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REMARKS ON COUPLED FIXED POINT THEOREMS
IN CONE METRIC SPACES
Nguyen Van Luong , Nguyen Xuan Thuan , K. P. R R —a,

Abstract . In this paper , we first show that some coupled fixed point theorems in cone

metric spaces are proper consequences of relevant fixed point theorems . Then we give and prove

some corresponding coupled fixed point theorems in partially ordered cone metric spaces . Some

examples are also given to illustrate our work .

1. Introduction and preliminaries
The well - known Banach contraction principle is one of the pivotal results of analysis
and has applications in a number of branches of mathematics .  This prin -
ciple has been extended and generalized in various directions for recent years by
putting conditions on the mappings or on the spaces . Huang and Zhang in [ 1 6

] introduced the notion of cone metric spaces , investigated the convergence in these
spaces , introduced the notion of their completeness , and proved some fixed point
theorems for contractive mappings on cone metric spaces . After that , many authors
have fo cused on cone metric spaces and its topological properties , given and proved
fixed point theorems in cone metric spaces (see [1-6,12-14,16-18,20-26,
33 - 40,
42 — 43 ] and references therein ) .

Now we first recall some definitions and properties of cone metric spaces .

DEFINITION 1 . [15] Let E be a real Banach space . A subset P of E is
called
a cone if and only if :

(a )P is closed , non - empty and P # {6},
(b)a,beR,a,b>0,z,y € P imply that ax + by € P,

(¢)PN = notde fparenright — notdefnotde f —equal é notde f —bracerightPeriod—element o1 de f—notde f

venacne,dfine aprtialo dering <wthrspectt Pbyz<yi—fandly
Gi_ty —rz€P Wesallwite<fory—z€ltPe,we—hreltP i—s ten—i
terior
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of P. Also we shall use < to indicate that x < y and  # y. The cone P in
normed space F is called normal whenever there is a number k£ > 0 such that for all
z,y € E,0 <z <yimplies | z ||< k| y | . The least positive number k satisfying this
norm inequality is called the normal constant of P. It is clear that & > 1. It is known
that there exists ordered Banach space E with cone P which is not normal

butwithintP # &.

DEFINITION 2 . [16] Let X be anon - empty set .  Suppose that the
mapping

d: X x X — FEsatisfies :

(d 1 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if z =y, ( d 2)d(z,y) =
d(y,z) for all z,y € X, (d 3)d(z,y) < d(z,z) + d(z,y) for all z,y,z € X. Then d is
called a cone metric on X and (X, d) is called a cone metric space .
The concept of a cone metric space is more general than that of a metric space .
DEFINITION 3 . [16] Let (X,d) be a cone metric space . We say that a
sequence

{zp}inXis :

(‘a) a Cauchy sequence if for every ¢ € F with 0 < ¢, there exists an N such
that for all n,m > N,d(z,,r,) < c.
(b ) a convergent sequence if for every ¢ € E with 0 < ¢, there exists an N
such that for all n > N, d(z,,z) < c for some fixed x € X.
A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.
Let (X, d) be a cone metric space ; then we have the following properties
(p1l)If Eis areal Banach space with a cone P and a < ha where a € P and

h € (0,1)thena = 6.

(p2)ifd<u<cforeach <cthenu=6.(p3)ifu<ovandv < w then
u <w. (pd)ifa<b+cforeachd <cthena=0b. (pb)ifceIntP,0<a, and
a, — 0 then there exists a K such that for all

<ec. n > K, wehavea,,

For the details about these properties see [2 1,24 ] .

It is known that the sequence {z,} converges to x € X if d(z,,z) — 0 as

n — oo and {z,} is a Cauchy sequence if d(xy, ) — 0 as n,m — 0. In the

case when the cone is not necessarily normal , the fact that d(z,,yn) — d(z,y) if
z, — x and yn — y is not applicable .

DEFINITION 4 . [3] Let f,g : X — X be two self - mappings on X. An

element x € X is called a coincidence point of f and g if fr = gz. f and g are said to

be weakly compatible if they commute at their coincidence points , that is gfx = fgz



if fx = gx.
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Using the concept of weakly compatible mappings , many authors have studied the
existence and uniqueness of common fixed points of self - mappings in cone metric

spaces ( see , for example , [3, 22, 23] and references therein ) . For our purpose
, we
now state the result of Jungck et . al . [22].

Theorem 5. [22] Let (X,d) be a cone metric space , P a cone with non - empty

in - t erior and mappings f,g: X — X. Suppose that there exist non - negative
constants
a;, 1 =1,2,...,5 satisfying Zle a; < 1 such that , for all x,y € X,

d(fz, fy) < ard(gz, gy) + a2d(gz, fr) + asd(gy, fy) + asd(gz, fy) + asd(gy, fx) (1)

If f(X)Cg(X)and f(X)or g(X)is a complete subspace of X th en f and g have
a unique co in cidence po int in X. Moreover , if f and g are weakly compatible ,
then f and g have a unique common fixed point .

Recently , existence of fixed points for contraction type mappings in partial - ly
ordered metric spaces has been considered in [7—-11,19, 2732, 41 ] and references
therein , where some applications to matrix equations , ordinary differential equa - tions
, and integral equations has been presented .  Bhashkar and Lakshmikantham [ 1 0 ]
introduced the concept of a coupled fixed point of a mapping F': X x X — X
( a non - empty set ) and established some coupled fixed point theorems in partially
ordered complete metric spaces which can be used to discuss the existence and unique-
ness of solution for periodic boundary value problems .  Later , Lakshmikan - tham
and C' iri ¢[27] proved coupled coincidence and coupled common fixed point results for
nonlinear mappings F': X x X — X and ¢g : X — X satisfying cer - tain contractive
conditions in partially ordered complete metric spaces . Using the concepts of cou-
pled fixed point and coupled coincidence point , some authors have proved coupled (
coincidence , fixed ) point theorems in cone metric spaces ( see [ 1,
14,25,40,42]) . Some of them are in non - ordered cone metric spaces .

DEFINITION 6 . [10] Let (X, <) be a partially ordered set and F': X x X — X.
The mapping F' is said to have the mixed monotone property if F' is monotone non -
decreasing in = and F' is monotone non - increasing in y, that is , for any z,y € X,

r1,13 € X, 11 220 = F(21,9) < F(x2,9)
yl,y2€ X,yl 292 = F(z,yl) = F(x,2).

DEFINITION 7 . [10] An element (z,y) € X x X is called a coupled fixed point
of the mapping F: X x X —» X if x = f(z,y) and y = f(y,x).
DEFINITION 8 . [ 27 ] Let (X, <) be a partially ordered set and F: X x X —

X,g : X — X be two mappings . The mapping F' is said to have the mixed g -
monotone property if F'is monotone g - non - decreasing in its first argument and F is
monotone g - non - increasing in it s second argument , that is , for any z,y € X,

$171'2€Xag$1jgx2 = F(Zlay)jF(x%y)
yly2e X, gyl 2 gy2 = F(z,yl) = F(z,y2).



Remarks on coupled fixed point theorems 1 25 DEFINITION 9 . [ 27 ] An element
(z,y) € X x X is called
(1) acoupled coincidence point of the mapping F': X x X - X andg: X - X

ifgr = F(z,y)andgy = F(y, z).

(2) acoupled common fixed point of the mapping F': X x X — X and
g: X=X

ifr = g = F(z,y)andy = gy = F(y, ).

DEFINITION 1 O . [ 27 ] The mappings F' and g where
F:XxX 53X, g:X =X
are said to commute if F(gx,gy) = g(Fz, Fy) for all z,y € X.
n [ 40 ], Sabetghadam et al . proved the following coupled fixed point theorems .
THEOREM 1 1. [40] Let (X,d) be a cone metric space , P a cone
with non - empty interio r . Suppose that the mapping F : X x X — X satisfies
the following contractive condition for all z,y,u,v € X,

d(F(x,y), F(u,v)) < kd(z,u) + ld(y, v), (2)

where k,l are non - negative constants with k+1 < 1. Then F has a unique coupled
fixed point .

THEOREM 1 2. [40] Let (X,d) be a cone metric space , P a cone
with non - empty interio r . Suppose that the mapping F : X x X — X satisfies
the following contractive condition for all z,y,u,v € X,

d(F(z,y), F(u,v)) < kd(F(z,y),z) + ld(F(u,v),u), (3)

where k,l are non - negative constants with k+1 < 1. Then F has a unique coupled
fixed point .

THEOREM 13. [40] Let (X,d) be a cone metric space , P a cone
with non - empty interio r . Suppose that the mapping F : X x X — X satisfies
the following contractive condition for al | x,y,u,v € X,

d(F(z,y), F(u,v)) < kd(F(z,y),u) + ld(F(u,v), ), (4)

where k,l are non - negative constants with k+1 < 1. Then F has a unique coupled
fixed point .

Abbas et al . [ 1] introduced the concept of w - compatible mappings and proved
some coupled coincidence point theorems which generalized the results of Sabet -
ghadam et al . [40] .

DEFINITION 1 4 . [ 1] The mappings F' and g where
F: XxX—=>Xg:X—>X
are said to be w - compatible if gF(x,y) = F(gy, gr) whenever gx = F(z,y) and

gy = F(y, ).



THEOREM 15 . [1] Let (X,d) be a cone metric space with a cone P
having non - empty interior ,F: X xX — X and ¢g: X — X be mappings satisfying

d(F(J?, y)) F(ua U)) < ald(gxa gu) + agd(F(l‘, y)7 gx) + agd(gy,gv)
+asd(F(u,v), gu) + asd(F (z,y), gu) + agd(F (u,v), gz)
()
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forall x y,u,ve X, where a;,i=1,2,...,6 are non - negative real numbers such
that Z?:l a; < 1. If F(XxX) Cg(X) and g(X) is a complete subspace of
X

then F and g have a coupled co in cidence po int in X.  Moreover , if F and
g are w - compatible , then F and g have a unique common coupled fized point and
common

coupled fized point of F and g is of the form (u,u) for s ome u € X.

In this paper , we first show that Theorem 1 5 is a real consequence of Theorem 5
and so are Theorems 1 1,12 and 1 3. Then we give and prove some coupled fixed
point results in partially ordered cone metric spaces that are relevant to Theorem 1 5 .
The results unify and extend some recent results .

2. Main results
LEMMA 16 . Let F: X xX — X and g: X — X be w - compatible

mappings .
If the mapping f: X — X is defined by fo = F(z,x) forall xz € X, then f and g
are weakly compatible mappings .

Proof . Suppose that x is a coincidence point of f and g, that is , fx = gz. By
the definition of f, we have F(z,z) = gz. Since F' and g are weakly compatible ,
we have F(gx,gx) = gF (x,x). Therefore fgx = gfx, that is , f commute g at their
coincidence point .

THEOREM 1 7 . Theorem 1 5 is a consequence of Theorem 5 .

Proof . Let f: X — X be the mapping defined by fox = F(z,z) for all z € X.

In (5), take x = y,u = v, we have

d(fz, fu) = d(F(z,y), F(u,v))

< a1d(gx, gu) + axd(F(z, ), gx) + aszd(gz, gu)

Fasd(F(u, u), gu) + asd(F(z, x), gu) + ad(F (u, u), gz)

= ard(gz, gu) + azxd(fz, gz) + asd(gzr, gu)

+asd(fu, gu) + asd(fz, gu) + asd(fu, gz)

= (a1 + a3)d(gz, gu) + azd(fz, gx)

—|—a4d(fu, gu) + a5d(f$7 gu) + aﬁd(fuv gx)
Moreover , we have f(X) C F(X x X) C ¢g(X),g(X) is a complete subspace of X.
Applying Theorem 5, f and g have a coincidence point x € X, that is , fo = gx. This
implies that F(z,z) = gz, that is, (z,z) is coupled coincidence point of F' and g. Since
f and g are weakly compatible , z is unique and x = fz = gz, that is x = F(z,z) = gz.

Therefore F' and g have unique common coupled fixed point of

theform(z, x).

The following example shows that Theorem 1 5 is a proper consequence of Theo-
rem 5 .
ExamMpPLE 1 8. Let X =R with the cone metric d(z,y) = |z—vy],

for all
z,y € X. Let F': X x X — X be given by

F(a,y) = {7y, if'a® = £y
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and g : X — X be given by gr = z,Vo € X. Then F and ¢ do not satisfy the
condition ( 5 ) for all z,y,u,v € X. Indeed , suppose ( 5 ) holds for all z,y,u,v € X,
take x = 2u # 0,y = v = 0, we have

| u =]z —ul=d(F(z,y), F(u,v))

< ard(gz, gu) + azxd(F(z,y), gx) + asd(gy, gv)
+a4d(F(u,v), gu) + asd(F(z,y), gu) + asd(F (u,v), gz)
=ay|z—ul|+4as|ul|+as|z—u|+as|u—2x]|

= (a1 +as+as+ag)|ul,

which is a contradiction .
However , if we define f : X — X by fo = F(z,z) for all z € X then f and ¢

satisfy all the conditions of Theorem 5.  Applying Theorem 5 , we conclude that f
and g have the unique common fixed point 0 . Therefore , F and g have the common
coupled fixed point (0,0 ) .

We next give and prove some coupled fixed point results in partially ordered cone
metric space for compatible mappings .

DEFINITION 1 9 . Let (X, d) be a cone metric space .  The mappings F' and g
where FF: X x X — X,g: X — X are said to be compatible if

lim d(gF (zn, yn), F(gen, gyn)) = band lim_d(gF(yn,z,), F(gyn, gen)) = 6,
n—oo n—roo
where {z,,} and {yn} are sequences in X such that

lim F(z,,yn) = lim gen = zand lim F(yn,z,) = lim gyn =y
n—oo n—oo n—oo n—oo
for all z,y € X are satisfied .
It is easy to see that if F' and g commute then they are compatible .

THEOREM 20. Let (X,=) be a partially ordered s e t and suppose there
5 a
metric d such that (X,d) is a complete cone metric space . Let F: XxX — X
and g :X — X be such F has the mized g— monotone property and the re
exist non - negative constants «, B,y and X satisfying o+ 5+ 2y+2X < 1 such that

d(F(z,y), F(u,v)) < ad(gz, gu) + Bd(gy, gv) +V1d(F (2,y), gx) + d(F(u, v), gu)]
+Ad(F (2,y), gu) + d(F(u,v), gz)]  (6)

forall z,y,u,v € X with gx <X gu and gy > gv. Further suppose that F(X x X) C
9(X), g is continuous and g and F are compatible . Suppose e ither
(a ) F is continuous o r
(b ) X has the following property
(i) If {zn} is a non - decreasing s equence and lim,_ oo T, = x then gaxn < gx
forall n,
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(% ) If {yn} is a non - increasing s equence and lim, .o yn =y th en gy =< gyn
forall n.
If the re exist x0,y0 € X such that gx0 < F(xg,y0) and gy0 = F(y0,xzq) then
F and g have a coupled coincidence point .
Proof . Let zg,y0 € X be such that gz0 =< F(z,y0) and
9y0 = F(y0, zo).
Since F(X x X) C g(X), we construct sequences {z,} and {yn} in X as follows
grn+ 1= F(x,,yn) and gyn+1=F(yn,z,), foralln>0 (7)
We shall show that

grn =X gxn + 1, foralln > 0 (8)

and

gyn = gyn + 1, foralln > 0 (9)

Since gz0 =< F(xo,y0) and gy0 > F(y0,x0) and as gx1 = F(xzg,y0) and gyl =
F(y0,x0), we have gz0 < gzl and gy0 > gyl. Thus ( 8 ) and ( 9 ) hold for n = 0.

Suppose that ( 8 ) and (9 ) hold for some n > 0. Then , since gzn < gzn+1 and
gyn = gyn + 1, and by the g— mixed monotone property of F, we have

gn+2 = F(axpi1,yn+ 1) = Fa,,yn+ 1) = F(z,,yn) = gzn+1 (10)

and

gyn+2=F(yn+1,z,41) =X F(yn,zn+1) < Flyn,z,) = gyn + 1. (11)
Now from (10 ) and (11 ), we obtain

grn+1=<grn+2 andgyn+ 1> gyn+2

Thus by the mathematical induction we conclude that ( 8 ) and ( 9 ) hold for all n > 0.
Since gzn — 1 < gzn and gyn — 1 = gyn, from ( 6 ) and ( 7 ) , we have

d(gzn,gzn + 1) = d(F(xp—1,yn — 1), F(x,,yn))

< ad(gzn — 1,gxn) + Bd(gyn — 1, gyn)

FAA(F (2n-1,yn — 1), gzn — 1) + d(F (zn, yn), gan)]

+A[d(F(zp—1,yn — 1),92n) + d(F (zy, yn), gzn — 1)]

< ad(gzn — 1,grn) + Bd(gyn — 1, gyn) + ~[d(gzn, gzn — 1) + d(grn + 1, gzn)]
+Ad(gzn + 1, gzn — 1)

< ad(gzn — 1, gzn) + Bd(gyn — 1, gyn) + vy[d(gzn, gzn — 1) + d(gaxn + 1, gzn))
+A[d(gzn + 1, gzn) + d(gzn, gzn —1)] (12)

Therefore ,

d(gzn, gzn +1) < al4_~Y +_ X\ (gzn — 1, gzn) + 1 — By — X (gyn —1,gyn). (13)
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gxn —1, from (6 ) and (7)), and we have

d(gyn + 1,gyn) = d(F(yn,z,), Flyn — 1,2,-1))

< ad(gyn, gyn — 1) + Bd(gan, gzn — 1)

+[d(F (yn, zn), gyn) + d(F(yn — 1, 2,-1), gyn — 1)]
+AA(F (yn, zn), gyn — 1) + d(F(yn — 1, 2,-1), gyn)]
]

)

]

]

[N

< ad(gyn, gyn — 1) + Bd(gzn, gzn — 1) + vy[d(gyn + 1, gyn) + d(gyn, gyn — 1)
+AMd(gyn + 1,gyn — 1

< ad(gyn, gyn — 1) + Bd(gzn, gzn — 1) + y[d(gyn + 1, gyn) + d(gyn, gyn — 1
+A[d(gyn + 1, gyn) + d(gyn, gyn — 1

Therefore ,

d(gyn, gyn +1) < al +_ 47 +_ X (gyn — 1,gyn) + 1 — 3, — X (gen — 1, gan). (15)
From (13)and (15), we have
d(gzn, gzn+ 1) + d(gyn, gyn + 1) < a+1_By*y_ + AX\[d(gzn — 1, gzn) + d(gyn — 1, gyn)].
(16)

for all n. Set k = a—l—ff;yf)‘,\ < 1; from (16 ), we have

d(gzn, gzn + 1) + d(gyn, gyn + 1) < k[d(gzn — 1, gzn) + d(gyn — 1, gyn)]
< K*[d(gan — 2, gzn — 1) + d(gyn — 2, gyn — 1)]

< k"[d(gx0, gz1) + d(gy0, gy1)]
This implies
d(grn, gzn + 1) < k"[d(gx0, gz1) + d(gy0, gy1)],

and

d(gyn, gyn + 1) < k"[d(gx0, gz1) + d(gy0, gy1)].
We shall show that {gan} and {gyn} are Cauchy sequences . For m > n, we have

d(gzn, gzm) < d(gzn,gzn + 1)+ - - - + d(gzm — 1, gzm)
< k"[d(g20, g21) + d(gy0, gy1)] + - - - + k™~ [d(920, 1) + d(gy0, gy1)]
< 1k ¢ [d(g20, g1) + d(gy0, gy1)].

Let 8§ < c be given . Then there is a neighborhood of 6

Ns(0) ={y € E:| y |[< 4},
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Since k < 1, choose N € N such that

| — 1k" x[d(g20, gz1) + d(gy0, gyL)ll| <.
Then

—1%" k[d(gx0, gz1) 4 d(gy0, gy1)] € Ns(6)
for all n > N. Hence

¢ — 15" k[d(g20, gz1) + d(gy0, gy1)] € ¢ + N5(0) C IntP.

Therefore ,

1" [d(g20, gz1) + d(gy0, gy1)] < ¢,
for all n > N. This means ,

d(gzn,gzm) <K ¢, forallm >n > N.

Hence we conclude that {gan} is a Cauchy sequence . Similarly , one can show that
{gyn} is also a Cauchy sequence .  Since X is a complete cone metric space , there
exist z,y € X such that

lim gzn = zand lim gyn =y. (17)
n—oo n—oo
Thus
lim F(z,,yn) = lim gxn = zand lim F(yn,z,) = lim gyn =y. (18)
n—o00 n—o00 n—o0o n—oo

Since F' and g are compatible , from ( 1 8 ) we have

lim d(gF (zn, yn), F(gxn, gyn)) = 0 (19)
and
lim d(gF(yn,xn), F(gyn, gzn)) = 0. (20)

Now, suppose that assumption (a) holds. Since F,g is continuous
, by (18),¢gF(xn,yn) — gz and F(gzn,gyn) — F(x,y) asn — oco. Let
0 < c be given ; there exists k € N, such that , for all n > k,

d(gz,gF (zn,yn)) < 3, d(F(gzn,gyn), F(z,y)) <3
and  d(gF(xn,yn), F(grn,gyn)) < c3
Therefore ,

d(gz, F(z,y)) < d(gz, gF (xn, yn)) + d(gF (xn, yn), F(gzn, gyn))
+d(F(gzn, gyn), F(x,y)) <c
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get

d(gz, F(z,y)) <mVmeN

Notice that m¢ — fasm — 00, and we conclude that
mc—d(gaﬁ,F(w,y)) -

—d(gz, F(x,y)) as m — oco.  Since P is closed , we get —d(gx, F(x,y)) € P. Thus
d(ng F($, y)) € pPn j)nOtdef_periOantdef H n- nOtdefelement—cenotdef—notdefd—notdefg_
notde fnegationslash —notde f —notdef — xcomma— bracele ft"otdef —notdef=Fp rde f —
xcomma—notde fYin finity—parenright ) N0tde f —notde fequal — notdef — notdefOnotde fnotde f
T h—e refore ,gr = Fx — parenleft,y). mi l—ary—1 wenso wtat

g y = Fparenleft —y, ).

naly, s pposetat( ) h lds. mnce{ znt 1 ann-decreasing s
quenced gn —xzad a {yn} i—s ann-n-—ii gcreasing s quencead

gn —y wehve

xn =X g zad gyn>= g yifraln nceFad gaecmp-—atible ad

g intinuous,from (7),(19) ad (0) wehve

M_ooggZn”~2g = Im_, oo gFParenteft=xp Yy = lm_, o Fg — parenleftzn gyn) 1)

M, 00 gyn = yg = lm_, g FPN Yy 00y = 1m_,  Fg — parenle ftyn, gzn). 2)

ch ve

gz, Fparenleft — x,y)) < dgzx,ggan+ 1)+ dggan+ 1,F x — parenleft,y))
dgz,ggazn+ 1)+ dgF parenleft —xn,y,), F x — parenleft,y))

dgxr,ggxzn+ 1)+ dF parenleft — gzngyn), F = — parenleft,y))
dgz,ggan+1)+  alggangz) +  Blggyn, gy)

~d(F parenleft — gzn' gyn), ggzn) + dF x — parenleft, y), gx)]

M(F  parenleft — gzngyn), gz) + dF x — parenleft,y), ggzn]
dgz,ggrn+1)+ alggengz) +  Blggyn, gy)

yd(F  parenleft — gzn gyn), ggan) + dF  x — parenleft,y), gz)]

Ad(F  parenleft — gangyn), gx) + dF x — parenleft,y), gz) + dgx7ggxn)].

h—isim I—pes

gz, Fparenleft —x,y)) < 11_,_x(d(gx, ggzn + 1) + ad(ggxn, gz) + Bd(ggyn, gy)

+yd(F(gxn, gyn), ggzn) + A[d(F (gzn, gyn), g) + d(gz, ggwn)(]) :
23

Let & < c.By(21),(22)), there exist ng € N such that



d(gr,ggan) < 1+° (L—4v8 -+, 20, dggyn,gy) < 1+°(L—+78 — +N 2\,

d(F(gan, gyn),ggzn) < 1+ (L—+78 — +1}, 27

and d(F(gxn,gyn),gr) < 1+°(L—+18— +)\)7+2)\
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23 ), wehaved(gx,F(x,y)) < cforalln > nyg.

Therefore, g = F(x,y).

Similarly , one can show that gy = F(y,x). Thus we have proved that F' and g
have a coupled coincidence point .
COROLLARY 2 1 . Let (X,=) be a partially ordered s e t and suppose there
is a
metric d such that (X,d) s a complete cone metric space . Let F: XxX — X
18 such F has the mized monotone property and there exist non - negative constants
a, B,y and X satisfying o+ B+ 2y 42X < 1 such that

d(F(z,y), F(u,v)) < ad(z,u) + Bd(y,v) +y[d(F(z,y), z) + d(F(u,v), u)]
+Ad(F(z,y),u) + d(F(u,v),x)] (24)

forall z,y,u,v € X with © <u and y>=v. Suppose e ither
( a )F is continuous or
(b )X has th e fo l lowing property :

(i)if {xz,} is a non - decreasing s equence and lm, o x, = x then z, <z for
al l n,

(ii ) if {yn} is a non - in creasing s equence and lim, ,.oyn =y th en y < yn
for all n.

If there exist x,y0 € X such that zo < F(xo,y0) and y0 = F(y0,xzq) then F
has a coupled fized po int .

REMARK 2 2 . Theorems 2. 2and 2. 3in[14], Theorems 2. 1 and 2. 2in
[ 1 0] are special cases of Corollary 22 .

THEOREM 23 . In addition to the hypotheses of Theorem 20 , suppose that
for every (z,y), (z,t) € X xX thereexistsa (u,v) € X xX such that
(gu,gv) s

comparable to (gx, gy)) and (gz,gt). Then F and g have a unique coupled common
fixed point .

Proof .  Suppose (x,y) and (z,t) are coupled coincidence points of F' and g,
that is , gz = F(x,y),9y = F(y,x),92 = F(z,t) and gt = F(t, z). We shall show
that gz = gz and gy = gt. By the assumption , there exists (u,v) € X x X that

(gu, gv) is comparable to (g, gy) and (gz, gt).
Since F(X x X) C g(X), we define sequences {uy,}, {v,} as follows

ug = u,v9 = v, gun + 1 = F(up,v,) andgon + 1= F (v, up),

for all n. Since (gu, gv) is comparable with (gz, gy), we may assume that (gz, gy) <

(gu, gv) = (gu0, gv0).

By using the mathematical induction , it is easy to prove that

(9z,9y) = (gun, gun), foralln. (25)



From ( 6 ) and ( 25 ) , we have

d(gz,gun+1) = d(F(x,y), F(un,v,))
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< ad(gz, gun) + Bd(gy, gun) +~[d(F(2,y), gx) + d(F (un, va), gun)
(

+ ]
+A[d(F(z,y), gun) + d(F(un,vy,), g2)]

+A[d(gz, gun) + d(gun + 1, gz)]
< ad(gz, gun) + Bd(gy, gvn) + v[d(gun + 1, gz) + d(gz, gun)]
+Ald(gz, gun) + d(gun + 1, gx)].
This implies

d(gz, gun +1) < al +_ 77 +_ M (gz, gun) + 1 — B, — X (gy, gvn).

Similarly , from ( 6 ) and ( 25 ) , we also have

d(gy,gon +1) < al +_ 7 +_ M (gy, gvn) + 1 — B, — A\%(gz, gun).

Summing up ( 26 ) and ( 27 ) , we obtain

d(gz, gun + 1) + d(gy, gon + 1) < o+ 1_ByTy_ + A\[d(gz, gun) + d(gy, gvn)]
< k*[d(gz, gun — 2) + d(gy, gun — 2)]

< kK" d(ga, gu0) + d(gy, gv0)]

BHY+A

where k£ = a+7 7"\ < 1. This implies

d(gz, gun +1) < k""[d(gz, gu0) + d(gy, gv0)],
for all n. Let # < ¢ be given . Then there is a neighborhood of 4

Ns(0) ={y € E:| y |[< 4},
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(26)

where 6 > 0, such that ¢ + Ns(0) C IntP. Since k < 1, there is an N7 € N such that

| = k"1 [d(gz, gu0) + d(gy, gvO)]|| < 4.
Then

—k" M d(gx, gu0) + d(gy, gv0)] € Ns(0).
for all n > N;. Hence

c — k" d(gx, gu0) + d(gy, gv0)] € ¢ + N5(0) C IntP.

Therefore ,

K" d(gz, gu0) + d(gy, gv0)] < c,

for all n > Ny. That means d(gz,gun+1) < ¢, for allm > Ny. Thus ,gun — gz
as n — oo. Similarly , one can show that guvn — gy,gun — gz and guvn — gt as

n — 0o. By the uniqueness of limits , we have gx = gz and gy = gt.
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Since gz = F(z,y) and gy = F(y, ), by the compatibility of F and g , it is
easy to find that

ggr = gF(z,y) = F(gx,g9y) andggy = gF(y,x) = F(gy, gx).

Denote gz = p and gy = ¢, then gp = F(p,q),99 = F(q,p). Thus (p,q) is a coupled
coincidence of F' and g. Hence gr = gp and gy = gq. Therefore ,

p=gp=F(p,q) andg=gq=F(qp)

This means that (p, q) is a coupled common fixed point of F and g .

Suppose (a,b) is another coupled common fixed point of F' and g. Then from the
previous argument ,p = gp =ga =a and ¢ = gg = gb =b.

We end the paper with a simple example which can be applied to Theorem 20 but
not to Theorem 15 .

EXAMPLE 2 0 . Let X =R,E=CL[0,1] and P={¢ € E: ¢ > 0}. Define

d: X xX —Ebyd(z,y)=|x—y|¢forall z,y € X, where ¢ : [0,1] — R such
that ¢(t) = e'. Tt is clear that (X,d) is a complete cone metric space .  On the set
X, we consider the following order relation

r,yeX, z=xy & zxz=yor (z,y)=(0,1).
Let F: X x X — X be given by

Fla.y) 1, ifx,yarecomparable,
x =
4 0, otherwise.

and g : X — X be given by gz = z, for all x € X It is easy to see that all the conditions
of Theorem 2 . 5 are satisfied with «, 5,7,d > 0 and o + § + 2y + 20 < 1. Moreover , (
1, 1) is a coupled coincidence point of F' and g.

However , the condition ( 5 ) in Theorem 1 5 is not satisfied . In fact , suppose (5 )
holds . Take z =1,y = 0,u = 1/2 and v = 0; we have

¢ = d(F(1,0),F(1/2,0

= d(F(z,y), F(u,
< ard(gz, gu) + azd(F(z,y), gx) + asd(gy, gv)
+ayd(F(u,v), gu) + asd(F(z,y), gu) + asd(F (u,v), g)
)
)

)
v))
= a1d(gl, g1/2) 4+ a2d(F(1,0), g1) 4+ asd(g0, g0
+a4d(F(1/2,0),91/2) + asd(F(1,0),91/2) + agd(F(1/2,0), g1
=1/2a1¢0 4+ 1/2a4¢ + 1/2a5¢ + agd
< ¢,
which is a contradiction . Thus we cannot apply Theorem 1 5 to this example .
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