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\hspace ∗{\ f i l l }Abstract . \quad In t h i s paper , we f i r s t show that some coupled f i x e d po int theorems in cone

\noindent metr ic spaces are proper consequences o f r e l e v a n t f i x e d po int theorems . Then we g ive and prove

\noindent some corre spond ing coupled f i x e d po int theorems in p a r t i a l l y ordered cone metr ic spaces . Some

\noindent examples are a l s o g iven to i l l u s t r a t e our work .

\centerline {1 . \quad In t roduc t i on and p r e l i m i n a r i e s }

The we l l − known Banach con t ra c t i on p r i n c i p l e i s one o f the p i v o t a l r e s u l t s o f
a n a l y s i s and has a p p l i c a t i o n s in a number o f branches o f mathematics . \quad This pr in −

\noindent c i p l e has been extended and g e n e r a l i z e d in var i ous d i r e c t i o n s f o r r e c en t years by

\noindent putt ing c o n d i t i o n s on the mappings or on the spaces . \quad Huang and Zhang in [ 1 6 ]
int roduced the not ion o f cone metr ic spaces , i n v e s t i g a t e d the convergence in these
spaces , int roduced the not ion o f t h e i r completeness , and proved some f i x e d po int

\noindent theorems f o r c o n t r a c t i v e mappings on cone metr ic spaces . After that , many authors
have fo cused on cone metr ic spaces and i t s t o p o l o g i c a l p r o p e r t i e s , g iven and proved

\noindent f i x e d po int theorems in cone metr ic spaces ( s ee [ 1 −− 6 , 1 2 −− 1 4 , 1 6 −− 1 8 , 20 −− 26 , 33 −− 40 ,

\noindent 42 −− 43 ] and r e f e r e n c e s t h e r e i n ) .

\centerline{Now we f i r s t r e c a l l some d e f i n i t i o n s and p r o p e r t i e s o f cone metr ic spaces . }

\hspace ∗{\ f i l l }D e f i n i t i o n 1 . \quad [ 1 5 ] Let $ E $ be a r e a l Banach space . \quad A subset
$ P $ o f $ E $ i s c a l l e d

\noindent a cone i f and only i f :

\centerline {( a $ ) P $ i s c l o s e d , non − empty and $ P \ne \{ \theta
\} , $ }

\centerline {( b $ ) a , b \ in R , a , b \geq 0 , x ,
y \ in P $ imply that $ ax + by \ in P , $ }

\ [ ( c ) P \cap \Rightarrow notde f parenr ight−notde f notdef−equal \begin { array }{ c} \{ \\
\theta \end{ array }notdef−b r a c e r i g h t ˆ{ per iod−element } notdef−notde f \ ]

\noindent ven a c ne , d f i n e \quad a p r t i a l o \quad der ing \quad $ \ leq $ w th r spec t t \quad
$ P $ b y $ x \ leq y i−f $ an d

ly $ G { i−f } y − x \ in P . $ W es a l l w i t e $ \ l l $ fo r $ y
− x \ in I tP $ e , w $ e−h $ re $ I tP i−s $ \quad t e $ n−i $ t e r i o r
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\hspace ∗{\ f i l l }Keywords and phrases : \quad Coupled f i x e d po int ; mixed monotone mapping ; p a r t i a l l y ordered

\noindent s e t ; cone metr ic space ; compatible mappings .
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Abstract . In this paper , we first show that some coupled fixed point theorems in cone

metric spaces are proper consequences of relevant fixed point theorems . Then we give and prove

some corresponding coupled fixed point theorems in partially ordered cone metric spaces . Some

examples are also given to illustrate our work .

1 . Introduction and preliminaries
The well - known Banach contraction principle is one of the pivotal results of analysis

and has applications in a number of branches of mathematics . This prin -
ciple has been extended and generalized in various directions for recent years by
putting conditions on the mappings or on the spaces . Huang and Zhang in [ 1 6
] introduced the notion of cone metric spaces , investigated the convergence in these
spaces , introduced the notion of their completeness , and proved some fixed point
theorems for contractive mappings on cone metric spaces . After that , many authors
have fo cused on cone metric spaces and its topological properties , given and proved
fixed point theorems in cone metric spaces ( see [ 1 – 6 , 1 2 – 1 4 , 1 6 – 1 8 , 20 – 26 ,
33 – 40 ,
42 – 43 ] and references therein ) .

Now we first recall some definitions and properties of cone metric spaces .
Definition 1 . [ 1 5 ] Let E be a real Banach space . A subset P of E is

called
a cone if and only if :

( a )P is closed , non - empty and P 6= {θ},
( b )a, b ∈ R, a, b ≥ 0, x, y ∈ P imply that ax+ by ∈ P,

(c)P∩ ⇒ notdefparenright− notdefnotdef−equal {
θ
notdef−bracerightperiod−elementnotdef−notdef
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\hspace ∗{\ f i l l }Remarks on coupled f i x e d po int theorems \quad 1 23

\noindent o f $ P . $ \quad Also we s h a l l use $ \prec $ to i n d i c a t e that $ x
\ leq y $ and $ x \not= y . $ \quad The cone $ P $ in

normed space $ E $ i s c a l l e d normal whenever the re i s a number $ k > 0 $ such that f o r
a l l $ x , y \ in E , \theta \ leq x \ leq y $ i m p l i e s $ \paral le l

x \paral le l \ leq k \paral le l y \paral le l . $ The l e a s t p o s i t i v e number
$ k $ s a t i s f y i n g

t h i s norm i n e q u a l i t y i s c a l l e d the normal constant o f $ P . $ I t i s c l e a r that
$ k \geq 1 . $ I t i s

known that the re e x i s t s ordered Banach space $ E $ with cone $ P $ which i s not normal

\begin { a l i g n ∗}
but with Int P \ne \ varnothing .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }D e f i n i t i o n 2 . \quad [ 1 6 ] Let $ X $ be a non − empty s e t . \quad Suppose that the mapping

\begin { a l i g n ∗}
d : X \times X \rightarrow E s a t i s f i e s :
\end{ a l i g n ∗}

\noindent ( d $ 1 ) \theta \ leq d ( x , y ) $ f o r a l l $ x ,
y \ in X $ and $ d ( x , y ) = \theta $ i f and only i f $ x =
y , $

( d $ 2 ) d ( x , y ) = d ( y , x ) $ f o r a l l $ x
, y \ in X , $
( d $ 3 ) d ( x , y ) \ leq d ( x , z ) + d (

z , y ) $ f o r a l l $ x , y , z \ in X . $
Then $ d $ i s c a l l e d a cone metr ic on X and $ ( X , d ) $ i s c a l l e d a cone metr ic space .

\hspace ∗{\ f i l l }The concept o f a cone metr ic space i s more gene ra l than that o f a metr ic space .

\hspace ∗{\ f i l l }D e f i n i t i o n 3 . \quad [ 1 6 ] Let $ ( X , d ) $ be a cone metr ic space . We say that a sequence

\begin { a l i g n ∗}
\{ x { n } \} in X i s :
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }( a ) a Cauchy sequence i f f o r every $ c \ in E $ with $ 0 \ l l
c , $ the re e x i s t s an $ N $ such

\noindent that f o r a l l $ n , m > N , d ( x { n } , x { m } )
\ l l c . $

\hspace ∗{\ f i l l }( b ) a convergent sequence i f f o r every $ c \ in E $ with $ 0
\ l l c , $ the re e x i s t s an $ N $

\noindent such that f o r a l l $ n > N , d ( x { n } , x ) \ l l
c $ f o r some f i x e d $ x \ in X . $

\hspace ∗{\ f i l l }A cone metr ic space $ X $ i s sa id to be complete i f every Cauchy sequence in
$ X $

\noindent i s convergent in $ X . $

\centerline{Let $ ( X , d ) $ be a cone metr ic space ; then we have the f o l l o w i n g p r o p e r t i e s }

\hspace ∗{\ f i l l }( p 1 ) I f $ E $ i s a r e a l Banach space with a cone $ P $ and $ a
\ leq ha $ where $ a \ in P $ and

\begin { a l i g n ∗}
h \ in ( 0 , 1 ) then a = \theta .
\end{ a l i g n ∗}

\noindent ( p 2 ) i f $ \theta \ leq u \ leq c $ f o r each $ \theta \ leq
c $ then $ u = \theta . $

( p 3 ) i f $ u \ leq v $ and $ v \ l l w $ then $ u \ l l w . $
( p 4 ) i f $ a \ leq b + c $ f o r each $ \theta \ leq c $ then $ a

= b . $
( p 5 ) i f $ c \ in Int P , 0 \ leq a { n }$ and $ a { n } \rightarrow
\theta $ then there e x i s t s a $ K $ such that f o r a l l

\begin { a l i g n ∗}
\ tag ∗{$ n > K , we have a { n }$} \ l l c .
\end{ a l i g n ∗}

\centerline{For the d e t a i l s about these p r o p e r t i e s s ee [ 2 1 , 24 ] . }

\hspace ∗{\ f i l l } I t i s known that the sequence $ \{ x { n } \} $ converges to
$ x \ in X $ i f $ d ( x { n } , x ) \rightarrow \theta $ as

\noindent $ n \rightarrow \ infty $ and $ \{ x { n } \} $ i s a Cauchy sequence i f
$ d ( x { n } , x { m } ) \rightarrow \theta $ as $ n , m \rightarrow
\ infty . $ \ h f i l l In the

\noindent case when the cone i s not n e c e s s a r i l y normal , the f a c t that $ d ( x { n }
, y n ) \rightarrow d ( x , y ) $ i f

$ x { n } \rightarrow x $ and $ y n \rightarrow y $ i s not a p p l i c a b l e .

D e f i n i t i o n 4 . \quad [ 3 ] Let $ f , g : X \rightarrow X $ be two s e l f − mappings on
$ X . $ \quad An element

$ x \ in X $ i s c a l l e d a co in c id enc e po int o f $ f $ and $ g $ i f $ fx
= gx . f $ and $ g $ are sa id to be

weakly compatible i f they commute at t h e i r c o in c id enc e po in t s , that i s $ g fx =
fgx $

\begin { a l i g n ∗}
i f fx = gx .
\end{ a l i g n ∗}
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of P period .. Also we shall use prec to indicate that x less or equal y and x negationslash-equal y period ..

The cone P in
normed space E is called normal whenever there is a number k greater 0 such that for
all x comma y in E comma theta less or equal x less or equal y implies bar x bar less or equal k bar y bar

period The least positive number k satisfying
this norm inequality is called the normal constant of P period It is clear that k greater equal 1 period It is
known that there exists ordered Banach space E with cone P which is not normal
but with Int P equal-negationslash varnothing period
Definition 2 period .. open square bracket 1 6 closing square bracket Let X be a non hyphen empty set period

.. Suppose that the mapping
d : X times X right arrow E satisfies :
open parenthesis d 1 closing parenthesis theta less or equal d open parenthesis x comma y closing parenthesis

for all x comma y in X and d open parenthesis x comma y closing parenthesis = theta if and only if x = y comma
open parenthesis d 2 closing parenthesis d open parenthesis x comma y closing parenthesis = d open parenthesis

y comma x closing parenthesis for all x comma y in X comma
open parenthesis d 3 closing parenthesis d open parenthesis x comma y closing parenthesis less or equal d open

parenthesis x comma z closing parenthesis plus d open parenthesis z comma y closing parenthesis for all x comma
y comma z in X period

Then d is called a cone metric on X and open parenthesis X comma d closing parenthesis is called a cone
metric space period

The concept of a cone metric space is more general than that of a metric space period
Definition 3 period .. open square bracket 1 6 closing square bracket Let open parenthesis X comma d closing

parenthesis be a cone metric space period We say that a sequence
open brace x sub n closing brace in X is :
open parenthesis a closing parenthesis a Cauchy sequence if for every c in E with 0 ll c comma there exists an

N such
that for all n comma m greater N comma d open parenthesis x sub n comma x sub m closing parenthesis ll c

period
open parenthesis b closing parenthesis a convergent sequence if for every c in E with 0 ll c comma there exists

an N
such that for all n greater N comma d open parenthesis x sub n comma x closing parenthesis ll c for some

fixed x in X period
A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X period
Let open parenthesis X comma d closing parenthesis be a cone metric space semicolon then we have the

following properties
open parenthesis p 1 closing parenthesis If E is a real Banach space with a cone P and a less or equal ha where

a in P and
h in open parenthesis 0 comma 1 closing parenthesis then a = theta period
open parenthesis p 2 closing parenthesis if theta less or equal u less or equal c for each theta less or equal c

then u = theta period
open parenthesis p 3 closing parenthesis if u less or equal v and v ll w then u ll w period
open parenthesis p 4 closing parenthesis if a less or equal b plus c for each theta less or equal c then a = b

period
open parenthesis p 5 closing parenthesis if c in Int P comma 0 less or equal a sub n and a sub n right arrow

theta then there exists a K such that for all
Equation: n greater K comma we have a sub n .. ll c period
For the details about these properties see open square bracket 2 1 comma 24 closing square bracket period
It is known that the sequence open brace x sub n closing brace converges to x in X if d open parenthesis x

sub n comma x closing parenthesis right arrow theta as
n right arrow infinity and open brace x sub n closing brace is a Cauchy sequence if d open parenthesis x sub

n comma x sub m closing parenthesis right arrow theta as n comma m right arrow infinity period .... In the
case when the cone is not necessarily normal comma the fact that d open parenthesis x sub n comma y n

closing parenthesis right arrow d open parenthesis x comma y closing parenthesis if
x sub n right arrow x and y n right arrow y is not applicable period
Definition 4 period .. open square bracket 3 closing square bracket Let f comma g : X right arrow X be two

self hyphen mappings on X period .. An element
x in X is called a coincidence point of f and g if fx = gx period f and g are said to be
weakly compatible if they commute at their coincidence points comma that is gfx = fgx
if fx = gx period
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of P. Also we shall use ≺ to indicate that x ≤ y and x 6= y. The cone P in
normed space E is called normal whenever there is a number k > 0 such that for all
x, y ∈ E, θ ≤ x ≤ y implies ‖ x ‖≤ k ‖ y ‖ . The least positive number k satisfying this
norm inequality is called the normal constant of P. It is clear that k ≥ 1. It is known
that there exists ordered Banach space E with cone P which is not normal

butwithIntP 6= ∅.

Definition 2 . [ 1 6 ] Let X be a non - empty set . Suppose that the
mapping

d : X ×X → Esatisfies :

( d 1)θ ≤ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y, ( d 2)d(x, y) =
d(y, x) for all x, y ∈ X, ( d 3)d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X. Then d is
called a cone metric on X and (X, d) is called a cone metric space .

The concept of a cone metric space is more general than that of a metric space .
Definition 3 . [ 1 6 ] Let (X, d) be a cone metric space . We say that a

sequence

{xn}inXis :

( a ) a Cauchy sequence if for every c ∈ E with 0 � c, there exists an N such
that for all n,m > N, d(xn, xm) � c.

( b ) a convergent sequence if for every c ∈ E with 0 � c, there exists an N
such that for all n > N, d(xn, x) � c for some fixed x ∈ X.

A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.

Let (X, d) be a cone metric space ; then we have the following properties
( p 1 ) If E is a real Banach space with a cone P and a ≤ ha where a ∈ P and

h ∈ (0, 1)thena = θ.

( p 2 ) if θ ≤ u ≤ c for each θ ≤ c then u = θ. ( p 3 ) if u ≤ v and v � w then
u � w. ( p 4 ) if a ≤ b+ c for each θ ≤ c then a = b. ( p 5 ) if c ∈ IntP, 0 ≤ an and
an → θ then there exists a K such that for all

� c. n > K,wehavean

For the details about these properties see [ 2 1 , 24 ] .
It is known that the sequence {xn} converges to x ∈ X if d(xn, x) → θ as

n→∞ and {xn} is a Cauchy sequence if d(xn, xm)→ θ as n,m→∞. In the
case when the cone is not necessarily normal , the fact that d(xn, yn) → d(x, y) if
xn → x and yn→ y is not applicable .

Definition 4 . [ 3 ] Let f, g : X → X be two self - mappings on X. An
element x ∈ X is called a coincidence point of f and g if fx = gx. f and g are said to
be weakly compatible if they commute at their coincidence points , that is gfx = fgx



iffx = gx.



\noindent 1 24 \quad N . V . Luong , N . X . Thuan , K . P . R . Rao

Using the concept o f weakly compatib le mappings , many authors have s tud i ed
the e x i s t e n c e and uniqueness o f common f i x e d po in t s o f s e l f − mappings in cone metr ic
spaces ( s ee , f o r example , \quad [ 3 , 22 , 23 ] and r e f e r e n c e s t h e r e i n ) . \quad For our purpose , we

\noindent now s t a t e the r e s u l t o f Jungck et . a l . \quad [ 22 ] .

Theorem 5 . \quad [ 22 ] Let $ ( X , d ) $ be a cone metr ic space $ ,
P $ a cone with non − empty in −

t e r i o r and mappings $ f , g : X \rightarrow X . $ \quad Suppose that the re e x i s t non − negat ive cons tant s

\noindent $ a { i } , i = 1 , 2 , . . . , 5 $ s a t i s f y i n g
$ \sum ˆ{ 5 } { i = 1 } a { i } < 1 $ such that , f o r a l l $ x , y
\ in X , $

\begin { a l i g n ∗}
d ( fx , fy ) \ leq a { 1 } d ( gx , gy ) + a { 2 }

d ( gx , fx ) + a { 3 } d ( gy , fy ) + a { 4 } d
( gx , fy ) + a { 5 } d ( gy , fx ) \ tag ∗{$ ( 1 ) $}
\end{ a l i g n ∗}

\noindent I f $ f ( X ) \subseteq g ( X ) $ and $ f ( X ) $
or $ g ( X ) $ i s a complete subspace o f $ X $ th en $ f $ and $ g $
have

a unique co in c idence po i n t in $ X . $ \quad Moreover , i f $ f $ and $ g $
are weakly compatible , then

$ f $ and $ g $ have a unique common f i x e d po int .

Recent ly , e x i s t e n c e o f f i x e d po in t s f o r con t ra c t i on type mappings in p a r t i a l −
l y ordered metr ic spaces has been cons ide red in [ 7 −− 1 1 , 1 9 , 27 −− 32 , 41 ] and r e f e r e n c e s
t h e r e i n , where some a p p l i c a t i o n s to matrix equat ions , ord inary d i f f e r e n t i a l equa −
t i o n s , and i n t e g r a l equat ions has been presented . \quad Bhashkar and Lakshmikantham
[ 1 0 ] introduced the concept o f a coupled f i x e d po int o f a mapping $ F : X
\times X \rightarrow X $

\noindent ( a non − empty s e t ) and e s t a b l i s h e d some coupled f i x e d po int theorems in p a r t i a l l y
ordered complete metr ic spaces which can be used to d i s c u s s the e x i s t e n c e and
uniqueness o f s o l u t i o n f o r p e r i o d i c boundary value problems . \quad Later , Lakshmikan −
tham and $ \acute{C} $ i r i $ \acute{c} [ 27 ] $ proved coupled co in c id enc e and coupled common f i x e d po int
r e s u l t s f o r non l in ea r mappings $ F : X \times X \rightarrow X $ and

$ g : X \rightarrow X $ s a t i s f y i n g ce r −
t a in c o n t r a c t i v e c o n d i t i o n s in p a r t i a l l y ordered complete metr ic spaces . Using the
concepts o f coupled f i x e d po int and coupled co in c id enc e po int , some authors have
proved coupled ( co in c id enc e , f i x e d ) po int theorems in cone metr ic spaces ( s ee [ 1 ,

\noindent 1 4 , 25 , 40 , 42 ] ) . Some o f them are in non − ordered cone metr ic spaces .

D e f i n i t i o n 6 . \quad [ 1 0 ] Let $ ( X , \preceq ) $ be a p a r t i a l l y ordered s e t and
$ F : X \times X \rightarrow X . $

The mapping $ F $ i s s a id to have the mixed monotone property i f $ F $ i s monotone non −
dec r ea s ing in $ x $ and $ F $ i s monotone non − i n c r e a s i n g in $ y , $ that i s , f o r any

$ x , y \ in X , $

\ [\ begin { a l i gned } x { 1 } , x { 2 } \ in X , x { 1 } \preceq x { 2 }
\Rightarrow F ( x { 1 } , y ) \preceq F ( x { 2 } , y ) \\

y 1 , y 2 \ in X , y 1 \preceq y 2 \Rightarrow F (
x , y 1 ) \succeq F ( x , y 2 ) . \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }D e f i n i t i o n 7 . \quad [ 1 0 ] An element $ ( x , y ) \ in
X \times X $ i s c a l l e d a coupled f i x e d po int

\noindent o f the mapping $ F : X \times X \rightarrow X $ i f $ x =
f ( x , y ) $ and $ y = f ( y , x ) . $

D e f i n i t i o n 8 . \quad [ 27 ] Let $ ( X , \preceq ) $ be a p a r t i a l l y ordered s e t and
$ F : X \times X \rightarrow $

$ X , g : X \rightarrow X $ be two mappings . \quad The mapping $ F $
i s s a id to have the mixed g −
monotone property i f $ F $ i s monotone g − non − dec r ea s ing in i t s f i r s t argument and

$ F $
i s monotone g − non − i n c r e a s i n g in i t s second argument , that i s , f o r any $ x

, y \ in X , $

\ [\ begin { a l i gned } x { 1 } , x { 2 } \ in X , gx 1 \preceq gx 2
\Rightarrow F ( x { 1 } , y ) \preceq F ( x { 2 } , y ) \\

y 1 , y 2 \ in X , gy 1 \preceq gy 2 \Rightarrow F (
x , y 1 ) \succeq F ( x , y 2 ) . \end{ a l i gned }\ ]

1 24 .. N period V period Luong comma N period X period Thuan comma K period P period R period Rao
Using the concept of weakly compatible mappings comma many authors have studied
the existence and uniqueness of common fixed points of self hyphen mappings in cone metric
spaces open parenthesis see comma for example comma .. open square bracket 3 comma 22 comma 23 closing

square bracket and references therein closing parenthesis period .. For our purpose comma we
now state the result of Jungck et period al period .. open square bracket 22 closing square bracket period
Theorem 5 period .. open square bracket 22 closing square bracket Let open parenthesis X comma d closing

parenthesis be a cone metric space comma P a cone with non hyphen empty in hyphen
t erior and mappings f comma g : X right arrow X period .. Suppose that there exist non hyphen negative

constants
a sub i comma i = 1 comma 2 comma period period period comma 5 satisfying sum sub i = 1 to the power

of 5 a sub i less 1 such that comma for al l x comma y in X comma
Equation: open parenthesis 1 closing parenthesis .. d open parenthesis fx comma fy closing parenthesis less

or equal a sub 1 d open parenthesis gx comma gy closing parenthesis plus a sub 2 d open parenthesis gx comma
fx closing parenthesis plus a sub 3 d open parenthesis gy comma fy closing parenthesis plus a sub 4 d open
parenthesis gx comma fy closing parenthesis plus a sub 5 d open parenthesis gy comma fx closing parenthesis

If f open parenthesis X closing parenthesis subset equal g open parenthesis X closing parenthesis and f open
parenthesis X closing parenthesis or g open parenthesis X closing parenthesis is a complete subspace of X th en f
and g have

a unique co in cidence po int in X period .. Moreover comma if f and g are weakly compatible comma then
f and g have a unique common fixed point period
Recently comma existence of fixed points for contraction type mappings in partial hyphen
ly ordered metric spaces has been considered in open square bracket 7 endash 1 1 comma 1 9 comma 27 endash

32 comma 41 closing square bracket and references
therein comma where some applications to matrix equations comma ordinary differential equa hyphen
tions comma and integral equations has been presented period .. Bhashkar and Lakshmikantham
open square bracket 1 0 closing square bracket introduced the concept of a coupled fixed point of a mapping

F : X times X right arrow X
open parenthesis a non hyphen empty set closing parenthesis and established some coupled fixed point theorems

in partially
ordered complete metric spaces which can be used to discuss the existence and
uniqueness of solution for periodic boundary value problems period .. Later comma Lakshmikan hyphen
tham and C-acute iri c-acute open square bracket 27 closing square bracket proved coupled coincidence and

coupled common fixed point
results for nonlinear mappings F : X times X right arrow X and g : X right arrow X satisfying cer hyphen
tain contractive conditions in partially ordered complete metric spaces period Using the
concepts of coupled fixed point and coupled coincidence point comma some authors have
proved coupled open parenthesis coincidence comma fixed closing parenthesis point theorems in cone metric

spaces open parenthesis see open square bracket 1 comma
1 4 comma 25 comma 40 comma 42 closing square bracket closing parenthesis period Some of them are in non

hyphen ordered cone metric spaces period
Definition 6 period .. open square bracket 1 0 closing square bracket Let open parenthesis X comma preceq

closing parenthesis be a partially ordered set and F : X times X right arrow X period
The mapping F is said to have the mixed monotone property if F is monotone non hyphen
decreasing in x and F is monotone non hyphen increasing in y comma that is comma for any x comma y in X

comma
Line 1 x sub 1 comma x sub 2 in X comma x sub 1 preceq x sub 2 double stroke right arrow F open parenthesis

x sub 1 comma y closing parenthesis preceq F open parenthesis x sub 2 comma y closing parenthesis Line 2 y
1 comma y 2 in X comma y 1 preceq y 2 double stroke right arrow F open parenthesis x comma y 1 closing
parenthesis succeq F open parenthesis x comma y 2 closing parenthesis period

Definition 7 period .. open square bracket 1 0 closing square bracket An element open parenthesis x comma
y closing parenthesis in X times X is called a coupled fixed point

of the mapping F : X times X right arrow X if x = f open parenthesis x comma y closing parenthesis and y =
f open parenthesis y comma x closing parenthesis period

Definition 8 period .. open square bracket 27 closing square bracket Let open parenthesis X comma preceq
closing parenthesis be a partially ordered set and F : X times X right arrow

X comma g : X right arrow X be two mappings period .. The mapping F is said to have the mixed g hyphen
monotone property if F is monotone g hyphen non hyphen decreasing in its first argument and F
is monotone g hyphen non hyphen increasing in it s second argument comma that is comma for any x comma

y in X comma
Line 1 x sub 1 comma x sub 2 in X comma gx 1 preceq gx 2 double stroke right arrow F open parenthesis

x sub 1 comma y closing parenthesis preceq F open parenthesis x sub 2 comma y closing parenthesis Line 2 y
1 comma y 2 in X comma gy 1 preceq gy 2 double stroke right arrow F open parenthesis x comma y 1 closing
parenthesis succeq F open parenthesis x comma y 2 closing parenthesis period
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Using the concept of weakly compatible mappings , many authors have studied the
existence and uniqueness of common fixed points of self - mappings in cone metric
spaces ( see , for example , [ 3 , 22 , 23 ] and references therein ) . For our purpose
, we
now state the result of Jungck et . al . [ 22 ] .

Theorem 5 . [ 22 ] Let (X, d) be a cone metric space , P a cone with non - empty
in - t erior and mappings f, g : X → X. Suppose that there exist non - negative
constants
ai, i = 1, 2, ..., 5 satisfying

∑5
i=1 ai < 1 such that , for al l x, y ∈ X,

d(fx, fy) ≤ a1d(gx, gy) + a2d(gx, fx) + a3d(gy, fy) + a4d(gx, fy) + a5d(gy, fx) (1)

If f(X) ⊆ g(X) and f(X) or g(X) is a complete subspace of X th en f and g have
a unique co in cidence po int in X. Moreover , if f and g are weakly compatible ,
then f and g have a unique common fixed point .

Recently , existence of fixed points for contraction type mappings in partial - ly
ordered metric spaces has been considered in [ 7 – 1 1 , 1 9 , 27 – 32 , 41 ] and references
therein , where some applications to matrix equations , ordinary differential equa - tions
, and integral equations has been presented . Bhashkar and Lakshmikantham [ 1 0 ]
introduced the concept of a coupled fixed point of a mapping F : X ×X → X
( a non - empty set ) and established some coupled fixed point theorems in partially
ordered complete metric spaces which can be used to discuss the existence and unique-
ness of solution for periodic boundary value problems . Later , Lakshmikan - tham
and Ć iri ć[27] proved coupled coincidence and coupled common fixed point results for
nonlinear mappings F : X ×X → X and g : X → X satisfying cer - tain contractive
conditions in partially ordered complete metric spaces . Using the concepts of cou-
pled fixed point and coupled coincidence point , some authors have proved coupled (
coincidence , fixed ) point theorems in cone metric spaces ( see [ 1 ,
1 4 , 25 , 40 , 42 ] ) . Some of them are in non - ordered cone metric spaces .

Definition 6 . [ 1 0 ] Let (X,�) be a partially ordered set and F : X×X → X.
The mapping F is said to have the mixed monotone property if F is monotone non -
decreasing in x and F is monotone non - increasing in y, that is , for any x, y ∈ X,

x1, x2 ∈ X,x1 � x2 ⇒ F (x1, y) � F (x2, y)

y1, y2 ∈ X, y1 � y2 ⇒ F (x, y1) � F (x, y2).

Definition 7 . [ 1 0 ] An element (x, y) ∈ X×X is called a coupled fixed point
of the mapping F : X ×X → X if x = f(x, y) and y = f(y, x).

Definition 8 . [ 27 ] Let (X,�) be a partially ordered set and F : X ×X →
X, g : X → X be two mappings . The mapping F is said to have the mixed g -
monotone property if F is monotone g - non - decreasing in its first argument and F is
monotone g - non - increasing in it s second argument , that is , for any x, y ∈ X,

x1, x2 ∈ X, gx1 � gx2 ⇒ F (x1, y) � F (x2, y)

y1, y2 ∈ X, gy1 � gy2 ⇒ F (x, y1) � F (x, y2).



Remarks on coupled fixed point theorems 1 25 Definition 9 . [ 27 ] An element
(x, y) ∈ X ×X is called

( 1 ) a coupled coincidence point of the mapping F : X ×X → X and g : X → X

ifgx = F (x, y)andgy = F (y, x).

( 2 ) a coupled common fixed point of the mapping F : X ×X → X and
g : X → X

ifx = gx = F (x, y)andy = gy = F (y, x).

Definition 1 0 . [ 27 ] The mappings F and g where
F : X ×X → X, g : X → X
are said to commute if F (gx, gy) = g(Fx, Fy) for all x, y ∈ X.

In [ 40 ] , Sabetghadam et al . proved the following coupled fixed point theorems .
Theorem 1 1 . [ 40 ] Let (X, d) be a cone metric space , P a cone

with non - empty interio r . Suppose that the mapping F : X ×X → X satisfies
the following contractive condition for al l x, y, u, v ∈ X,

d(F (x, y), F (u, v)) ≤ kd(x, u) + ld(y, v), (2)

where k, l are non - negative constants with k+ l < 1. Then F has a unique coupled
fixed point .

Theorem 1 2 . [ 40 ] Let (X, d) be a cone metric space , P a cone
with non - empty interio r . Suppose that the mapping F : X ×X → X satisfies
the following contractive condition for al l x, y, u, v ∈ X,

d(F (x, y), F (u, v)) ≤ kd(F (x, y), x) + ld(F (u, v), u), (3)

where k, l are non - negative constants with k+ l < 1. Then F has a unique coupled
fixed point .

Theorem 1 3 . [ 40 ] Let (X, d) be a cone metric space , P a cone
with non - empty interio r . Suppose that the mapping F : X ×X → X satisfies
the following contractive condition for al l x, y, u, v ∈ X,

d(F (x, y), F (u, v)) ≤ kd(F (x, y), u) + ld(F (u, v), x), (4)

where k, l are non - negative constants with k+ l < 1. Then F has a unique coupled
fixed point .

Abbas et al . [ 1 ] introduced the concept of w - compatible mappings and proved
some coupled coincidence point theorems which generalized the results of Sabet -
ghadam et al . [ 40 ] .

Definition 1 4 . [ 1 ] The mappings F and g where
F : X ×X → X, g : X → X
are said to be w - compatible if gF (x, y) = F (gy, gx) whenever gx = F (x, y) and

gy = F (y, x).
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D e f i n i t i o n 9 . \quad [ 27 ] An element $ ( x , y ) \ in X \times X $

i s c a l l e d

\hspace ∗{\ f i l l }( 1 ) \quad a coupled co in c id enc e po int o f the mapping $ F : X
\times X \rightarrow X $ and $ g : X \rightarrow X $

\ [ i f gx = F ( x , y ) and gy = F ( y , x ) . \ ]

\hspace ∗{\ f i l l }( 2 ) \quad a coupled common f i x e d po int o f the mapping $ F : X
\times X \rightarrow X $ and $ g : X \rightarrow X $

\ [ i f x = gx = F ( x , y ) and y = gy = F ( y
, x ) . \ ]

\hspace ∗{\ f i l l }D e f i n i t i o n 1 0 . \quad [ 27 ] The mappings $ F $ and $ g $ where
$ F : X \times X \rightarrow X , g : X \rightarrow X $

\noindent are sa id to commute i f $ F ( gx , gy ) = g ( Fx ,
Fy ) $ f o r a l l $ x , y \ in X . $

\hspace ∗{\ f i l l } In [ 40 ] , Sabetghadam et a l . proved the f o l l o w i n g coupled f i x e d po int theorems .

Theorem \quad 1 1 . \quad [ 40 ] \quad Let $ ( X , d ) $ \quad be a cone metr ic space
$ , P $ a cone with non −

empty i n t e r i o r . \quad Suppose that the mapping $ F : X \times X \rightarrow
X $ s a t i s f i e s the f o l l o w i n g

c o n t r a c t i v e cond i t i on f o r a l l $ x , y , u , v \ in X , $

\begin { a l i g n ∗}
d ( F ( x , y ) , F ( u , v ) ) \ leq kd ( x

, u ) + ld ( y , v ) , \ tag ∗{$ ( 2 ) $}
\end{ a l i g n ∗}

\noindent where $ k , l $ are non − negat ive cons tant s with $ k + l <
1 . $ \quad Then $ F $ has a unique coupled

f i x e d po int .

Theorem \quad 1 2 . \quad [ 40 ] \quad Let $ ( X , d ) $ \quad be a cone metr ic space
$ , P $ a cone with non −

empty i n t e r i o r . \quad Suppose that the mapping $ F : X \times X \rightarrow
X $ s a t i s f i e s the f o l l o w i n g

c o n t r a c t i v e cond i t i on f o r a l l $ x , y , u , v \ in X , $

\begin { a l i g n ∗}
d ( F ( x , y ) , F ( u , v ) ) \ leq kd ( F

( x , y ) , x ) + ld ( F ( u , v ) , u ) , \ tag ∗{$ (
3 ) $}
\end{ a l i g n ∗}

\noindent where $ k , l $ are non − negat ive cons tant s with $ k + l <
1 . $ \quad Then $ F $ has a unique coupled

f i x e d po int .

Theorem \quad 1 3 . \quad [ 40 ] \quad Let $ ( X , d ) $ \quad be a cone metr ic space
$ , P $ a cone with non −

empty i n t e r i o r . \quad Suppose that the mapping $ F : X \times X \rightarrow
X $ s a t i s f i e s the f o l l o w i n g

c o n t r a c t i v e cond i t i on f o r a l l $ x , y , u , v \ in X , $

\begin { a l i g n ∗}
d ( F ( x , y ) , F ( u , v ) ) \ leq kd ( F

( x , y ) , u ) + ld ( F ( u , v ) , x ) , \ tag ∗{$ (
4 ) $}
\end{ a l i g n ∗}

\noindent where $ k , l $ are non − negat ive cons tant s with $ k + l <
1 . $ \quad Then $ F $ has a unique coupled

f i x e d po int .

\hspace ∗{\ f i l l }Abbas et a l . [ 1 ] int roduced the concept o f w − compatible mappings and proved

\noindent some coupled co in c id enc e po int theorems which g e n e r a l i z e d the r e s u l t s o f Sabet −

\noindent ghadam et a l . [ 40 ] .

\hspace ∗{\ f i l l }D e f i n i t i o n 1 4 . \quad [ 1 ] The mappings $ F $ and $ g $ where
$ F : X \times X \rightarrow X , g : X \rightarrow X $

\noindent are sa id to be w − compatible i f $ gF ( x , y ) = F (
gy , gx ) $ whenever $ gx = F ( x , y ) $ and

\begin { a l i g n ∗}
gy = F ( y , x ) .
\end{ a l i g n ∗}

Theorem \quad 1 5 . \quad [ 1 ] \quad Let $ ( X , d ) $ \quad be a cone metr ic space with a cone
$ P $ having

non − empty i n t e r i o r $ , F : X \times X \rightarrow X $ and $ g
: X \rightarrow X $ be mappings s a t i s f y i n g .

\begin { a l i g n ∗}
d ( F ( x , y ) , F ( u , v ) ) \ leq a { 1 } d

( gx , gu ) + a { 2 } d ( F ( x , y ) , gx ) +
a { 3 } d ( gy , gv ) \\ + a { 4 } d ( F ( u , v )
, gu ) + a { 5 } d ( F ( x , y ) , gu ) + a { 6 }
d ( F ( u , v ) , gx ) \\ ( 5 )
\end{ a l i g n ∗}
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Definition 9 period .. open square bracket 27 closing square bracket An element open parenthesis x comma y

closing parenthesis in X times X is called
open parenthesis 1 closing parenthesis .. a coupled coincidence point of the mapping F : X times X right arrow

X and g : X right arrow X
if gx = F open parenthesis x comma y closing parenthesis and gy = F open parenthesis y comma x closing

parenthesis period
open parenthesis 2 closing parenthesis .. a coupled common fixed point of the mapping F : X times X right

arrow X and g : X right arrow X
if x = gx = F open parenthesis x comma y closing parenthesis and y = gy = F open parenthesis y comma x

closing parenthesis period
Definition 1 0 period .. open square bracket 27 closing square bracket The mappings F and g where F : X

times X right arrow X comma g : X right arrow X
are said to commute if F open parenthesis gx comma gy closing parenthesis = g open parenthesis Fx comma

Fy closing parenthesis for all x comma y in X period
In open square bracket 40 closing square bracket comma Sabetghadam et al period proved the following coupled

fixed point theorems period
Theorem .. 1 1 period .. open square bracket 40 closing square bracket .. Let open parenthesis X comma d

closing parenthesis .. be a cone metric space comma P a cone with non hyphen
empty interio r period .. Suppose that the mapping F : X times X right arrow X satisfies the following
contractive condition for al l x comma y comma u comma v in X comma
Equation: open parenthesis 2 closing parenthesis .. d open parenthesis F open parenthesis x comma y closing

parenthesis comma F open parenthesis u comma v closing parenthesis closing parenthesis less or equal kd open
parenthesis x comma u closing parenthesis plus ld open parenthesis y comma v closing parenthesis comma

where k comma l are non hyphen negative constants with k plus l less 1 period .. Then F has a unique coupled
fixed point period
Theorem .. 1 2 period .. open square bracket 40 closing square bracket .. Let open parenthesis X comma d

closing parenthesis .. be a cone metric space comma P a cone with non hyphen
empty interio r period .. Suppose that the mapping F : X times X right arrow X satisfies the following
contractive condition for al l x comma y comma u comma v in X comma
Equation: open parenthesis 3 closing parenthesis .. d open parenthesis F open parenthesis x comma y closing

parenthesis comma F open parenthesis u comma v closing parenthesis closing parenthesis less or equal kd open
parenthesis F open parenthesis x comma y closing parenthesis comma x closing parenthesis plus ld open parenthesis
F open parenthesis u comma v closing parenthesis comma u closing parenthesis comma

where k comma l are non hyphen negative constants with k plus l less 1 period .. Then F has a unique coupled
fixed point period
Theorem .. 1 3 period .. open square bracket 40 closing square bracket .. Let open parenthesis X comma d

closing parenthesis .. be a cone metric space comma P a cone with non hyphen
empty interio r period .. Suppose that the mapping F : X times X right arrow X satisfies the following
contractive condition for al l x comma y comma u comma v in X comma
Equation: open parenthesis 4 closing parenthesis .. d open parenthesis F open parenthesis x comma y closing

parenthesis comma F open parenthesis u comma v closing parenthesis closing parenthesis less or equal kd open
parenthesis F open parenthesis x comma y closing parenthesis comma u closing parenthesis plus ld open parenthesis
F open parenthesis u comma v closing parenthesis comma x closing parenthesis comma

where k comma l are non hyphen negative constants with k plus l less 1 period .. Then F has a unique coupled
fixed point period
Abbas et al period open square bracket 1 closing square bracket introduced the concept of w hyphen compatible

mappings and proved
some coupled coincidence point theorems which generalized the results of Sabet hyphen
ghadam et al period open square bracket 40 closing square bracket period
Definition 1 4 period .. open square bracket 1 closing square bracket The mappings F and g where F : X times

X right arrow X comma g : X right arrow X
are said to be w hyphen compatible if gF open parenthesis x comma y closing parenthesis = F open parenthesis

gy comma gx closing parenthesis whenever gx = F open parenthesis x comma y closing parenthesis and
gy = F open parenthesis y comma x closing parenthesis period
Theorem .. 1 5 period .. open square bracket 1 closing square bracket .. Let open parenthesis X comma d

closing parenthesis .. be a cone metric space with a cone P having
non hyphen empty interior comma F : X times X right arrow X and g : X right arrow X be mappings satisfying

period
d open parenthesis F open parenthesis x comma y closing parenthesis comma F open parenthesis u comma v

closing parenthesis closing parenthesis less or equal a sub 1 d open parenthesis gx comma gu closing parenthesis
plus a sub 2 d open parenthesis F open parenthesis x comma y closing parenthesis comma gx closing parenthesis
plus a sub 3 d open parenthesis gy comma gv closing parenthesis plus a sub 4 d open parenthesis F open parenthesis
u comma v closing parenthesis comma gu closing parenthesis plus a sub 5 d open parenthesis F open parenthesis
x comma y closing parenthesis comma gu closing parenthesis plus a sub 6 d open parenthesis F open parenthesis
u comma v closing parenthesis comma gx closing parenthesis open parenthesis 5 closing parenthesis

Theorem 1 5 . [ 1 ] Let (X, d) be a cone metric space with a cone P
having non - empty interior , F : X×X → X and g : X → X be mappings satisfying
.

d(F (x, y), F (u, v)) ≤ a1d(gx, gu) + a2d(F (x, y), gx) + a3d(gy, gv)

+a4d(F (u, v), gu) + a5d(F (x, y), gu) + a6d(F (u, v), gx)

(5)
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\noindent f o r a l l $ x , y , u , v \ in X , $ where $ a { i }
, i = 1 , 2 , . . . , 6 $ are non − negat ive r e a l numbers such

\noindent that $ \sum ˆ{ 6 } { i = 1 } a { i } < 1 . $ \ h f i l l I f $ F
( X \times X ) \subseteq g ( X ) $ \ h f i l l and $ g ( X ) $
\ h f i l l i s a complete subspace o f $ X $

\noindent then $ F $ and $ g $ have a coupled co in c idence po i n t in $ X . $
\quad Moreover , \quad i f $ F $ and $ g $ are
w − compatible , then $ F $ and $ g $ have a unique common coupled f i x e d po int and common

\noindent coupled f i x e d po int o f $ F $ and $ g $ i s o f the form $ ( u ,
u ) $ f o r s ome $ u \ in X . $

In t h i s paper , we f i r s t show that Theorem 1 5 i s a r e a l consequence o f Theorem
5 and so are Theorems 1 1 , 1 2 and 1 3 . Then we g ive and prove some coupled f i x e d
po int r e s u l t s in p a r t i a l l y ordered cone metr ic spaces that are r e l e v a n t to Theorem
1 5 . The r e s u l t s un i fy and extend some recent r e s u l t s .

\centerline {2 . \quad Main r e s u l t s }

\hspace ∗{\ f i l l }Lemma 1 6 . \quad Let $ F : X \times X \rightarrow X $
and $ g : X \rightarrow X $ be w − compatible mappings .

\noindent I f the mapping $ f : X \rightarrow X $ i s de f ined by $ fx =
F ( x , x ) $ f o r a l l $ x \ in X , $ then $ f $ and $ g $

\noindent are weakly compatible mappings .

\hspace ∗{\ f i l l }Proof . Suppose that $ x $ i s a co in c id enc e po int o f $ f $ and
$ g , $ that i s $ , fx = gx . $ By

\noindent the d e f i n i t i o n o f $ f , $ we have $ F ( x , x ) = gx
. $ \ h f i l l Since $ F $ and $ g $ are weakly compatible ,

\noindent we have $ F ( gx , gx ) = gF ( x , x ) . $ There fore
$ fgx = gfx , $ that i s $ , f $ commute $ g $ at t h e i r

\noindent co in c id enc e po int .

\centerline{Theorem 1 7 . \quad Theorem 1 5 i s a consequence o f Theorem 5 . }

\hspace ∗{\ f i l l }Proof . Let $ f : X \rightarrow X $ be the mapping de f ined by
$ fx = F ( x , x ) $ f o r a l l $ x \ in X . $

\noindent In ( 5 ) , take $ x = y , u = v , $ we have

\ [\ begin { a l i gned } d ( fx , fu ) = d ( F ( x , y ) ,
F ( u , v ) ) \\
\ leq a { 1 } d ( gx , gu ) + a { 2 } d ( F ( x ,

x ) , gx ) + a { 3 } d ( gx , gu ) \\
+ a { 4 } d ( F ( u , u ) , gu ) + a { 5 } d (

F ( x , x ) , gu ) + a { 6 } d ( F ( u , u )
, gx ) \\

= a { 1 } d ( gx , gu ) + a { 2 } d ( fx , gx ) +
a { 3 } d ( gx , gu ) \\

+ a { 4 } d ( fu , gu ) + a { 5 } d ( fx , gu ) +
a { 6 } d ( fu , gx ) \\

= ( a { 1 } + a { 3 } ) d ( gx , gu ) + a { 2 } d (
fx , gx ) \\

+ a { 4 } d ( fu , gu ) + a { 5 } d ( fx , gu ) +
a { 6 } d ( fu , gx ) . \end{ a l i gned }\ ]

\noindent Moreover , we have $ f ( X ) \subseteq F ( X \times X
) \subseteq g ( X ) , g ( X ) $ i s a complete subspace o f $ X
. $
Applying Theorem $ 5 , f $ and $ g $ have a co in c id enc e po int $ x \ in

X , $ that i s $ , fx = gx . $
This i m p l i e s that $ F ( x , x ) = gx , $ that i s $ , ( x

, x ) $ i s coupled co in c id enc e po int o f $ F $
and $ g . $ S ince $ f $ and $ g $ are weakly compatible $ , x $ i s unique and

$ x = fx = gx , $ that i s
$ x = F ( x , x ) = gx . $ \quad There fore $ F $ and $ g $

have unique common coupled f i x e d po int o f

\begin { a l i g n ∗}
the form ( x , x ) .
\end{ a l i g n ∗}

The f o l l o w i n g example shows that Theorem \quad 1 5 i s a proper consequence o f
Theorem 5 .

\hspace ∗{\ f i l l }Example \quad 1 8 . \quad Let $ X = R $ with the cone metr ic
$ d ( x , y ) = \mid x − y \mid , $ \quad f o r a l l

\noindent $ x , y \ in X . $ Let $ F : X \times X \rightarrow
X $ be given by

\ [ F ( x , y ) = \{ x ˆ{ x / }ˆ{ 4 , } { + } y , i f ˆ{ i f }
x ˆ{ x } ={ \ne } y ˆ{ y } { , }\ ]
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for al l x comma y comma u comma v in X comma where a sub i comma i = 1 comma 2 comma period period

period comma 6 are non hyphen negative real numbers such
that sum sub i = 1 to the power of 6 a sub i less 1 period .... If F open parenthesis X times X closing parenthesis

subset equal g open parenthesis X closing parenthesis .... and g open parenthesis X closing parenthesis .... is a
complete subspace of X

then F and g have a coupled co in cidence po int in X period .. Moreover comma .. if F and g are
w hyphen compatible comma then F and g have a unique common coupled fixed point and common
coupled fixed point of F and g is of the form open parenthesis u comma u closing parenthesis for s ome u in

X period
In this paper comma we first show that Theorem 1 5 is a real consequence of Theorem
5 and so are Theorems 1 1 comma 1 2 and 1 3 period Then we give and prove some coupled fixed
point results in partially ordered cone metric spaces that are relevant to Theorem
1 5 period The results unify and extend some recent results period
2 period .. Main results
Lemma 1 6 period .. Let F : X times X right arrow X and g : X right arrow X be w hyphen compatible

mappings period
If the mapping f : X right arrow X is defined by fx = F open parenthesis x comma x closing parenthesis for

al l x in X comma then f and g
are weakly compatible mappings period
Proof period Suppose that x is a coincidence point of f and g comma that is comma fx = gx period By
the definition of f comma we have F open parenthesis x comma x closing parenthesis = gx period .... Since F

and g are weakly compatible comma
we have F open parenthesis gx comma gx closing parenthesis = gF open parenthesis x comma x closing

parenthesis period Therefore fgx = gfx comma that is comma f commute g at their
coincidence point period
Theorem 1 7 period .. Theorem 1 5 is a consequence of Theorem 5 period
Proof period Let f : X right arrow X be the mapping defined by fx = F open parenthesis x comma x closing

parenthesis for all x in X period
In open parenthesis 5 closing parenthesis comma take x = y comma u = v comma we have
Line 1 d open parenthesis fx comma fu closing parenthesis = d open parenthesis F open parenthesis x comma

y closing parenthesis comma F open parenthesis u comma v closing parenthesis closing parenthesis Line 2 less
or equal a sub 1 d open parenthesis gx comma gu closing parenthesis plus a sub 2 d open parenthesis F open
parenthesis x comma x closing parenthesis comma gx closing parenthesis plus a sub 3 d open parenthesis gx
comma gu closing parenthesis Line 3 plus a sub 4 d open parenthesis F open parenthesis u comma u closing
parenthesis comma gu closing parenthesis plus a sub 5 d open parenthesis F open parenthesis x comma x closing
parenthesis comma gu closing parenthesis plus a sub 6 d open parenthesis F open parenthesis u comma u closing
parenthesis comma gx closing parenthesis Line 4 = a sub 1 d open parenthesis gx comma gu closing parenthesis
plus a sub 2 d open parenthesis fx comma gx closing parenthesis plus a sub 3 d open parenthesis gx comma gu
closing parenthesis Line 5 plus a sub 4 d open parenthesis fu comma gu closing parenthesis plus a sub 5 d open
parenthesis fx comma gu closing parenthesis plus a sub 6 d open parenthesis fu comma gx closing parenthesis Line
6 = open parenthesis a sub 1 plus a sub 3 closing parenthesis d open parenthesis gx comma gu closing parenthesis
plus a sub 2 d open parenthesis fx comma gx closing parenthesis Line 7 plus a sub 4 d open parenthesis fu comma
gu closing parenthesis plus a sub 5 d open parenthesis fx comma gu closing parenthesis plus a sub 6 d open
parenthesis fu comma gx closing parenthesis period

Moreover comma we have f open parenthesis X closing parenthesis subset equal F open parenthesis X times
X closing parenthesis subset equal g open parenthesis X closing parenthesis comma g open parenthesis X closing
parenthesis is a complete subspace of X period

Applying Theorem 5 comma f and g have a coincidence point x in X comma that is comma fx = gx period
This implies that F open parenthesis x comma x closing parenthesis = gx comma that is comma open paren-

thesis x comma x closing parenthesis is coupled coincidence point of F
and g period Since f and g are weakly compatible comma x is unique and x = fx = gx comma that is
x = F open parenthesis x comma x closing parenthesis = gx period .. Therefore F and g have unique common

coupled fixed point of
the form open parenthesis x comma x closing parenthesis period
The following example shows that Theorem .. 1 5 is a proper consequence of
Theorem 5 period
Example .. 1 8 period .. Let X = R with the cone metric d open parenthesis x comma y closing parenthesis

= bar x minus y bar comma .. for all
x comma y in X period Let F : X times X right arrow X be given by
F open parenthesis x comma y closing parenthesis = braceleftbigg x to the power of x slash sub plus to the

power of 4 comma y comma if to the power of if x to the power of x = equal-negationslash y sub comma to the
power of y
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for al l x, y, u, v ∈ X, where ai, i = 1, 2, ..., 6 are non - negative real numbers such
that

∑6
i=1 ai < 1. If F (X ×X) ⊆ g(X) and g(X) is a complete subspace of

X
then F and g have a coupled co in cidence po int in X. Moreover , if F and
g are w - compatible , then F and g have a unique common coupled fixed point and
common
coupled fixed point of F and g is of the form (u, u) for s ome u ∈ X.

In this paper , we first show that Theorem 1 5 is a real consequence of Theorem 5
and so are Theorems 1 1 , 1 2 and 1 3 . Then we give and prove some coupled fixed
point results in partially ordered cone metric spaces that are relevant to Theorem 1 5 .
The results unify and extend some recent results .

2 . Main results
Lemma 1 6 . Let F : X ×X → X and g : X → X be w - compatible

mappings .
If the mapping f : X → X is defined by fx = F (x, x) for al l x ∈ X, then f and g
are weakly compatible mappings .

Proof . Suppose that x is a coincidence point of f and g, that is , fx = gx. By
the definition of f, we have F (x, x) = gx. Since F and g are weakly compatible ,
we have F (gx, gx) = gF (x, x). Therefore fgx = gfx, that is , f commute g at their
coincidence point .

Theorem 1 7 . Theorem 1 5 is a consequence of Theorem 5 .
Proof . Let f : X → X be the mapping defined by fx = F (x, x) for all x ∈ X.

In ( 5 ) , take x = y, u = v, we have

d(fx, fu) = d(F (x, y), F (u, v))

≤ a1d(gx, gu) + a2d(F (x, x), gx) + a3d(gx, gu)

+a4d(F (u, u), gu) + a5d(F (x, x), gu) + a6d(F (u, u), gx)

= a1d(gx, gu) + a2d(fx, gx) + a3d(gx, gu)

+a4d(fu, gu) + a5d(fx, gu) + a6d(fu, gx)

= (a1 + a3)d(gx, gu) + a2d(fx, gx)

+a4d(fu, gu) + a5d(fx, gu) + a6d(fu, gx).

Moreover , we have f(X) ⊆ F (X × X) ⊆ g(X), g(X) is a complete subspace of X.
Applying Theorem 5, f and g have a coincidence point x ∈ X, that is , fx = gx. This
implies that F (x, x) = gx, that is , (x, x) is coupled coincidence point of F and g. Since
f and g are weakly compatible , x is unique and x = fx = gx, that is x = F (x, x) = gx.
Therefore F and g have unique common coupled fixed point of

theform(x, x).

The following example shows that Theorem 1 5 is a proper consequence of Theo-
rem 5 .

Example 1 8 . Let X = R with the cone metric d(x, y) = | x− y |,
for all
x, y ∈ X. Let F : X ×X → X be given by

F (x, y) = {xx/4,
+y, if ifxx = 6=yy,
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\noindent and $ g : X \rightarrow X $ be given by $ gx = x , \ f o ra l l
x \ in X . $ \quad Then $ F $ and $ g $ do not s a t i s f y the

cond i t i on ( 5 ) f o r a l l $ x , y , u , v \ in X . $ \quad Indeed , suppose ( 5 ) ho lds f o r a l l
$ x , y , u , v \ in X , $

take $ x = 2 u \not= 0 , y = v = 0 , $ we have

\ [\ begin { a l i gned } \mid u \mid = \mid x − u \mid = d ( F (
x , y ) , F ( u , v ) ) \\
\ leq a { 1 } d ( gx , gu ) + a { 2 } d ( F ( x ,

y ) , gx ) + a { 3 } d ( gy , gv ) \\
+ a { 4 } d ( F ( u , v ) , gu ) + a { 5 } d (

F ( x , y ) , gu ) + a { 6 } d ( F ( u , v )
, gx ) \\

= a { 1 } \mid x − u \mid + a { 3 } \mid u \mid + a { 5 }
\mid x − u \mid + a { 6 } \mid u − x \mid \\

= ( a { 1 } + a { 3 } + a { 5 } + a { 6 } ) \mid u \mid
, \end{ a l i gned }\ ]

\noindent which i s a c o n t r a d i c t i o n .

\hspace ∗{\ f i l l }However , i f we d e f i n e $ f : X \rightarrow X $ by $ fx
= F ( x , x ) $ f o r a l l $ x \ in X $ then $ f $ and $ g $

\noindent s a t i s f y a l l the c o n d i t i o n s o f Theorem 5 . \quad Applying Theorem 5 , we conclude that
$ f $

and $ g $ have the unique common f i x e d po int 0 . There fore $ , F $ and $ g $
have the common

\noindent coupled f i x e d po int ( 0 , 0 ) .

We next g ive and prove some coupled f i x e d po int r e s u l t s in p a r t i a l l y ordered
cone metr ic space f o r compatible mappings .

D e f i n i t i o n 1 9 . \quad Let $ ( X , d ) $ be a cone metr ic space . \quad The mappings
$ F $ and $ g $

where $ F : X \times X \rightarrow X , g : X \rightarrow
X $ are sa id to be compatible i f

\ [ \ lim { n \rightarrow \ infty } d ( gF ( x { n } , y n ) ,
F ( gx n , gy n ) ) = \theta and \ lim { n \rightarrow
\ infty } d ( gF ( y n , x { n } ) , F ( gy n , gx
n ) ) = \theta , \ ]

\noindent where $ \{ x { n } \} $ and $ \{ y n \} $ are sequences in
$ X $ such that

\ [ \ lim { n \rightarrow \ infty } F ( x { n } , y n ) = \ lim { n
\rightarrow \ infty } gx n = x and \ lim { n \rightarrow \ infty }
F ( y n , x { n } ) = \ lim { n \rightarrow \ infty } gy n
= y \ ]

\noindent f o r a l l $ x , y \ in X $ are s a t i s f i e d .

\centerline{ I t i s easy to see that i f $ F $ and $ g $ commute then they are compatible . }

\hspace ∗{\ f i l l }Theorem \quad 2 0 . \quad Let $ ( X , \preceq ) $ \quad be a p a r t i a l l y ordered s e t and suppose the re i s a

\noindent metr ic $ d $ such that $ ( X , d ) $ \quad i s a complete cone metr ic space . \quad Let
$ F : X \times X \rightarrow X $

and $ g : X \rightarrow X $ \quad be such $ F $ has the mixed $ g − $
monotone property and the re \quad e x i s t

non − negat ive cons tant s $ \alpha , \beta , \gamma $ and $ \lambda $ s a t i s f y i n g
$ \alpha + \beta + 2 \gamma + 2 \lambda < 1 $ such that

\ [\ begin { a l i gned } d ( F ( x , y ) , F ( u , v ) ) \ leq
\alpha d ( gx , gu ) + \beta d ( gy , gv ) + \gamma
[ d ( F ( x , y ) , gx ) + d ( F ( u , v )
, gu ) ] \\

+ \lambda [ d ( F ( x , y ) , gu ) + d ( F (
u , v ) , gx ) ] ( 6 ) \end{ a l i gned }\ ]

\noindent f o r a l l $ x , y , u , v \ in X $ with $ gx \preceq
gu $ and $ gy \succeq gv . $ \ h f i l l Further suppose that $ F ( X \times
X ) \subseteq $

\noindent $ g ( X ) , g $ i s cont inuous and $ g $ and $ F $ are compatib le . \quad Suppose e i t h e r

\centerline {( a ) F i s cont inuous o r }

\centerline {( b ) X has the f o l l o w i n g property }

\hspace ∗{\ f i l l }( i ) I f $ \{ x { n } \} $ i s a non − dec r ea s ing s equence and
$ \ lim { n \rightarrow \ infty } x { n } = x $ then $ gx n \preceq
gx $

\noindent f o r a l l $ n , $
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and g : X right arrow X be given by gx = x comma forall x in X period .. Then F and g do not satisfy the
condition open parenthesis 5 closing parenthesis for all x comma y comma u comma v in X period .. Indeed

comma suppose open parenthesis 5 closing parenthesis holds for all x comma y comma u comma v in X comma
take x = 2 u negationslash-equal 0 comma y = v = 0 comma we have
Line 1 bar u bar = bar x minus u bar = d open parenthesis F open parenthesis x comma y closing parenthesis

comma F open parenthesis u comma v closing parenthesis closing parenthesis Line 2 less or equal a sub 1 d open
parenthesis gx comma gu closing parenthesis plus a sub 2 d open parenthesis F open parenthesis x comma y closing
parenthesis comma gx closing parenthesis plus a sub 3 d open parenthesis gy comma gv closing parenthesis Line 3
plus a sub 4 d open parenthesis F open parenthesis u comma v closing parenthesis comma gu closing parenthesis
plus a sub 5 d open parenthesis F open parenthesis x comma y closing parenthesis comma gu closing parenthesis
plus a sub 6 d open parenthesis F open parenthesis u comma v closing parenthesis comma gx closing parenthesis
Line 4 = a sub 1 bar x minus u bar plus a sub 3 bar u bar plus a sub 5 bar x minus u bar plus a sub 6 bar u
minus x bar Line 5 = open parenthesis a sub 1 plus a sub 3 plus a sub 5 plus a sub 6 closing parenthesis bar u
bar comma

which is a contradiction period
However comma if we define f : X right arrow X by fx = F open parenthesis x comma x closing parenthesis

for all x in X then f and g
satisfy all the conditions of Theorem 5 period .. Applying Theorem 5 comma we conclude that f
and g have the unique common fixed point 0 period Therefore comma F and g have the common
coupled fixed point open parenthesis 0 comma 0 closing parenthesis period
We next give and prove some coupled fixed point results in partially ordered
cone metric space for compatible mappings period
Definition 1 9 period .. Let open parenthesis X comma d closing parenthesis be a cone metric space period ..

The mappings F and g
where F : X times X right arrow X comma g : X right arrow X are said to be compatible if
limint n right arrow infinity d open parenthesis gF open parenthesis x sub n comma y n closing parenthesis

comma F open parenthesis gx n comma gy n closing parenthesis closing parenthesis = theta and limint n right
arrow infinity d open parenthesis gF open parenthesis y n comma x sub n closing parenthesis comma F open
parenthesis gy n comma gx n closing parenthesis closing parenthesis = theta comma

where open brace x sub n closing brace and open brace y n closing brace are sequences in X such that
limint n right arrow infinity F open parenthesis x sub n comma y n closing parenthesis = limint n right arrow

infinity gx n = x and limint n right arrow infinity F open parenthesis y n comma x sub n closing parenthesis =
limint n right arrow infinity gy n = y

for all x comma y in X are satisfied period
It is easy to see that if F and g commute then they are compatible period
Theorem .. 2 0 period .. Let open parenthesis X comma preceq closing parenthesis .. be a partially ordered s

e t and suppose there is a
metric d such that open parenthesis X comma d closing parenthesis .. is a complete cone metric space period

.. Let F : X times X right arrow X
and g : X right arrow X .. be such F has the mixed g hyphen monotone property and the re .. exist
non hyphen negative constants alpha comma beta comma gamma and lambda satisfying alpha plus beta plus

2 gamma plus 2 lambda less 1 such that
Line 1 d open parenthesis F open parenthesis x comma y closing parenthesis comma F open parenthesis u

comma v closing parenthesis closing parenthesis less or equal alpha d open parenthesis gx comma gu closing
parenthesis plus beta d open parenthesis gy comma gv closing parenthesis plus gamma open square bracket d
open parenthesis F open parenthesis x comma y closing parenthesis comma gx closing parenthesis plus d open
parenthesis F open parenthesis u comma v closing parenthesis comma gu closing parenthesis closing square bracket
Line 2 plus lambda open square bracket d open parenthesis F open parenthesis x comma y closing parenthesis
comma gu closing parenthesis plus d open parenthesis F open parenthesis u comma v closing parenthesis comma
gx closing parenthesis closing square bracket open parenthesis 6 closing parenthesis

for al l x comma y comma u comma v in X with gx preceq gu and gy succeq gv period .... Further suppose
that F open parenthesis X times X closing parenthesis subset equal

g open parenthesis X closing parenthesis comma g is continuous and g and F are compatible period .. Suppose
e ither

open parenthesis a closing parenthesis F is continuous o r
open parenthesis b closing parenthesis X has the following property
open parenthesis i closing parenthesis If open brace x sub n closing brace is a non hyphen decreasing s equence

and limint sub n right arrow infinity x sub n = x then gx n preceq gx
for al l n comma
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and g : X → X be given by gx = x,∀x ∈ X. Then F and g do not satisfy the
condition ( 5 ) for all x, y, u, v ∈ X. Indeed , suppose ( 5 ) holds for all x, y, u, v ∈ X,
take x = 2u 6= 0, y = v = 0, we have

| u |=| x− u |= d(F (x, y), F (u, v))

≤ a1d(gx, gu) + a2d(F (x, y), gx) + a3d(gy, gv)

+a4d(F (u, v), gu) + a5d(F (x, y), gu) + a6d(F (u, v), gx)

= a1 | x− u | +a3 | u | +a5 | x− u | +a6 | u− x |
= (a1 + a3 + a5 + a6) | u |,

which is a contradiction .
However , if we define f : X → X by fx = F (x, x) for all x ∈ X then f and g

satisfy all the conditions of Theorem 5 . Applying Theorem 5 , we conclude that f
and g have the unique common fixed point 0 . Therefore , F and g have the common
coupled fixed point ( 0 , 0 ) .

We next give and prove some coupled fixed point results in partially ordered cone
metric space for compatible mappings .

Definition 1 9 . Let (X, d) be a cone metric space . The mappings F and g
where F : X ×X → X, g : X → X are said to be compatible if

lim
n→∞

d(gF (xn, yn), F (gxn, gyn)) = θand lim
n→∞

d(gF (yn, xn), F (gyn, gxn)) = θ,

where {xn} and {yn} are sequences in X such that

lim
n→∞

F (xn, yn) = lim
n→∞

gxn = xand lim
n→∞

F (yn, xn) = lim
n→∞

gyn = y

for all x, y ∈ X are satisfied .
It is easy to see that if F and g commute then they are compatible .

Theorem 2 0 . Let (X,�) be a partially ordered s e t and suppose there
is a
metric d such that (X, d) is a complete cone metric space . Let F : X×X → X
and g : X → X be such F has the mixed g− monotone property and the re
exist non - negative constants α, β, γ and λ satisfying α+β+2γ+2λ < 1 such that

d(F (x, y), F (u, v)) ≤ αd(gx, gu) + βd(gy, gv) + γ[d(F (x, y), gx) + d(F (u, v), gu)]

+λ[d(F (x, y), gu) + d(F (u, v), gx)] (6)

for al l x, y, u, v ∈ X with gx � gu and gy � gv. Further suppose that F (X ×X) ⊆
g(X), g is continuous and g and F are compatible . Suppose e ither

( a ) F is continuous o r
( b ) X has the following property

( i ) If {xn} is a non - decreasing s equence and limn→∞ xn = x then gxn � gx
for al l n,
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\hspace ∗{\ f i l l }( i i ) I f $ \{ y n \} $ i s a non − i n c r e a s i n g s equence and
$ \ lim { n \rightarrow \ infty } y n = y $ th en $ gy \preceq gy
n $

\noindent f o r a l l $ n . $

\hspace ∗{\ f i l l } I f the re e x i s t $ x { 0 } , y 0 \ in X $ such that $ gx
0 \preceq F ( x { 0 } , y 0 ) $ and $ gy 0 \succeq F (
y 0 , x { 0 } ) $ then

\noindent $ F $ and $ g $ have a coupled co in c id enc e po int .

\hspace ∗{\ f i l l }Proof . \quad Let $ x { 0 } , y 0 \ in X $ be such that
$ gx 0 \preceq F ( x { 0 } , y 0 ) $ and $ gy 0 \succeq F
( y 0 , x { 0 } ) . $

\noindent Since $ F ( X \times X ) \subseteq g ( X ) , $ we cons t ruc t sequences
$ \{ x { n } \} $ and $ \{ y n \} $ in X as f o l l o w s

\hspace ∗{\ f i l l } $ gx n + 1 = F ( x { n } , y n ) $ \quad and
$ gy n + 1 = F ( y n , x { n } ) , $ \quad f o r a l l $ n
\geq 0 ( 7 ) $

\noindent We s h a l l show that

\begin { a l i g n ∗}
gx n \preceq gx n + 1 , f o r a l l n \geq 0 \ tag ∗{$ ( 8 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
gy n \succeq gy n + 1 , f o r a l l n \geq 0 \ tag ∗{$ ( 9 ) $}
\end{ a l i g n ∗}

\noindent Since $ gx 0 \preceq F ( x { 0 } , y 0 ) $ and $ gy
0 \succeq F ( y 0 , x { 0 } ) $ and as $ gx 1 = F ( x { 0 }
, y 0 ) $ and $ gy 1 = $

\noindent $ F ( y 0 , x { 0 } ) , $ we have $ gx 0 \preceq gx
1 $ and $ gy 0 \succeq gy 1 . $ Thus ( 8 ) and ( 9 ) hold f o r $ n =
0 . $

Suppose that ( 8 ) and ( 9 ) hold f o r some $ n \geq 0 . $ \quad Then , s i n c e
$ gx n \preceq gx n + 1 $ and

$ gy n \succeq gy n + 1 , $ and by the $ g − $ mixed monotone property o f
$ F , $ we have

\begin { a l i g n ∗}
gx n + 2 = F ( x { n + 1 } , y n + 1 ) \succeq F

( x { n } , y n + 1 ) \succeq F ( x { n } , y n ) =
gx n + 1 \ tag ∗{$ ( 1 0 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
gy n + 2 = F ( y n + 1 , x { n + 1 } ) \preceq F

( y n , x { n + 1 } ) \preceq F ( y n , x { n } ) =
gy n + 1 . \ tag ∗{$ ( 1 1 ) $}
\end{ a l i g n ∗}

\noindent Now from ( 1 0 ) and ( 1 1 ) , we obta in

\ [ gx n + 1 \preceq gx n + 2 and gy n + 1 \succeq gy
n + 2 \ ]

\noindent Thus by the mathematical induct i on we conclude that ( 8 ) and ( 9 ) hold f o r a l l
$ n \geq 0 . $

S ince $ gx n − 1 \preceq gx n $ and $ gy n − 1 \succeq gy
n , $ from ( 6 ) and ( 7 ) , we have

\begin { a l i g n ∗}
d ( gx n , gx n + 1 ) = d ( F ( x { n − 1 } ,

y n − 1 ) , F ( x { n } , y n ) ) \\ \ leq \alpha d
( gx n − 1 , gx n ) + \beta d ( gy n − 1 , gy
n ) \\ + \gamma [ d ( F ( x { n − 1 } , y n − 1 )
, gx n − 1 ) + d ( F ( x { n } , y n ) , gx n
) ] \\ + \lambda [ d ( F ( x { n − 1 } , y n − 1 )
, gx n ) + d ( F ( x { n } , y n ) , gx n − 1
) ] \\ \ leq \alpha d ( gx n − 1 , gx n ) + \beta d
( gy n − 1 , gy n ) + \gamma [ d ( gx n , gx n
− 1 ) + d ( gx n + 1 , gx n ) ] \\ + \lambda d (
gx n + 1 , gx n − 1 ) \\ \ leq \alpha d ( gx n − 1
, gx n ) + \beta d ( gy n − 1 , gy n ) + \gamma
[ d ( gx n , gx n − 1 ) + d ( gx n + 1 , gx
n ) ] \\ + \lambda [ d ( gx n + 1 , gx n ) + d (
gx n , gx n − 1 ) ] \ tag ∗{$ ( 1 2 ) $}
\end{ a l i g n ∗}

\noindent There fore ,

\begin { a l i g n ∗}
d ( gx n , gx n + 1 ) \ leq \alpha{ 1 } + { − } \gamma ˆ{ \gamma }

+ { − } \lambda ˆ{ \lambda { d }} ( gx n − 1 , gx n ) + 1
− \beta { \gamma } − \lambda ˆ{ d } ( gy n − 1 , gy n ) . \ tag ∗{$ (
1 3 ) $}
\end{ a l i g n ∗}
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open parenthesis ii closing parenthesis If open brace y n closing brace is a non hyphen increasing s equence

and limint sub n right arrow infinity y n = y th en gy preceq gy n
for al l n period
If the re exist x sub 0 comma y 0 in X such that gx 0 preceq F open parenthesis x sub 0 comma y 0 closing

parenthesis and gy 0 succeq F open parenthesis y 0 comma x sub 0 closing parenthesis then
F and g have a coupled coincidence point period
Proof period .. Let x sub 0 comma y 0 in X be such that gx 0 preceq F open parenthesis x sub 0 comma y 0

closing parenthesis and gy 0 succeq F open parenthesis y 0 comma x sub 0 closing parenthesis period
Since F open parenthesis X times X closing parenthesis subset equal g open parenthesis X closing parenthesis

comma we construct sequences open brace x sub n closing brace and open brace y n closing brace in X as follows
gx n plus 1 = F open parenthesis x sub n comma y n closing parenthesis .. and gy n plus 1 = F open parenthesis

y n comma x sub n closing parenthesis comma .. for all n greater equal 0 open parenthesis 7 closing parenthesis
We shall show that
Equation: open parenthesis 8 closing parenthesis .. gx n preceq gx n plus 1 comma for all n greater equal 0
and
Equation: open parenthesis 9 closing parenthesis .. gy n succeq gy n plus 1 comma for all n greater equal 0
Since gx 0 preceq F open parenthesis x sub 0 comma y 0 closing parenthesis and gy 0 succeq F open parenthesis

y 0 comma x sub 0 closing parenthesis and as gx 1 = F open parenthesis x sub 0 comma y 0 closing parenthesis
and gy 1 =

F open parenthesis y 0 comma x sub 0 closing parenthesis comma we have gx 0 preceq gx 1 and gy 0 succeq
gy 1 period Thus open parenthesis 8 closing parenthesis and open parenthesis 9 closing parenthesis hold for n =
0 period

Suppose that open parenthesis 8 closing parenthesis and open parenthesis 9 closing parenthesis hold for some
n greater equal 0 period .. Then comma since gx n preceq gx n plus 1 and

gy n succeq gy n plus 1 comma and by the g hyphen mixed monotone property of F comma we have
Equation: open parenthesis 1 0 closing parenthesis .. gx n plus 2 = F open parenthesis x sub n plus 1 comma

y n plus 1 closing parenthesis succeq F open parenthesis x sub n comma y n plus 1 closing parenthesis succeq F
open parenthesis x sub n comma y n closing parenthesis = gx n plus 1

and
Equation: open parenthesis 1 1 closing parenthesis .. gy n plus 2 = F open parenthesis y n plus 1 comma x

sub n plus 1 closing parenthesis preceq F open parenthesis y n comma x sub n plus 1 closing parenthesis preceq
F open parenthesis y n comma x sub n closing parenthesis = gy n plus 1 period

Now from open parenthesis 1 0 closing parenthesis and open parenthesis 1 1 closing parenthesis comma we
obtain

gx n plus 1 preceq gx n plus 2 and gy n plus 1 succeq gy n plus 2
Thus by the mathematical induction we conclude that open parenthesis 8 closing parenthesis and open paren-

thesis 9 closing parenthesis hold for all n greater equal 0 period
Since gx n minus 1 preceq gx n and gy n minus 1 succeq gy n comma from open parenthesis 6 closing parenthesis

and open parenthesis 7 closing parenthesis comma we have
d open parenthesis gx n comma gx n plus 1 closing parenthesis = d open parenthesis F open parenthesis x

sub n minus 1 comma y n minus 1 closing parenthesis comma F open parenthesis x sub n comma y n closing
parenthesis closing parenthesis less or equal alpha d open parenthesis gx n minus 1 comma gx n closing parenthesis
plus beta d open parenthesis gy n minus 1 comma gy n closing parenthesis plus gamma open square bracket d
open parenthesis F open parenthesis x sub n minus 1 comma y n minus 1 closing parenthesis comma gx n minus 1
closing parenthesis plus d open parenthesis F open parenthesis x sub n comma y n closing parenthesis comma gx n
closing parenthesis closing square bracket plus lambda open square bracket d open parenthesis F open parenthesis
x sub n minus 1 comma y n minus 1 closing parenthesis comma gx n closing parenthesis plus d open parenthesis
F open parenthesis x sub n comma y n closing parenthesis comma gx n minus 1 closing parenthesis closing square
bracket less or equal alpha d open parenthesis gx n minus 1 comma gx n closing parenthesis plus beta d open
parenthesis gy n minus 1 comma gy n closing parenthesis plus gamma open square bracket d open parenthesis gx
n comma gx n minus 1 closing parenthesis plus d open parenthesis gx n plus 1 comma gx n closing parenthesis
closing square bracket plus lambda d open parenthesis gx n plus 1 comma gx n minus 1 closing parenthesis less
or equal alpha d open parenthesis gx n minus 1 comma gx n closing parenthesis plus beta d open parenthesis gy
n minus 1 comma gy n closing parenthesis plus gamma open square bracket d open parenthesis gx n comma gx
n minus 1 closing parenthesis plus d open parenthesis gx n plus 1 comma gx n closing parenthesis closing square
bracket Equation: open parenthesis 1 2 closing parenthesis .. plus lambda open square bracket d open parenthesis
gx n plus 1 comma gx n closing parenthesis plus d open parenthesis gx n comma gx n minus 1 closing parenthesis
closing square bracket

Therefore comma
Equation: open parenthesis 1 3 closing parenthesis .. d open parenthesis gx n comma gx n plus 1 closing

parenthesis less or equal alpha 1 plus minus gamma to the power of gamma plus minus lambda to the power of
lambda sub d open parenthesis gx n minus 1 comma gx n closing parenthesis plus 1 minus beta gamma minus
lambda to the power of d open parenthesis gy n minus 1 comma gy n closing parenthesis period
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( ii ) If {yn} is a non - increasing s equence and limn→∞ yn = y th en gy � gyn
for al l n.

If the re exist x0, y0 ∈ X such that gx0 � F (x0, y0) and gy0 � F (y0, x0) then
F and g have a coupled coincidence point .

Proof . Let x0, y0 ∈ X be such that gx0 � F (x0, y0) and
gy0 � F (y0, x0).
Since F (X ×X) ⊆ g(X), we construct sequences {xn} and {yn} in X as follows

gxn+ 1 = F (xn, yn) and gyn+ 1 = F (yn, xn), for all n ≥ 0 (7)
We shall show that

gxn � gxn+ 1, foralln ≥ 0 (8)

and

gyn � gyn+ 1, foralln ≥ 0 (9)

Since gx0 � F (x0, y0) and gy0 � F (y0, x0) and as gx1 = F (x0, y0) and gy1 =
F (y0, x0), we have gx0 � gx1 and gy0 � gy1. Thus ( 8 ) and ( 9 ) hold for n = 0.

Suppose that ( 8 ) and ( 9 ) hold for some n ≥ 0. Then , since gxn � gxn+ 1 and
gyn � gyn+ 1, and by the g− mixed monotone property of F, we have

gxn+ 2 = F (xn+1, yn+ 1) � F (xn, yn+ 1) � F (xn, yn) = gxn+ 1 (10)

and

gyn+ 2 = F (yn+ 1, xn+1) � F (yn, xn+1) � F (yn, xn) = gyn+ 1. (11)

Now from ( 1 0 ) and ( 1 1 ) , we obtain

gxn+ 1 � gxn+ 2 andgyn+ 1 � gyn+ 2

Thus by the mathematical induction we conclude that ( 8 ) and ( 9 ) hold for all n ≥ 0.
Since gxn− 1 � gxn and gyn− 1 � gyn, from ( 6 ) and ( 7 ) , we have

d(gxn, gxn+ 1) = d(F (xn−1, yn− 1), F (xn, yn))

≤ αd(gxn− 1, gxn) + βd(gyn− 1, gyn)

+γ[d(F (xn−1, yn− 1), gxn− 1) + d(F (xn, yn), gxn)]

+λ[d(F (xn−1, yn− 1), gxn) + d(F (xn, yn), gxn− 1)]

≤ αd(gxn− 1, gxn) + βd(gyn− 1, gyn) + γ[d(gxn, gxn− 1) + d(gxn+ 1, gxn)]

+λd(gxn+ 1, gxn− 1)

≤ αd(gxn− 1, gxn) + βd(gyn− 1, gyn) + γ[d(gxn, gxn− 1) + d(gxn+ 1, gxn)]

+λ[d(gxn+ 1, gxn) + d(gxn, gxn− 1)] (12)

Therefore ,

d(gxn, gxn+ 1) ≤ α1 +− γ
γ +− λ

λd(gxn− 1, gxn) + 1− βγ − λd(gyn− 1, gyn). (13)
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S i m i l a r l y $ , gy n \preceq gy n − 1 $ and $ gx n \succeq gx

n − 1 , $ from ( 6 ) and ( 7 ) , and we have

\begin { a l i g n ∗}
d ( gy n + 1 , gy n ) = d ( F ( y n , x { n }

) , F ( y n − 1 , x { n − 1 } ) ) \\ \ leq \alpha d
( gy n , gy n − 1 ) + \beta d ( gx n , gx n −
1 ) \\ + \gamma [ d ( F ( y n , x { n } ) , gy n )
+ d ( F ( y n − 1 , x { n − 1 } ) , gy n − 1
) ] \\ + \lambda [ d ( F ( y n , x { n } ) , gy n −
1 ) + d ( F ( y n − 1 , x { n − 1 } ) , gy n
) ] \\ \ leq \alpha d ( gy n , gy n − 1 ) + \beta d
( gx n , gx n − 1 ) + \gamma [ d ( gy n + 1 ,
gy n ) + d ( gy n , gy n − 1 ) ] \\ + \lambda d (
gy n + 1 , gy n − 1 ) \\ \ leq \alpha d ( gy n , gy
n − 1 ) + \beta d ( gx n , gx n − 1 ) + \gamma
[ d ( gy n + 1 , gy n ) + d ( gy n , gy n −
1 ) ] \\ + \lambda [ d ( gy n + 1 , gy n ) + d (
gy n , gy n − 1 ) ] \ tag ∗{$ ( 14 ) $}
\end{ a l i g n ∗}

\noindent There fore ,

\begin { a l i g n ∗}
d ( gy n , gy n + 1 ) \ leq \alpha{ 1 } + { − } \gamma ˆ{ \gamma }

+ { − } \lambda ˆ{ \lambda { d }} ( gy n − 1 , gy n ) + 1
− \beta { \gamma } − \lambda ˆ{ d } ( gx n − 1 , gx n ) . \ tag ∗{$ (
1 5 ) $}
\end{ a l i g n ∗}

\noindent From ( 1 3 ) and ( 1 5 ) , we have

\ [\ begin { a l i gned } d ( gx n , gx n + 1 ) + d ( gy n ,
gy n + 1 ) \ leq \alpha +{ 1 } { − } \beta \gamma ˆ{ + } \gamma { − } +{ \lambda }
\lambda [ d ( gx n − 1 , gx n ) + d ( gy n − 1
, gy n ) ] . \\

( 1 6 ) \end{ a l i gned }\ ]

\noindent f o r a l l $ n . $ Set $ k = \alpha{ + } { 1 − \gamma − }ˆ{ \beta
+ \gamma + \lambda } { \lambda } < 1 ; $ from ( 1 6 ) , we have

\ [\ begin { a l i gned } d ( gx n , gx n + 1 ) + d ( gy n ,
gy n + 1 ) \ leq k [ d ( gx n − 1 , gx n ) + d
( gy n − 1 , gy n ) ] \\
\ leq k ˆ{ 2 } [ d ( gx n − 2 , gx n − 1 ) + d (

gy n − 2 , gy n − 1 ) ] \end{ a l i gned }\ ]

\noindent .
.
.

\ [ \ leq k ˆ{ n } [ d ( gx 0 , gx 1 ) + d ( gy 0 ,
gy 1 ) ] \ ]

\noindent This i m p l i e s

\ [ d ( gx n , gx n + 1 ) \ leq k ˆ{ n } [ d ( gx 0
, gx 1 ) + d ( gy 0 , gy 1 ) ] , \ ]

\noindent and

\ [ d ( gy n , gy n + 1 ) \ leq k ˆ{ n } [ d ( gx 0
, gx 1 ) + d ( gy 0 , gy 1 ) ] . \ ]

\noindent We s h a l l show that $ \{ gx n \} $ and $ \{ gy n \} $ are Cauchy sequences .
For $ m > n , $ we have

\ [\ begin { a l i gned } d ( gx n , gx m ) \ leq d ( gx n , gx
n + 1 ) + \cdot \cdot \cdot + d ( gx m − 1 , gx m
) \\
\ leq k ˆ{ n } [ d ( gx 0 , gx 1 ) + d ( gy 0 , gy

1 ) ] + \cdot \cdot \cdot + k ˆ{ m − 1 } [ d ( gx 0
, gx 1 ) + d ( gy 0 , gy 1 ) ] \\
\ leq 1 k { − }ˆ{ n } { k } [ d ( gx 0 , gx 1 ) + d (

gy 0 , gy 1 ) ] . \end{ a l i gned }\ ]

\noindent Let $ \theta \ l l c $ be given . Then there i s a neighborhood o f $ \theta $

\ [ N { \delta } ( \theta ) = \{ y \ in E : \paral le l y \paral le l
\ leq \delta \} , \ ]
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Similarly comma gy n preceq gy n minus 1 and gx n succeq gx n minus 1 comma from open parenthesis 6

closing parenthesis and open parenthesis 7 closing parenthesis comma and we have
d open parenthesis gy n plus 1 comma gy n closing parenthesis = d open parenthesis F open parenthesis y

n comma x sub n closing parenthesis comma F open parenthesis y n minus 1 comma x sub n minus 1 closing
parenthesis closing parenthesis less or equal alpha d open parenthesis gy n comma gy n minus 1 closing parenthesis
plus beta d open parenthesis gx n comma gx n minus 1 closing parenthesis plus gamma open square bracket d
open parenthesis F open parenthesis y n comma x sub n closing parenthesis comma gy n closing parenthesis plus d
open parenthesis F open parenthesis y n minus 1 comma x sub n minus 1 closing parenthesis comma gy n minus 1
closing parenthesis closing square bracket plus lambda open square bracket d open parenthesis F open parenthesis
y n comma x sub n closing parenthesis comma gy n minus 1 closing parenthesis plus d open parenthesis F open
parenthesis y n minus 1 comma x sub n minus 1 closing parenthesis comma gy n closing parenthesis closing square
bracket less or equal alpha d open parenthesis gy n comma gy n minus 1 closing parenthesis plus beta d open
parenthesis gx n comma gx n minus 1 closing parenthesis plus gamma open square bracket d open parenthesis gy
n plus 1 comma gy n closing parenthesis plus d open parenthesis gy n comma gy n minus 1 closing parenthesis
closing square bracket plus lambda d open parenthesis gy n plus 1 comma gy n minus 1 closing parenthesis less or
equal alpha d open parenthesis gy n comma gy n minus 1 closing parenthesis plus beta d open parenthesis gx n
comma gx n minus 1 closing parenthesis plus gamma open square bracket d open parenthesis gy n plus 1 comma
gy n closing parenthesis plus d open parenthesis gy n comma gy n minus 1 closing parenthesis closing square
bracket Equation: open parenthesis 14 closing parenthesis .. plus lambda open square bracket d open parenthesis
gy n plus 1 comma gy n closing parenthesis plus d open parenthesis gy n comma gy n minus 1 closing parenthesis
closing square bracket

Therefore comma
Equation: open parenthesis 1 5 closing parenthesis .. d open parenthesis gy n comma gy n plus 1 closing

parenthesis less or equal alpha 1 plus minus gamma to the power of gamma plus minus lambda to the power of
lambda sub d open parenthesis gy n minus 1 comma gy n closing parenthesis plus 1 minus beta gamma minus
lambda to the power of d open parenthesis gx n minus 1 comma gx n closing parenthesis period

From open parenthesis 1 3 closing parenthesis and open parenthesis 1 5 closing parenthesis comma we have
Line 1 d open parenthesis gx n comma gx n plus 1 closing parenthesis plus d open parenthesis gy n comma

gy n plus 1 closing parenthesis less or equal alpha plus 1 sub minus beta gamma to the power of plus gamma
minus plus lambda lambda open square bracket d open parenthesis gx n minus 1 comma gx n closing parenthesis
plus d open parenthesis gy n minus 1 comma gy n closing parenthesis closing square bracket period Line 2 open
parenthesis 1 6 closing parenthesis

for all n period Set k = alpha plus 1 minus gamma minus sub lambda to the power of beta plus gamma plus
lambda less 1 semicolon from open parenthesis 1 6 closing parenthesis comma we have

Line 1 d open parenthesis gx n comma gx n plus 1 closing parenthesis plus d open parenthesis gy n comma
gy n plus 1 closing parenthesis less or equal k open square bracket d open parenthesis gx n minus 1 comma gx n
closing parenthesis plus d open parenthesis gy n minus 1 comma gy n closing parenthesis closing square bracket
Line 2 less or equal k to the power of 2 open square bracket d open parenthesis gx n minus 2 comma gx n minus 1
closing parenthesis plus d open parenthesis gy n minus 2 comma gy n minus 1 closing parenthesis closing square
bracket

period
period
period
less or equal k to the power of n open square bracket d open parenthesis gx 0 comma gx 1 closing parenthesis

plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket
This implies
d open parenthesis gx n comma gx n plus 1 closing parenthesis less or equal k to the power of n open square

bracket d open parenthesis gx 0 comma gx 1 closing parenthesis plus d open parenthesis gy 0 comma gy 1 closing
parenthesis closing square bracket comma

and
d open parenthesis gy n comma gy n plus 1 closing parenthesis less or equal k to the power of n open square

bracket d open parenthesis gx 0 comma gx 1 closing parenthesis plus d open parenthesis gy 0 comma gy 1 closing
parenthesis closing square bracket period

We shall show that open brace gx n closing brace and open brace gy n closing brace are Cauchy sequences
period

For m greater n comma we have
Line 1 d open parenthesis gx n comma gx m closing parenthesis less or equal d open parenthesis gx n comma

gx n plus 1 closing parenthesis plus times times times plus d open parenthesis gx m minus 1 comma gx m closing
parenthesis Line 2 less or equal k to the power of n open square bracket d open parenthesis gx 0 comma gx 1
closing parenthesis plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket plus times
times times plus k to the power of m minus 1 open square bracket d open parenthesis gx 0 comma gx 1 closing
parenthesis plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket Line 3 less or equal
1 k minus to the power of n sub k open square bracket d open parenthesis gx 0 comma gx 1 closing parenthesis
plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket period

Let theta ll c be given period Then there is a neighborhood of theta
N sub delta open parenthesis theta closing parenthesis = open brace y in E : bar y bar less or equal delta

closing brace comma

Remarks on coupled fixed point theorems 1 29 Similarly , gyn � gyn − 1 and gxn �
gxn− 1, from ( 6 ) and ( 7 ) , and we have

d(gyn+ 1, gyn) = d(F (yn, xn), F (yn− 1, xn−1))

≤ αd(gyn, gyn− 1) + βd(gxn, gxn− 1)

+γ[d(F (yn, xn), gyn) + d(F (yn− 1, xn−1), gyn− 1)]

+λ[d(F (yn, xn), gyn− 1) + d(F (yn− 1, xn−1), gyn)]

≤ αd(gyn, gyn− 1) + βd(gxn, gxn− 1) + γ[d(gyn+ 1, gyn) + d(gyn, gyn− 1)]

+λd(gyn+ 1, gyn− 1)

≤ αd(gyn, gyn− 1) + βd(gxn, gxn− 1) + γ[d(gyn+ 1, gyn) + d(gyn, gyn− 1)]

+λ[d(gyn+ 1, gyn) + d(gyn, gyn− 1)] (14)

Therefore ,

d(gyn, gyn+ 1) ≤ α1 +− γ
γ +− λ

λd(gyn− 1, gyn) + 1− βγ − λd(gxn− 1, gxn). (15)

From ( 1 3 ) and ( 1 5 ) , we have

d(gxn, gxn+ 1) + d(gyn, gyn+ 1) ≤ α+ 1−βγ
+γ− + λλ[d(gxn− 1, gxn) + d(gyn− 1, gyn)].

(16)

for all n. Set k = α+β+γ+λ
1−γ− λ < 1; from ( 1 6 ) , we have

d(gxn, gxn+ 1) + d(gyn, gyn+ 1) ≤ k[d(gxn− 1, gxn) + d(gyn− 1, gyn)]

≤ k2[d(gxn− 2, gxn− 1) + d(gyn− 2, gyn− 1)]

. . .

≤ kn[d(gx0, gx1) + d(gy0, gy1)]

This implies

d(gxn, gxn+ 1) ≤ kn[d(gx0, gx1) + d(gy0, gy1)],

and

d(gyn, gyn+ 1) ≤ kn[d(gx0, gx1) + d(gy0, gy1)].

We shall show that {gxn} and {gyn} are Cauchy sequences . For m > n, we have

d(gxn, gxm) ≤ d(gxn, gxn+ 1) + · · ·+ d(gxm− 1, gxm)

≤ kn[d(gx0, gx1) + d(gy0, gy1)] + · · ·+ km−1[d(gx0, gx1) + d(gy0, gy1)]

≤ 1kn−k[d(gx0, gx1) + d(gy0, gy1)].

Let θ � c be given . Then there is a neighborhood of θ

Nδ(θ) = {y ∈ E :‖ y ‖≤ δ},
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where $ \delta > 0 , $ such that $ c + N { \delta } ( \theta )
\subseteq IntP . $ S ince $ k < 1 , $ choose $ N \ in N $ such that

\ [ \Arrowvert − 1 k { − }ˆ{ n } { k } [ d ( gx 0 , gx 1 )
+ d ( gy 0 , gy 1 ) ] \Arrowvert < \delta . \ ]

\noindent Then

\ [ − 1 ˆ{ k }ˆ{ n } { − } k [ d ( gx 0 , gx 1 ) + d (
gy 0 , gy 1 ) ] \ in N { \delta } ( \theta ) \ ]

\noindent f o r a l l $ n > N . $ Hence

\ [ c − 1 ˆ{ k }ˆ{ n } { − } k [ d ( gx 0 , gx 1 ) + d
( gy 0 , gy 1 ) ] \ in c + N { \delta } ( \theta ) \subseteq
Int P . \ ]

\noindent There fore ,

\ [ 1 k { − }ˆ{ n } { k } [ d ( gx 0 , gx 1 ) + d ( gy
0 , gy 1 ) ] \ l l c , \ ]

\noindent f o r a l l $ n > N . $ This means ,

\ [ d ( gx n , gx m ) \ l l c , f o r a l l m > n > N
. \ ]

\noindent Hence we conclude that $ \{ gx n \} $ i s a Cauchy sequence . S i m i l a r l y , one can show that

\noindent $ \{ gy n \} $ i s a l s o a Cauchy sequence . \quad Since $ X $ i s a complete cone metr ic space , the re
e x i s t $ x , y \ in X $ such that

\begin { a l i g n ∗}
\ lim { n \rightarrow \ infty } gx n = x and \ lim { n \rightarrow
\ infty } gy n = y . \ tag ∗{$ ( 1 7 ) $}
\end{ a l i g n ∗}

\noindent Thus

\begin { a l i g n ∗}
\ lim { n \rightarrow \ infty } F ( x { n } , y n ) = \ lim { n
\rightarrow \ infty } gx n = x and \ lim { n \rightarrow \ infty }
F ( y n , x { n } ) = \ lim { n \rightarrow \ infty } gy n
= y . \ tag ∗{$ ( 1 8 ) $}
\end{ a l i g n ∗}

\noindent Since $ F $ and $ g $ are compatible , from ( 1 8 ) we have

\begin { a l i g n ∗}
\ lim { n \rightarrow \ infty } d ( gF ( x { n } , y n ) ,

F ( gx n , gy n ) ) = \theta \ tag ∗{$ ( 1 9 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\ lim { n \rightarrow \ infty } d ( gF ( y n , x { n } ) ,

F ( gy n , gx n ) ) = \theta . \ tag ∗{$ ( 20 ) $}
\end{ a l i g n ∗}

\noindent Now , \quad suppose \quad that \quad assumption \quad ( a ) \quad holds . \quad Since \quad
$ F , g $ \quad i s \quad cont inuous , \quad by \quad ( 1 8 ) ,

$ gF ( x { n } , y n ) \rightarrow gx $ and $ F ( gx n
, gy n ) \rightarrow F ( x , y ) $ as $ n \rightarrow \ infty
. $ \quad Let $ \theta \ l l c $ be given ;

the re e x i s t s $ k \ in N , $ such that , f o r a l l $ n > k , $

\ [\ begin { a l i gned } d ( gx , gF ( x { n } , y n ) ) \ l l c{ 3 }
, d ( F ( gx n , gy n ) , F ( x , y ) ) \ l l
c{ 3 }\\

and d ( gF ( x { n } , y n ) , F ( gx n , gy n
) ) \ l l c{ 3 }\end{ a l i gned }\ ]

\noindent There fore ,

\ [\ begin { a l i gned } d ( gx , F ( x , y ) ) \ leq d ( gx
, gF ( x { n } , y n ) ) + d ( gF ( x { n } , y n
) , F ( gx n , gy n ) ) \\

+ d ( F ( gx n , gy n ) , F ( x , y ) ) \ l l
c \end{ a l i gned }\ ]
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where delta greater 0 comma such that c plus N sub delta open parenthesis theta closing parenthesis subset

equal IntP period Since k less 1 comma choose N in N such that
vextenddouble-vextenddouble-vextenddouble-vextenddouble minus 1 k minus to the power of n sub k open

square bracket d open parenthesis gx 0 comma gx 1 closing parenthesis plus d open parenthesis gy 0 comma gy 1
closing parenthesis closing square bracket vextenddouble-vextenddouble-vextenddouble-vextenddouble less delta
period

Then
minus 1 to the power of k sub minus to the power of n k open square bracket d open parenthesis gx 0 comma

gx 1 closing parenthesis plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket in N
sub delta open parenthesis theta closing parenthesis

for all n greater N period Hence
c minus 1 to the power of k sub minus to the power of n k open square bracket d open parenthesis gx 0 comma

gx 1 closing parenthesis plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket in c
plus N sub delta open parenthesis theta closing parenthesis subset equal Int P period

Therefore comma
1 k minus to the power of n sub k open square bracket d open parenthesis gx 0 comma gx 1 closing parenthesis

plus d open parenthesis gy 0 comma gy 1 closing parenthesis closing square bracket ll c comma
for all n greater N period This means comma
d open parenthesis gx n comma gx m closing parenthesis ll c comma for all m greater n greater N period
Hence we conclude that open brace gx n closing brace is a Cauchy sequence period Similarly comma one can

show that
open brace gy n closing brace is also a Cauchy sequence period .. Since X is a complete cone metric space

comma there
exist x comma y in X such that
Equation: open parenthesis 1 7 closing parenthesis .. limint n right arrow infinity gx n = x and limint n right

arrow infinity gy n = y period
Thus
Equation: open parenthesis 1 8 closing parenthesis .. limint n right arrow infinity F open parenthesis x sub n

comma y n closing parenthesis = limint n right arrow infinity gx n = x and limint n right arrow infinity F open
parenthesis y n comma x sub n closing parenthesis = limint n right arrow infinity gy n = y period

Since F and g are compatible comma from open parenthesis 1 8 closing parenthesis we have
Equation: open parenthesis 1 9 closing parenthesis .. limint n right arrow infinity d open parenthesis gF open

parenthesis x sub n comma y n closing parenthesis comma F open parenthesis gx n comma gy n closing parenthesis
closing parenthesis = theta

and
Equation: open parenthesis 20 closing parenthesis .. limint n right arrow infinity d open parenthesis gF open

parenthesis y n comma x sub n closing parenthesis comma F open parenthesis gy n comma gx n closing parenthesis
closing parenthesis = theta period

Now comma .. suppose .. that .. assumption .. open parenthesis a closing parenthesis .. holds period .. Since
.. F comma g .. is .. continuous comma .. by .. open parenthesis 1 8 closing parenthesis comma

gF open parenthesis x sub n comma y n closing parenthesis right arrow gx and F open parenthesis gx n comma
gy n closing parenthesis right arrow F open parenthesis x comma y closing parenthesis as n right arrow infinity
period .. Let theta ll c be given semicolon

there exists k in N comma such that comma for all n greater k comma
Line 1 d open parenthesis gx comma gF open parenthesis x sub n comma y n closing parenthesis closing

parenthesis ll c 3 comma d open parenthesis F open parenthesis gx n comma gy n closing parenthesis comma
F open parenthesis x comma y closing parenthesis closing parenthesis ll c 3 Line 2 and d open parenthesis gF
open parenthesis x sub n comma y n closing parenthesis comma F open parenthesis gx n comma gy n closing
parenthesis closing parenthesis ll c 3

Therefore comma
Line 1 d open parenthesis gx comma F open parenthesis x comma y closing parenthesis closing parenthesis

less or equal d open parenthesis gx comma gF open parenthesis x sub n comma y n closing parenthesis closing
parenthesis plus d open parenthesis gF open parenthesis x sub n comma y n closing parenthesis comma F open
parenthesis gx n comma gy n closing parenthesis closing parenthesis Line 2 plus d open parenthesis F open
parenthesis gx n comma gy n closing parenthesis comma F open parenthesis x comma y closing parenthesis
closing parenthesis ll c

1 30 N . V . Luong , N . X . Thuan , K . P . R . Rao where δ > 0, such that c+Nδ(θ) ⊆ IntP.
Since k < 1, choose N ∈ N such that

‖ − 1kn−k[d(gx0, gx1) + d(gy0, gy1)]‖ < δ.

Then

−1kn−k[d(gx0, gx1) + d(gy0, gy1)] ∈ Nδ(θ)

for all n > N. Hence

c− 1kn−k[d(gx0, gx1) + d(gy0, gy1)] ∈ c+Nδ(θ) ⊆ IntP.

Therefore ,

1kn−k[d(gx0, gx1) + d(gy0, gy1)] � c,

for all n > N. This means ,

d(gxn, gxm) � c, forallm > n > N.

Hence we conclude that {gxn} is a Cauchy sequence . Similarly , one can show that
{gyn} is also a Cauchy sequence . Since X is a complete cone metric space , there
exist x, y ∈ X such that

lim
n→∞

gxn = xand lim
n→∞

gyn = y. (17)

Thus

lim
n→∞

F (xn, yn) = lim
n→∞

gxn = xand lim
n→∞

F (yn, xn) = lim
n→∞

gyn = y. (18)

Since F and g are compatible , from ( 1 8 ) we have

lim
n→∞

d(gF (xn, yn), F (gxn, gyn)) = θ (19)

and

lim
n→∞

d(gF (yn, xn), F (gyn, gxn)) = θ. (20)

Now , suppose that assumption ( a ) holds . Since F, g is continuous
, by ( 1 8 ) , gF (xn, yn) → gx and F (gxn, gyn) → F (x, y) as n → ∞. Let
θ � c be given ; there exists k ∈ N, such that , for all n > k,

d(gx, gF (xn, yn))� c3, d(F (gxn, gyn), F (x, y)) � c3

and d(gF (xn, yn), F (gxn, gyn)) � c3

Therefore ,

d(gx, F (x, y)) ≤ d(gx, gF (xn, yn)) + d(gF (xn, yn), F (gxn, gyn))

+d(F (gxn, gyn), F (x, y)) � c
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get

d(gx, F (x, y)) � mc,∀m ∈ N

Notice that mc → θ as m → ∞, and we conclude that
mc − d(gx, F (x, y)) →
−d(gx, F (x, y)) as m → ∞. Since P is closed , we get −d(gx, F (x, y)) ∈ P. Thus
d(gx, F (x, y)) ∈ P∩ ⇒)notdef−periodnotdef H n− notdefelement−cenotdef−notdefd−notdefg−
notdefnegationslash−notdef−notdef−xcomma−braceleftnotdef−notdef−Fnotdef−
xcomma−notdefyinfinity−parenright)notdef−notdefequal− notdef − notdefθnotdefnotdef
T h− e refore , gx = Fx − parenleft, y). mi l− a r y − l, w ec n s o wt at
g y = Fparenleft− y, x).
naly , s ppose t at ( ) h lds . nce { xn} i a n n - decreasing s
quence d gn → x a d a {yn} i− s a n n −n− ii gcreasing s quence a d
gn→ y w eh ve
xn � g x a d gyn � g y f r a l n nce F a d g a e c m p− atible, a d
g i ntinuous , f r om ( 7 ) , ( 1 9 ) a d ( 0 ) w eh ve

m→∞ggxn
=xg = lm→∞gF

parenleft−xn, yn) = lm→∞Fg − parenleftxn,gyn) 1)

d

m→∞ggyn = yg = lm→∞gF
parenleft−yn, xn) = lm→∞Fg − parenleftyn, gxn). 2)

eh ve

gx, Fparenleft− x, y)) ≤ dgx, ggxn+ 1) + dggxn+ 1, F x− parenleft, y))

dgx, ggxn+ 1) + dgF parenleft− xn, yn), F x− parenleft, y))

dgx, ggxn+ 1) + dF parenleft− gxn,gyn), F x− parenleft, y))

dgx, ggxn+ 1) + α(ggxn,gx) + β(ggyn, gy)

γd(F parenleft− gxn,gyn), ggxn) + dF x− parenleft, y), gx)]

λd(F parenleft− gxn,gyn), gx) + dF x− parenleft, y), ggxn)]

dgx, ggxn+ 1) + α(ggxn,gx) + β(ggyn, gy)

γd(F parenleft− gxn,gyn), ggxn) + dF x− parenleft, y), gx)]

λd(F parenleft− gxn,gyn), gx) + dF x− parenleft, y), gx) + dgx, ggxn)].

h− i sim l− p e s

gx, Fparenleft− x, y)) ≤ 11−γ−λ(d(gx, ggxn+ 1) + αd(ggxn, gx) + βd(ggyn, gy)

+γd(F (gxn, gyn), ggxn) + λ[d(F (gxn, gyn), gx) + d(gx, ggxn)])
(23)

Let θ � c. By ( 2 1 ) , ( 22 ) , there exist n0 ∈ N such that



Remarks on coupled f i x e d po int theorems \quad 1 3 1
f o r a l l $ n > k . $ S ince $ c $ i s a r b i t r a r y , we get

\ [ d ( gx , F ( x , y ) ) \ l l m ˆ{ c } , \ f o ra l l m \ in
N \ ]

\noindent Notice that \ h f i l l $ m ˆ{ c } \rightarrow \theta $ as $ m \rightarrow
\ infty , $ \ h f i l l and we conclude that \ h f i l l $ m ˆ{ c } − d ( gx ,
F ( x , y ) ) \rightarrow $

\noindent $ − d ( gx , F ( x , y ) ) $ as $ m \rightarrow
\ infty . $ \quad Since $ P $ i s c l o s e d , we get $ − d ( gx , F (
x , y ) ) \ in P . $ \quad Thus

$ d ( gx , F ( x , y ) ) \ in P \cap \Rightarrow )
notdef−per iod notde f $ H \quad $ n−notde f { element−c e notdef−notde f d−notde f }
g−notde f negat i ons l a sh−notdef−notdef−x comma−b r a c e l e f t ˆ{ notdef−notdef−F } notdef−x
comma−notde f y { i n f i n i t y −parenr i ght } ) notdef−notde f equal−notdef−notde f
\theta notde f notde f $ T \quad $ h−e $ r e f o r e $ , g x = F x−p a r e n l e f t
, y ) . $
mi $ l−a $ r $ y−l , $ \quad w ec n s o \quad wt at $ g y = F p a r e n l e f t−y

, x ) . $

\noindent naly , \quad s \quad ppose t at ( \quad ) \quad h \quad l d s . \quad nce
$ \{ x n ˆ{ \} }$ \quad i \quad a n n − dec r ea s ing \quad s quence

d \quad $ g n \rightarrow x $ a d \quad a \quad $ \{ y n \} i−s $
\quad a n n $ − n−i i g { c r e a s i n g }$ \quad s quence a d \quad $ g n \rightarrow
y $ \quad w eh ve

\noindent $ x n \preceq g x $ a d \quad $ g y n \succeq g y $
f r a l n \quad nce $ F $ a d \quad $ g $ a e c m $ p−a t i b l e ˆ{ , }$ a d \quad
$ g $ i

nt inuous , f r om ( 7 ) , ( 1 9 ) \quad a d \quad ( 0 ) \quad w eh ve

\ [ m { \rightarrow \ infty g } g x n ˆ{ = } xg = l m { \rightarrow
\ infty } g F ˆ{ p a r e n l e f t−x } n , y { n } ) = l m { \rightarrow
\ infty } F g−p a r e n l e f t x n ˆ{ , } g y n ) 1 ) \ ]

\noindent d

\ [ m { \rightarrow \ infty g } g y n = yg = l m { \rightarrow
\ infty } g F ˆ{ p a r e n l e f t−y } n , x { n } ) = l m { \rightarrow
\ infty } F g−p a r e n l e f t y n , g x n ˆ{ ) } . 2 ) \ ]

\noindent eh ve

\ [\ begin { a l i gned } g x , F p a r e n l e f t−x , y ) ) \ leq d g x
, g g x n + 1 ) + d g gx n + 1 , F x−p a r e n l e f t
, y ) ) \\

d g x , g g x n + 1 ) + d g F p a r e n l e f t−x n ,
y { n } ) , F x−p a r e n l e f t , y ) ) \\

d g x , g g x n + 1 ) + d F p a r e n l e f t−g x n ˆ{ , }
g y n ) , F x−p a r e n l e f t , y ) ) \\

d g x , g g x n + 1 ) + \alpha ( g gx n ˆ{ , } g
x ) + \beta ( g gy n , g y ) \\
\gamma d ( F p a r e n l e f t−g x n ˆ{ , } g y n ) , g g x

n ˆ{ ) } + d F x−p a r e n l e f t , y ) , g x ) ] \\
\lambda d ( F p a r e n l e f t−g x n ˆ{ , } g y n ) , g x )

+ d F x−p a r e n l e f t , y ) , g g x n ˆ{ ) } ] \\
d g x , g g x n + 1 ) + \alpha ( g gx n ˆ{ , } g

x ) + \beta ( g gy n , g y ) \\
\gamma d ( F p a r e n l e f t−g x n ˆ{ , } g y n ) , g g x

n ˆ{ ) } + d F x−p a r e n l e f t , y ) , g x ) ] \\
\lambda d ( F p a r e n l e f t−g x n ˆ{ , } g y n ) , g x )

+ d F x−p a r e n l e f t , y ) , g x ) + d g x , g g x
n ˆ{ ) } ] . \end{ a l i gned }\ ]

\noindent $ h−i $ sim \quad $ l−p $ e s

\begin { a l i g n ∗}
g x , F p a r e n l e f t−x , y ) ) \ leq 1{ 1 } { − \gamma − \lambda }

( d ( gx , ggx n + 1 ) + \alpha d ( ggx n , gx
) + \beta d ( ggy n , gy ) \\ + \gamma d ( F ( gx n
, gy n ) , ggx n ) + \lambda [ d ( F ( gx n , gy
n ) , gx ) + d ( gx , ggx n ) ] ) \ tag ∗{$ ( 23 ) $}
\end{ a l i g n ∗}

\noindent Let $ \theta \ l l c . $ By ( 2 1 ) , ( 22 ) , the re e x i s t $ n { 0 }
\ in N $ such that

\ [\ begin { a l i gned } d ( gx , ggx n ) \ l l 1 + ˆ{ c } ( { \alpha }ˆ{ 1 } −{ + } \gamma{ \beta } −{ + }
\lambda { \gamma + }ˆ{ ) } 2 \lambda , d ( ggy n , gy ) \ l l
1 + ˆ{ c } ( { \alpha }ˆ{ 1 } −{ + } \gamma{ \beta } −{ + } \lambda { \gamma
+ }ˆ{ ) } 2 \lambda , \\

d ( F ( gx n , gy n ) , ggx n ) \ l l 1 + ˆ{ c } ( { \alpha }ˆ{ 1 } −{ + } \gamma{ \beta } −{ + }
\lambda { \gamma + }ˆ{ ) } 2 \lambda \\

and d ( F ( gx n , gy n ) , gx ) \ l l 1 + ˆ{ c }
( { \alpha }ˆ{ 1 } −{ + } \gamma{ \beta } −{ + } \lambda { \gamma + }ˆ{ ) } 2
\lambda \end{ a l i gned }\ ]

Remarks on coupled fixed point theorems .. 1 3 1
for all n greater k period Since c is arbitrary comma we get
d open parenthesis gx comma F open parenthesis x comma y closing parenthesis closing parenthesis ll m to

the power of c comma forall m in N
Notice that .... m to the power of c right arrow theta as m right arrow infinity comma .... and we conclude that

.... m to the power of c minus d open parenthesis gx comma F open parenthesis x comma y closing parenthesis
closing parenthesis right arrow

minus d open parenthesis gx comma F open parenthesis x comma y closing parenthesis closing parenthesis
as m right arrow infinity period .. Since P is closed comma we get minus d open parenthesis gx comma F open
parenthesis x comma y closing parenthesis closing parenthesis in P period .. Thus

d open parenthesis gx comma F open parenthesis x comma y closing parenthesis closing parenthesis in P
cap double stroke right arrow closing parenthesis notdef-period notdef H .. n-notdef sub element-c e notdef-
notdef d-notdef g-notdef negationslash-notdef-notdef-x comma-braceleft to the power of notdef-notdef-F notdef-x
comma-notdef y sub infinity-parenright closing parenthesis notdef-notdef equal-notdef-notdef theta notdef notdef
T .. h-e refore comma g x = F x-parenleft comma y closing parenthesis period

mi l-a r y-l comma .. w ec n s o .. wt at g y = F parenleft-y comma x closing parenthesis period
naly comma .. s .. ppose t at open parenthesis .. closing parenthesis .. h .. lds period .. nce open brace x n

to the power of closing brace .. i .. a n n hyphen decreasing .. s quence
d .. g n right arrow x a d .. a .. open brace y n closing brace i-s .. a n n hyphen n-i i g creasing .. s quence a

d .. g n right arrow y .. w eh ve
x n preceq g x a d .. g y n succeq g y f r a l n .. nce F a d .. g a e c m p-a tible to the power of comma a d ..

g i
ntinuous comma f r om open parenthesis 7 closing parenthesis comma open parenthesis 1 9 closing parenthesis

.. a d .. open parenthesis 0 closing parenthesis .. w eh ve
m right arrow infinity g g x n to the power of = xg = l m right arrow infinity g F to the power of parenleft-x

n comma y sub n closing parenthesis = l m right arrow infinity F g-parenleft x n to the power of comma g y n
closing parenthesis 1 closing parenthesis

d
m right arrow infinity g g y n = yg = l m right arrow infinity g F to the power of parenleft-y n comma x sub

n closing parenthesis = l m right arrow infinity F g-parenleft y n comma g x n to the power of closing parenthesis
period 2 closing parenthesis

eh ve
Line 1 g x comma F parenleft-x comma y closing parenthesis closing parenthesis less or equal d g x comma

g g x n plus 1 closing parenthesis plus d g gx n plus 1 comma F x-parenleft comma y closing parenthesis closing
parenthesis Line 2 d g x comma g g x n plus 1 closing parenthesis plus d g F parenleft-x n comma y sub n closing
parenthesis comma F x-parenleft comma y closing parenthesis closing parenthesis Line 3 d g x comma g g x n
plus 1 closing parenthesis plus d F parenleft-g x n to the power of comma g y n closing parenthesis comma F
x-parenleft comma y closing parenthesis closing parenthesis Line 4 d g x comma g g x n plus 1 closing parenthesis
plus alpha open parenthesis g gx n to the power of comma g x closing parenthesis plus beta open parenthesis g
gy n comma g y closing parenthesis Line 5 gamma d open parenthesis F parenleft-g x n to the power of comma g
y n closing parenthesis comma g g x n to the power of closing parenthesis plus d F x-parenleft comma y closing
parenthesis comma g x closing parenthesis closing square bracket Line 6 lambda d open parenthesis F parenleft-g
x n to the power of comma g y n closing parenthesis comma g x closing parenthesis plus d F x-parenleft comma y
closing parenthesis comma g g x n to the power of closing parenthesis closing square bracket Line 7 d g x comma g
g x n plus 1 closing parenthesis plus alpha open parenthesis g gx n to the power of comma g x closing parenthesis
plus beta open parenthesis g gy n comma g y closing parenthesis Line 8 gamma d open parenthesis F parenleft-g
x n to the power of comma g y n closing parenthesis comma g g x n to the power of closing parenthesis plus d F
x-parenleft comma y closing parenthesis comma g x closing parenthesis closing square bracket Line 9 lambda d
open parenthesis F parenleft-g x n to the power of comma g y n closing parenthesis comma g x closing parenthesis
plus d F x-parenleft comma y closing parenthesis comma g x closing parenthesis plus d g x comma g g x n to the
power of closing parenthesis closing square bracket period

h-i sim .. l-p e s
g x comma F parenleft-x comma y closing parenthesis closing parenthesis less or equal 1 1 sub minus gamma

minus lambda open parenthesis d open parenthesis gx comma ggx n plus 1 closing parenthesis plus alpha d open
parenthesis ggx n comma gx closing parenthesis plus beta d open parenthesis ggy n comma gy closing parenthesis
Equation: open parenthesis 23 closing parenthesis .. plus gamma d open parenthesis F open parenthesis gx
n comma gy n closing parenthesis comma ggx n closing parenthesis plus lambda open square bracket d open
parenthesis F open parenthesis gx n comma gy n closing parenthesis comma gx closing parenthesis plus d open
parenthesis gx comma ggx n closing parenthesis closing square bracket closing parenthesis

Let theta ll c period By open parenthesis 2 1 closing parenthesis comma open parenthesis 22 closing parenthesis
comma there exist n sub 0 in N such that

Line 1 d open parenthesis gx comma ggx n closing parenthesis ll 1 plus to the power of c open parenthesis alpha
to the power of 1 minus plus gamma beta minus plus lambda gamma plus to the power of closing parenthesis 2
lambda comma d open parenthesis ggy n comma gy closing parenthesis ll 1 plus to the power of c open parenthesis
alpha to the power of 1 minus plus gamma beta minus plus lambda gamma plus to the power of closing parenthesis
2 lambda comma Line 2 d open parenthesis F open parenthesis gx n comma gy n closing parenthesis comma ggx
n closing parenthesis ll 1 plus to the power of c open parenthesis alpha to the power of 1 minus plus gamma beta
minus plus lambda gamma plus to the power of closing parenthesis 2 lambda Line 3 and d open parenthesis F
open parenthesis gx n comma gy n closing parenthesis comma gx closing parenthesis ll 1 plus to the power of c
open parenthesis alpha to the power of 1 minus plus gamma beta minus plus lambda gamma plus to the power
of closing parenthesis 2 lambda

d(gx, ggxn)� 1 +c (1
α−+γβ −+λ

)
γ+2λ, d(ggyn, gy) � 1 +c (1

α−+γβ −+λ
)
γ+2λ,

d(F (gxn, gyn), ggxn) � 1 +c (1
α−+γβ −+λ

)
γ+2λ

and d(F (gxn, gyn), gx) � 1 +c (1
α−+γβ −+λ

)
γ+2λ
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f o r a l l $ n > n { 0 } . $ \quad Thus , \quad from ( 23 ) , \quad we have

$ d ( gx , F ( x , y ) ) \ l l c $ f o r a l l $ n > n { 0 }
. $

\begin { a l i g n ∗}
There fore , gx = F ( x , y ) .
\end{ a l i g n ∗}

S i m i l a r l y , one can show that $ gy = F ( y , x ) . $ \quad Thus we have proved that
$ F $ and

$ g $ have a coupled co in c id enc e po int .

\hspace ∗{\ f i l l }Coro l l a ry 2 1 . \quad Let $ ( X , \preceq ) $ \quad be a p a r t i a l l y ordered s e t and suppose the re i s a

\noindent metr ic $ d $ such that $ ( X , d ) $ \quad i s a complete cone metr ic space . \quad Let
$ F : X \times X \rightarrow X $

i s such F has the mixed monotone property and there e x i s t non − negat ive cons tant s
$ \alpha , \beta , \gamma $ and $ \lambda $ s a t i s f y i n g $ \alpha +

\beta + 2 \gamma + 2 \lambda < 1 $ such that

\begin { a l i g n ∗}
d ( F ( x , y ) , F ( u , v ) ) \ leq \alpha d

( x , u ) + \beta d ( y , v ) + \gamma [ d ( F
( x , y ) , x ) + d ( F ( u , v ) , u ) ] \\ +
\lambda [ d ( F ( x , y ) , u ) + d ( F ( u ,
v ) , x ) ] \ tag ∗{$ ( 24 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ x , y , u , v \ in X $ with $ x \preceq
u $ and $ y \succeq v . $ \quad Suppose e i t h e r

\centerline {( a $ ) F $ i s cont inuous or }

\centerline {( b $ ) X $ has th e fo l lowing property : }

( i ) i f $ \{ x { n } \} $ i s a non − dec r ea s ing s equence and $ \ lim { n
\rightarrow \ infty } x { n } = x $ then $ x { n } \preceq x $ f o r

a l l $ n , $

( i i ) i f $ \{ y n \} $ i s a non − in c r e a s i n g s equence and $ \ lim { n
\rightarrow \ infty } y n = y $ th en $ y \preceq y n $ f o r

a l l $ n . $

I f the re e x i s t $ x { 0 } , y 0 \ in X $ such that $ x { 0 } \preceq
F ( x { 0 } , y 0 ) $ and $ y 0 \succeq F ( y 0 , x { 0 }
) $ then $ F $

has a coupled f i x e d po i n t .

Remark 2 2 . \quad Theorems 2 . 2 and 2 . 3 in [ 1 4 ] , Theorems 2 . 1 and 2 . 2 in [ 1 0 ] are
s p e c i a l c a s e s o f Coro l l a ry 22 .

Theorem 23 . \quad In add i t i on to the hypotheses o f Theorem 20 , suppose that f o r
every $ ( x , y ) , ( z , t ) \ in X \times X $ \quad th e re e x i s t s a

$ ( u , v ) \ in X \times X $ \quad such that $ ( gu , gv
) $ \quad i s

\noindent comparable to $ ( gx , gy ) ) $ and $ ( gz , gt )
. $ \quad Then $ F $ and $ g $ have a unique coupled common

f i x e d po int .

\hspace ∗{\ f i l l }Proof . \quad Suppose $ ( x , y ) $ and $ ( z , t
) $ are coupled co in c id enc e po in t s o f $ F $ and $ g , $

\noindent that i s $ , gx = F ( x , y ) , gy = F ( y
, x ) , gz = F ( z , t ) $ and $ gt = F ( t , z
) . $ We s h a l l show

\noindent that $ gx = gz $ and $ gy = gt . $ \ h f i l l By the assumption , the re e x i s t s
$ ( u , v ) \ in X \times X $ that

\noindent $ ( gu , gv ) $ i s comparable to $ ( gx , gy ) $ and
$ ( gz , gt ) . $

\centerline{ Since $ F ( X \times X ) \subseteq g ( X ) , $
we d e f i n e sequences $ \{ u { n } \} , \{ v { n } \} $ as f o l l o w s }

\ [ u { 0 } = u , v { 0 } = v , gu n + 1 = F ( u { n }
, v { n } ) and gv n + 1 = F ( v { n } , u { n } ) , \ ]

\noindent f o r a l l $ n . $ S ince $ ( gu , gv ) $ i s comparable with $ (
gx , gy ) , $ we may assume that $ ( gx , gy ) \preceq $

\begin { a l i g n ∗}
( gu , gv ) = ( gu 0 , gv 0 ) .
\end{ a l i g n ∗}

\centerline{By us ing the mathematical induct i on , i t i s easy to prove that }

\begin { a l i g n ∗}
( gx , gy ) \preceq ( gu n , gv n ) , f o r a l l n

. \ tag ∗{$ ( 25 ) $}
\end{ a l i g n ∗}

\noindent From ( 6 ) and ( 25 ) , we have

\ [ d ( gx , gu n + 1 ) = d ( F ( x , y ) , F
( u { n } , v { n } ) ) \ ]

1 32 .. N period V period Luong comma N period X period Thuan comma K period P period R period Rao
for all n greater n sub 0 period .. Thus comma .. from open parenthesis 23 closing parenthesis comma .. we

have d open parenthesis gx comma F open parenthesis x comma y closing parenthesis closing parenthesis ll c for
all n greater n sub 0 period

Therefore comma gx = F open parenthesis x comma y closing parenthesis period
Similarly comma one can show that gy = F open parenthesis y comma x closing parenthesis period .. Thus

we have proved that F and
g have a coupled coincidence point period
Corollary 2 1 period .. Let open parenthesis X comma preceq closing parenthesis .. be a partially ordered s e

t and suppose there is a
metric d such that open parenthesis X comma d closing parenthesis .. is a complete cone metric space period

.. Let F : X times X right arrow X
is such F has the mixed monotone property and there exist non hyphen negative constants
alpha comma beta comma gamma and lambda satisfying alpha plus beta plus 2 gamma plus 2 lambda less 1

such that
d open parenthesis F open parenthesis x comma y closing parenthesis comma F open parenthesis u comma

v closing parenthesis closing parenthesis less or equal alpha d open parenthesis x comma u closing parenthesis
plus beta d open parenthesis y comma v closing parenthesis plus gamma open square bracket d open parenthesis
F open parenthesis x comma y closing parenthesis comma x closing parenthesis plus d open parenthesis F open
parenthesis u comma v closing parenthesis comma u closing parenthesis closing square bracket Equation: open
parenthesis 24 closing parenthesis .. plus lambda open square bracket d open parenthesis F open parenthesis x
comma y closing parenthesis comma u closing parenthesis plus d open parenthesis F open parenthesis u comma
v closing parenthesis comma x closing parenthesis closing square bracket

for al l x comma y comma u comma v in X with x preceq u and y succeq v period .. Suppose e ither
open parenthesis a closing parenthesis F is continuous or
open parenthesis b closing parenthesis X has th e fo l lowing property :
open parenthesis i closing parenthesis if open brace x sub n closing brace is a non hyphen decreasing s equence

and limint sub n right arrow infinity x sub n = x then x sub n preceq x for
al l n comma
open parenthesis ii closing parenthesis if open brace y n closing brace is a non hyphen in creasing s equence

and limint sub n right arrow infinity y n = y th en y preceq y n for
al l n period
If there exist x sub 0 comma y 0 in X such that x sub 0 preceq F open parenthesis x sub 0 comma y 0 closing

parenthesis and y 0 succeq F open parenthesis y 0 comma x sub 0 closing parenthesis then F
has a coupled fixed po int period
Remark 2 2 period .. Theorems 2 period 2 and 2 period 3 in open square bracket 1 4 closing square bracket

comma Theorems 2 period 1 and 2 period 2 in open square bracket 1 0 closing square bracket are
special cases of Corollary 22 period
Theorem 23 period .. In addition to the hypotheses of Theorem 20 comma suppose that for
every open parenthesis x comma y closing parenthesis comma open parenthesis z comma t closing parenthesis

in X times X .. th ere exists a open parenthesis u comma v closing parenthesis in X times X .. such that open
parenthesis gu comma gv closing parenthesis .. is

comparable to open parenthesis gx comma gy closing parenthesis closing parenthesis and open parenthesis gz
comma gt closing parenthesis period .. Then F and g have a unique coupled common

fixed point period
Proof period .. Suppose open parenthesis x comma y closing parenthesis and open parenthesis z comma t

closing parenthesis are coupled coincidence points of F and g comma
that is comma gx = F open parenthesis x comma y closing parenthesis comma gy = F open parenthesis y

comma x closing parenthesis comma gz = F open parenthesis z comma t closing parenthesis and gt = F open
parenthesis t comma z closing parenthesis period We shall show

that gx = gz and gy = gt period .... By the assumption comma there exists open parenthesis u comma v
closing parenthesis in X times X that

open parenthesis gu comma gv closing parenthesis is comparable to open parenthesis gx comma gy closing
parenthesis and open parenthesis gz comma gt closing parenthesis period

Since F open parenthesis X times X closing parenthesis subset equal g open parenthesis X closing parenthesis
comma we define sequences open brace u sub n closing brace comma open brace v sub n closing brace as follows

u sub 0 = u comma v sub 0 = v comma gu n plus 1 = F open parenthesis u sub n comma v sub n closing
parenthesis and gv n plus 1 = F open parenthesis v sub n comma u sub n closing parenthesis comma

for all n period Since open parenthesis gu comma gv closing parenthesis is comparable with open parenthesis
gx comma gy closing parenthesis comma we may assume that open parenthesis gx comma gy closing parenthesis
preceq

open parenthesis gu comma gv closing parenthesis = open parenthesis gu 0 comma gv 0 closing parenthesis
period

By using the mathematical induction comma it is easy to prove that
Equation: open parenthesis 25 closing parenthesis .. open parenthesis gx comma gy closing parenthesis preceq

open parenthesis gu n comma gv n closing parenthesis comma for all n period
From open parenthesis 6 closing parenthesis and open parenthesis 25 closing parenthesis comma we have
d open parenthesis gx comma gu n plus 1 closing parenthesis = d open parenthesis F open parenthesis x comma

y closing parenthesis comma F open parenthesis u sub n comma v sub n closing parenthesis closing parenthesis

1 32 N . V . Luong , N . X . Thuan , K . P . R . Rao for all n > n0. Thus , from (
23 ) , we have d(gx, F (x, y)) � c for all n > n0.

Therefore, gx = F (x, y).

Similarly , one can show that gy = F (y, x). Thus we have proved that F and g
have a coupled coincidence point .

Corollary 2 1 . Let (X,�) be a partially ordered s e t and suppose there
is a
metric d such that (X, d) is a complete cone metric space . Let F : X×X → X
is such F has the mixed monotone property and there exist non - negative constants
α, β, γ and λ satisfying α+ β + 2γ + 2λ < 1 such that

d(F (x, y), F (u, v)) ≤ αd(x, u) + βd(y, v) + γ[d(F (x, y), x) + d(F (u, v), u)]

+λ[d(F (x, y), u) + d(F (u, v), x)] (24)

for al l x, y, u, v ∈ X with x � u and y � v. Suppose e ither
( a )F is continuous or

( b )X has th e fo l lowing property :
( i ) if {xn} is a non - decreasing s equence and limn→∞ xn = x then xn � x for

al l n,
( ii ) if {yn} is a non - in creasing s equence and limn→∞ yn = y th en y � yn

for al l n.
If there exist x0, y0 ∈ X such that x0 � F (x0, y0) and y0 � F (y0, x0) then F

has a coupled fixed po int .
Remark 2 2 . Theorems 2 . 2 and 2 . 3 in [ 1 4 ] , Theorems 2 . 1 and 2 . 2 in

[ 1 0 ] are special cases of Corollary 22 .
Theorem 23 . In addition to the hypotheses of Theorem 20 , suppose that

for every (x, y), (z, t) ∈ X ×X th ere exists a (u, v) ∈ X ×X such that
(gu, gv) is
comparable to (gx, gy)) and (gz, gt). Then F and g have a unique coupled common
fixed point .

Proof . Suppose (x, y) and (z, t) are coupled coincidence points of F and g,
that is , gx = F (x, y), gy = F (y, x), gz = F (z, t) and gt = F (t, z). We shall show
that gx = gz and gy = gt. By the assumption , there exists (u, v) ∈ X ×X that
(gu, gv) is comparable to (gx, gy) and (gz, gt).

Since F (X ×X) ⊆ g(X), we define sequences {un}, {vn} as follows

u0 = u, v0 = v, gun+ 1 = F (un, vn) andgvn+ 1 = F (vn, un),

for all n. Since (gu, gv) is comparable with (gx, gy), we may assume that (gx, gy) �

(gu, gv) = (gu0, gv0).

By using the mathematical induction , it is easy to prove that

(gx, gy) � (gun, gvn), foralln. (25)



From ( 6 ) and ( 25 ) , we have

d(gx, gun+ 1) = d(F (x, y), F (un, vn))
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\ [\ begin { a l i gned } \ leq \alpha d ( gx , gu n ) + \beta d (
gy , gv n ) + \gamma [ d ( F ( x , y ) , gx )
+ d ( F ( u { n } , v { n } ) , gu n ) ] \\

+ \lambda [ d ( F ( x , y ) , gu n ) + d ( F
( u { n } , v { n } ) , gx ) ] \\

+ \lambda [ d ( gx , gu n ) + d ( gu n + 1 ,
gx ) ] \\
\ leq \alpha d ( gx , gu n ) + \beta d ( gy , gv n

) + \gamma [ d ( gu n + 1 , gx ) + d ( gx , gu
n ) ] \\

+ \lambda [ d ( gx , gu n ) + d ( gu n + 1 ,
gx ) ] . \end{ a l i gned }\ ]

\noindent This i m p l i e s

\begin { a l i g n ∗}
d ( gx , gu n + 1 ) \ leq \alpha{ 1 } + { − } \gamma ˆ{ \gamma }

+ { − } \lambda ˆ{ \lambda { d }} ( gx , gu n ) + 1 − \beta { \gamma }
− \lambda ˆ{ d } ( gy , gv n ) . \ tag ∗{$ ( 26 ) $}
\end{ a l i g n ∗}

\noindent S i m i l a r l y , from ( 6 ) and ( 25 ) , we a l s o have

\begin { a l i g n ∗}
d ( gy , gv n + 1 ) \ leq \alpha{ 1 } + { − } \gamma ˆ{ \gamma }

+ { − } \lambda ˆ{ \lambda { d }} ( gy , gv n ) + 1 − \beta { \gamma }
− \lambda ˆ{ d } ( gx , gu n ) . \ tag ∗{$ ( 27 ) $}
\end{ a l i g n ∗}

\noindent Summing up ( 26 ) and ( 27 ) , we obta in

\ [\ begin { a l i gned } d ( gx , gu n + 1 ) + d ( gy , gv n
+ 1 ) \ leq \alpha +{ 1 } { − } \beta \gamma ˆ{ + } \gamma { − } +{ \lambda }
\lambda [ d ( gx , gu n ) + d ( gy , gv n ) ] \\
\ leq k ˆ{ 2 } [ d ( gx , gu n − 2 ) + d ( gy , gv

n − 2 ) ] \end{ a l i gned }\ ]

\noindent .
.
.

\ [ \ leq k ˆ{ n + 1 } [ d ( gx , gu 0 ) + d ( gy ,
gv 0 ) ] \ ]

\noindent where $ k = \alpha{ + } { 1 − \gamma − }ˆ{ \beta + \gamma
+ \lambda } { \lambda } < 1 . $ This i m p l i e s

\ [ d ( gx , gu n + 1 ) \ leq k ˆ{ n + 1 } [ d ( gx
, gu 0 ) + d ( gy , gv 0 ) ] , \ ]

\noindent f o r a l l $ n . $ Let $ \theta \ l l c $ be given . Then there i s a neighborhood o f
$ \theta $

\ [ N { \delta } ( \theta ) = \{ y \ in E : \paral le l y \paral le l
\ leq \delta \} , \ ]

\noindent where $ \delta > 0 , $ such that $ c + N { \delta } ( \theta
) \subseteq IntP . $ \quad Since $ k < 1 , $ the re i s an $ N { 1 }
\ in N $ such

that

\ [ \Arrowvert − k ˆ{ n + 1 } [ d ( gx , gu 0 ) + d (
gy , gv 0 ) ] \Arrowvert < \delta . \ ]

\noindent Then

\ [ − k ˆ{ n + 1 } [ d ( gx , gu 0 ) + d ( gy , gv
0 ) ] \ in N { \delta } ( \theta ) . \ ]

\noindent f o r a l l $ n > N { 1 } . $ Hence

\ [ c − k ˆ{ n + 1 } [ d ( gx , gu 0 ) + d ( gy ,
gv 0 ) ] \ in c + N { \delta } ( \theta ) \subseteq Int P
. \ ]

\noindent There fore ,

\ [ k ˆ{ n + 1 } [ d ( gx , gu 0 ) + d ( gy , gv 0
) ] \ l l c , \ ]

\noindent f o r a l l $ n > N { 1 } . $ \quad That means $ d ( gx , gu
n + 1 ) \ l l c , $ f o r a l l $ n > N { 1 } . $ \quad Thus $ ,
gu n \rightarrow gx $

as $ n \rightarrow \ infty . $ \quad S i m i l a r l y , one can show that $ gv
n \rightarrow gy , gu n \rightarrow gz $ and $ gv n \rightarrow
gt $ as

$ n \rightarrow \ infty . $ By the uniqueness o f l i m i t s , we have $ gx =
gz $ and $ gy = gt . $
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Line 1 less or equal alpha d open parenthesis gx comma gu n closing parenthesis plus beta d open parenthesis

gy comma gv n closing parenthesis plus gamma open square bracket d open parenthesis F open parenthesis x
comma y closing parenthesis comma gx closing parenthesis plus d open parenthesis F open parenthesis u sub n
comma v sub n closing parenthesis comma gu n closing parenthesis closing square bracket Line 2 plus lambda
open square bracket d open parenthesis F open parenthesis x comma y closing parenthesis comma gu n closing
parenthesis plus d open parenthesis F open parenthesis u sub n comma v sub n closing parenthesis comma gx
closing parenthesis closing square bracket Line 3 plus lambda open square bracket d open parenthesis gx comma
gu n closing parenthesis plus d open parenthesis gu n plus 1 comma gx closing parenthesis closing square bracket
Line 4 less or equal alpha d open parenthesis gx comma gu n closing parenthesis plus beta d open parenthesis
gy comma gv n closing parenthesis plus gamma open square bracket d open parenthesis gu n plus 1 comma gx
closing parenthesis plus d open parenthesis gx comma gu n closing parenthesis closing square bracket Line 5 plus
lambda open square bracket d open parenthesis gx comma gu n closing parenthesis plus d open parenthesis gu n
plus 1 comma gx closing parenthesis closing square bracket period

This implies
Equation: open parenthesis 26 closing parenthesis .. d open parenthesis gx comma gu n plus 1 closing

parenthesis less or equal alpha 1 plus minus gamma to the power of gamma plus minus lambda to the power of
lambda sub d open parenthesis gx comma gu n closing parenthesis plus 1 minus beta gamma minus lambda to
the power of d open parenthesis gy comma gv n closing parenthesis period

Similarly comma from open parenthesis 6 closing parenthesis and open parenthesis 25 closing parenthesis
comma we also have

Equation: open parenthesis 27 closing parenthesis .. d open parenthesis gy comma gv n plus 1 closing
parenthesis less or equal alpha 1 plus minus gamma to the power of gamma plus minus lambda to the power of
lambda sub d open parenthesis gy comma gv n closing parenthesis plus 1 minus beta gamma minus lambda to
the power of d open parenthesis gx comma gu n closing parenthesis period

Summing up open parenthesis 26 closing parenthesis and open parenthesis 27 closing parenthesis comma we
obtain

Line 1 d open parenthesis gx comma gu n plus 1 closing parenthesis plus d open parenthesis gy comma gv n
plus 1 closing parenthesis less or equal alpha plus 1 sub minus beta gamma to the power of plus gamma minus
plus lambda lambda open square bracket d open parenthesis gx comma gu n closing parenthesis plus d open
parenthesis gy comma gv n closing parenthesis closing square bracket Line 2 less or equal k to the power of 2
open square bracket d open parenthesis gx comma gu n minus 2 closing parenthesis plus d open parenthesis gy
comma gv n minus 2 closing parenthesis closing square bracket

period
period
period
less or equal k to the power of n plus 1 open square bracket d open parenthesis gx comma gu 0 closing

parenthesis plus d open parenthesis gy comma gv 0 closing parenthesis closing square bracket
where k = alpha plus 1 minus gamma minus sub lambda to the power of beta plus gamma plus lambda less

1 period This implies
d open parenthesis gx comma gu n plus 1 closing parenthesis less or equal k to the power of n plus 1 open

square bracket d open parenthesis gx comma gu 0 closing parenthesis plus d open parenthesis gy comma gv 0
closing parenthesis closing square bracket comma

for all n period Let theta ll c be given period Then there is a neighborhood of theta
N sub delta open parenthesis theta closing parenthesis = open brace y in E : bar y bar less or equal delta

closing brace comma
where delta greater 0 comma such that c plus N sub delta open parenthesis theta closing parenthesis subset

equal IntP period .. Since k less 1 comma there is an N sub 1 in N such
that
vextenddouble-vextenddouble minus k to the power of n plus 1 open square bracket d open parenthesis gx

comma gu 0 closing parenthesis plus d open parenthesis gy comma gv 0 closing parenthesis closing square bracket
vextenddouble-vextenddouble less delta period

Then
minus k to the power of n plus 1 open square bracket d open parenthesis gx comma gu 0 closing parenthesis

plus d open parenthesis gy comma gv 0 closing parenthesis closing square bracket in N sub delta open parenthesis
theta closing parenthesis period

for all n greater N sub 1 period Hence
c minus k to the power of n plus 1 open square bracket d open parenthesis gx comma gu 0 closing parenthesis

plus d open parenthesis gy comma gv 0 closing parenthesis closing square bracket in c plus N sub delta open
parenthesis theta closing parenthesis subset equal Int P period

Therefore comma
k to the power of n plus 1 open square bracket d open parenthesis gx comma gu 0 closing parenthesis plus d

open parenthesis gy comma gv 0 closing parenthesis closing square bracket ll c comma
for all n greater N sub 1 period .. That means d open parenthesis gx comma gu n plus 1 closing parenthesis

ll c comma for all n greater N sub 1 period .. Thus comma gu n right arrow gx
as n right arrow infinity period .. Similarly comma one can show that gv n right arrow gy comma gu n right

arrow gz and gv n right arrow gt as
n right arrow infinity period By the uniqueness of limits comma we have gx = gz and gy = gt period
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≤ αd(gx, gun) + βd(gy, gvn) + γ[d(F (x, y), gx) + d(F (un, vn), gun)]

+λ[d(F (x, y), gun) + d(F (un, vn), gx)]

+λ[d(gx, gun) + d(gun+ 1, gx)]

≤ αd(gx, gun) + βd(gy, gvn) + γ[d(gun+ 1, gx) + d(gx, gun)]

+λ[d(gx, gun) + d(gun+ 1, gx)].

This implies

d(gx, gun+ 1) ≤ α1 +− γ
γ +− λ

λd(gx, gun) + 1− βγ − λd(gy, gvn). (26)

Similarly , from ( 6 ) and ( 25 ) , we also have

d(gy, gvn+ 1) ≤ α1 +− γ
γ +− λ

λd(gy, gvn) + 1− βγ − λd(gx, gun). (27)

Summing up ( 26 ) and ( 27 ) , we obtain

d(gx, gun+ 1) + d(gy, gvn+ 1) ≤ α+ 1−βγ
+γ− + λλ[d(gx, gun) + d(gy, gvn)]

≤ k2[d(gx, gun− 2) + d(gy, gvn− 2)]

. . .

≤ kn+1[d(gx, gu0) + d(gy, gv0)]

where k = α+β+γ+λ
1−γ− λ < 1. This implies

d(gx, gun+ 1) ≤ kn+1[d(gx, gu0) + d(gy, gv0)],

for all n. Let θ � c be given . Then there is a neighborhood of θ

Nδ(θ) = {y ∈ E :‖ y ‖≤ δ},

where δ > 0, such that c+Nδ(θ) ⊆ IntP. Since k < 1, there is an N1 ∈ N such that

‖ − kn+1[d(gx, gu0) + d(gy, gv0)]‖ < δ.

Then

−kn+1[d(gx, gu0) + d(gy, gv0)] ∈ Nδ(θ).

for all n > N1. Hence

c− kn+1[d(gx, gu0) + d(gy, gv0)] ∈ c+Nδ(θ) ⊆ IntP.

Therefore ,

kn+1[d(gx, gu0) + d(gy, gv0)] � c,

for all n > N1. That means d(gx, gun+ 1)� c, for all n > N1. Thus , gun→ gx
as n → ∞. Similarly , one can show that gvn → gy, gun → gz and gvn → gt as
n→∞. By the uniqueness of limits , we have gx = gz and gy = gt.
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\hspace ∗{\ f i l l } Since $ gx = F ( x , y ) $ and $ gy = F ( y
, x ) , $ by the c o m p a t i b i l i t y o f F and g , i t i s

\noindent easy to f i n d that

\ [ ggx = gF ( x , y ) = F ( gx , gy ) and ggy =
gF ( y , x ) = F ( gy , gx ) . \ ]

\noindent Denote $ gx = p $ and $ gy = q , $ then $ gp = F (
p , q ) , gq = F ( q , p ) . $ \quad Thus $ ( p ,
q ) $ i s a

coupled co in c id enc e o f $ F $ and $ g . $ Hence $ gx = gp $ and $ gy
= gq . $ There fore ,

\ [ p = gp = F ( p , q ) and q = gq = F ( q ,
p ) . \ ]

\noindent This means that $ ( p , q ) $ i s a coupled common f i x e d po int o f F and g .

Suppose $ ( a , b ) $ i s another coupled common f i x e d po int o f $ F $ and
$ g . $ \quad Then from

the prev ious argument $ , p = gp = ga = a $ and $ q = gq =
gb = b . $

We end the paper with a s imple example which can be app l i ed to Theorem 20
but not to Theorem 1 5 .

\hspace ∗{\ f i l l }Example 2 0 . \quad Let $ X = R , E = C ˆ{ 1 } { R } [
0 , 1 ] $ and $ P = \{ \phi \ in E : \phi \geq 0 \} . $
\quad Def ine

\noindent $ d : X \times X \rightarrow E $ by $ d ( x , y
) = \mid x − y \mid \phi $ f o r a l l $ x , y \ in X , $ where
$ \phi : [ 0 , 1 ] \rightarrow R $ such

\noindent that $ \phi ( t ) = e ˆ{ t } . $ \quad I t i s c l e a r that $ (
X , d ) $ i s a complete cone metr ic space . \quad On the s e t

$ X , $ we cons id e r the f o l l o w i n g order r e l a t i o n

\ [ x , y \ in X , x \preceq y \Leftrightarrow x = y or (
x , y ) = ( 0 , 1 ) . \ ]

\noindent Let $ F : X \times X \rightarrow X $ be given by

\ [ F ( x , y ) = \ l e f t \{\ begin { a l i gned } & 1 , i f x , y are
comparable , \\

& 0 , otherwi se . \end{ a l i gned }\ right . \ ]

\noindent and $ g : X \rightarrow X $ be given by $ gx = x , $ f o r a l l
$ x \ in X $ I t i s easy to see that a l l the

c o n d i t i o n s o f Theorem 2 . 5 are s a t i s f i e d with $ \alpha , \beta , \gamma
, \delta \geq 0 $ and $ \alpha + \beta + 2 \gamma + 2 \delta
< 1 . $

Moreover , ( 1 , 1 ) i s a coupled co in c id enc e po int o f $ F $ and $ g . $

\hspace ∗{\ f i l l }However , the cond i t i on ( 5 ) in Theorem 1 5 i s not s a t i s f i e d . In f a c t , suppose ( 5 )

\noindent holds . Take $ x = 1 , y = 0 , u = 1 / 2 $ and
$ v = 0 ; $ we have

\ [\ begin { a l i gned } \phi = d ( F ( 1 , 0 ) , F ( 1 / 2
, 0 ) ) \\

= d ( F ( x , y ) , F ( u , v ) ) \\
\ leq a { 1 } d ( gx , gu ) + a { 2 } d ( F ( x ,

y ) , gx ) + a { 3 } d ( gy , gv ) \\
+ a { 4 } d ( F ( u , v ) , gu ) + a { 5 } d (

F ( x , y ) , gu ) + a { 6 } d ( F ( u , v )
, gx ) \\

= a { 1 } d ( g 1 , g 1 / 2 ) + a { 2 } d ( F (
1 , 0 ) , g 1 ) + a { 3 } d ( g 0 , g 0 ) \\

+ a { 4 } d ( F ( 1 / 2 , 0 ) , g 1 / 2 ) +
a { 5 } d ( F ( 1 , 0 ) , g 1 / 2 ) + a { 6 } d
( F ( 1 / 2 , 0 ) , g 1 ) \\

= 1 / 2 a { 1 } \phi + 1 / 2 a { 4 } \phi + 1 / 2
a { 5 } \phi + a { 6 } \phi \\
< \phi , \end{ a l i gned }\ ]

\noindent which i s a c o n t r a d i c t i o n . Thus we cannot apply Theorem 1 5 to t h i s example .

\hspace ∗{\ f i l l }Acknowledgement . The authors would l i k e to thank the anonymous r e f e r e e

\noindent f o r h i s / her comments that helped us improve t h i s a r t i c l e .
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Since gx = F open parenthesis x comma y closing parenthesis and gy = F open parenthesis y comma x closing

parenthesis comma by the compatibility of F and g comma it is
easy to find that
ggx = gF open parenthesis x comma y closing parenthesis = F open parenthesis gx comma gy closing paren-

thesis and ggy = gF open parenthesis y comma x closing parenthesis = F open parenthesis gy comma gx closing
parenthesis period

Denote gx = p and gy = q comma then gp = F open parenthesis p comma q closing parenthesis comma gq =
F open parenthesis q comma p closing parenthesis period .. Thus open parenthesis p comma q closing parenthesis
is a

coupled coincidence of F and g period Hence gx = gp and gy = gq period Therefore comma
p = gp = F open parenthesis p comma q closing parenthesis and q = gq = F open parenthesis q comma p

closing parenthesis period
This means that open parenthesis p comma q closing parenthesis is a coupled common fixed point of F and g

period
Suppose open parenthesis a comma b closing parenthesis is another coupled common fixed point of F and g

period .. Then from
the previous argument comma p = gp = ga = a and q = gq = gb = b period
We end the paper with a simple example which can be applied to Theorem 20
but not to Theorem 1 5 period
Example 2 0 period .. Let X = R comma E = C sub R to the power of 1 open square bracket 0 comma 1

closing square bracket and P = open brace phi in E : phi greater equal 0 closing brace period .. Define
d : X times X right arrow E by d open parenthesis x comma y closing parenthesis = bar x minus y bar phi for

all x comma y in X comma where phi : open square bracket 0 comma 1 closing square bracket right arrow R such
that phi open parenthesis t closing parenthesis = e to the power of t period .. It is clear that open parenthesis

X comma d closing parenthesis is a complete cone metric space period .. On the set
X comma we consider the following order relation
x comma y in X comma x preceq y Leftrightarrow x = y or open parenthesis x comma y closing parenthesis

= open parenthesis 0 comma 1 closing parenthesis period
Let F : X times X right arrow X be given by
F open parenthesis x comma y closing parenthesis = Case 1 1 comma if x comma y are comparable comma

Case 2 0 comma otherwise period
and g : X right arrow X be given by gx = x comma for all x in X It is easy to see that all the
conditions of Theorem 2 period 5 are satisfied with alpha comma beta comma gamma comma delta greater

equal 0 and alpha plus beta plus 2 gamma plus 2 delta less 1 period
Moreover comma open parenthesis 1 comma 1 closing parenthesis is a coupled coincidence point of F and g

period
However comma the condition open parenthesis 5 closing parenthesis in Theorem 1 5 is not satisfied period In

fact comma suppose open parenthesis 5 closing parenthesis
holds period Take x = 1 comma y = 0 comma u = 1 slash 2 and v = 0 semicolon we have
Line 1 phi = d open parenthesis F open parenthesis 1 comma 0 closing parenthesis comma F open parenthesis

1 slash 2 comma 0 closing parenthesis closing parenthesis Line 2 = d open parenthesis F open parenthesis x
comma y closing parenthesis comma F open parenthesis u comma v closing parenthesis closing parenthesis Line 3
less or equal a sub 1 d open parenthesis gx comma gu closing parenthesis plus a sub 2 d open parenthesis F open
parenthesis x comma y closing parenthesis comma gx closing parenthesis plus a sub 3 d open parenthesis gy comma
gv closing parenthesis Line 4 plus a sub 4 d open parenthesis F open parenthesis u comma v closing parenthesis
comma gu closing parenthesis plus a sub 5 d open parenthesis F open parenthesis x comma y closing parenthesis
comma gu closing parenthesis plus a sub 6 d open parenthesis F open parenthesis u comma v closing parenthesis
comma gx closing parenthesis Line 5 = a sub 1 d open parenthesis g 1 comma g 1 slash 2 closing parenthesis
plus a sub 2 d open parenthesis F open parenthesis 1 comma 0 closing parenthesis comma g 1 closing parenthesis
plus a sub 3 d open parenthesis g 0 comma g 0 closing parenthesis Line 6 plus a sub 4 d open parenthesis F open
parenthesis 1 slash 2 comma 0 closing parenthesis comma g 1 slash 2 closing parenthesis plus a sub 5 d open
parenthesis F open parenthesis 1 comma 0 closing parenthesis comma g 1 slash 2 closing parenthesis plus a sub 6
d open parenthesis F open parenthesis 1 slash 2 comma 0 closing parenthesis comma g 1 closing parenthesis Line
7 = 1 slash 2 a sub 1 phi plus 1 slash 2 a sub 4 phi plus 1 slash 2 a sub 5 phi plus a sub 6 phi Line 8 less phi
comma

which is a contradiction period Thus we cannot apply Theorem 1 5 to this example period
Acknowledgement period The authors would like to thank the anonymous referee
for his slash her comments that helped us improve this article period
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Since gx = F (x, y) and gy = F (y, x), by the compatibility of F and g , it is
easy to find that

ggx = gF (x, y) = F (gx, gy) andggy = gF (y, x) = F (gy, gx).

Denote gx = p and gy = q, then gp = F (p, q), gq = F (q, p). Thus (p, q) is a coupled
coincidence of F and g. Hence gx = gp and gy = gq. Therefore ,

p = gp = F (p, q) andq = gq = F (q, p).

This means that (p, q) is a coupled common fixed point of F and g .
Suppose (a, b) is another coupled common fixed point of F and g. Then from the

previous argument , p = gp = ga = a and q = gq = gb = b.
We end the paper with a simple example which can be applied to Theorem 20 but

not to Theorem 1 5 .
Example 2 0 . Let X = R, E = C1

R[0, 1] and P = {φ ∈ E : φ ≥ 0}. Define
d : X ×X → E by d(x, y) =| x− y | φ for all x, y ∈ X, where φ : [0, 1]→ R such
that φ(t) = et. It is clear that (X, d) is a complete cone metric space . On the set
X, we consider the following order relation

x, y ∈ X, x � y ⇔ x = yor (x, y) = (0, 1).

Let F : X ×X → X be given by

F (x, y) =

{
1, ifx, yarecomparable,

0, otherwise.

and g : X → X be given by gx = x, for all x ∈ X It is easy to see that all the conditions
of Theorem 2 . 5 are satisfied with α, β, γ, δ ≥ 0 and α+ β + 2γ + 2δ < 1. Moreover , (
1 , 1 ) is a coupled coincidence point of F and g.

However , the condition ( 5 ) in Theorem 1 5 is not satisfied . In fact , suppose ( 5 )
holds . Take x = 1, y = 0, u = 1/2 and v = 0; we have

φ = d(F (1, 0), F (1/2, 0))

= d(F (x, y), F (u, v))

≤ a1d(gx, gu) + a2d(F (x, y), gx) + a3d(gy, gv)

+a4d(F (u, v), gu) + a5d(F (x, y), gu) + a6d(F (u, v), gx)

= a1d(g1, g1/2) + a2d(F (1, 0), g1) + a3d(g0, g0)

+a4d(F (1/2, 0), g1/2) + a5d(F (1, 0), g1/2) + a6d(F (1/2, 0), g1)

= 1/2a1φ+ 1/2a4φ+ 1/2a5φ+ a6φ

< φ,

which is a contradiction . Thus we cannot apply Theorem 1 5 to this example .
Acknowledgement . The authors would like to thank the anonymous referee

for his / her comments that helped us improve this article .
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ı́ guez - L ó pez , Fixed point theorems in ordered abstract s ets ,

Proc . Amer . Math . Soc . 135 ( 2007 ) , 2505 – 251 7 . [ 30 ] J . J . Nieto , R . Rodr ı́ guez - L
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