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SOME SUBCLASSES OF CLOSE - TO - CONVEX
AND QUASI - CONVEX FUNCTIONS
Zhi - Gang Wang
Abstract . In the present paper , the author introduce two new subclasses ngk)c(a, B, ’y) of
close - to - convex functions and s(Ck)c(a, B, ’y) of quasi - convex functions with respect to 2k— symmetric
conjugate points . The coefficient inequalities and integral representations for functions belonging
to these classes are provided , the inclusion relationships and convolution conditions for these
classes are also provided .
1. Introduction
Let A denote the class of functions of the form

00
f(2) :z—l—Zanz", (1.1)

n=2
which are analytic in the open unit disktd = {z € C : |z| < 1}. LetS, &%,

IC,C and C* denote the familiar subclasses of A consisting of functions which are univalent
, starlike , convex , close - to - convex and quasi - convex in U, respectively ( see ,
for details , [2,4,6,7,8].

Al - Amiri , Coman and Mocanu [ 1 ] once introduced and investigated a class sfgk)c
of functions st arlike with respect to 2k— symmetric conjugate points , which satisfy the
following inequality

§R{ ;gl;(é)) }>O (z €el),

where k > 2 is a fixed positive integer and f2k(z) is defined by the following equality

v=0
f2k(z) =2'k > e f(e¥2) + " f(e"2)] (e =exp(2mi/k); =z €U). (1.2)
k—1

In the present paper , we introduce and investigate the following two more gen -
eralized subclasses stk)c(a, B,7) and Cgﬁ)(a7 B,7) of A with respect to 2k— symmetric
conjugate points , and obtain some interesting results .

AMS Subject Classification : 30 C 45 .
Keywords and phrases : Close - to - convex functions , quasi - convex functions , differential sub -

ordination , Hadamard product ,2k— symmetric conjugate points . .

65



66  Zhi - Gang Wang
DEFINITION 1 . Let st c(a, B,7) denote the class of functions f(z) in A satis -
fying the following inequality

z -1
i (j; o 2k(2) <1-a, (1.3)
szk(z) ( 'Y)
where 0 <a < 1,0< 5 <1,0<+vy<1and f2k(z) is defined by equality ( 2). And

a function f(z) € A is in the class Cgf)(a,ﬂﬁ) if and only if zf'(z) € SS c( ,B57)-
Note that sfsk)c(o, 1,0) = sfsk)c, so the class sfsk)c(a, B,7) is a generalization of
the class s( )

In our proposed investigation of the classes s ( ,B,7) and Cgc)( , B,7), we shall also
make use of the following lemmas .

LEMMA 1 . [3] Let H(z) =1+ .2 hpyz" be analytic in U,0 <a <1, 0<
B<1and 0<~ <1, then the inequality

H(z)-1
BH() +(1-) | <170 BEH

can be written as

H(z) < 14+ 11— Gao)(5 s (= € U),

w h— quOtedblrightes—re—t “ Nbracketright—d—parenright sT J—or— SlCLSth—onezeTO -
he—suppress—ninenine —u—period s six —ua—suppress — Tl — fs_suppress—threeperiod —b—
two o r— fivesuppress—zero—di—suppress—1Tn— Dt—bracketle ft—aparenle ft—iog_on.

2. L—et 0< a< ,10<8< ind0§7<1,hnwe hav e

B,v)cCC

Supp o ethat fz) €S(¢) a B,7), bylLem mal, w—e no wtht—ate
n(l.3)cn*b ewri—te—t,as

f2k(2) < 1+1(-1 = (o) (4 p27)2 (2 €U). (14)
Thus we have
2f'(z)
§R{ 20 (2) }>0 (zel) (1.5)

1+ (1—-—a)(1l—79)z
8?{ 1—(1—a)82 }>0 (z €l).

Now it suffices toshow that f2k(z) € S* <C S. Substitutingzbyetz (u =
0,1,2,...,k—1)in (1.5), then (1. 5) is also true , that is,

5}%{ 5;;{(5;';) } S0 (zcu). (1.6)



Some subclasses of close - to - convex and quasi - convex functions 67 From inequality ( 1.6
), we have

elzf'(etz)
§R{ F2le(ehz) }>O (z el). (1.7)

Note that f2k(etz) = e f2k(z) and f2k(e#z) = e f2k(2), then inequalities (1 . 6 ) and
(1. 7) can be written as

2f'(e#z)
é}%{ Fok(2) }>0 (z €eU), (1.8)
and
zf'(e"z)
3‘6{ F2k(2) } >0 (ze€l). (1.9)

Summing inequalities (1. 8 Jand (1. 9) , we can get

Rbracele ftmid — bracele ftbtz(f'(epz) for () [ (6" 2) )bracerightbt — bracerightmid > 0 (2 € U).
(1.10)

Letting un=0,1,2,...,k—1in (1. 10) , respectively , and summing them we can get

Rbraceex—braceex—braceex—braceex—bracele ftmid—braceex—braceex—braceex—braceex—bracele ftbtz[sy Z (J

or equivalently ,
2[5 (2)
§R{ F2k(2) >0 (zel),

that is f2k(z) € S* C S. This means that sgk)c(a,ﬁ,v) C C C 8, hence the proof
of Lemma 2 is complete .

Similarly , for the class Cs(lcc)(a, B,7), we have
LEMMA 3 . Let 0<a<l, 0<pB<1land 0<~y <1, then we have

(. B,y) cCrcc.
LEMMA 4 . [5] Let —1 < By < By < A < Ay <1, then we have
1+ 417 1+ »2°
" +7 A . =1 +7 Aj, ..
In the present paper , we shall provide the coefficient inequalities and integral

representations for functions belonging to the classes sgk)c(a,ﬁ,’y) and C{F) (o, B,7), we
shall also provide the inclusion relationships and convolution conditions for these classes .
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2. Inclusion relationships
We first  give some inclusion relationships for the classes sfgk)c(a, B,v) and

P (@, B,7).
THEOREM 1 . Let 0<B2<p1<1, 0<ay<as<land 0<~41l <~2<1,
then we have
ngk)c(a27527’)’2) C ngk)c(alaﬂla’yl)'

Proof . Suppose that f(z) € sfgk)c(ag,,é’Q,ny), by (1.4 ), we have

2f1(z —v2)z
P <11 - (02

Since 0 <a; <az<l, 0<p2<pf1<1land0<v1 <2< 1, then we have

“1<—-(1-a)fl<—(1—-)f2<(l—a)(1—792)<(1—aq)(1—71) < 1.
Thus , by Lemma 4 , we have

PN <11 = (a8 % < 111 = (o)
that is f(z) € sfgk)c(al,ﬁl,fyl). This means that sfsk)c(ag,BQ,vQ) C s‘(gk)c(al,ﬁl,yl).
Similarly , for the class Cgf)(a, B,7), we have
COROLLARY 1 . Let 0<pB2<p1<1, 0<ai<ay<land 0<~1<~2<1,
then we have

C.Slz)(oQa /827 72) C Cglé) (ala 615 71)

3. Coefficient inequalities
In this section , we give some coefficient inequalities for functions belonging to
the classes sfsk)c(a, B,7) and ct® (o, B,7).
THEOREM 2 . Let f(z) =z+> .0 ,a,2" be analytic in U, if for
0<ax<
1, 0<pB<1land 0<~ <1, we have

S onll+ A=)l [an |+ [(1—a)1=7)+1] [ R(ans1) < (1—a)1+B-7), (3.1)
n=2 Il=1

th@nf(Z) S Sgk)c(a, 67 ’7)

Proof . Suppose that f(z) =z+4 Y., a,2", and f2k(z) is defined by equality (1. 2
) . We now let M be denoted by



M :=|zf'(2) = f2k(2) | =(1 — @) | Bzf'(2) + (1 — ) f2k(2) |
= ‘ Snanz"— Y. R(ap)cpz" |
n =2 n =2

—(1—a)|5< z+2 > napz" ) +(1—7) ( z+2 > R(an)enz" ) [,
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v=0
e =Ky e = {0l = AR 4T 1 (e = exp(2mi/k); 1€ N ={1,2,..}).
k—1
(3.2)
Thus , for | z |=r < 1, we have
M< Y (nlan|+]Ran) | ea)r”
n=2
—(1-a)| (145 —;)r— 2Bl an [ +(1—=7) [ R(an) | cn]r™
<| Dinll+ @ —a)f)lan | +(1—a)d =) +1] | Rlan) | ea}
n =2
—(I=a)(I+5-7)r
< Y Anll+ (1= a)b] [an [ +[(1=a) (1 =)+ 1] | Rlan) [ e} = (1= )1+ —7)
n=2
= Y oall+ 1 -a)f]an [+ [(1=a)(l =)+ 1] [ Ram) | —(1—a)(1+5—7).
n=2 [=1

From inequality (3. 1), we know that M < 0, thus we can get inequality ( 1. 3 ), that
is f(z) € sgk)c(a, B,7). This completes the proof of Theorem 2 .

Similarly , for the class Cgﬁ)(a, B,7), we have
COROLLARY 2 . Let f(z)=z+> .0 5anz™ be analyticin U, if for 0<a<

1, 0<p<1land 0<~vy <1, we have
0o 00
Y onPl+(1=a)B] [an |+ Y [(1—a)(1 =) + 1k +1) | Rlam) [< (1 —a)(1+5—7),
=1
n=2

thenf(z) € CM(a, B, 7).

4. Integral representations
In this section , we provide the integral representations for functions belonging

to the classes sgk)c(a, B,7) and Cgf)(a, B,7).



THEOREM 3 . Let f(2) € sfgk)c(a,ﬁ,'y), then we have

pn=0

f2k(z) =z - exp{ZIkZ/ (1-a)1+¢B—7)x
k—170
x [1—(1w7(<€i§)5w<5u<) +1- (1W7(5g§)5w(suc)}d<}, (4.1)

where f2k(z) is  defined by  equality  (1.2), w(z) is  analyticin U and
w(0) = 0,

| w(z) |< 1.
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Proof . Suppose that f(z) € 55 c( ,68,7), by (1. 4), we have

fo/Z(kZ(z) =1+1(-1— (10—)(525(2)@), (4.2)

where w(z) is analytic in ¢ and w(0) = 0,] w(z) |< 1. Substituting z by e’z(u =
0,1,2,..,k—1)in (4. 2 ), we have

ezt fhy =1+ 11— Ga) (" . (4.3)

From equality (4. 3 ), we have

"(ePz —Y)w(e*z
enzfh " ey = 1+ 11 = (o) (1 ). (4.4)

Summing equalities (4. 3) and (4.4), and making use of the same method as
in Lemma 2 , we have

fo22k((2) == 2 k Z +1 1 - (105 )((1};%3:)(6 Z)(al"z) + 1 + 1(—1 - (104—)(3323:)(8 Z)(aﬂz)]v

(4.5)
from equality (4. 5 ) , we can get
pn=0
2k, — 1= 2% > 1A+ 11— oo ) (R e+
k—1
—yw(etz
+ 1411 = o) R P ] — 2 (4.6)
Integrating equality (4 . 6 ) , we have
f2k(z _
log{ . _2kz 1 @)(14¢B —v)x
x (- <sa)>@w<gu<> +1 = (lw-(eh puen))dC. (4.7)

From equality (4. 7 ), we can get equality (4 . 1) easily . This completes the proof of
Theorem 3 .
THEOREM 4 . Let f(z) € sgk)c(a,ﬂ,v), then we have

NP = w(e"()
f(z)—/0 exp{2 k;/o (1-a)1+¢B—7) [ | (1 a)Bu(eh0)
+1 = (lw (49 go(ere))dC} - 1+ 11 = (o) (5 S ode,  (4.8)

where w(z) is analytic in U and w(0) =0,] w(z) |< 1.
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that f(z) € 55 C( ,B,7), from equalities (4. 1 )and (4. 2), we
can get

Fz) = f2h®) 14 1(_1— (la_)((l);g():v(z)(z)
w(ehC)
1—(1—a)Bw(e()
1+ (1 —a)d—7y)w(z)
1—(1-a)buw(z)

Integrating the above equality , we can get equality ( 4 . 8 ) easily . Hence the proof of
Theorem 4 is complete .

=0 z
:exp{2 k];/o (1*0&)(1+<ﬂ*’y)

+1— (1w, (Sgﬁ)ﬂw(s#()]dC}

Similarly , for the class Cgf)(oz, B,7), we have
COROLLARY 3 . Let f(z) € Cgf)(a,ﬂ,fy), then we have

z p=0 13
p) = ey [1- a1+ -a)x
k—1

X 1= (1w (5 guerc) + 1 — (1w- (243 gueney JdCHdE,

where f2k(z) is defined by equality (1.2), w(z) is analytic in U and w(0) = 0,
| w(z) |< 1.
COROLLARY 4 . Let f(2) € Cg?(a,ﬂ,’y), then we have

S w(=")
/ lt/exp{Q kZ/ (1—a)(14+¢8—7) | (1= a) B 0)
1 = (1w (e pugeng)JdCh - 1+ 11 = (o) (5 1 gy det,

where w(z) is analytic in U and w(0) =0, | w(z) |< 1.
5. Convolution conditions
Finally , we provide the convolution conditions for the classes sfgk)c(a, B,~) and

Cgﬁ)(a,ﬂ,y). Let f, g€ A, where f(z)isgiven by (1. 1) and g(z) is defined by

oo

z) = z—i—anz”,

n=2
then the Hadamard product ( or convolution )f * g is defined ( as usual ) by

o

(f*xg)(z —z+Zanbz (g% f)(2).

n=2
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THEOREM 5 . A function f(z) € sfsk)c(oz,ﬁ,v) if and only if

LAf*{(1z_2)*[1 — (1 - a)ﬁew] —1+(1-a)2(1- 7)ei9h}(z)
—14+(1—a)2(1—7)e” - (f*h)(2)} #0

forall zelU and 0<6 < 2w, where h(z) is given by (5. 6 ).

(5.1)

Proof . Suppose that f(z) € s‘(gk)c(mﬂﬁ), we know that the condition (1. 3 ) can

be written as (1. 4 ), since (1. 4 ) is equivalent to

2 _ eie
Zf}zk(i)) #1+1(-1— (1047)((11) g)e i0

forall z € Y and 0 < 0 < 27. It is easy to know that the condition ( 5 .

written as

LAl = (1 = a)Be”]2f'(2) = [1 + (1 — a)(1 = 7)e”’]| f2k(2)} # 0.

On the other hand , it is well known that

2f'(2) = f(2) * (1z-2)%

And from the definition of f2k(z), we know that

F2k(2) = 2'[(f % h)(2) + (f * W) (2)],

where

v=0
h(z) = k' Z lz_cvz.
k—1

Substituting (5.4 )and (5.5 )into (5.3 ), wecan get (5. 1) easily .

completes the
proof of Theorem 5 .

Similarly , for the class c§’§) (a, B,7), we have

COROLLARY 5 . A function f(z) € Cglz)(a,ﬂ,w) if and only if

1{f * {z{(lz_z)2 [1-(1- a)ﬂeio] —14(1—-a)2(1 - ’y)ewh}/}(z)

(5.2)

2 ) can be

(5.5)

(5.6)

This

1+ (1= a)2(l=7)e” - [f*(zh))(2)} #0

forall zelU and 0<0 < 2w, where h(z) is given by (5. 6 ).
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