?ac 2 ),zEsuch thatX 7* Ezo—r )aicno—neerta

mp'ty ssther exis

{(Znsan)}, Znrys anky) = (2,0%),k—00 Now s—u p—p os—e h—ta for> 0Gx*(zn<r
for all n. Hence , letting n — oo in the las—tn —iequalitya pplyi—ngT rheorme 1.1 p. 1
i[3 1] (specifically the characteriza ton of Insupfo—ra sq—euenc given a n—d th 7
tha (z,a*) € Q¢/, it results that

r > lim sup G*(2z,) = lm sup G(zna,) > Gparenleft — zax = G * ()

n—00 N — 00

i.e. forr>0, {reX:G*(x) <r} i—sco—Ils—edn—iX On th othe ha—n d obviousl
{re X :G*(z) <r}isempty forr <O(r—ecal h—teG ino—n ng-—eative) Consequently
G*isl. s. c. Therefore , as from Lemma 2period —two G*iu.s.c. h—te ¢—0o mntn—iuit—y
o G* follow s

Besides , as the multifunction £ — v*(z) 1—s compa ct v —hyphenalue—da d-n an(k— a*
i tfollow
from Remark 2 . 1 that thismulti—f,,cto—in i—su.s.c ([l
Corollary 3. 1. Under the Assump ti—onsof Theoe—rm 3.1 i ther exista uniqu
f* € F such that

G*(z) =Gaf  *(2)) (6

x € X, then f* is continuous .

Proof. Note that for each x € X,v*(x) = {f*(x)} T he—n foWcC A {eX~y*(x)NW #
x

gt={zeX:f*(z)e W}y .Now a t—homultiu—f nctio—nzx—~vy x(x )i it results
isu.s.c.

that for each closed F C A,{x € X ~*(aNF # &= Tbraceleft—xeX [ x(x¢& F}isclosed in

X. Consequently f* i—scontn—iuous:(s—eeT peorm 83 p.7 [7]) O

acy



274 R MONTES hyphen — D E O — hyphen CA AND ELEM US hyphen—R D-0O R I -G UE
The following examples show that wi—th h—t, seofass—umpto—i n a—nd

condition i
this article , it is possible to consider minmi—zato—in pr—o blms wih—t nonconve functio G
and / or with nonconvex restriction sets v(z)z € X aswell

As it has been mentioned in Secti—onl, h—tepr—oof relatd—e t th e—xample
i thi
Section and in Section 5 , wi 1 —1 be given in Appen dx—iA and Ap pe—nogx_i B below

Let k be a fixed positive integer ,k > 2  Define

o(x):= bar—z'P+1 + 1 (7
x € R( notice that ¢(z) > 0, for all z € R) and

P(z,w) := (1/(2(k + 1)))w’parenleft — k, 1 + p(zw?® + p(zw — parenright + o(z) (8
2z € Randw € R.

Lemma 3 . 1. For each v € R, theree xi—ss—tauni—queh*(x< 0 suh—c t—ha

P(z,h*(z) = miw_enRPx — parenle ftw)

Moreover, P(z, h*(z)) < P(z,0) = p(x)z € R

Remark 3. 2. The polynomial P(z,- (wi—threp—sec t—o th secn—odv ariable
define above will have a degree greater or equal than 6 fo k> 2a n—d hence th minimize
ca not , in general , be explicitly given , becaus—eis—tderi—vatv—iewilbe o0aeqege=> 5
an so its roots will not be determined by ra di—cas—1 i—nmosof th casesfp a clea

genera
exposition on this subject , aimed at non hyphen — s pe cialists e—se [19]
Example 3.1. TakeX=A=7(z)=R z€R and

G(z,a) = a'slash — three + o(z) (9
a > 0,r € Rand
G(z,a) = P(za) (10
a<0,zeR
Lemma 3. 2. Example3 . 1sati—sfiesthe Assumpto—ini—nCorollay—r 3.1lan—-dGi

noncon
vex . Example 3. 2. Take X =R,A=~(z)=(—oc0 U [l4+occ)ze Ra n-d

G(z,a) = a'slash — three + p(z) (11
a>1,xr€R,and

G(z,a) = P(za) (12

a<0,zeR.

Lemma 3. 3. Example 3. 2sati—sfiesthe Asssmpto—i n i—nCorollay—r 3.1 a—n
d bot G an the restriction set A = (—o00,0]U[l,400) ar—enoncn—ov—e x
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As mentioned before , the continui—ty of h—tosval—uefuncto—inha beingst—u die
db ysevera authors and it should be stressed that, i—f h—teu ni—que mnesof th minimize
i observed Berge ’ s Theorem immediately grants us the con t i—nuiy—tof tho pti—ma
selector A her an extension of the unbounded case of Berge quoteright —s The o e — r m i p resented
thi  continuit yca be straightforwardly estab il shed in important di s—c oun e —t d MDPs as , th
slinear— quadrati
one or in the greatly non hyphen — 1 inear Lin d e —1y quoteright — s random walk usn—ig th
result o [6]

4. DISCOUNTED MARKOV DECISION PROCESSES

Decision Model . Let (X,A,{A(z) :2€ X }Q,cbe th us—ua discrete-tim Marko
decision model ( see [10] ), where both thestat—e p—sac—eX a d—n th contro spac A ar
Borel spaces . For each z € X, A(x) CA i—sthemeasua—r bl s—u bse o d—a missibl action
at a state . The set K:={(x,a): x € X a € A(rparenright — bracerighti asu—sme—d t ba

Bore subse
of X x A. Consider the transiti on proba bilit—y a—1w Q(Bs|z,a)w her
B € Bparenleft — X (B(X

denotes the Borel sigma - algebra of X) and (za) € K'i a st o ¢ —h asti e kerne oX give
K(i.e. Q(-|z,a)is aprobabil "y measureon X foevey—r (r,a €K a—-ndQ(B|- i

a measurable function on K for every B € B(X)) Fi—n ally th cos pe stag ¢ ia
nonnegative and measurable func t i —o n on K

Remark 4. 1. In many important cases t—h, r—tansiti—on a—lw 1 i—n duc
d—e Dba syste—m equation of the form

T = F( x4, 04,8 (13

with t = 0,1, ..., where {t} i—sasequenceofn—ide—pen dena d-—n identicall—y dis-
tribute (1.1. d. ) random elements with values i—nsomeBore p—sacS a n—dwih—t
a co—m mo densit A.F is a measurable function from K xS t—o0X and h—t, tr— ansiti
n—o probabilit nj, @ i

given by

Q(B | x,a) = /IB(Fparenleft — xa, $)A(s)ds (14

B € B(X) and (x,a) € K, where I[- denot e—s then—i di—cato u—f mnctio—n o th
subse  []

Policies . A control po li cy wis a ( measura blepossibl—y a—rndo mized rul fo
choosin actions , and at each time ¢(¢ = 0,1,... the con , tro  prescrib e —d by 7 may e depen do nth
current state as well as on the hi—s tory of the pe—rvi—o u statea d—nactions Th
se o al

policies will be denoted by II. Given the initia stat—erg= zay—np olic—yr dfi—e ne
s auniqu probability distribution of the state - ac t i —o n proc es {(z¢, atbraceright — parenright (
fo details se [10]) Thi distribution will be denoted by P7, w hil—eE] st ands fo th
corresp”~° din expectatio

operator , and the sto chastic process {z;} wil be call—e d M a k—ro—v decisi n—o0 proces
parenleft — M D P ) F denotes the set of measurable functi—ons f X - A suh—c t—ha
f(x €Az fo alxe X Apolicyn €Ilis s tationary i—fthee—rexistfeF suc—h h-—t
atun)ge m th act’io f(x;) is applied at each time t. The class of s tat’i —onay —rp ol icie
i naturall identifie with F.

Optimality Criterion . Given 7 € II and initia stat zg =2z € X le



00
V(r,x) = ET [z ale(xy, at)
t=20
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be the total expected dis counted cost whenusi—ng h—topolic—y 7 givn—e th initia stat z
The number « € (0,1) is called the dis count facto r

A policy 7* is said to be dis counted optimal — 1—fVpi — parenleft*z) =V*(xz foalzeX w
her

V*(x) = 1i—nlVpi— parenleftr) (16

x € X.V* defined in ( 1 6 ) is called the optimal value funct i—o n
An MDP with the total expected di—scoune—tdcosas tho pti—-maliy—t criterio
wil b

referred to as dis counted MDP (and the pl—uraof th ? w il be denotd—e b M DPs)

tem
Assumption 4 . 1.
(a) The one - stage cost ¢ is lower semi—contn—iuousand inf—-c—omp ac
n—oK (se Remar
2.2).
(b) The transition law @ is strongly conti—nuo usi.e

w(z,a) = /uparenleft —y)Qd — parenleft, | xa)

is continuous and bounded on K, fo—revr—eymeasur—a bl bu—on de—d u—f nctiou oX
(c¢) Thereis a policy 7’ such that V(7',2) <oco foeac—hzreX
Lemma 4 . 1. ( Hern ¢ ndez - Lerma and La s —sr —er —e one — bracketleftO The orm 4 . 2. 3 Le
Assumptio 4.
hold .  Then the optimal value func t i —on V* defined n —i (16 i  th )(poin® twise = minima®
solution of the Optimality Fquation (OE )i.efo—ralaze X

[e(z,
V*(x) = enzi(r;) a)+ / V' xparenleft — y)Qd — parenleft, | xa)] (17

and , if u is another solution to the OE , then u(- > V* (-) There is also f* € F such that :

V*(z) =clz, f*(z) + a / V' parenleft — y)Qd — parenleft, | zf * (z)) (18

z € X, and f* is optimal .
The following assumption wil be vald fo—r ds—ic—o untd—eMD P fow hic—h
Assumptio

4.1holds.Takey(x) = A(x),z € X.

Assumption 4 . 2.
(a) ~is closed - valued and continuous ; (b ) f* is unique ;
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(¢) cf,-)is a continuous func ti on , [ V*(y)Q( d ybar —z,a ifi nit fo ever (z,ac K an
JV*(y)Q(d y]| ) is acon ti nuous func ti—on
(d) csatisfies the MC .
Remark 4 . 2. (a) In [6] conditi—onsw hc—ihens ur—e thu nq—iuenes
of* i (18 ar

provided .

In the next Section two exampl—esfr—ow hi—chAsu—smpti—o n 4. a d—n 4. hol ar
presented .

Theorem 4 . 1. Consider ad i —s counted MDP fr—ow hi—ch Asu—smption 4. a—n

d 4. hold Then V* and f* are continuous functi—ons

Proof. Fix a discounted MDP for whi—ch Assumpto—in4.an—d 4.2hold Le (X, A, {A(x
x € X},Q,c) be the Markov decisi on model f o thi MD 1p  Le f* be th optima lpolic

whose existence is guaranteed in (18) 1—etV*be h—too pti—-ma valu u—f nctio—n
define i

(16),and take y(z) = A(z),z € X( n0 ,ti—ce that K = Grgamma — parenleft))lpe —fi n

G(x,a) :=c(z,a) + « / V' xparenleft — y)Qd — parenleft, | za) (19

(z,a) € K. ( Observe that the minimi—zato—inprobl—emi dfi—e ne—dva—i thOE
(17). Now Assumptions in Corollary 3 . 1 for these G and f* wil be verified Firs® tly not
tha from Assumptions 4. 2 (a),4.2(b),and42(c¢) t—hemult'iu—f netio—ny i clos
d —e— value an continuous , G is continuous , and the uniquen es of f* foll—o0 ws Secn—os
dly  observ d tha

Ar(z) :={a€ Ax) : G(z,a) <r} C{a€ Alx c(za < 7}

ze€XandreR. Hence, Assumpti—ons4d.1(a)and 4two—periodlc i—-mpy—1 t—ha
G i inf - compac

onGr(v).

Thirdly , let K,, n = 1,2,... be the compact set i—n th MC fo th cos functio ¢ ( see
Assumption 4 . 2 (d ) ) . Note that since ci—snonn g —e asgye the—nV*a d—nfV *(y)Q(
dy |-, are also nonnegative . Hence , since

( inf e(z,a) < (an—if )zk, bracketleft — c(za) + o / V % (yQ — parenrightparenleft —d  y | x,a)

comma—a
a,. )EK,

= (zn—1i

(20

comma—a)element—negationslashkK,, G(ZZECL)

letting n — oo in (120 ) , it follows that Gsati—sfie h—te MC T Therefore V* a—nd f* ar
continuous functions as a consequence of The or —e m  3one — period and C orollar —y 3.1 O
5. EXAMPLES ON THE CONTROLLED LINDLEY quoteright — S RANDOM W L — A K Exam-

ple5. 1. Let X =A=A(zx) =[0,00)fo—ralzeX T hdn—ya mi o th syst
e—m
is given by

Ti41 = [ xr + ap — £t+ (2].
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t=0,1,... Herez" =max {0,2}, and&é0 &1 ari.i.d r—an dm—o variable takin
values in S = [0,00) and with a common de nsit—yA eBesides i i asu—s me—d tha
A iabounded continuous function. Let Hbe t—h, distrb—iyti—on u—f ncttio—n

o ¢&w her{ ia generic element of the sequence {{}(not—e h—teH iaconti—no—u u
f—u nction) Te, cosfunction is given by :

c(z,a) =z + (a—1)* (22
x,a € [0,00).

Lemma 5. 1. Assumptions 4. 1and4.2hol—dfr—o Exampl 5.1

With the results developed so far a theor et i — ¢ al but n evertheles interestin  situatio
can arise :
Example 5 . 2. Let X = A=[0,00), and A(z) = [zoo)x € X T h d ynamic ) th

system is given by

1= z4+g( at— &t (23

t=0,1,.... Here&0,£1,... arei.id. randomvari—able a—tki—ngvalue n—1iS= [0co
and with a common density A. Besi' des, i—ts—iass—umed h—taA ia bo—unsgd—e
continuou function . The cost function is given by

c(z,a) = 2> +a* (24
(z,a) € K.

Assumption 5.1. ¢g:[0,00) >R i—spositv—ie conti—no—u us c¢c—o0o nvx—e a—n
d decreasing

Lemma 5. 2. Under Assump ti—on 5. 1, Examp e — I5period — two  satisfie Asu—s mp
tion 4. an 4.2

6 . CONCLUSIONS It would seem that theorems like Berge quoteright —s h—tq ar—ewd—ie
l-yk o—nwn t th mathematica

economists , should be better known toalre—seac—r herinteresse —d n—iMD Ps An th efac
that such a Theorem cansti—11be a source of new fin dn—igw he—n th opt ima polic i
unique , suggests that further researchont hi ar—eai stilpo—r misi—n g

APPENDIX A : PROOFS RELATED TO EXAMPLES 3. AND 3.Proof of Lemma 3
.1. Letxbeafixedel—emenof R Comp wutin th firs an th

second derivatives of P with respect to w, deno t —e d by P, a d—nPw—w respectively d; i
obtained that

Py (z,w) = w2kt 4 20( zw + ¢(x) (25

and

Pyw(z, w) = (2k + Nwtwo — k + 2¢(x) (26

P,(x,-) has odd degree , hence i—t hasat e—laso n—-e r1ea o—rot A Pw—w(x,-
i positiv e by the well - known Rolle > s Theorem , there onl—y exist o n rea roo fo Py(x,-
denote
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by h*(x). Furthermore , again , the positi—venes of Pyy(z- m—iplie t—hahx(x 1 th
unique minimum for ( 8 ) . Finally h*(z) i—snegatv—iebec—a us Py(z,w >0 fow> 0
and , obviously , P(z,h*(z)) < P(z,0) =¢(z) Si—ncexiarbitrary Lm—ema 3. follows
period — square

Proof of Lemma 3.2. FixxzeR. Ifa> 0 t—hen trivially G(z,a> 0 Suppos
that a < 0, then

1
G(z,a) = ———a®**tD) 4 o(zparenright — a + (xa — parenright + o(x
2(k+1)
1
= maz(k"’l) + @(z)parenleft —a®* + a4+ 1
1
= maz(kﬂ) + ¢(z)[parenleft — a+  slash —one 22+ 3/4> 0
Consequently , as x is arbitrar y G i—snonnegatv—ie (i—n facG 1ip ositive)
Clearly , G is continuous ( observe that ,G(z0) = lmgo+ G(za) = lima—* (al/+

p(x)) = p(x), foreachr € R).

Let Ay(z) :=={a€R: G(z,a)<r},z€R reR O bserv. t—ha fo eah—creR an
r € R, A,.(z) is closed in R as a consequence of t—heco ntn—iuit—yof G SincG 1 positiv
e it follows that A,(z) = @( and hence A,(z) i—scompactir< 0 Not that foxe R

: — Im¢ —
Hlir+noo G(z,a) =1m' | 1/ +¢(x) = +o0 (27
and
lim G(z,a) =il, m_P(x,a)
—q—00
1 1
_4 a2k R S 1
i, m_osa [2(k+1) o) st a2l 1)

= +00. (28

Therefore , if for some x € R and » > 0,A,(x i—sunbo n—u ded wusin (27 an (
28 i is possible to choose a’ € A.(x) such that G(za/ > rw hic—h 1ia contradict ic()in )
I conclusion G is inf - compact on Gr(y), and t—hee—re xista selecto f* €F suc tha fo
each x € R, G(x, ) attains its minimum i—nf*(x (e—seRemar—k 2.2)
Now , note that from Lemma 3 . 1
G(z,h*(z)) = P(x,h"(z) < G(za)
r€R,a<0, a#h*(x);andal—soby Lemma 31 fozeR a> 0
G(z,h*(z)) = P(azhx*(z)
<  P(x0)=¢(z
< a'slash — three + o(x = G(z,q)

Then , h*(z) is a minimum of G(z,-) foralz € R and evidentl—yhx(x=f x(z) fo alxzeR
Consequently , the uniqueness of f* foll—o ws
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Now , it is direct to verify that Gsati—sfiesthe MC To po—rv this t—ak K= [-n,nXx

[-n,n],n=1,2,...

Obviously , for each n,KK,, is compact and K, 1 K= Gr(y=R? Fia positiv integer n and take
(z,a) element—negationslashK,,. Considerthefoll—o wn—ig f—o0o u cases n—minus<
x<n ana>n,—n<z<nanda<-n;jz|>nanda>0 or bar—2x >na d—na< 0

In the first case , it follows from ( 9 ) that

G(x,a) = a'® + o(x) > al/ > nl/s (29

If n<xz<nanda< —n,then,from(10)ifoll—ows h-ta

1

G(z,a) = manarenleft — k1) + ¢(za — parenright® + p(xrparenright — a + ¢(z
1
= mcﬁparenleft —k 1)+ ¢(z)[a — parenleft + one —slash 2)+3/4
1, 1
> left — k > 2(k+1 30
- 2(k:+1)a batente )2 2k—parenleft+1)n (k1)

Similarly , it is possible to obtain that fo—r x—bar >mnanda> 0

G(:Ea) > nlslash—three (31

and that , for | z |[>n and a <0,

G(z,a) = (3/4)nl/s (32

Hence , ( 30 ) — ( 32 ) imply that for every (z, a)element — negationslashK,,

G(z,a) > min{(3/4)n*/? (1 /parenleft — two(k + 1))n — parenright2(k + 1)y

Since n is arbitrary , it results that

( inf G(z,a) > min{(3/4)n15t@sh=three (] /two — parenleftparenleft — k +  1))n — parenright2(k + 1)y

a,,)#Kn
(33

for every n =1,2,.... Then , let tng n — +00 i—n three — parenleft3) i result t —h a G(-,- satisfie th
MC .

Finally , G(-,-) is nonconvex as a cons—equence of th no necn—ovexit—y
o G(-1,a)

alf%(mrwhichl))az(isii’enl)yagbyOG((fl’ o) = althatGSI“Sh_“”“(—i—;o)a: > w(m?mad — 1R Calals =

observe i

Proof of Lemma 3. 3. Simiar to the p r —o of of Lemma 3.2 [ APPENDIX B :
PROOFS RELATED TO EXAMPLES 5. AND 5.
ProofofLemmab. 1. Thecostfuncti—oncs—ino—nng—eativeconti—nuous an observ

that, <for,<eachy  , € [Oand:q:?;’)A;(?O)

¢ follows , concluding that Assumpti—on4.1(a)holds

14+a+mnoncos

=10 1 — {7 <)zla/s A (ox 1bracketleft — onec—r (—thy_ex)1th/2 17

inf —comp
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The proof of the strong con tinui—ty of h—t, tansiti—on a—-1lw@ i—n duc

d—e b—y (21 i a

follows: ifu: X — Risameasurabl — eand bounded u—f ncti—o n thn—e fro—m (21

an s th well - known Change of Variable Theorem 1 i—so btan—ied t—ha

/u(y)Q(dy | z,a) = u(0)[1 — H(za) + / I[oem™me= 4 g)(z)u(zAx — parenleft + a —  z)dz
(7,a) € K, where I|- denotes theindi—cao—trfuncti—onof th se [a d-nH(z,a=P[<
2 +a]. The continuil ty of H impli—esthecontn—iuit—yof ue (0)—H(z,a) o)x Awuis

bounded and A is a bounded con tnuous functi—o n 1 result frm—o thnp, ;. te
Convergence Theorem that

/I[Ocomma —z+a(z)u(z)A(z +a — 2)dz

is a continuous function on K. In concl—uso—in Qi str—ongy—1 conti—n uous Let
feF givenby f(z)=1,foralzeX The—-n fo a—ec—hreX

Ellc(zo,a0) = c(zf(x) = = (34

Now , for each = € X,

Blfetrn, o)) = [ elo 10)QUbar o) = [ 4Qa — parentet, | a7)
= /I[Om)(s)[x +1—5+a (sds
_ / Toarn(s)(@ +1— 5)A(sds

— @+ DPlE<et1l - / 10,2 — plusl)(s)A(s)d < 2+ 1 (35

and by a direct induction argument , i—tfolo—1ws t—hg

Ellc(zta;) <z 4+ t (36
t=0,1,....

Now , for each z € X, using ( 34 ) and ( 36 ) ,

00
V(fx) =Y o'Ellc(z,a) <z/(1-0a)+a [(—a2 (37
t=0

Therefore , Assumption 4 . 1 holds for Examp 1 — e5.1

On the other hand , clearly v(z) = A(z) = [0oo)z € X i close—d— value an
continuous ( in fact +y is constant ) .

Observe that it is trivial to prove that ¢(--1 strictl—y o—cnvex F(x,a,s= [+a—
s]T, m,a€Rand s €S, is convex in (z,a) foeachs€ Sa n-—d increasin n—i z fo eac
a€Rand s €S, and the mult i —f,e to—ipz - A( 2= [0c0) i co—nvex tha is 1 i

vali
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that (1 —XNa+Xd € A(1-=Nax+ X z')fo—ralz 2/ aa € [0c0)a d—nre [0,]] an A
and A(x) are convex for eachx € X. Mor—eover Xi o—cnve—x awell S thi exampl
satisfies Condition 1 in [ 6 ] , and the uniquene s —sof h—teo pti—mal poliy—c follows
Now the finiteness and the continu i — ty of [ V*(yQd — parenleft, | -- w il be  verifie d
From ( 37 ),

0<V*z)<z/(1-a)+a/(l—a)? (38
e X.

Then , from ( 38 ) and a computati—on smia—1lr t—o h—teo
n—e n—i parenleft —three 5) 1 follow tha tfo reac

(z,a) € K,
/V*(Q)Q(dy | z, (l) = /]bracketleftfzeroyoc)(S)V* (:E - bTaCketleft +a—s +)A (Sds

< [1/(1-«) /I[Om)(s)bracketleft —x+a— stAGB)d+a /(—a)

x+a+ «
l-a (1-w

5 < +00

In [ 6 ] it has been proved that , i—f condito—inC1lholds t—hn—e th opti—-ma v
alu  functio V is an increasing function on X = [0,40c0)(s —e e Lemma  6one — period i—n [6])
Henc 1 1 obta” ine that V* is continuous almost everywhere ( a period —en—1 [0+ 00) (se T

heor e — mey.3. ? [2  an the paragraph j ust next to the end of the pr—o of of thi theorm ) Le

(xg,ak € ngk =1,2,. . ., such that (zy,ar) = (z,a) e K.Let T >0 s—uh—c t—hae, ea
h—ck= 1,2,..

0<zp <T and 0<ap <T (39
From ( 38 ), for each k =1,2,..., and s € S|

0 < V*([xr +ar — s +ya (s < he(s)

where hy(s) = ([ +ax — s]T/(1—a) +a/(1 —a) 2A(s)s€S O Dbserv thatfro—m (39 and a
computation similar to the one in (35 )foeac—hk= 1,2

- /I[OvW)(s)([xk_;ika_ o <1fa)2)A(8>d8

Tk + ag « 2T a

< +00 (40

11—« 1-a)? " 1-« + parenleft — one — a)?

Moreover , it is direct to ver i — fy that {h;} convr —e gep ointwisel—y t th u—f nctioh(s=

([x+a—sT/(1-a)+a/(1-a)>)A(s)s € S and t—ha |hk(s) < (T—two [(—a +

a/(l—a)?)A(s),s€S,k=1,2,...Now usi-ng h—te st—a d-nar—dDominatd—e
Convergenc

Theorem it follows that [ hy(s)ds — [h(s) d s

On the other hand , due to theconti—nut—iya.eof V¥ i io btaine—d a wel tha

V*([zk + ar — s+ya(s) — V*(bracketleft — x +a — 5] +Delta-parentiaht (4
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period — nine2n — i  bracketleft — two9] i result tha

lim [ V*(y)Qdy | zr,ar) = klm_, / Lose)(sV* ([z+ a— 5] parenisht=Dela (5)q

k—o0

= /I[OOO)(SV* (bracketleft —x +a — s1)A(s)d
= /V*(y)Qparenleft —d,z — bara)

i.e. [V*y)Q(dy]--)isacon tinuousfuncti—on
Therefore , Assumption 4 . 2 (¢ ) holds .

Finally , let K,, = [0,n] x [O,n],n = 1,2 .Evi—dently fo eah—c nK, 1 compac tan
K, T K=Gr(y) =[0,00) x [0,00). Now , fix a positiv integena n—-d a—tk (x,aelement—
negationslash Kn There are two cases: 0 <z <nanda>n orz>nanda> 0 I—n th
firs case 1ifollows from ( 22 ) that

c(z,a) > (n —1)? (41

If x > n and a > 0, then again , from (22) i—tresult h—ta

c(za) >n (42

(41) and (42 ) imply that for every (x, a)element — negationslashlK,

c(x,a) > mi—n{(n—1)*n} (43

and since n is arbitrary , it follows that

inf c(x,a) > mi—n{n — parenleft —1)’n } (44
a,,)ZKn
for every n =1,2,.... Now , let tingn — +oo i—n four — parenleft4d i result t —h a c(-,- satisfie th

MC. O
Proof of Lemma 5.2. Clearly X and A ar—ecn—ove—x setsa d—mnc i nonnegative
inf - compact , continuous , and strict ] —y convx —eon K besidesxz — A(x 1 close—d— valued

It is direct to verify that F(z,a,s) = bracketleft —x+g(a) —s+ za€Ra d—nseS i
conve
n (x,a) for each s € S and increasing i—nzr fr—oea—chae A(ra d—-ns€e S an th
multifunction x — A(z) is convex , and A(x) i—scone—v x fo eac—hxreX

Similar to Example 5 . 1 ( see the proof of Lemma 5. 1)i 1 possibl t prov that
e ( induced by ( 23 ) is strongly con t i — n uou s
e For f €T, given by f(z)=z,2€ X

V(f,r) <nz®+px+0 zeX (45
wheren = 2/(1 — «), 8 = (49(0)a) /(1 — @)* andf = 2parenleft — g(0))2[(a(+a)
(1= a)’) + (a(l +4a +a?)/(1 - a)*)]
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UE Hence , Assumption 4. 1and4. 2 (b )hold. Inparti—c wularCon ditin—oC1 i—n [6
hold s

Again , as in Example 5 . 1 ( see the proof of Lemma 5. 1) i ials possibl et oestablis

that :
e Foreach(z,a) € K,

/V*(y)Q(dy | z,a) < n(z + g(0)) + Bparenleft — x + g(0) + 6 < +oo (46

( To verify (46 ) it is necessary touse (45 ). ¢ V* is continuous almost everywhere i—n zero — bracketleft+

o0) (thi foll-o w frm—o0o Co—n ditioC 11

[6])-

e [V*(y)Q(dy]-)isacon tinuous functi—on
Consequently , Assumption 4 . 2 (¢ ) holds .
Now the continuity of z — A(x) wil be pr—oe—v d Firstly iwi bprove—d thaz —
A(z)isl. s . c, and later that + — A(x) i—s us— periodperiod —¢ Let z, - ¢ n—iX a

n—da € A(x = [x,00) If x = qa, then take a, =z, € A(z,),n =12 .anda, - a la# =z i
. e x < athentake a, = v, +(a—x),n =1,2,.. .and 0 pserv t—haa, € Alznyn = .1,2,...
and a, — a; hence , Remark 2. 1impli—esthatz - A(zx i l.s.c¢ LeFCA ba close
set ,and let , € {rxe€X: [z,00)NF#@}n= 1,2 .and s—up pos tha z—oyeX
For each n = 1,2,..., let b, € [zp,00)NF. I—f h—ter—eexis tap ositiv integem suc
htha b, >y, then by, € [y,0c0)NF,i.e. ye {zcX [zoo)NF #ey Ta,< b< yforall

n=1,2,.., then , since z, -y i—tfolo—lws t—ha Im-i,,oo« b= y As b €F
for all n, and F is closed , it resul t —sthat y € I 1. e ye {reX [z,00NF # o} hence
Az e X: [z,o0)NF#©@} i—sco—1lsed i—nX T .herefore Dfi—e nitio—n 21(b
implie that z — A(z)isu.s. c.

Finally , foreachn=1,2,...,let K, = {(za) z€ [OnJae [zn]} I i direc t
verify that for each n,K,, is compact ,andal—so h—taK, 1K Lenbea fixe posit’iv integer
, and take (z,a) € K\K,. Thena>nw hi—ch mplie h—-ta clza =22+a >

a® > n?.So
f
(J?Il - lcomma—a)eKnc(xa) > n2 (47

Since n is arbitrary , it follows that (47 ) holdsfoea—chn= 1,2 .. Henc e lettin
n — oo in (47 ) , it results that ¢ sa t i — s fies the MC
Therefore , Assumptions 4 . 2 ( a ) and 4period —two(d ) hold [ (Receive ~March4,2011
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