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\hspace ∗{\ f i l l }Abstract . In the pre sent paper , the author in t roduce two new s u b c l a s s e s
$ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta , \gamma ) $ o f

\noindent c l o s e − to − convex f u n c t i o n s and $ s { C }ˆ{ ( k ) } { c } ( \alpha
, \beta , \gamma ) $ o f quas i − convex f u n c t i o n s with r e s p e c t to $ 2 k − $
symmetric

\noindent conjugate po in t s . The c o e f f i c i e n t i n e q u a l i t i e s and i n t e g r a l r e p r e s e n t a t i o n s f o r f u n c t i o n s be long ing

\noindent to these c l a s s e s are provided , the i n c l u s i o n r e l a t i o n s h i p s and convo lut ion c o n d i t i o n s f o r the se

\noindent c l a s s e s are a l s o provided .

\centerline {1 . \quad In t roduc t i on }

\centerline{Let $ A $ denote the c l a s s o f f u n c t i o n s o f the form }

\begin { a l i g n ∗}
\ infty \\ f ( z ) = z + \sum a { n } z ˆ{ n } , \ tag ∗{$ ( 1 .

1 ) $}\\ n = 2
\end{ a l i g n ∗}

\noindent which are a n a l y t i c in the open un i t d i sk $ U = \{ z \ in $ \ h f i l l C \ h f i l l
$ : \mid z \mid < 1 \} . $ \ h f i l l Let $ S , S ˆ{ ∗ } , $

\noindent $ K , C $ and $ C ˆ{ ∗ }$ denote the f a m i l i a r s u b c l a s s e s o f $ A $
c o n s i s t i n g o f f u n c t i o n s which are

un iva l en t , s t a r l i k e , convex , c l o s e − to − convex and quas i − convex in $ U , $
r e s p e c t i v e l y ( s ee ,

\noindent f o r d e t a i l s , [ 2 , 4 , 6 , 7 , 8 ] .

Al − Amiri , Coman and Mocanu [ 1 ] once introduced and i n v e s t i g a t e d a c l a s s $ s { S }ˆ{ (
k ) } { c }$

o f f u n c t i o n s s t a r l i k e with r e s p e c t to $ 2 k − $ symmetric conjugate po in t s , which s a t i s f y
the f o l l o w i n g i n e q u a l i t y

\ [ \Re \ l e f t \{\ begin { array }{ c} z f ˆ{ \prime } ( z ) \\ f 2 k ( z ) \end{ array }\ right \}
> 0 ( z \ in U ) , \ ]

\noindent where $ k \geq 2 $ i s a f i x e d p o s i t i v e i n t e g e r and $ f 2 k (
z ) $ i s de f i ned by the f o l l o w i n g e q u a l i t y

\begin { a l i g n ∗}
f 2 k ( z ) = 2 ˆ{ 1 } k \sum ˆ{ \nu = 0 } { k − 1 } [ \varepsilon ˆ{ −
\nu } f ( \varepsilon ˆ{ \nu } z ) + \varepsilon ˆ{ \nu } f ( \varepsilon ˆ{ \nu }
z ) ] ( \varepsilon = \exp ( 2 \pi i / k ) ; z \ in U
) . \ tag ∗{$ ( 1 . 2 ) $}
\end{ a l i g n ∗}

\hspace ∗{\ f i l l } In the pre sent paper , we int roduce and i n v e s t i g a t e the f o l l o w i n g two more gen −

\noindent e r a l i z e d s u b c l a s s e s $ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta
, \gamma ) $ and $ C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma
) $ o f $ A $ with r e s p e c t to $ 2 k − $ symmetric

conjugate po in t s , and obta in some i n t e r e s t i n g r e s u l t s .
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Abstract period In the present paper comma the author introduce two new subclasses s S sub c to the power of

open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis of
close hyphen to hyphen convex functions and s C sub c to the power of open parenthesis k closing parenthesis open

parenthesis alpha comma beta comma gamma closing parenthesis of quasi hyphen convex functions with respect to 2
k hyphen symmetric

conjugate points period The coefficient inequalities and integral representations for functions belonging
to these classes are provided comma the inclusion relationships and convolution conditions for these
classes are also provided period
1 period .. Introduction
Let A denote the class of functions of the form
infinity Equation: open parenthesis 1 period 1 closing parenthesis .. f open parenthesis z closing parenthesis = z

plus sum a sub n z to the power of n comma n = 2
which are analytic in the open unit disk U = open brace z in .... C .... : bar z bar less 1 closing brace period ....

Let S comma S to the power of * comma
K comma C and C to the power of * denote the familiar subclasses of A consisting of functions which are
univalent comma starlike comma convex comma close hyphen to hyphen convex and quasi hyphen convex in U

comma respectively open parenthesis see comma
for details comma open square bracket 2 comma 4 comma 6 comma 7 comma 8 closing square bracket period
Al hyphen Amiri comma Coman and Mocanu open square bracket 1 closing square bracket once introduced and

investigated a class s S sub c to the power of open parenthesis k closing parenthesis
of functions st arlike with respect to 2 k hyphen symmetric conjugate points comma which satisfy
the following inequality
Re Row 1 zf to the power of prime open parenthesis z closing parenthesis Row 2 f 2 k open parenthesis z closing

parenthesis . greater 0 open parenthesis z in U closing parenthesis comma
where k greater equal 2 is a fixed positive integer and f 2 k open parenthesis z closing parenthesis is defined by the

following equality
Equation: open parenthesis 1 period 2 closing parenthesis .. f 2 k open parenthesis z closing parenthesis = 2 to the

power of 1 k sum from nu = 0 to k minus 1 open square bracket epsilon to the power of minus nu f open parenthesis
epsilon to the power of nu z closing parenthesis plus epsilon to the power of nu f open parenthesis epsilon to the power
of nu z closing parenthesis closing square bracket open parenthesis epsilon = exponent open parenthesis 2 pi i slash k
closing parenthesis semicolon z in U closing parenthesis period

In the present paper comma we introduce and investigate the following two more gen hyphen
eralized subclasses s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma

beta comma gamma closing parenthesis and C sub s c to the power of open parenthesis k closing parenthesis open
parenthesis alpha comma beta comma gamma closing parenthesis of A with respect to 2 k hyphen symmetric

conjugate points comma and obtain some interesting results period
AMS Subject Classification : 30 C 45 period
Keywords and phrases : Close hyphen to hyphen convex functions comma quasi hyphen convex functions comma

differential sub hyphen
ordination comma Hadamard product comma 2 k hyphen symmetric conjugate points period period
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Abstract . In the present paper , the author introduce two new subclasses s
(k)
S c(α, β, γ) of

close - to - convex functions and s
(k)
C c(α, β, γ) of quasi - convex functions with respect to 2k− symmetric

conjugate points . The coefficient inequalities and integral representations for functions belonging

to these classes are provided , the inclusion relationships and convolution conditions for these

classes are also provided .

1 . Introduction
Let A denote the class of functions of the form

∞

f(z) = z +
∑

anz
n, (1.1)

n = 2

which are analytic in the open unit disk U = {z ∈ C : | z | < 1}. Let S, S∗,
K, C and C∗ denote the familiar subclasses of A consisting of functions which are univalent
, starlike , convex , close - to - convex and quasi - convex in U , respectively ( see ,
for details , [ 2 , 4 , 6 , 7 , 8 ] .

Al - Amiri , Coman and Mocanu [ 1 ] once introduced and investigated a class s
(k)
S c

of functions st arlike with respect to 2k− symmetric conjugate points , which satisfy the
following inequality

<
{

zf ′(z)
f2k(z)

}
> 0 (z ∈ U),

where k ≥ 2 is a fixed positive integer and f2k(z) is defined by the following equality

f2k(z) = 21k

ν=0∑
k−1

[ε−νf(ενz) + ενf(ενz)] (ε = exp(2πi/k); z ∈ U). (1.2)

In the present paper , we introduce and investigate the following two more gen -

eralized subclasses s
(k)
S c(α, β, γ) and C(k)sc (α, β, γ) of A with respect to 2k− symmetric

conjugate points , and obtain some interesting results .
AMS Subject Classification : 30 C 45 .

Keywords and phrases : Close - to - convex functions , quasi - convex functions , differential sub -

ordination , Hadamard product , 2k− symmetric conjugate points . .
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\noindent 66 \quad Zhi − Gang Wang

\hspace ∗{\ f i l l }D e f i n i t i o n 1 . Let $ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta
, \gamma ) $ denote the c l a s s o f f u n c t i o n s $ f ( z ) $ in $ A $ s a t i s −

\noindent f y i ng the f o l l o w i n g i n e q u a l i t y

\begin { a l i g n ∗}
\ l e f t \arrowvert\begin { array }{ cc } z f ˆ{ \prime }{ f }ˆ{ ( z ) } { 2 k ( z
) } & − 1 \\ \beta ˆ{ z f ˆ{ \prime } ( z ) } { f 2 k ( z ) } +
( 1 − \gamma ) \end{ array }\ right\arrowvert < 1 − \alpha , \ tag ∗{$ (
1 . 3 ) $}
\end{ a l i g n ∗}

\noindent where $ 0 \ leq \alpha < 1 , 0 \ leq \beta \ leq 1 , 0
\ leq \gamma < 1 $ and $ f 2 k ( z ) $ i s de f i ned by e q u a l i t y ( 1 . 2 ) . And

\noindent a func t i on $ f ( z ) \ in A $ i s in the c l a s s $ C ˆ{ ( k ) } { s
c } ( \alpha , \beta , \gamma ) $ i f and only i f $ z f ˆ{ \prime } (
z ) \ in s { S }ˆ{ ( k ) } { c } ( \alpha , \beta , \gamma )
. $

\hspace ∗{\ f i l l }Note that $ s { S }ˆ{ ( k ) } { c } ( 0 , 1 , 0 )
= s { S }ˆ{ ( k ) } { c } , $ so the c l a s s $ s { S }ˆ{ ( k ) } { c } (
\alpha , \beta , \gamma ) $ i s a g e n e r a l i z a t i o n o f

\noindent the c l a s s $ s { S }ˆ{ ( k ) } { c } . $

In our proposed i n v e s t i g a t i o n o f the c l a s s e s $ s { S }ˆ{ ( k ) } { c } ( \alpha
, \beta , \gamma ) $ and $ C ˆ{ ( k ) } { s c } ( \alpha , \beta
, \gamma ) , $ we
s h a l l a l s o make use o f the f o l l o w i n g lemmas .

Lemma 1 . \quad [ 3 ] Let $ H ( z ) = 1 + \sum ˆ{ \ infty } { n = 1 }
h { n } z ˆ{ n }$ be a n a l y t i c in $ U , 0 \ leq \alpha < 1 , 0 \ leq $

$ \beta \ leq 1 $ and $ 0 \ leq \gamma < 1 , $ then the i n e q u a l i t y

\ [\ l e f t \arrowvert\begin { array }{ c} H ( z ) − 1 \\ \beta H ( z ) +
( 1 − \gamma ) \end{ array }\ right\arrowvert < 1 − \alpha ( z \ in
U ) \ ]

\noindent can be wr i t t en as

\ [ H ( z ) \prec 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − } ) ( { \alpha
) }ˆ{ 1 − } { \beta z } \gamma ) z ( z \ in U ) , \ ]

\noindent w $ h−quotedb l r i gh t { e s−r e−t }$ \quad ‘ ‘ $ n { bracke t r i ght−d−parenr i ght }$
sT $ J−o r−s l a s h { F t−one } zero−h { e−suppress−nine } nine−u−per iod $ s $ s ix−u
a−suppress−T l−f { s−suppress−three } per iod−b−two $ o $ r−f i v e suppress−zero−d
i−suppress−T n−D t−b r a c k e t l e f t−a p a r e n l e f t−i { OE−o n } . $

\centerline{ $ 2 . L−e $ t $ 0 \ leq \alpha < , { 1 } 0 \ leq \beta
\ leq\begin { array }{ c} 1 \\ a \end{ array }n d { 0 } \ leq \gamma < 1 , $ h n w e \quad hav e }

\ [ \beta , \gamma ) \subset C \subset . \ ]

\noindent Supp o \quad ethat $ f z ) \ in S ( c ) \alpha \beta ,
\gamma ) , $ \quad b y Le m \quad ma $ 1 , w−e $ \quad n o \quad wt h $ t−a $
t e
n ( 1 . 3 ) c $ n ˆ{ s }$ b \quad e wr $ i−t e−t { n }$ as

\begin { a l i g n ∗}
f 2 k ( z ) \prec 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − }

) ( { \alpha ) }ˆ{ 1 − } { \beta z } \gamma ) z ( z \ in U )
. \ tag ∗{$ ( 1 . 4 ) $}
\end{ a l i g n ∗}

\noindent Thus we have

\begin { a l i g n ∗}
\Re \ l e f t \{\ begin { array }{ c} z f ˆ{ \prime } ( z ) \\ f 2 k ( z ) \end{ array }\ right \}

> 0 ( z \ in U ) \ tag ∗{$ ( 1 . 5 ) $}
\end{ a l i g n ∗}

\noindent s i n c e

\ [ \Re \ l e f t \{\ begin { array }{ c} 1 + ( 1 − \alpha ) ( 1 − \gamma
) z \\ 1 − ( 1 − \alpha ) \beta z \end{ array }\ right \} > 0 (
z \ in U ) . \ ]

\noindent Now i t \quad s u f f i c e s to show that \quad $ f 2 k ( z ) \ in S ˆ{ ∗ }
\subset S . $ \quad S u b s t i t u t i n g $ z $ by $ \varepsilon ˆ{ \mu } z ( \mu
= $

$ 0 , 1 , 2 , . . . , k − 1 ) $ in ( 1 . 5 ) , then ( 1 . 5 ) i s a l s o t rue , that i s ,

\begin { a l i g n ∗}
\Re \ l e f t \{\ begin { array }{ c} \varepsilon ˆ{ \mu } z f ˆ{ \prime } ( \varepsilon ˆ{ \mu }

z ) \\ f 2 k ( \varepsilon ˆ{ \mu } z ) \end{ array }\ right \} > 0 (
z \ in U ) . \ tag ∗{$ ( 1 . 6 ) $}
\end{ a l i g n ∗}
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Definition 1 period Let s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha

comma beta comma gamma closing parenthesis denote the class of functions f open parenthesis z closing parenthesis
in A satis hyphen

fying the following inequality
Equation: open parenthesis 1 period 3 closing parenthesis ..Row 1 z f to the power of prime f sub 2 k open

parenthesis z closing parenthesis to the power of open parenthesis z closing parenthesis minus 1 Row 2 beta sub f 2 k
open parenthesis z closing parenthesis to the power of z f to the power of prime open parenthesis z closing parenthesis
plus open parenthesis 1 minus gamma closing parenthesis . less 1 minus alpha comma

where 0 less or equal alpha less 1 comma 0 less or equal beta less or equal 1 comma 0 less or equal gamma less 1
and f 2 k open parenthesis z closing parenthesis is defined by equality open parenthesis 1 period 2 closing parenthesis
period And

a function f open parenthesis z closing parenthesis in A is in the class C sub s c to the power of open parenthesis k
closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis if and only if zf to the power
of prime open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k closing parenthesis
open parenthesis alpha comma beta comma gamma closing parenthesis period

Note that s S sub c to the power of open parenthesis k closing parenthesis open parenthesis 0 comma 1 comma
0 closing parenthesis = s S sub c to the power of open parenthesis k closing parenthesis comma so the class s S sub
c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma closing
parenthesis is a generalization of

the class s S sub c to the power of open parenthesis k closing parenthesis period
In our proposed investigation of the classes s S sub c to the power of open parenthesis k closing parenthesis open

parenthesis alpha comma beta comma gamma closing parenthesis and C sub s c to the power of open parenthesis k
closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma we

shall also make use of the following lemmas period
Lemma 1 period .. open square bracket 3 closing square bracket Let H open parenthesis z closing parenthesis = 1

plus sum sub n = 1 to the power of infinity h sub n z to the power of n be analytic in U comma 0 less or equal alpha
less 1 comma 0 less or equal

beta less or equal 1 and 0 less or equal gamma less 1 comma then the inequality
Row 1 H open parenthesis z closing parenthesis minus 1 Row 2 beta H open parenthesis z closing parenthesis plus

open parenthesis 1 minus gamma closing parenthesis . less 1 minus alpha open parenthesis z in U closing parenthesis
can be written as
H open parenthesis z closing parenthesis prec 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1

alpha minus closing parenthesis open parenthesis alpha closing parenthesis sub beta z to the power of 1 minus gamma
closing parenthesis z open parenthesis z in U closing parenthesis comma

w h-quotedblright sub e s-r e-t .. quotedblleft n sub bracketright-d-parenright sT J-o r-slash sub F t-one zero-h
sub e-suppress-nine nine-u-period s six-u a-suppress-T l-f sub s-suppress-three period-b-two o r-five suppress-zero-d
i-suppress-T n-D t-bracketleft-a parenleft-i sub OE-o n period

2 period L-e t 0 less or equal alpha less comma 1 0 less or equal beta Row 1 1 Row 2 a . d 0 less or equal gamma
less 1 comma h n w e .. hav e

beta comma gamma closing parenthesis subset C subset period
Supp o .. ethat f z closing parenthesis in S open parenthesis c closing parenthesis alpha beta comma gamma closing

parenthesis comma .. b y Le m .. ma 1 comma w-e .. n o .. wt h t-a t e
n open parenthesis 1 period 3 closing parenthesis c n to the power of s b .. e wr i-t e-t sub n as
Equation: open parenthesis 1 period 4 closing parenthesis .. f 2 k open parenthesis z closing parenthesis prec 1

plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing parenthesis open parenthesis alpha
closing parenthesis sub beta z to the power of 1 minus gamma closing parenthesis z open parenthesis z in U closing
parenthesis period

Thus we have
Equation: open parenthesis 1 period 5 closing parenthesis .. Re Row 1 zf to the power of prime open parenthesis

z closing parenthesis Row 2 f 2 k open parenthesis z closing parenthesis . greater 0 open parenthesis z in U closing
parenthesis

since
Re Row 1 1 plus open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 minus gamma closing

parenthesis z Row 2 1 minus open parenthesis 1 minus alpha closing parenthesis beta z . greater 0 open parenthesis z
in U closing parenthesis period

Now it .. suffices to show that .. f 2 k open parenthesis z closing parenthesis in S to the power of * subset S period
.. Substituting z by epsilon to the power of mu z open parenthesis mu =

0 comma 1 comma 2 comma period period period comma k minus 1 closing parenthesis in open parenthesis 1
period 5 closing parenthesis comma then open parenthesis 1 period 5 closing parenthesis is also true comma that is
comma

Equation: open parenthesis 1 period 6 closing parenthesis .. Re Row 1 epsilon to the power of mu zf to the power
of prime open parenthesis epsilon to the power of mu z closing parenthesis Row 2 f 2 k open parenthesis epsilon to the
power of mu z closing parenthesis . greater 0 open parenthesis z in U closing parenthesis period
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Definition 1 . Let s
(k)
S c(α, β, γ) denote the class of functions f(z) in A satis -

fying the following inequality

 zf ′f
(z)
2k(z) −1

β
zf ′(z)
f2k(z) + (1− γ)

 < 1− α, (1.3)

where 0 ≤ α < 1, 0 ≤ β ≤ 1, 0 ≤ γ < 1 and f2k(z) is defined by equality ( 1 . 2 ) . And

a function f(z) ∈ A is in the class C(k)sc (α, β, γ) if and only if zf ′(z) ∈ s(k)S c(α, β, γ).

Note that s
(k)
S c(0, 1, 0) = s

(k)
S c, so the class s

(k)
S c(α, β, γ) is a generalization of

the class s
(k)
S c.

In our proposed investigation of the classes s
(k)
S c(α, β, γ) and C(k)sc (α, β, γ), we shall also

make use of the following lemmas .
Lemma 1 . [ 3 ] Let H(z) = 1 +

∑∞
n=1 hnz

n be analytic in U , 0 ≤ α < 1, 0 ≤
β ≤ 1 and 0 ≤ γ < 1, then the inequality H(z)− 1

βH(z) + (1− γ)

 < 1− α (z ∈ U)

can be written as

H(z) ≺ 1 + 1(−1− (1α−)(1−α) βzγ)z (z ∈ U),

w h− quotedblrightes−re−t “ nbracketright−d−parenright sT J−or−slashFt−onezero−
he−suppress−ninenine−u−period s six−ua−suppress−T l−fs−suppress−threeperiod−b−
two o r−fivesuppress−zero−di−suppress−Tn−Dt−bracketleft−aparenleft−iOE−on.

2. L− e t 0 ≤ α < ,1 0 ≤ β ≤ 1
a
nd0 ≤ γ < 1, h n w e hav e

β, γ) ⊂ C ⊂ .

Supp o ethat fz) ∈ S(c) α β, γ), b y Le m ma 1, w − e n o wt h t− a t e
n ( 1 . 3 ) c ns b e wr i− te− tn as

f2k(z) ≺ 1 + 1(−1− (1α−)(1−α) βzγ)z (z ∈ U). (1.4)

Thus we have

<
{

zf ′(z)
f2k(z)

}
> 0 (z ∈ U) (1.5)

since

<
{

1 + (1− α)(1− γ)z
1− (1− α)βz

}
> 0 (z ∈ U).

Now it suffices to show that f2k(z) ∈ S∗ ⊂ S. Substituting z by εµz (µ =
0, 1, 2, ..., k − 1) in ( 1 . 5 ) , then ( 1 . 5 ) is also true , that is ,

<
{
εµzf ′(εµz)
f2k(εµz)

}
> 0 (z ∈ U). (1.6)
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From i n e q u a l i t y ( 1 . 6 ) , we have

\begin { a l i g n ∗}
\Re \ l e f t \{\ begin { array }{ c} \varepsilon ˆ{ \mu } z f ˆ{ \prime } ( \varepsilon ˆ{ \mu }

z ) \\ f 2 k ( \varepsilon ˆ{ \mu } z ) \end{ array }\ right \} > 0 (
z \ in U ) . \ tag ∗{$ ( 1 . 7 ) $}
\end{ a l i g n ∗}

\noindent Note that $ f 2 k ( \varepsilon ˆ{ \mu } z ) = \varepsilon ˆ{ \mu }
f 2 k ( z ) $ and $ f 2 k ( \varepsilon ˆ{ \mu } z ) = \varepsilon ˆ{ −
\mu } f 2 k ( z ) , $ then i n e q u a l i t i e s ( 1 . 6 )

and ( 1 . 7 ) can be wr i t t en as

\begin { a l i g n ∗}
\Re \ l e f t \{\ begin { array }{ c} z f ˆ{ \prime } ( \varepsilon ˆ{ \mu } z ) \\ f

2 k ( z ) \end{ array }\ right \} > 0 ( z \ in U ) , \ tag ∗{$ ( 1
. 8 ) $}
\end{ a l i g n ∗}

\noindent and

\begin { a l i g n ∗}
\Re \ l e f t \{\ begin { array }{ c} z f ˆ{ \prime } ( \varepsilon ˆ{ \mu } z ) \\ f

2 k ( z ) \end{ array }\ right \} > 0 ( z \ in U ) . \ tag ∗{$ ( 1
. 9 ) $}
\end{ a l i g n ∗}

\noindent Summing i n e q u a l i t i e s ( 1 . 8 ) and ( 1 . 9 ) , we can get

\begin { a l i g n ∗}
\Re brace l e f tmid−b r a c e l e f t b t z ( f ˆ{ \prime } ( \varepsilon{ \mu } z ) { f } { 2

k }ˆ{ + } { ( z ) } f ˆ{ \prime } ( \varepsilon ˆ{ \mu } z ) ) brace r i ghtbt−bracer ightmid
> 0 ( z \ in U ) . \ tag ∗{$ ( 1 . 1 0 ) $}
\end{ a l i g n ∗}

\noindent Lett ing $ \mu = 0 , 1 , 2 , . . . , k − 1 $ in ( 1 . 1 0 ) , r e s p e c t i v e l y , and summing them we can get

\ [ \Re braceex−braceex−braceex−braceex−brace l e f tmid−braceex−braceex−braceex−braceex−b r a c e l e f t b t
z [ { 2 }ˆ{ 1 } { k } \sum ˆ{ \mu = 0 } { k − 1 } ( f ˆ{ \prime } { f }ˆ{ (
\varepsilon ˆ{ \mu } z ) } { 2 k ( z ) } + f ˆ{ \prime } ( \varepsilon ˆ{ \mu }
z ) ) ] b race r i ghtbt−braceex−braceex−braceex−braceex−bracer ightmid−braceex−braceex−braceex−braceex
> 0 ( z \ in U ) , \ ]

\noindent or e q u i v a l e n t l y ,

\ [ \Re \ l e f t \{\ begin { array }{ c} z f ˆ{ \prime } { 2 k } ( z ) \\ f 2 k (
z ) \end{ array }\ right \} > 0 ( z \ in U ) , \ ]

\noindent that i s $ f 2 k ( z ) \ in S ˆ{ ∗ } \subset S . $ \ h f i l l This means that
$ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta , \gamma ) \subset C
\subset S , $ hence the proo f

\noindent o f Lemma 2 i s complete .

\centerline{ S i m i l a r l y , f o r the c l a s s $ C ˆ{ ( k ) } { s c } ( \alpha ,
\beta , \gamma ) , $ we have }

\centerline{Lemma 3 . \quad Let $ 0 \ leq \alpha < 1 , 0 \ leq \beta
\ leq 1 $ and $ 0 \ leq \gamma < 1 , $ then we have }

\ [ C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma ) \subset C ˆ{ ∗ }
\subset C . \ ]

\centerline{Lemma 4 . \quad [ 5 ] Let $ − 1 \ leq B { 2 } \ leq B { 1 } <
A { 1 } \ leq A { 2 } \ leq 1 , $ then we have }

\ [ 1 ˆ{ 1 } + ˆ{ + } A { B { 1 }}ˆ{ 1 ˆ{ z }} { z } \prec 1 ˆ{ 1 } + ˆ{ + } A { B { 2 }}ˆ{ 2 ˆ{ z }} { z }
. \ ]

\hspace ∗{\ f i l l } In the pre sent paper , we s h a l l prov ide the c o e f f i c i e n t i n e q u a l i t i e s and i n t e g r a l

\noindent r e p r e s e n t a t i o n s f o r f u n c t i o n s be long ing to the c l a s s e s $ s { S }ˆ{ ( k
) } { c } ( \alpha , \beta , \gamma ) $ and $ C ˆ{ ( k ) } { s c }
( \alpha , \beta , \gamma ) , $
we s h a l l a l s o prov ide the i n c l u s i o n r e l a t i o n s h i p s and convo lut ion c o n d i t i o n s f o r the se
c l a s s e s .

Some subclasses of close hyphen to hyphen convex and quasi hyphen convex functions .. 67
From inequality open parenthesis 1 period 6 closing parenthesis comma we have
Equation: open parenthesis 1 period 7 closing parenthesis .. Re Row 1 epsilon to the power of mu z f to the power

of prime open parenthesis epsilon to the power of mu z closing parenthesis Row 2 f 2 k open parenthesis epsilon to the
power of mu z closing parenthesis . greater 0 open parenthesis z in U closing parenthesis period

Note that f 2 k open parenthesis epsilon to the power of mu z closing parenthesis = epsilon to the power of mu f 2
k open parenthesis z closing parenthesis and f 2 k open parenthesis epsilon to the power of mu z closing parenthesis =
epsilon to the power of minus mu f 2 k open parenthesis z closing parenthesis comma then inequalities open parenthesis
1 period 6 closing parenthesis

and open parenthesis 1 period 7 closing parenthesis can be written as
Equation: open parenthesis 1 period 8 closing parenthesis .. Re Row 1 zf to the power of prime open parenthesis

epsilon to the power of mu z closing parenthesis Row 2 f 2 k open parenthesis z closing parenthesis . greater 0 open
parenthesis z in U closing parenthesis comma

and
Equation: open parenthesis 1 period 9 closing parenthesis .. Re Row 1 zf to the power of prime open parenthesis

epsilon to the power of mu z closing parenthesis Row 2 f 2 k open parenthesis z closing parenthesis . greater 0 open
parenthesis z in U closing parenthesis period

Summing inequalities open parenthesis 1 period 8 closing parenthesis and open parenthesis 1 period 9 closing
parenthesis comma we can get

Equation: open parenthesis 1 period 1 0 closing parenthesis .. Re braceleftmid-braceleftbt z open parenthesis f to
the power of prime open parenthesis epsilon mu z closing parenthesis f sub 2 k sub open parenthesis z closing parenthesis
to the power of plus f to the power of prime open parenthesis epsilon to the power of mu z closing parenthesis closing
parenthesis bracerightbt-bracerightmid greater 0 open parenthesis z in U closing parenthesis period

Letting mu = 0 comma 1 comma 2 comma period period period comma k minus 1 in open parenthesis 1 period 1
0 closing parenthesis comma respectively comma and summing them we can get

Re braceex-braceex-braceex-braceex-braceleftmid-braceex-braceex-braceex-braceex-braceleftbt z open square bracket
sub 2 sub k to the power of 1 sum from mu = 0 to k minus 1 open parenthesis f sub f to the power of prime sub 2 k open
parenthesis z closing parenthesis to the power of open parenthesis epsilon to the power of mu z closing parenthesis plus
f to the power of prime open parenthesis epsilon to the power of mu z closing parenthesis closing parenthesis closing
square bracket bracerightbt-braceex-braceex-braceex-braceex-bracerightmid-braceex-braceex-braceex-braceex greater
0 open parenthesis z in U closing parenthesis comma

or equivalently comma
Re Row 1 zf sub 2 k to the power of prime open parenthesis z closing parenthesis Row 2 f 2 k open parenthesis z

closing parenthesis . greater 0 open parenthesis z in U closing parenthesis comma
that is f 2 k open parenthesis z closing parenthesis in S to the power of * subset S period .... This means that s

S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma
closing parenthesis subset C subset S comma hence the proof

of Lemma 2 is complete period
Similarly comma for the class C sub s c to the power of open parenthesis k closing parenthesis open parenthesis

alpha comma beta comma gamma closing parenthesis comma we have
Lemma 3 period .. Let 0 less or equal alpha less 1 comma 0 less or equal beta less or equal 1 and 0 less or equal

gamma less 1 comma then we have
C sub s c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma

closing parenthesis subset C to the power of * subset C period
Lemma 4 period .. open square bracket 5 closing square bracket Let minus 1 less or equal B sub 2 less or equal B

sub 1 less A sub 1 less or equal A sub 2 less or equal 1 comma then we have
1 to the power of 1 plus to the power of plus A B sub 1 sub z to the power of 1 to the power of z prec 1 to the

power of 1 plus to the power of plus A B sub 2 sub z to the power of 2 to the power of z period
In the present paper comma we shall provide the coefficient inequalities and integral
representations for functions belonging to the classes s S sub c to the power of open parenthesis k closing parenthesis

open parenthesis alpha comma beta comma gamma closing parenthesis and C sub s c to the power of open parenthesis
k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma

we shall also provide the inclusion relationships and convolution conditions for these
classes period

Some subclasses of close - to - convex and quasi - convex functions 67 From inequality ( 1 . 6
) , we have

<
{
εµzf ′(εµz)
f2k(εµz)

}
> 0 (z ∈ U). (1.7)

Note that f2k(εµz) = εµf2k(z) and f2k(εµz) = ε−µf2k(z), then inequalities ( 1 . 6 ) and
( 1 . 7 ) can be written as

<
{
zf ′(εµz)
f2k(z)

}
> 0 (z ∈ U), (1.8)

and

<
{
zf ′(εµz)
f2k(z)

}
> 0 (z ∈ U). (1.9)

Summing inequalities ( 1 . 8 ) and ( 1 . 9 ) , we can get

<braceleftmid− braceleftbtz(f ′(εµz)f+2k(z)f
′(εµz))bracerightbt− bracerightmid > 0 (z ∈ U).

(1.10)

Letting µ = 0, 1, 2, ..., k − 1 in ( 1 . 1 0 ) , respectively , and summing them we can get

<braceex−braceex−braceex−braceex−braceleftmid−braceex−braceex−braceex−braceex−braceleftbtz[12k
µ=0∑
k−1

(f ′f
(εµz)
2k(z)+f

′(εµz))]bracerightbt−braceex−braceex−braceex−braceex−bracerightmid−braceex−braceex−braceex−braceex > 0 (z ∈ U),

or equivalently ,

<
{
zf ′2k(z)
f2k(z)

}
> 0 (z ∈ U),

that is f2k(z) ∈ S∗ ⊂ S. This means that s
(k)
S c(α, β, γ) ⊂ C ⊂ S, hence the proof

of Lemma 2 is complete .

Similarly , for the class C(k)sc (α, β, γ), we have
Lemma 3 . Let 0 ≤ α < 1, 0 ≤ β ≤ 1 and 0 ≤ γ < 1, then we have

C(k)sc (α, β, γ) ⊂ C∗ ⊂ C.

Lemma 4 . [ 5 ] Let −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, then we have

11 ++ A1z

B1z ≺ 11 ++ A2z

B2z.

In the present paper , we shall provide the coefficient inequalities and integral

representations for functions belonging to the classes s
(k)
S c(α, β, γ) and C(k)sc (α, β, γ), we

shall also provide the inclusion relationships and convolution conditions for these classes .
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2 . Inclusion relationships

We first give some inclusion relationships for the classes s
(k)
S c(α, β, γ) and

C(k)sc (α, β, γ).

Theorem 1 . Let 0 ≤ β2 ≤ β1 ≤ 1, 0 ≤ α1 ≤ α2 < 1 and 0 ≤ γ1 ≤ γ2 < 1,
then we have

s
(k)
S c(α2, β2, γ2) ⊂ s(k)S c(α1, β1, γ1).

Proof . Suppose that f(z) ∈ s(k)S c(α2, β2, γ2), by ( 1 . 4 ) , we have

fzf
′(z)
2k(z) ≺ 1 + 1(−1− (1α

2
−)(1α2

−
)
γ2)z
β2 z.

Since 0 ≤ α1 ≤ α2 < 1, 0 ≤ β2 ≤ β1 ≤ 1 and 0 ≤ γ1 ≤ γ2 < 1, then we have

−1 ≤ −(1− α1)β1 ≤ −(1− α2)β2 < (1− α2)(1− γ2) ≤ (1− α1)(1− γ1) ≤ 1.

Thus , by Lemma 4 , we have

fzf
′(z)
2k(z) ≺ 1 + 1(−1− (1α

2
−)(1α2

−
)
γ2)z
β2 z ≺ 1 + 1(−1− (1α

1
−)(1α

−
1)
γ1)z
β1 z,

that is f(z) ∈ s(k)S c(α1, β1, γ1). This means that s
(k)
S c(α2, β2, γ2) ⊂ s(k)S c(α1, β1, γ1).

Similarly , for the class C(k)sc (α, β, γ), we have
Corollary 1 . Let 0 ≤ β2 ≤ β1 ≤ 1, 0 ≤ α1 ≤ α2 < 1 and 0 ≤ γ1 ≤ γ2 < 1,

then we have

C(k)sc (α2, β2, γ2) ⊂ C(k)sc (α1, β1, γ1).

3 . Coefficient inequalities
In this section , we give some coefficient inequalities for functions belonging to

the classes s
(k)
S c(α, β, γ) and C(k)sc (α, β, γ).

Theorem 2 . Let f(z) = z +
∑∞
n=2 anz

n be analytic in U , if for
0 ≤ α <
1, 0 ≤ β ≤ 1 and 0 ≤ γ < 1, we have

∞ ∞∑
n[1 + (1− α)β] | an | +

∑
[(1− α)(1− γ) + 1] | <(alk+1) |≤ (1− α)(1 + β − γ), (3.1)

n = 2 l = 1

thenf(z) ∈ s(k)S c(α, β, γ).

Proof . Suppose that f(z) = z +
∑∞
n=2 anz

n, and f2k(z) is defined by equality ( 1 . 2
) . We now let M be denoted by
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\centerline {2 . \quad I n c l u s i o n r e l a t i o n s h i p s }

\hspace ∗{\ f i l l }We f i r s t \quad g ive some i n c l u s i o n r e l a t i o n s h i p s f o r the \quad c l a s s e s
$ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta , \gamma ) $ \quad and

\begin { a l i g n ∗}
C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma ) .
\end{ a l i g n ∗}

Theorem 1 . \quad Let $ 0 \ leq \beta 2 \ leq \beta 1 \ leq 1 , 0
\ leq \alpha { 1 } \ leq \alpha { 2 } < 1 $ and $ 0 \ leq \gamma 1 \ leq
\gamma 2 < 1 , $

then we have

\ [ s { S }ˆ{ ( k ) } { c } ( \alpha { 2 } , \beta 2 , \gamma 2 )
\subset s { S }ˆ{ ( k ) } { c } ( \alpha { 1 } , \beta 1 , \gamma
1 ) . \ ]

\centerline{Proof . Suppose that $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha { 2 } , \beta 2 , \gamma 2 ) , $ by ( 1 . 4 ) , we have }

\ [ f ˆ{ z f }ˆ{ \prime ( z ) } { 2 k ( z ) } \prec 1 +{ 1 } ( { − }
1 −{ ( } { 1 } \alpha { − }ˆ{ 2 } ) { \alpha { 2 }}ˆ{ ( 1 } { ) }ˆ{ − } { \beta
2 }ˆ{ \gamma 2 ) z } { z } . \ ]

\noindent Since $ 0 \ leq \alpha { 1 } \ leq \alpha { 2 } < 1 , 0 \ leq
\beta 2 \ leq \beta 1 \ leq 1 $ and $ 0 \ leq \gamma 1 \ leq \gamma
2 < 1 , $ then we have

\ [ − 1 \ leq − ( 1 − \alpha { 1 } ) \beta 1 \ leq − ( 1 −
\alpha { 2 } ) \beta 2 < ( 1 − \alpha { 2 } ) ( 1 − \gamma
2 ) \ leq ( 1 − \alpha { 1 } ) ( 1 − \gamma 1 ) \ leq 1
. \ ]

\noindent Thus , by Lemma 4 , we have

\ [ f ˆ{ z f }ˆ{ \prime ( z ) } { 2 k ( z ) } \prec 1 +{ 1 } ( { − }
1 −{ ( } { 1 } \alpha { − }ˆ{ 2 } ) { \alpha { 2 }}ˆ{ ( 1 } { ) }ˆ{ − } { \beta
2 }ˆ{ \gamma 2 ) z } { z } \prec 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − }ˆ{ 1 }
) { \alpha }ˆ{ ( 1 } { 1 ) }ˆ{ − } { \beta 1 }ˆ{ \gamma 1 ) z } { z } , \ ]

\noindent that i s $ f ( z ) \ in s { S }ˆ{ ( k ) } { c } ( \alpha { 1 }
, \beta 1 , \gamma 1 ) . $ This means that $ s { S }ˆ{ ( k ) } { c }
( \alpha { 2 } , \beta 2 , \gamma 2 ) \subset s { S }ˆ{ ( k ) } { c }
( \alpha { 1 } , \beta 1 , \gamma 1 ) . $

\centerline{ S i m i l a r l y , f o r the c l a s s $ C ˆ{ ( k ) } { s c } ( \alpha ,
\beta , \gamma ) , $ we have }

Coro l l a ry 1 . \quad Let $ 0 \ leq \beta 2 \ leq \beta 1 \ leq 1 , 0
\ leq \alpha { 1 } \ leq \alpha { 2 } < 1 $ and $ 0 \ leq \gamma 1 \ leq
\gamma 2 < 1 , $

then we have

\ [ C ˆ{ ( k ) } { s c } ( \alpha { 2 } , \beta 2 , \gamma 2 )
\subset C ˆ{ ( k ) } { s c } ( \alpha { 1 } , \beta 1 , \gamma
1 ) . \ ]

\centerline {3 . \quad C o e f f i c i e n t i n e q u a l i t i e s }

\hspace ∗{\ f i l l } In t h i s s e c t i o n , we g ive some c o e f f i c i e n t i n e q u a l i t i e s f o r f u n c t i o n s be long ing to

\noindent the c l a s s e s $ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta , \gamma
) $ and $ C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma ) . $

\hspace ∗{\ f i l l }Theorem \quad 2 . \quad Let $ f ( z ) = z + \sum ˆ{ \ infty } { n
= 2 } a { n } z ˆ{ n }$ \quad be a n a l y t i c in $ U , $ \quad i f f o r $ 0 \ leq
\alpha < $

\noindent $ 1 , 0 \ leq \beta \ leq 1 $ and $ 0 \ leq \gamma < 1
, $ we have

\ [\ begin { a l i gned } \ infty \ infty \\
\sum n [ 1 + ( 1 − \alpha ) \beta ] \mid a { n } \mid

+ \sum [ ( 1 − \alpha ) ( 1 − \gamma ) + 1 ] \mid \Re
( a { l k + 1 } ) \mid \ leq ( 1 − \alpha ) ( 1 + \beta
− \gamma ) , ( 3 . 1 ) \\

n = 2 l = 1 \\
then f ( z ) \ in s { S }ˆ{ ( k ) } { c } ( \alpha , \beta

, \gamma ) . \end{ a l i gned }\ ]

Proof . Suppose that $ f ( z ) = z + \sum ˆ{ \ infty } { n = 2 } a { n }
z ˆ{ n } , $ and $ f 2 k ( z ) $ i s de f i ned by e q u a l i t y

( 1 . 2 ) . We now l e t $ M $ be denoted by

\ [\ begin { a l i gned } M : = \mid z f ˆ{ \prime } ( z ) − f 2 k ( z
) \mid − ( 1 − \alpha ) \mid \beta z f ˆ{ \prime } ( z ) +
( 1 − \gamma ) f 2 k ( z ) \mid \\

= \ l e f t \arrowvert\begin { array }{ ccc } \ infty & \ infty \\ \sum na { n } z ˆ{ n }
− & \sum & \Re ( a { n } ) c { n } z ˆ{ n }\\ n = 2 & n = 2 \end{ array }\ right\arrowvert\\
− ( 1 − \alpha ) \arrowvert \beta \ l e f t (\ begin { array }{ cc } \ infty \\

z + & \sum na { n } z ˆ{ n }\\ n = 2 \end{ array }\ right ) + ( 1 −
\gamma ) \ l e f t (\ begin { array }{ ccc } \ infty \\ z + & \sum & \Re ( a { n }
) c { n } z ˆ{ n }\\ n = 2 \end{ array }\ right ) \arrowvert , \end{ a l i gned }\ ]
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2 period .. Inclusion relationships
We first .. give some inclusion relationships for the .. classes s S sub c to the power of open parenthesis k closing

parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis .. and
C sub s c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma

closing parenthesis period
Theorem 1 period .. Let 0 less or equal beta 2 less or equal beta 1 less or equal 1 comma 0 less or equal alpha sub

1 less or equal alpha sub 2 less 1 and 0 less or equal gamma 1 less or equal gamma 2 less 1 comma
then we have
s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha sub 2 comma beta 2 comma

gamma 2 closing parenthesis subset s S sub c to the power of open parenthesis k closing parenthesis open parenthesis
alpha sub 1 comma beta 1 comma gamma 1 closing parenthesis period

Proof period Suppose that f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k
closing parenthesis open parenthesis alpha sub 2 comma beta 2 comma gamma 2 closing parenthesis comma by open
parenthesis 1 period 4 closing parenthesis comma we have

f to the power of zf sub 2 k open parenthesis z closing parenthesis to the power of prime open parenthesis z closing
parenthesis prec 1 plus 1 open parenthesis sub minus 1 minus open parenthesis sub 1 alpha minus to the power of 2
closing parenthesis alpha sub 2 sub closing parenthesis to the power of open parenthesis 1 sub beta 2 to the power of
minus sub z to the power of gamma 2 closing parenthesis z period

Since 0 less or equal alpha sub 1 less or equal alpha sub 2 less 1 comma 0 less or equal beta 2 less or equal beta 1
less or equal 1 and 0 less or equal gamma 1 less or equal gamma 2 less 1 comma then we have

minus 1 less or equal minus open parenthesis 1 minus alpha sub 1 closing parenthesis beta 1 less or equal minus
open parenthesis 1 minus alpha sub 2 closing parenthesis beta 2 less open parenthesis 1 minus alpha sub 2 closing
parenthesis open parenthesis 1 minus gamma 2 closing parenthesis less or equal open parenthesis 1 minus alpha sub
1 closing parenthesis open parenthesis 1 minus gamma 1 closing parenthesis less or equal 1 period

Thus comma by Lemma 4 comma we have
f to the power of zf sub 2 k open parenthesis z closing parenthesis to the power of prime open parenthesis z closing

parenthesis prec 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus to the power of 2 closing
parenthesis alpha sub 2 sub closing parenthesis to the power of open parenthesis 1 sub beta 2 to the power of minus
sub z to the power of gamma 2 closing parenthesis z prec 1 plus 1 open parenthesis minus 1 minus open parenthesis sub
1 alpha minus to the power of 1 closing parenthesis alpha sub 1 closing parenthesis to the power of open parenthesis
1 sub beta 1 to the power of minus sub z to the power of gamma 1 closing parenthesis z comma

that is f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k closing parenthesis
open parenthesis alpha sub 1 comma beta 1 comma gamma 1 closing parenthesis period This means that s S sub c
to the power of open parenthesis k closing parenthesis open parenthesis alpha sub 2 comma beta 2 comma gamma 2
closing parenthesis subset s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha sub
1 comma beta 1 comma gamma 1 closing parenthesis period

Similarly comma for the class C sub s c to the power of open parenthesis k closing parenthesis open parenthesis
alpha comma beta comma gamma closing parenthesis comma we have

Corollary 1 period .. Let 0 less or equal beta 2 less or equal beta 1 less or equal 1 comma 0 less or equal alpha sub
1 less or equal alpha sub 2 less 1 and 0 less or equal gamma 1 less or equal gamma 2 less 1 comma

then we have
C sub s c to the power of open parenthesis k closing parenthesis open parenthesis alpha sub 2 comma beta 2 comma

gamma 2 closing parenthesis subset C sub s c to the power of open parenthesis k closing parenthesis open parenthesis
alpha sub 1 comma beta 1 comma gamma 1 closing parenthesis period

3 period .. Coefficient inequalities
In this section comma we give some coefficient inequalities for functions belonging to
the classes s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta

comma gamma closing parenthesis and C sub s c to the power of open parenthesis k closing parenthesis open parenthesis
alpha comma beta comma gamma closing parenthesis period

Theorem .. 2 period .. Let f open parenthesis z closing parenthesis = z plus sum sub n = 2 to the power of infinity
a sub n z to the power of n .. be analytic in U comma .. if for 0 less or equal alpha less

1 comma 0 less or equal beta less or equal 1 and 0 less or equal gamma less 1 comma we have
Line 1 infinity infinity Line 2 sum n open square bracket 1 plus open parenthesis 1 minus alpha closing parenthesis

beta closing square bracket bar a sub n bar plus sum open square bracket open parenthesis 1 minus alpha closing
parenthesis open parenthesis 1 minus gamma closing parenthesis plus 1 closing square bracket bar Re open parenthesis
a sub l k plus 1 closing parenthesis bar less or equal open parenthesis 1 minus alpha closing parenthesis open parenthesis
1 plus beta minus gamma closing parenthesis comma open parenthesis 3 period 1 closing parenthesis Line 3 n = 2
l = 1 Line 4 then f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k closing
parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis period

Proof period Suppose that f open parenthesis z closing parenthesis = z plus sum sub n = 2 to the power of infinity
a sub n z to the power of n comma and f 2 k open parenthesis z closing parenthesis is defined by equality

open parenthesis 1 period 2 closing parenthesis period We now let M be denoted by
Line 1 M : = bar zf to the power of prime open parenthesis z closing parenthesis minus f 2 k open parenthesis z

closing parenthesis bar minus open parenthesis 1 minus alpha closing parenthesis bar beta zf to the power of prime
open parenthesis z closing parenthesis plus open parenthesis 1 minus gamma closing parenthesis f 2 k open parenthesis
z closing parenthesis bar Line 2 = Row 1 infinity infinity Row 2 sum na sub n z to the power of n minus sum Re
open parenthesis a sub n closing parenthesis c sub n z to the power of n Row 3 n = 2 n = 2 . Line 3 minus open
parenthesis 1 minus alpha closing parenthesis vextendsingle-vextendsingle-vextendsingle beta Row 1 infinity Row 2 z
plus sum na sub n z to the power of n Row 3 n = 2 . plus open parenthesis 1 minus gamma closing parenthesis Row
1 infinity Row 2 z plus sum Re open parenthesis a sub n closing parenthesis c sub n z to the power of n Row 3 n = 2
. vextendsingle-vextendsingle-vextendsingle comma

M :=| zf ′(z)− f2k(z) | −(1− α) | βzf ′(z) + (1− γ)f2k(z) |

=


∞ ∞∑
nanz

n−
∑

<(an)cnz
n

n = 2 n = 2


−(1− α)|β

 ∞
z+

∑
nanz

n

n = 2

+ (1− γ)

 ∞
z+

∑
<(an)cnz

n

n = 2

 |,



Some subclasses of close - to - convex and quasi - convex functions 69 where

cn = k1
ν=0∑
k−1

ε(n−1)ν = {01,, nn = 6=lklk ++ 11,. (ε = exp(2πi/k); l ∈ N = {1, 2, ...}).

(3.2)

Thus , for | z |= r < 1, we have

∞

M ≤
∑

(n | an | + | <(an) | cn)rn

n = 2

−(1− α)

 ∞
(1 + β − γ)r−

∑
[nβ | an | +(1− γ) | <(an) | cn]rn

n = 2



<


∞∑
{n[1 + (1− α)β] | an | +[(1− α)(1− γ) + 1] | <(an) | cn}

n = 2

−(1− α)(1 + β − γ))r

∞

<
∑
{n[1 + (1− α)β] | an | +[(1− α)(1− γ) + 1] | <(an) | cn} − (1− α)(1 + β − γ)

n = 2

∞ ∞

=
∑

n[1 + (1− α)β] | an | +
∑

[(1− α)(1− γ) + 1] | <(alk+1) | −(1− α)(1 + β − γ).

n = 2 l = 1

From inequality ( 3 . 1 ) , we know that M < 0, thus we can get inequality ( 1 . 3 ) , that

is f(z) ∈ s(k)S c(α, β, γ). This completes the proof of Theorem 2 .

Similarly , for the class C(k)sc (α, β, γ), we have
Corollary 2 . Let f(z) = z +

∑∞
n=2 anz

n be analytic in U , if for 0 ≤ α <
1, 0 ≤ β ≤ 1 and 0 ≤ γ < 1, we have

∞ ∞∑
n2[1 + (1− α)β] | an | +

∑
[(1− α)(1− γ) + 1](lk + 1) | <(alk+1) |≤ (1− α)(1 + β − γ),

l = 1
n = 2

thenf(z) ∈ C(k)sc (α, β, γ).

4 . Integral representations
In this section , we provide the integral representations for functions belonging

to the classes s
(k)
S c(α, β, γ) and C(k)sc (α, β, γ).
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where

\ [\ begin { a l i gned } c { n } = k ˆ{ 1 } \sum ˆ{ \nu = 0 } { k − 1 } \varepsilon ˆ{ (
n − 1 ) \nu } = \{ 0 ˆ{ 1 , } { , } n ˆ{ n } ={ \ne } l k ˆ{ l k } + ˆ{ + }
1 ˆ{ 1 , } { . } ( \varepsilon = \exp ( 2 \pi i / k ) ; l
\ in N = \{ 1 , 2 , . . . \} ) . \\

( 3 . 2 ) \end{ a l i gned }\ ]

\noindent Thus , f o r $ \mid z \mid = r < 1 , $ we have

\ [\ begin { a l i gned } \ infty \\
M \ leq \sum ( n \mid a { n } \mid + \mid \Re ( a { n } )
\mid c { n } ) r ˆ{ n }\\

n = 2 \\
− ( 1 − \alpha ) \ l e f t [\ begin { array }{ cc } \ infty \\ ( 1 + \beta −

\gamma ) r − & \sum [ n \beta \mid a { n } \mid + ( 1 −
\gamma ) \mid \Re ( a { n } ) \mid c { n } ] r ˆ{ n }\\ n = 2 \end{ array }\ right ]\\
< \ l e f t (\ begin { a l i gned } & \ infty \\
& \sum \{ n [ 1 + ( 1 − \alpha ) \beta ] \mid a { n }

\mid + [ ( 1 − \alpha ) ( 1 − \gamma ) + 1 ] \mid \Re
( a { n } ) \mid c { n } \} \\

& n = 2 \end{ a l i gned }\ right .\\
− ( 1 − \alpha ) ( 1 + \beta − \gamma ) ) r \\
\ infty \\
< \sum \{ n [ 1 + ( 1 − \alpha ) \beta ] \mid a { n }

\mid + [ ( 1 − \alpha ) ( 1 − \gamma ) + 1 ] \mid \Re
( a { n } ) \mid c { n } \} − ( 1 − \alpha ) ( 1 + \beta
− \gamma ) \\

n = 2 \\
\ infty \ infty \\
= \sum n [ 1 + ( 1 − \alpha ) \beta ] \mid a { n } \mid

+ \sum [ ( 1 − \alpha ) ( 1 − \gamma ) + 1 ] \mid \Re
( a { l k + 1 } ) \mid − ( 1 − \alpha ) ( 1 + \beta
− \gamma ) . \\

n = 2 l = 1 \end{ a l i gned }\ ]

\noindent From i n e q u a l i t y ( 3 . 1 ) , we know that $ M < 0 , $ thus we can get i n e q u a l i t y ( 1 . 3 ) , that

\noindent i s $ f ( z ) \ in s { S }ˆ{ ( k ) } { c } ( \alpha , \beta
, \gamma ) . $ This completes the proo f o f Theorem 2 .

\centerline{ S i m i l a r l y , f o r the c l a s s $ C ˆ{ ( k ) } { s c } ( \alpha ,
\beta , \gamma ) , $ we have }

\centerline{Coro l l a ry 2 . \quad Let $ f ( z ) = z + \sum ˆ{ \ infty } { n
= 2 } a { n } z ˆ{ n }$ \quad be a n a l y t i c in $ U , $ \quad i f f o r $ 0 \ leq
\alpha < $ }

\noindent $ 1 , 0 \ leq \beta \ leq 1 $ and $ 0 \ leq \gamma < 1
, $ we have

\begin { a l i g n ∗}
\ infty \ infty \\ \sum n ˆ{ 2 } [ 1 + ( 1 − \alpha ) \beta ]
\mid a { n } \mid + \sum [ ( 1 − \alpha ) ( 1 − \gamma )
+ 1 ] ( l k + 1 ) \mid \Re ( a { l k + 1 } ) \mid \ leq
( 1 − \alpha ) ( 1 + \beta − \gamma ) , \\\ tag ∗{$ n = 2 $} l
= 1 \\ then f ( z ) \ in C ˆ{ ( k ) } { s c } ( \alpha , \beta
, \gamma ) .
\end{ a l i g n ∗}

\centerline {4 . \quad I n t e g r a l r e p r e s e n t a t i o n s }

\centerline{ In t h i s s e c t i o n , we prov ide the i n t e g r a l r e p r e s e n t a t i o n s f o r f u n c t i o n s be long ing }

\noindent to the c l a s s e s $ s { S }ˆ{ ( k ) } { c } ( \alpha , \beta ,
\gamma ) $ and $ C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma
) . $

\centerline{Theorem 3 . \quad Let $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha , \beta , \gamma ) , $ then we have }

\ [\ begin { a l i gned } f 2 k ( z ) = z \cdot \exp \{ 2 ˆ{ 1 } k \sum ˆ{ \mu
= 0 } { k − 1 } \ int ˆ{ z } { 0 } ( 1 − \alpha ) ( 1 + { \zeta }
\beta − \gamma ) \times \\
\times [ { 1 } − ( 1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu

\zeta ) } { \beta \omega ( \varepsilon ˆ{ \mu } \zeta ) } + 1 − (
1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu \zeta ) } { \beta \omega
( \varepsilon ˆ{ \mu } \zeta ) } ] d \zeta \} , ( 4 . 1 ) \end{ a l i gned }\ ]

\noindent where $ f 2 k ( z ) $ \quad i s \quad de f ined by \quad e q u a l i t y \quad
$ ( 1 . 2 ) , \omega ( z ) $ \quad i s \quad a n a l y t i c in $ U $ \quad and
$ \omega ( 0 ) = 0 , $

\begin { a l i g n ∗}
\mid \omega ( z ) \mid < 1 .
\end{ a l i g n ∗}
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where
Line 1 c sub n = k to the power of 1 sum from nu = 0 to k minus 1 epsilon to the power of open parenthesis n

minus 1 closing parenthesis nu = braceleftbigg 0 sub comma to the power of 1 comma n to the power of n = equal-
negationslash lk to the power of lk plus to the power of plus 1 sub period to the power of 1 comma open parenthesis
epsilon = exponent open parenthesis 2 pi i slash k closing parenthesis semicolon l in N = open brace 1 comma 2 comma
period period period closing brace closing parenthesis period Line 2 open parenthesis 3 period 2 closing parenthesis

Thus comma for bar z bar = r less 1 comma we have
Line 1 infinity Line 2 M less or equal sum open parenthesis n bar a sub n bar plus bar Re open parenthesis a sub

n closing parenthesis bar c sub n closing parenthesis r to the power of n Line 3 n = 2 Line 4 minus open parenthesis 1
minus alpha closing parenthesis Row 1 infinity Row 2 open parenthesis 1 plus beta minus gamma closing parenthesis r
minus sum open square bracket n beta bar a sub n bar plus open parenthesis 1 minus gamma closing parenthesis bar
Re open parenthesis a sub n closing parenthesis bar c sub n closing square bracket r to the power of n Row 3 n = 2 .
Line 5 less Case 1 infinity Case 2 sum open brace n open square bracket 1 plus open parenthesis 1 minus alpha closing
parenthesis beta closing square bracket bar a sub n bar plus open square bracket open parenthesis 1 minus alpha closing
parenthesis open parenthesis 1 minus gamma closing parenthesis plus 1 closing square bracket bar Re open parenthesis
a sub n closing parenthesis bar c sub n closing brace Case 3 n = 2 Line 6 minus open parenthesis 1 minus alpha closing
parenthesis open parenthesis 1 plus beta minus gamma closing parenthesis parenrightbigg r Line 7 infinity Line 8 less
sum open brace n open square bracket 1 plus open parenthesis 1 minus alpha closing parenthesis beta closing square
bracket bar a sub n bar plus open square bracket open parenthesis 1 minus alpha closing parenthesis open parenthesis
1 minus gamma closing parenthesis plus 1 closing square bracket bar Re open parenthesis a sub n closing parenthesis
bar c sub n closing brace minus open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 plus beta
minus gamma closing parenthesis Line 9 n = 2 Line 10 infinity infinity Line 11 = sum n open square bracket 1 plus
open parenthesis 1 minus alpha closing parenthesis beta closing square bracket bar a sub n bar plus sum open square
bracket open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 minus gamma closing parenthesis plus
1 closing square bracket bar Re open parenthesis a sub l k plus 1 closing parenthesis bar minus open parenthesis 1
minus alpha closing parenthesis open parenthesis 1 plus beta minus gamma closing parenthesis period Line 12 n = 2
l = 1

From inequality open parenthesis 3 period 1 closing parenthesis comma we know that M less 0 comma thus we can
get inequality open parenthesis 1 period 3 closing parenthesis comma that

is f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k closing parenthesis
open parenthesis alpha comma beta comma gamma closing parenthesis period This completes the proof of Theorem
2 period

Similarly comma for the class C sub s c to the power of open parenthesis k closing parenthesis open parenthesis
alpha comma beta comma gamma closing parenthesis comma we have

Corollary 2 period .. Let f open parenthesis z closing parenthesis = z plus sum sub n = 2 to the power of infinity
a sub n z to the power of n .. be analytic in U comma .. if for 0 less or equal alpha less

1 comma 0 less or equal beta less or equal 1 and 0 less or equal gamma less 1 comma we have
infinity infinity sum n to the power of 2 open square bracket 1 plus open parenthesis 1 minus alpha closing

parenthesis beta closing square bracket bar a sub n bar plus sum open square bracket open parenthesis 1 minus
alpha closing parenthesis open parenthesis 1 minus gamma closing parenthesis plus 1 closing square bracket open
parenthesis lk plus 1 closing parenthesis bar Re open parenthesis a sub l k plus 1 closing parenthesis bar less or equal
open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 plus beta minus gamma closing parenthesis
comma Equation: n = 2 .. l = 1 then f open parenthesis z closing parenthesis in C sub s c to the power of open
parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis period

4 period .. Integral representations
In this section comma we provide the integral representations for functions belonging
to the classes s S sub c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma

beta comma gamma closing parenthesis and C sub s c to the power of open parenthesis k closing parenthesis open
parenthesis alpha comma beta comma gamma closing parenthesis period

Theorem 3 period .. Let f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k
closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma then we have

Line 1 f 2 k open parenthesis z closing parenthesis = z times exponent open brace 2 to the power of 1 k sum
from mu = 0 to k minus 1 integral sub 0 to the power of z open parenthesis 1 minus alpha closing parenthesis open
parenthesis 1 plus zeta beta minus gamma closing parenthesis times Line 2 times open square bracket sub 1 minus
open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open parenthesis
epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis plus 1 minus open
parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open parenthesis epsilon
to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis closing square bracket d zeta
closing brace comma open parenthesis 4 period 1 closing parenthesis

where f 2 k open parenthesis z closing parenthesis .. is .. defined by .. equality .. open parenthesis 1 period 2
closing parenthesis comma omega open parenthesis z closing parenthesis .. is .. analytic in U .. and omega open
parenthesis 0 closing parenthesis = 0 comma

bar omega open parenthesis z closing parenthesis bar less 1 period

Theorem 3 . Let f(z) ∈ s(k)S c(α, β, γ), then we have

f2k(z) = z · exp{21k
µ=0∑
k−1

∫ z

0

(1− α)(1 + ζβ − γ)×

× [1−(1ω−(ε
µζ)
α) βω(ε

µζ) + 1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ}, (4.1)

where f2k(z) is defined by equality (1.2), ω(z) is analytic in U and
ω(0) = 0,

| ω(z) |< 1.
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\centerline{Proof . Suppose that $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha , \beta , \gamma ) , $ by ( 1 . 4 ) , we have }

\begin { a l i g n ∗}
f ˆ{ z f }ˆ{ \prime ( z ) } { 2 k ( z ) } = 1 +{ 1 } ( { − } 1 −{ ( } { 1 }
\alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega
( z ) } { ( z ) } , \ tag ∗{$ ( 4 . 2 ) $}
\end{ a l i g n ∗}

\noindent where $ \omega ( z ) $ i s a n a l y t i c in $ U $ and $ \omega ( 0
) = 0 , \mid \omega ( z ) \mid < 1 . $ \quad S u b s t i t u t i n g $ z $
by $ \varepsilon ˆ{ \mu } z ( \mu = $

$ 0 , 1 , 2 , . . . , k − 1 ) $ in ( 4 . 2 ) , we have

\begin { a l i g n ∗}
\varepsilon{ \mu } z f ˆ{ \prime }{ f }ˆ{ ( \varepsilon ˆ{ \mu } z ) } { 2 k
( \varepsilon ˆ{ \mu } z ) } = 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − }
) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega ( \varepsilon ˆ{ \mu }
z ) } { ( \varepsilon ˆ{ \mu } z ) } . \ tag ∗{$ ( 4 . 3 ) $}
\end{ a l i g n ∗}

\noindent From e q u a l i t y ( 4 . 3 ) , we have

\begin { a l i g n ∗}
\varepsilon{ \mu } z { f } { 2 k }ˆ{ f ˆ{ \prime } ( \varepsilon ˆ{ \mu } z ) } { (
\varepsilon ˆ{ \mu } z ) } = 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − }
) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega ( \varepsilon ˆ{ \mu }
z ) } { ( \varepsilon ˆ{ \mu } z ) } . \ tag ∗{$ ( 4 . 4 ) $}
\end{ a l i g n ∗}

\noindent Summing e q u a l i t i e s ( 4 . 3 ) \quad and \quad ( 4 . 4 ) , \quad and making use o f the same method as in
Lemma 2 , we have

\begin { a l i g n ∗}
z f ˆ{ \prime } { f 2 ˆ{ 2 }ˆ{ k } { k } ( }ˆ{ ( z ) } { z ) } = 2 ˆ{ 1 }

k \sum ˆ{ \mu = 0 } { k − 1 } [ ˆ{ 1 } +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − }
) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega ( \varepsilon ˆ{ \mu }
z ) } { ( \varepsilon ˆ{ \mu } z ) } + 1 +{ 1 } ( { − } 1 −{ ( } { 1 }
\alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega
( \varepsilon ˆ{ \mu } z ) } { ( \varepsilon ˆ{ \mu } z ) } ] , \\ ( 4
. 5 )
\end{ a l i g n ∗}

\noindent from e q u a l i t y ( 4 . 5 ) , we can get

\begin { a l i g n ∗}
2 k ˆ{ 2 k } { f ˆ{ f }ˆ{ \prime }}ˆ{ ( z ) } { ( z ) } − 1 { z } =

2 ˆ{ 1 } k \sum ˆ{ \mu = 0 } { k − 1 } 1 { z } \{ [ 1 +{ 1 } ( { − }
1 −{ ( } { 1 } \alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma
) \omega ( \varepsilon ˆ{ \mu } z ) } { ( \varepsilon ˆ{ \mu } z ) } + \\ +
1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta
\omega }ˆ{ \gamma ) \omega ( \varepsilon ˆ{ \mu } z ) } { ( \varepsilon ˆ{ \mu }
z ) } ] − 2 \} . \ tag ∗{$ ( 4 . 6 ) $}
\end{ a l i g n ∗}

\noindent I n t e g r a t i n g e q u a l i t y ( 4 . 6 ) , we have

\begin { a l i g n ∗}
\ log \ l e f t \{\ begin { array }{ c} f 2 k ( z ) \\ z \end{ array }\ right \} = 2 ˆ{ 1 }

k \sum ˆ{ \mu = 0 } { k − 1 } \ int ˆ{ z } { 0 } ( 1 − \alpha ) (
1 + { \zeta } \beta − \gamma ) \times \\ \times [ { 1 } − ( 1 \omega { − }
( \varepsilon { \alpha ) }ˆ{ \mu \zeta ) } { \beta \omega ( \varepsilon ˆ{ \mu }
\zeta ) } + 1 − ( 1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu
\zeta ) } { \beta \omega ( \varepsilon ˆ{ \mu } \zeta ) } ] d \zeta
. \ tag ∗{$ ( 4 . 7 ) $}
\end{ a l i g n ∗}

\noindent From e q u a l i t y ( 4 . 7 ) , we can get e q u a l i t y ( 4 . 1 ) e a s i l y . \ h f i l l This completes the proo f o f

\noindent Theorem 3 .

\centerline{Theorem 4 . \quad Let $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha , \beta , \gamma ) , $ then we have }

\begin { a l i g n ∗}
f ( z ) = \ int ˆ{ z } { 0 } \exp \{ 2 ˆ{ 1 } k \sum ˆ{ \mu = 0 } { k
− 1 } \ int ˆ{ \xi } { 0 } ( 1 − \alpha ) ( 1 + { \zeta } \beta −
\gamma ) \ l e f t [\ begin { a l i gned } & \omega ( \varepsilon ˆ{ \mu } \zeta ) \\

& 1 − ( 1 − \alpha ) \beta \omega ( \varepsilon ˆ{ \mu } \zeta
) \end{ a l i gned }\ right .\\ + 1 − ( 1 \omega { − } ( \varepsilon { \alpha
) }ˆ{ \mu \zeta ) } { \beta \omega ( \varepsilon ˆ{ \mu } \zeta ) } ]
d \zeta \} \cdot 1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − } ) ( { \alpha
) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma ) \omega ( \xi ) } { ( \xi ) }
d \xi , \ tag ∗{$ ( 4 . 8 ) $}
\end{ a l i g n ∗}

\noindent where $ \omega ( z ) $ i s a n a l y t i c in $ U $ and $ \omega ( 0
) = 0 , \mid \omega ( z ) \mid < 1 . $
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Proof period Suppose that f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k

closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma by open parenthesis
1 period 4 closing parenthesis comma we have

Equation: open parenthesis 4 period 2 closing parenthesis .. f to the power of zf sub 2 k open parenthesis z closing
parenthesis to the power of prime open parenthesis z closing parenthesis = 1 plus 1 open parenthesis minus 1 minus
open parenthesis sub 1 alpha minus closing parenthesis open parenthesis alpha closing parenthesis sub beta omega to
the power of 1 minus sub open parenthesis z closing parenthesis to the power of gamma closing parenthesis omega
open parenthesis z closing parenthesis comma

where omega open parenthesis z closing parenthesis is analytic in U and omega open parenthesis 0 closing paren-
thesis = 0 comma bar omega open parenthesis z closing parenthesis bar less 1 period .. Substituting z by epsilon to
the power of mu z open parenthesis mu =

0 comma 1 comma 2 comma period period period comma k minus 1 closing parenthesis in open parenthesis 4
period 2 closing parenthesis comma we have

Equation: open parenthesis 4 period 3 closing parenthesis .. epsilon mu zf to the power of prime f sub 2 k open
parenthesis epsilon to the power of mu z closing parenthesis to the power of open parenthesis epsilon to the power
of mu z closing parenthesis = 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing
parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis
epsilon to the power of mu z closing parenthesis to the power of gamma closing parenthesis omega open parenthesis
epsilon to the power of mu z closing parenthesis period

From equality open parenthesis 4 period 3 closing parenthesis comma we have
Equation: open parenthesis 4 period 4 closing parenthesis .. epsilon mu z f sub 2 k sub open parenthesis epsilon to

the power of mu z closing parenthesis to the power of f to the power of prime open parenthesis epsilon to the power
of mu z closing parenthesis = 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing
parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis
epsilon to the power of mu z closing parenthesis to the power of gamma closing parenthesis omega open parenthesis
epsilon to the power of mu z closing parenthesis period

Summing equalities open parenthesis 4 period 3 closing parenthesis .. and .. open parenthesis 4 period 4 closing
parenthesis comma .. and making use of the same method as in

Lemma 2 comma we have
zf sub f 2 to the power of 2 sub k to the power of k open parenthesis to the power of prime sub z closing parenthesis

to the power of open parenthesis z closing parenthesis = 2 to the power of 1 k sum from mu = 0 to k minus 1 open
square bracket to the power of 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing
parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis
epsilon to the power of mu z closing parenthesis to the power of gamma closing parenthesis omega open parenthesis
epsilon to the power of mu z closing parenthesis plus 1 plus 1 open parenthesis sub minus 1 minus open parenthesis sub
1 alpha minus closing parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus
sub open parenthesis epsilon to the power of mu z closing parenthesis to the power of gamma closing parenthesis omega
open parenthesis epsilon to the power of mu z closing parenthesis closing square bracket comma open parenthesis 4
period 5 closing parenthesis

from equality open parenthesis 4 period 5 closing parenthesis comma we can get
2 k from 2 k to f to the power of f to the power of prime sub open parenthesis z closing parenthesis to the power

of open parenthesis z closing parenthesis minus 1 z = 2 to the power of 1 k sum from mu = 0 to k minus 1 1 z
braceleftbigg bracketleftbigg 1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing
parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis
epsilon to the power of mu z closing parenthesis to the power of gamma closing parenthesis omega open parenthesis
epsilon to the power of mu z closing parenthesis plus Equation: open parenthesis 4 period 6 closing parenthesis .. plus
1 plus 1 open parenthesis minus 1 minus open parenthesis sub 1 alpha minus closing parenthesis open parenthesis
alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis epsilon to the power of mu z
closing parenthesis to the power of gamma closing parenthesis omega open parenthesis epsilon to the power of mu z
closing parenthesis closing square bracket minus 2 closing brace period

Integrating equality open parenthesis 4 period 6 closing parenthesis comma we have
log Row 1 f 2 k open parenthesis z closing parenthesis Row 2 z . = 2 to the power of 1 k sum from mu = 0 to k

minus 1 integral sub 0 to the power of z open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 plus
zeta beta minus gamma closing parenthesis times Equation: open parenthesis 4 period 7 closing parenthesis .. times
open square bracket sub 1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis
sub beta omega open parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing
parenthesis plus 1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta
omega open parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis
closing square bracket d zeta period

From equality open parenthesis 4 period 7 closing parenthesis comma we can get equality open parenthesis 4 period
1 closing parenthesis easily period .... This completes the proof of

Theorem 3 period
Theorem 4 period .. Let f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k

closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma then we have
f open parenthesis z closing parenthesis = integral sub 0 to the power of z exponent open brace 2 to the power of 1

k sum from mu = 0 to k minus 1 integral sub 0 to the power of xi open parenthesis 1 minus alpha closing parenthesis
open parenthesis 1 plus zeta beta minus gamma closing parenthesis Case 1 omega open parenthesis epsilon to the
power of mu zeta closing parenthesis Case 2 1 minus open parenthesis 1 minus alpha closing parenthesis beta omega
open parenthesis epsilon to the power of mu zeta closing parenthesis Equation: open parenthesis 4 period 8 closing
parenthesis .. plus 1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub
beta omega open parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing
parenthesis closing square bracket d zeta closing brace times 1 plus 1 open parenthesis minus 1 minus open parenthesis
sub 1 alpha minus closing parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1
minus sub open parenthesis xi closing parenthesis to the power of gamma closing parenthesis omega open parenthesis
xi closing parenthesis d xi comma

where omega open parenthesis z closing parenthesis is analytic in U and omega open parenthesis 0 closing paren-
thesis = 0 comma bar omega open parenthesis z closing parenthesis bar less 1 period
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Proof . Suppose that f(z) ∈ s(k)S c(α, β, γ), by ( 1 . 4 ) , we have

fzf
′(z)
2k(z) = 1 + 1(−1− (1α−)(1−α)

γ)ω(z)
βω (z), (4.2)

where ω(z) is analytic in U and ω(0) = 0, | ω(z) |< 1. Substituting z by εµz(µ =
0, 1, 2, ..., k − 1) in ( 4 . 2 ) , we have

εµzf ′f
(εµz)
2k(εµz) = 1 + 1(−1− (1α−)(1−α)

γ)ω(εµz)
βω (εµz). (4.3)

From equality ( 4 . 3 ) , we have

εµzf
f ′(εµz)
2k (εµz) = 1 + 1(−1− (1α−)(1−α)

γ)ω(εµz)
βω (εµz). (4.4)

Summing equalities ( 4 . 3 ) and ( 4 . 4 ) , and making use of the same method as
in Lemma 2 , we have

zf ′f22kk(
(z)
z) = 21k

µ=0∑
k−1

[1+1(−1− (1α−)(1−α)
γ)ω(εµz)
βω (εµz) + 1 + 1(−1− (1α−)(1−α)

γ)ω(εµz)
βω (εµz)],

(4.5)

from equality ( 4 . 5 ) , we can get

2k2kff ′
(z)
(z) − 1z = 21k

µ=0∑
k−1

1z{[1 + 1(−1− (1α−)(1−α)
γ)ω(εµz)
βω (εµz)+

+ 1 + 1(−1− (1α−)(1−α)
γ)ω(εµz)
βω (εµz)] − 2}. (4.6)

Integrating equality ( 4 . 6 ) , we have

log

{
f2k(z)
z

}
= 21k

µ=0∑
k−1

∫ z

0

(1− α)(1 + ζβ − γ)×

× [1−(1ω−(ε
µζ)
α) βω(ε

µζ) + 1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ. (4.7)

From equality ( 4 . 7 ) , we can get equality ( 4 . 1 ) easily . This completes the proof of
Theorem 3 .

Theorem 4 . Let f(z) ∈ s(k)S c(α, β, γ), then we have

f(z) =

∫ z

0

exp{21k
µ=0∑
k−1

∫ ξ

0

(1− α)(1 + ζβ − γ)

[
ω(εµζ)

1− (1− α)βω(εµζ)

+1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ} · 1 + 1(−1− (1α−)(1−α)
γ)ω(ξ)
βω (ξ)dξ, (4.8)

where ω(z) is analytic in U and ω(0) = 0, | ω(z) |< 1.
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Proof . \quad Suppose that $ f ( z ) \ in s { S }ˆ{ ( k ) } { c } (
\alpha , \beta , \gamma ) , $ from e q u a l i t i e s ( 4 . 1 ) and ( 4 . 2 ) , we

\noindent can get

\ [\ begin { a l i gned } f ˆ{ \prime } ( z ) = f 2 k { z }ˆ{ ( z ) } \cdot
1 +{ 1 } ( { − } 1 −{ ( } { 1 } \alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta
\omega }ˆ{ \gamma ) \omega ( z ) } { ( z ) }\\

= \exp \{ 2 ˆ{ 1 } k \sum ˆ{ \mu = 0 } { k − 1 } \ int ˆ{ z } { 0 }
( 1 − \alpha ) ( 1 + { \zeta } \beta − \gamma ) \ l e f t [\ begin { a l i gned } &
\omega ( \varepsilon ˆ{ \mu } \zeta ) \\

& 1 − ( 1 − \alpha ) \beta \omega ( \varepsilon ˆ{ \mu } \zeta
) \end{ a l i gned }\ right .\\

+ 1 − ( 1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu \zeta ) } { \beta
\omega ( \varepsilon ˆ{ \mu } \zeta ) } ] d \zeta \ l e f t \}\ begin { a l i gned } &
1 + ( 1 − \alpha ) ( 1 − \gamma ) \omega ( z ) \\

& \cdot 1 − ( 1 − \alpha ) \beta \omega ( z ) . \end{ a l i gned }\ right .\end{ a l i gned }\ ]

\noindent I n t e g r a t i n g the above e q u a l i t y , we can get e q u a l i t y ( 4 . 8 ) e a s i l y . Hence the proo f o f

\noindent Theorem 4 i s complete .

\centerline{ S i m i l a r l y , f o r the c l a s s $ C ˆ{ ( k ) } { s c } ( \alpha ,
\beta , \gamma ) , $ we have }

\centerline{Coro l l a ry 3 . \quad Let $ f ( z ) \ in C ˆ{ ( k ) } { s c }
( \alpha , \beta , \gamma ) , $ then we have }

\ [\ begin { a l i gned } f 2 k ( z ) = \ int ˆ{ z } { 0 } \exp \{ 2 ˆ{ 1 }
k \sum ˆ{ \mu = 0 } { k − 1 } \ int ˆ{ \xi } { 0 } ( 1 − \alpha )
( 1 + { \zeta } \beta − \gamma ) \times \\
\times [ { 1 } − ( 1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu

\zeta ) } { \beta \omega ( \varepsilon ˆ{ \mu } \zeta ) } + 1 − (
1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu \zeta ) } { \beta \omega
( \varepsilon ˆ{ \mu } \zeta ) } ] d \zeta \} d \xi , \end{ a l i gned }\ ]

\noindent where $ f 2 k ( z ) $ \ h f i l l i s \ h f i l l de f ined by \ h f i l l e q u a l i t y \ h f i l l
$ ( 1 . 2 ) , \omega ( z ) $ \ h f i l l i s \ h f i l l a n a l y t i c in $ U $ \ h f i l l and
$ \omega ( 0 ) = 0 , $

\begin { a l i g n ∗}
\mid \omega ( z ) \mid < 1 .
\end{ a l i g n ∗}

\centerline{Coro l l a ry 4 . \quad Let $ f ( z ) \ in C ˆ{ ( k ) } { s c }
( \alpha , \beta , \gamma ) , $ then we have }

\ [\ begin { a l i gned } f ( z ) = \ int ˆ{ z } { 0 } 1 { t } \ int ˆ{ t } { 0 }
\exp \{ 2 ˆ{ 1 } k \sum ˆ{ \mu = 0 } { k − 1 } \ int ˆ{ \xi } { 0 } (
1 − \alpha ) ( 1 + { \zeta } \beta − \gamma ) \ l e f t [\ begin { a l i gned } &
\omega ( \varepsilon ˆ{ \mu } \zeta ) \\

& 1 − ( 1 − \alpha ) \beta \omega ( \varepsilon ˆ{ \mu } \zeta
) \end{ a l i gned }\ right .\\

+ 1 − ( 1 \omega { − } ( \varepsilon { \alpha ) }ˆ{ \mu \zeta ) } { \beta
\omega ( \varepsilon ˆ{ \mu } \zeta ) } ] d \zeta \} \cdot 1 +{ 1 }
( { − } 1 −{ ( } { 1 } \alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta \omega }ˆ{ \gamma
) \omega ( \xi ) } { ( \xi ) } d \xi dt , \end{ a l i gned }\ ]

\noindent where $ \omega ( z ) $ i s a n a l y t i c in $ U $ and $ \omega ( 0
) = 0 , \mid \omega ( z ) \mid < 1 . $

\centerline {5 . \quad Convolution c o n d i t i o n s }

\hspace ∗{\ f i l l }F i n a l l y , we prov ide the convo lut ion c o n d i t i o n s f o r the c l a s s e s $ s { S }ˆ{ (
k ) } { c } ( \alpha , \beta , \gamma ) $ and

\noindent $ C ˆ{ ( k ) } { s c } ( \alpha , \beta , \gamma ) . $
Let $ f , g \ in A , $ where $ f ( z ) $ i s g iven by ( 1 . 1 ) and
$ g ( z ) $ i s de f i ned by

\ [\ begin { a l i gned } \ infty \\
g ( z ) = z + \sum b { n } z ˆ{ n } , \\
n = 2 \end{ a l i gned }\ ]

\noindent then the Hadamard product ( or convo lut ion $ ) f ∗ g $ i s de f i ned ( as usua l ) by

\ [\ begin { a l i gned } \ infty \\
( f ∗ g ) ( z ) = z + \sum a { n } b { n } z ˆ{ n } =

( g ∗ f ) ( z ) . \\
n = 2 \end{ a l i gned }\ ]

Some subclasses of close hyphen to hyphen convex and quasi hyphen convex functions .. 7 1
Proof period .. Suppose that f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis

k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma from equalities
open parenthesis 4 period 1 closing parenthesis and open parenthesis 4 period 2 closing parenthesis comma we

can get
Line 1 f to the power of prime open parenthesis z closing parenthesis = f 2 k z to the power of open parenthesis

z closing parenthesis times 1 plus 1 open parenthesis sub minus 1 minus open parenthesis sub 1 alpha minus closing
parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub open parenthesis
z closing parenthesis to the power of gamma closing parenthesis omega open parenthesis z closing parenthesis Line 2
= exponent open brace 2 to the power of 1 k sum from mu = 0 to k minus 1 integral sub 0 to the power of z open
parenthesis 1 minus alpha closing parenthesis open parenthesis 1 plus zeta beta minus gamma closing parenthesis Case
1 omega open parenthesis epsilon to the power of mu zeta closing parenthesis Case 2 1 minus open parenthesis 1 minus
alpha closing parenthesis beta omega open parenthesis epsilon to the power of mu zeta closing parenthesis Line 3 plus
1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open
parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis closing
square bracket d zeta Case 1 1 plus open parenthesis 1 minus alpha closing parenthesis open parenthesis 1 minus
gamma closing parenthesis omega open parenthesis z closing parenthesis Case 2 times 1 minus open parenthesis 1
minus alpha closing parenthesis beta omega open parenthesis z closing parenthesis period

Integrating the above equality comma we can get equality open parenthesis 4 period 8 closing parenthesis easily
period Hence the proof of

Theorem 4 is complete period
Similarly comma for the class C sub s c to the power of open parenthesis k closing parenthesis open parenthesis

alpha comma beta comma gamma closing parenthesis comma we have
Corollary 3 period .. Let f open parenthesis z closing parenthesis in C sub s c to the power of open parenthesis k

closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma then we have
Line 1 f 2 k open parenthesis z closing parenthesis = integral sub 0 to the power of z exponent open brace 2 to the

power of 1 k sum from mu = 0 to k minus 1 integral sub 0 to the power of xi open parenthesis 1 minus alpha closing
parenthesis open parenthesis 1 plus zeta beta minus gamma closing parenthesis times Line 2 times open square bracket
sub 1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open
parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis plus 1 minus
open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open parenthesis
epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis closing square bracket
d zeta closing brace d xi comma

where f 2 k open parenthesis z closing parenthesis .... is .... defined by .... equality .... open parenthesis 1 period 2
closing parenthesis comma omega open parenthesis z closing parenthesis .... is .... analytic in U .... and omega open
parenthesis 0 closing parenthesis = 0 comma

bar omega open parenthesis z closing parenthesis bar less 1 period
Corollary 4 period .. Let f open parenthesis z closing parenthesis in C sub s c to the power of open parenthesis k

closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma then we have
Line 1 f open parenthesis z closing parenthesis = integral sub 0 to the power of z 1 t integral sub 0 to the power

of t exponent open brace 2 to the power of 1 k sum from mu = 0 to k minus 1 integral sub 0 to the power of xi open
parenthesis 1 minus alpha closing parenthesis open parenthesis 1 plus zeta beta minus gamma closing parenthesis Case
1 omega open parenthesis epsilon to the power of mu zeta closing parenthesis Case 2 1 minus open parenthesis 1 minus
alpha closing parenthesis beta omega open parenthesis epsilon to the power of mu zeta closing parenthesis Line 2 plus
1 minus open parenthesis 1 omega minus open parenthesis epsilon alpha closing parenthesis sub beta omega open
parenthesis epsilon to the power of mu zeta closing parenthesis to the power of mu zeta closing parenthesis closing
square bracket d zeta closing brace times 1 plus 1 open parenthesis sub minus 1 minus open parenthesis sub 1 alpha
minus closing parenthesis open parenthesis alpha closing parenthesis sub beta omega to the power of 1 minus sub
open parenthesis xi closing parenthesis to the power of gamma closing parenthesis omega open parenthesis xi closing
parenthesis d xi dt comma

where omega open parenthesis z closing parenthesis is analytic in U and omega open parenthesis 0 closing paren-
thesis = 0 comma bar omega open parenthesis z closing parenthesis bar less 1 period

5 period .. Convolution conditions
Finally comma we provide the convolution conditions for the classes s S sub c to the power of open parenthesis k

closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis and
C sub s c to the power of open parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma

closing parenthesis period Let f comma g in A comma where f open parenthesis z closing parenthesis is given by open
parenthesis 1 period 1 closing parenthesis and g open parenthesis z closing parenthesis is defined by

Line 1 infinity Line 2 g open parenthesis z closing parenthesis = z plus sum b sub n z to the power of n comma
Line 3 n = 2

then the Hadamard product open parenthesis or convolution closing parenthesis f * g is defined open parenthesis
as usual closing parenthesis by

Line 1 infinity Line 2 open parenthesis f * g closing parenthesis open parenthesis z closing parenthesis = z plus sum
a sub n b sub n z to the power of n = open parenthesis g * f closing parenthesis open parenthesis z closing parenthesis
period Line 3 n = 2

Some subclasses of close - to - convex and quasi - convex functions 7 1 Proof . Suppose

that f(z) ∈ s(k)S c(α, β, γ), from equalities ( 4 . 1 ) and ( 4 . 2 ) , we
can get

f ′(z) = f2k(z)z · 1 + 1(−1− (1α−)(1−α)
γ)ω(z)
βω (z)

= exp{21k
µ=0∑
k−1

∫ z

0

(1− α)(1 + ζβ − γ)

[
ω(εµζ)

1− (1− α)βω(εµζ)

+1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ

}
1 + (1− α)(1− γ)ω(z)

· 1− (1− α)βω(z) .

Integrating the above equality , we can get equality ( 4 . 8 ) easily . Hence the proof of
Theorem 4 is complete .

Similarly , for the class C(k)sc (α, β, γ), we have

Corollary 3 . Let f(z) ∈ C(k)sc (α, β, γ), then we have

f2k(z) =

∫ z

0

exp{21k
µ=0∑
k−1

∫ ξ

0

(1− α)(1 + ζβ − γ)×

× [1−(1ω−(ε
µζ)
α) βω(ε

µζ) + 1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ}dξ,

where f2k(z) is defined by equality (1.2), ω(z) is analytic in U and ω(0) = 0,

| ω(z) |< 1.

Corollary 4 . Let f(z) ∈ C(k)sc (α, β, γ), then we have

f(z) =

∫ z

0

1t

∫ t

0

exp{21k
µ=0∑
k−1

∫ ξ

0

(1− α)(1 + ζβ − γ)

[
ω(εµζ)

1− (1− α)βω(εµζ)

+1− (1ω−(ε
µζ)
α) βω(ε

µζ)]dζ} · 1 + 1(−1− (1α−)(1−α)
γ)ω(ξ)
βω (ξ)dξdt,

where ω(z) is analytic in U and ω(0) = 0, | ω(z) |< 1.
5 . Convolution conditions

Finally , we provide the convolution conditions for the classes s
(k)
S c(α, β, γ) and

C(k)sc (α, β, γ). Let f, g ∈ A, where f(z) is given by ( 1 . 1 ) and g(z) is defined by

∞

g(z) = z +
∑

bnz
n,

n = 2

then the Hadamard product ( or convolution )f ∗ g is defined ( as usual ) by

∞

(f ∗ g)(z) = z +
∑

anbnz
n = (g ∗ f)(z).

n = 2
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\centerline{Theorem 5 . \quad A func t i on $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha , \beta , \gamma ) $ i f and only i f }

\begin { a l i g n ∗}
1 { z } \{ f ∗ \{ ( 1 z { − } z ) ˆ{ 2 } [ 1 − ( 1 − \alpha

) \beta e ˆ{ i \theta } ] − 1 + ( 1 − \alpha ) { 2 } ( 1 −
\gamma ) e ˆ{ i \theta } h \} ( z ) \\ − 1 + ( 1 − \alpha
) { 2 } ( 1 − \gamma ) e ˆ{ i \theta } \cdot ( f ∗ h ) ( z
) \} \not= 0 \ tag ∗{$ ( 5 . 1 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ z \ in U $ and $ 0 \ leq \theta < 2 \pi , $ where
$ h ( z ) $ i s g iven by ( 5 . 6 ) .

\hspace ∗{\ f i l l }Proof . Suppose that $ f ( z ) \ in s { S }ˆ{ ( k ) } { c }
( \alpha , \beta , \gamma ) , $ we know that the cond i t i on ( 1 . 3 ) can

\noindent be wr i t t en as ( 1 . 4 ) , s i n c e ( 1 . 4 ) i s equ iva l en t to

\begin { a l i g n ∗}
z f ˆ{ \prime } { f 2 k ( }ˆ{ ( z ) } { z ) } \not= 1 +{ 1 } ( { − }

1 −{ ( } { 1 } \alpha { − } ) ( { \alpha ) }ˆ{ 1 − } { \beta e }ˆ{ \gamma
) e ˆ{ i \theta }} { i \theta }\ tag ∗{$ ( 5 . 2 ) $}
\end{ a l i g n ∗}

\noindent f o r a l l $ z \ in U $ and $ 0 \ leq \theta < 2 \pi . $ \quad I t i s easy to know that the cond i t i on ( 5 . 2 ) can be
wr i t t en as

\begin { a l i g n ∗}
1 { z } \{ [ 1 − ( 1 − \alpha ) \beta e ˆ{ i \theta } ] z f ˆ{ \prime }

( z ) − [ 1 + ( 1 − \alpha ) ( 1 − \gamma ) e ˆ{ i
\theta } ] f 2 k ( z ) \} \ne 0 . \ tag ∗{$ ( 5 . 3 ) $}
\end{ a l i g n ∗}

\noindent On the other hand , i t i s we l l known that

\begin { a l i g n ∗}
z f ˆ{ \prime } ( z ) = f ( z ) ∗ ( 1 z { − } z ) ˆ{ 2 } . \ tag ∗{$ (

5 . 4 ) $}
\end{ a l i g n ∗}

\noindent And from the d e f i n i t i o n o f $ f 2 k ( z ) , $ we know that

\begin { a l i g n ∗}
f 2 k ( z ) = 2 ˆ{ 1 } [ ( f ∗ h ) ( z ) + ( f
∗ h ) ( z ) ] , \ tag ∗{$ ( 5 . 5 ) $}
\end{ a l i g n ∗}

\noindent where

\begin { a l i g n ∗}
h ( z ) = k ˆ{ 1 } \sum ˆ{ \upsilon = 0 } { k − 1 } 1 z { −
\varepsilon ˆ{ \upsilon }} z . \ tag ∗{$ ( 5 . 6 ) $}
\end{ a l i g n ∗}

\noindent S u b s t i t u t i n g ( 5 . 4 ) and ( 5 . 5 ) in to ( 5 . 3 ) , we can get ( 5 . 1 ) e a s i l y . \ h f i l l This completes the

\noindent proo f o f Theorem 5 .

\centerline{ S i m i l a r l y , f o r the c l a s s $ C ˆ{ ( k ) } { s c } ( \alpha ,
\beta , \gamma ) , $ we have }

\centerline{Coro l l a ry 5 . \quad A func t i on $ f ( z ) \ in C ˆ{ ( k ) } { s
c } ( \alpha , \beta , \gamma ) $ i f and only i f }

\ [\ begin { a l i gned } 1 { z } \{ f ∗ \{ z \{ ( 1 z { − } z ) ˆ{ 2 }
[ 1 − ( 1 − \alpha ) \beta e ˆ{ i \theta } ] − 1 + ( 1
− \alpha ) { 2 } ( 1 − \gamma ) e ˆ{ i \theta } h \} ˆ{ \prime }
\} ( z ) \\
− 1 + ( 1 − \alpha ) { 2 } ( 1 − \gamma ) e ˆ{ i \theta }

\cdot [ f ∗ ( zh ˆ{ \prime } ) ] ( z ) \} \ne 0 \end{ a l i gned }\ ]

\noindent f o r a l l $ z \ in U $ and $ 0 \ leq \theta < 2 \pi , $ where
$ h ( z ) $ i s g iven by ( 5 . 6 ) .
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Theorem 5 period .. A function f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis

k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis if and only if
1 z open brace f * braceleftbigg open parenthesis 1 z minus z closing parenthesis to the power of 2 bracketleftbig 1

minus open parenthesis 1 minus alpha closing parenthesis beta e to the power of i theta bracketrightbig minus 1 plus
open parenthesis 1 minus alpha closing parenthesis 2 open parenthesis 1 minus gamma closing parenthesis e to the
power of i theta h bracerightbigg open parenthesis z closing parenthesis Equation: open parenthesis 5 period 1 closing
parenthesis .. minus 1 plus open parenthesis 1 minus alpha closing parenthesis 2 open parenthesis 1 minus gamma
closing parenthesis e to the power of i theta times open parenthesis f * h closing parenthesis open parenthesis z closing
parenthesis closing brace negationslash-equal 0

for al l z in U and 0 less or equal theta less 2 pi comma where h open parenthesis z closing parenthesis is given by
open parenthesis 5 period 6 closing parenthesis period

Proof period Suppose that f open parenthesis z closing parenthesis in s S sub c to the power of open parenthesis k
closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis comma we know that the
condition open parenthesis 1 period 3 closing parenthesis can

be written as open parenthesis 1 period 4 closing parenthesis comma since open parenthesis 1 period 4 closing
parenthesis is equivalent to

Equation: open parenthesis 5 period 2 closing parenthesis .. zf sub f 2 k open parenthesis to the power of prime
sub z closing parenthesis to the power of open parenthesis z closing parenthesis negationslash-equal 1 plus 1 open
parenthesis sub minus 1 minus open parenthesis sub 1 alpha minus closing parenthesis open parenthesis alpha closing
parenthesis sub beta e to the power of 1 minus sub i theta to the power of gamma closing parenthesis e to the power
of i theta

for all z in U and 0 less or equal theta less 2 pi period .. It is easy to know that the condition open parenthesis 5
period 2 closing parenthesis can be

written as
Equation: open parenthesis 5 period 3 closing parenthesis .. 1 z braceleftbig bracketleftbig 1 minus open parenthesis

1 minus alpha closing parenthesis beta e to the power of i theta bracketrightbig zf to the power of prime open parenthesis
z closing parenthesis minus bracketleftbig 1 plus open parenthesis 1 minus alpha closing parenthesis open parenthesis 1
minus gamma closing parenthesis e to the power of i theta bracketrightbig f 2 k open parenthesis z closing parenthesis
bracerightbig equal-negationslash 0 period

On the other hand comma it is well known that
Equation: open parenthesis 5 period 4 closing parenthesis .. zf to the power of prime open parenthesis z closing

parenthesis = f open parenthesis z closing parenthesis * open parenthesis 1 z minus z closing parenthesis to the power
of 2 period

And from the definition of f 2 k open parenthesis z closing parenthesis comma we know that
Equation: open parenthesis 5 period 5 closing parenthesis .. f 2 k open parenthesis z closing parenthesis = 2 to

the power of 1 open square bracket open parenthesis f * h closing parenthesis open parenthesis z closing parenthesis
plus open parenthesis f * h closing parenthesis open parenthesis z closing parenthesis closing square bracket comma

where
Equation: open parenthesis 5 period 6 closing parenthesis .. h open parenthesis z closing parenthesis = k to the

power of 1 sum from upsilon = 0 to k minus 1 1 z minus epsilon to the power of upsilon z period
Substituting open parenthesis 5 period 4 closing parenthesis and open parenthesis 5 period 5 closing parenthesis

into open parenthesis 5 period 3 closing parenthesis comma we can get open parenthesis 5 period 1 closing parenthesis
easily period .... This completes the

proof of Theorem 5 period
Similarly comma for the class C sub s c to the power of open parenthesis k closing parenthesis open parenthesis

alpha comma beta comma gamma closing parenthesis comma we have
Corollary 5 period .. A function f open parenthesis z closing parenthesis in C sub s c to the power of open

parenthesis k closing parenthesis open parenthesis alpha comma beta comma gamma closing parenthesis if and only if
Line 1 1 z open brace f * open brace z braceleftbigg open parenthesis 1 z minus z closing parenthesis to the

power of 2 bracketleftbig 1 minus open parenthesis 1 minus alpha closing parenthesis beta e to the power of i theta
bracketrightbig minus 1 plus open parenthesis 1 minus alpha closing parenthesis 2 open parenthesis 1 minus gamma
closing parenthesis e to the power of i theta h bracerightbigg to the power of prime closing brace open parenthesis
z closing parenthesis Line 2 minus 1 plus open parenthesis 1 minus alpha closing parenthesis 2 open parenthesis 1
minus gamma closing parenthesis e to the power of i theta times open square bracket f * open parenthesis zh to
the power of prime closing parenthesis closing square bracket open parenthesis z closing parenthesis closing brace
equal-negationslash 0

for al l z in U and 0 less or equal theta less 2 pi comma where h open parenthesis z closing parenthesis is given by
open parenthesis 5 period 6 closing parenthesis period

72 Zhi - Gang Wang

Theorem 5 . A function f(z) ∈ s(k)S c(α, β, γ) if and only if

1z{f ∗ {(1z−z)2[1− (1− α)βeiθ]− 1 + (1− α)2(1− γ)eiθh}(z)
−1 + (1− α)2(1− γ)eiθ · (f ∗ h)(z)} 6= 0 (5.1)

for al l z ∈ U and 0 ≤ θ < 2π, where h(z) is given by ( 5 . 6 ) .

Proof . Suppose that f(z) ∈ s(k)S c(α, β, γ), we know that the condition ( 1 . 3 ) can
be written as ( 1 . 4 ) , since ( 1 . 4 ) is equivalent to

zf ′f2k(
(z)
z) 6= 1 + 1(−1− (1α−)(1−α)

γ)eiθ

βe iθ (5.2)

for all z ∈ U and 0 ≤ θ < 2π. It is easy to know that the condition ( 5 . 2 ) can be
written as

1z{[1− (1− α)βeiθ]zf ′(z)− [1 + (1− α)(1− γ)eiθ]f2k(z)} 6= 0. (5.3)

On the other hand , it is well known that

zf ′(z) = f(z) ∗ (1z−z)
2. (5.4)

And from the definition of f2k(z), we know that

f2k(z) = 21[(f ∗ h)(z) + (f ∗ h)(z)], (5.5)

where

h(z) = k1
υ=0∑
k−1

1z−ευz. (5.6)

Substituting ( 5 . 4 ) and ( 5 . 5 ) into ( 5 . 3 ) , we can get ( 5 . 1 ) easily . This
completes the
proof of Theorem 5 .

Similarly , for the class C(k)sc (α, β, γ), we have

Corollary 5 . A function f(z) ∈ C(k)sc (α, β, γ) if and only if

1z{f ∗ {z{(1z−z)2 [1− (1− α)βeiθ]− 1 + (1− α)2(1− γ)eiθh}′}(z)
−1 + (1− α)2(1− γ)eiθ · [f ∗ (zh′)](z)} 6= 0

for al l z ∈ U and 0 ≤ θ < 2π, where h(z) is given by ( 5 . 6 ) .
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