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\hspace ∗{\ f i l l }Abstract . \quad In t h i s a r t i c l e we int roduce the not ion o f $ I − $
convergence and $ I − $ Cauchyness o f

\noindent double sequences in the topology induced by random 2 − normed spaces and prove some important

\noindent r e s u l t s .

\centerline {1 . \quad In t roduc t i on }

P r o b a b i l i s t i c metr ic ( PM ) spaces were f i r s t introduced by Menger \quad [ 1 9 ] \quad as a
g e n e r a l i z a t i o n o f ord inary metr ic spaces and f u r t h e r s tud i ed by Schweizer and Sk lar

\noindent [ 26 , 27 ] . The idea o f Menger was to use d i s t r i b u t i o n func t i on in s t ead o f non − negat ive
r e a l numbers as va lue s o f the metr ic , which was f u r t h e r developed by s e v e r a l other

\noindent authors . In t h i s theory , the not ion o f d i s t ance has a p r o b a b i l i s t i c nature . Namely ,
the d i s t anc e between two po in t s $ x $ and $ y $ i s r ep r e s en ted by a d i s t r i b u t i o n func t i on

\noindent $ F { xy } ; $ \ h f i l l and f o r $ t > 0 , $ \ h f i l l the value $ F { xy }
( t ) $ i s i n t e r p r e t e d as the p r o b a b i l i t y that the

\noindent d i s t anc e from $ x $ to $ y $ i s l e s s than $ t . $ \quad Using t h i s concept , Sers tnev [ 29 ] int roduced
the concept o f p r o b a b i l i s t i c normed space , which prov ide s an important method
o f g e n e r a l i z i n g the d e t e r m i n i s t i c r e s u l t s o f l i n e a r normed spaces , a l s o having very
u s e f u l a p p l i c a t i o n s in var i ous f i e l d s , \quad among which are c o n t in u i t y p r o p e r t i e s \quad [ 1 ] ,

\noindent t o p o l o g i c a l spaces [ 3 ] , l i n e a r ope ra to r s [ 7 ] , study o f boundedness [ 8 ] , convergence

\noindent o f random v a r i a b l e s [ 9 ] , s t a t i s t i c a l and i d e a l convergence o f p r o b a b i l i s t i c normed

\noindent space or 2 − normed space [ 1 4 , 2 1 −− 23 , 25 , 32 ] as we l l as many othe r s .

The concept o f 2 − normed spaces was i n i t i a l l y introduced by G $ \ddot{a} $ h l e r [ 5 , 6 ] in
the 1 960 ’ s . S ince then , many r e s e a r c h e r s have s tud i ed these s u b j e c t s and obta ined
var i ous r e s u l t s [ 1 0 −− 1 3 , 28 , 3 1 ] .

P . Kostyrko et a l . ( c f . [ 1 7 ] ; a s i m i l a r concept was invented in [ 1 5 ] ) introduced
the concept o f $ I − $ convergence o f sequences in a metr ic space and s tud i ed some prop −
e r t i e s o f such convergence . Note that $ I − $ convergence i s an i n t e r e s t i n g g e n e r a l i z a t i o n
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generalization of ordinary metric spaces and further studied by Schweizer and Sklar
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real numbers as values of the metric , which was further developed by several other
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\noindent o f s t a t i s t i c a l convergence . The not ion o f s t a t i s t i c a l convergence o f sequences o f r e a l

\noindent numbers was introduced by H . Fast in [ 2 ] and H . Ste inhaus in [ 30 ] .

There are many p ionee r ing works in the theory o f $ I − $ convergence . \quad The aim o f
t h i s work i s to in t roduce and i n v e s t i g a t e the idea o f $ I − $ convergence and

$ I − $ Cauchy
o f double sequences in a more gene ra l s e t t i n g , i . e . , in random 2 − normed spaces .

\centerline {2 . \quad D e f i n i t i o n s and nota t i on s }

\centerline{ F i r s t we r e c a l l some o f the ba s i c concepts , which w i l l be used in t h i s paper . }

\hspace ∗{\ f i l l }D e f i n i t i o n \quad 1 . \quad [ 2 , \quad 4 ] \quad A \quad subset \quad
$ E $ \quad o f $ N $ \quad i s \quad sa id \quad to \quad have \quad dens i ty \quad
$ \delta ( E ) $ \quad i f

\noindent $ \delta ( E ) = \ lim { n \rightarrow \ infty } n ˆ{ −
1 } \sum ˆ{ n } { k = 1 } \chi E ( k ) $ e x i s t s . \ h f i l l A number sequence
$ ( x { n } ) { n \ in N }$ i s s a id to

\noindent be s t a t i s t i c a l l y convergent to $ L $ i f f o r every $ \varepsilon >
0 , \delta ( \{ n \ in N : \mid x { n } − L \mid \geq
\varepsilon \} ) = 0 . $ I f

\noindent $ ( x { n } ) { n \ in N }$ i s s t a t i s t i c a l l y convergent to $ L $
we wr i t e s t − l im $ x { n } = L , $ which i s n e c e s s a r i l y

\noindent unique .

\hspace ∗{\ f i l l }D e f i n i t i o n 2 . \quad [ 1 6 , \quad 1 7 ] A fami ly $ I \subset 2 ˆ{ Y }$
o f subse t s o f a nonempty s e t $ Y $ i s

\noindent s a id to be an i d e a l in $ Y $ i f : \ h f i l l ( i $ ) \ varnothing \ in
I ; ( $ i i $ ) A , B \ in I $ imply $ A \cup B \ in I ;
( $ i i i $ ) A \ in I , $

\noindent $ B \subset A $ imply $ B \ in I . $ A non − t r i v i a l i d e a l
$ I $ in $ Y $ i s c a l l e d an admi s s i b l e i d e a l i f i t i s

\noindent d i f f e r e n t from $ P ( N ) $ and i t conta in s a l l s i n g l e t o n s , i . e
$ . , \{ x \} \ in I $ f o r each $ x \ in Y . $

\hspace ∗{\ f i l l }Let $ I \subset P ( Y ) $ be a non − t r i v i a l i d e a l . \quad A c l a s s
$ F ( I ) = \{ M \subset Y : \ exists A \ in I : $

\noindent $ M = Y \setminus A \} , $ c a l l e d the f i l t e r a s s o c i a t e d with the i d e a l
$ I , $ i s a f i l t e r on $ Y . $

\hspace ∗{\ f i l l }D e f i n i t i o n 3 . \quad [ 1 7 , 1 8 ] Let $ I \subset 2 ˆ{ N }$ be a n o n t r i v i a l i d e a l in
$ N . $ Then a sequence

\noindent $ ( x { n } ) { n \ in N }$ \ h f i l l in $ X $ i s sa id to be $ I
− $ convergent to $ \xi \ in X , $ \ h f i l l i f f o r each $ \varepsilon >
0 $ the s e t

\begin { a l i g n ∗}
\ tag ∗{$ A ( \varepsilon ) = \{ n \ in N : $} \paral le l x { n }
− \xi \paral le l \geq \varepsilon \} be longs to I .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }D e f i n i t i o n 4 . \quad [ 5 , \quad 6 ] Let $ X $ be a r e a l vec to r space o f dimension
$ d , $ \quad where

\noindent $ 2 \ leq d < \ infty . $ \quad A 2 − norm on $ X $ i s a func t i on \quad
$ \paral le l \cdot , \cdot \paral le l : X \times X \rightarrow R $
which s a t i s f i e s :

( i $ ) \paral le l x , y \paral le l = 0 $ i f and only i f $ x $ and
$ y $ are l i n e a r l y dependent ; \quad ( i i $ ) \paral le l x , y \paral le l
= \paral le l y , x \paral le l ; $

( i i i $ ) \paral le l \alpha x , y \paral le l = \mid \alpha \mid
\paral le l x , y \paral le l , \alpha \ in R ; ( $ iv $ ) \paral le l
x , y + z \paral le l \ leq \paral le l x , y \paral le l + \paral le l
x , z \paral le l . $ The pa i r $ ( X , \paral le l \cdot , \cdot
\paral le l ) $

i s then c a l l e d a 2 − normed space .

As an example o f a 2 − normed space we may take $ X = R ˆ{ 2 }$ being equipped with
the 2 − norm \quad $ \paral le l x , y \paral le l : = $ the area o f the para l l e l og ram spanned by the v e c to r s

$ x $ and
$ y , $ which may be given e x p l i c i t l y by the formula

\ [ \paral le l x , y \paral le l = \mid x { 1 } y 2 − x { 2 } y
1 \mid , x = ( x { 1 } , x { 2 } ) , y = ( y 1 ,
y 2 ) . \ ]

\noindent Observe that in any 2 − normed space $ ( X , \paral le l \cdot ,
\cdot \paral le l ) $ we have $ \paral le l x , y \paral le l \geq 0 $
and $ \paral le l x , y + \alpha x \paral le l = $

$ \paral le l x , y \paral le l $ f o r a l l $ x , y \ in X $ and $ \alpha
\ in R . $ \quad Also , i f $ x , y $ and $ z $ are l i n e a r l y dependent , then

$ \paral le l x , y + z \paral le l = \paral le l x , y \paral le l
+ \paral le l x , z \paral le l $ \quad or \quad $ \paral le l x , y
− z \paral le l = \paral le l x , y \paral le l + \paral le l x ,
z \paral le l . $ \quad Given a 2 − normed

space $ ( X , \paral le l \cdot , \cdot \paral le l ) , $ one can de r i v e a topology f o r i t v ia the f o l l o w i n g d e f i n i t i o n o f the
l i m i t o f a sequence : \quad a sequence $ ( x { n } ) $ in $ X $ i s sa id to be convergent to

$ x $ in $ X $ i f

\begin { a l i g n ∗}
\ tag ∗{$ \ lim { n \rightarrow \ infty } \paral le l x { n } − x , y \paral le l $} =
0 f o r every y \ in X .
\end{ a l i g n ∗}

Al l the concepts l i s t e d below are s tud i ed in depth in the fundamental book by
Schweizer and Sk lar [ 27 ] .
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of statistical convergence period The notion of statistical convergence of sequences of real
numbers was introduced by H period Fast in open square bracket 2 closing square bracket and H period

Steinhaus in open square bracket 30 closing square bracket period
There are many pioneering works in the theory of I hyphen convergence period .. The aim of
this work is to introduce and investigate the idea of I hyphen convergence and I hyphen Cauchy
of double sequences in a more general setting comma i period e period comma in random 2 hyphen normed

spaces period
2 period .. Definitions and notations
First we recall some of the basic concepts comma which will be used in this paper period
Definition .. 1 period .. open square bracket 2 comma .. 4 closing square bracket .. A .. subset .. E .. of N ..

is .. said .. to .. have .. density .. delta open parenthesis E closing parenthesis .. if
delta open parenthesis E closing parenthesis = limint sub n right arrow infinity n to the power of minus 1 sum

sub k = 1 to the power of n chi E open parenthesis k closing parenthesis exists period .... A number sequence
open parenthesis x sub n closing parenthesis sub n in N is said to

be statistically convergent to L if for every epsilon greater 0 comma delta open parenthesis open brace n in N
: bar x sub n minus L bar greater equal epsilon closing brace closing parenthesis = 0 period If

open parenthesis x sub n closing parenthesis sub n in N is statistically convergent to L we write st hyphen lim
x sub n = L comma which is necessarily

unique period
Definition 2 period .. open square bracket 1 6 comma .. 1 7 closing square bracket A family I subset 2 to the

power of Y of subsets of a nonempty set Y is
said to be an ideal in Y if : .... open parenthesis i closing parenthesis varnothing in I semicolon open parenthesis

i i closing parenthesis A comma B in I imply A cup B in I semicolon open parenthesis i ii closing parenthesis A
in I comma

B subset A imply B in I period A non hyphen trivial ideal I in Y is called an admissible ideal if it is
different from P open parenthesis N closing parenthesis and it contains all singletons comma i period e period

comma open brace x closing brace in I for each x in Y period
Let I subset P open parenthesis Y closing parenthesis be a non hyphen trivial ideal period .. A class F open

parenthesis I closing parenthesis = open brace M subset Y : exists A in I :
M = Y backslash A closing brace comma called the filter associated with the ideal I comma is a filter on Y

period
Definition 3 period .. open square bracket 1 7 comma 1 8 closing square bracket Let I subset 2 to the power

of N be a nontrivial ideal in N period Then a sequence
open parenthesis x sub n closing parenthesis sub n in N .... in X is said to be I hyphen convergent to xi in X

comma .... if for each epsilon greater 0 the set
Equation: A open parenthesis epsilon closing parenthesis = open brace n in N : .. bar x sub n minus xi bar

greater equal epsilon closing brace belongs to I period
Definition 4 period .. open square bracket 5 comma .. 6 closing square bracket Let X be a real vector space of

dimension d comma .. where
2 less or equal d less infinity period .. A 2 hyphen norm on X is a function .. bar times comma times bar : X

times X right arrow R which satisfies :
open parenthesis i closing parenthesis bar x comma y bar = 0 if and only if x and y are linearly dependent

semicolon .. open parenthesis ii closing parenthesis bar x comma y bar = bar y comma x bar semicolon
open parenthesis i ii closing parenthesis bar alpha x comma y bar = bar alpha bar bar x comma y bar comma

alpha in R semicolon open parenthesis iv closing parenthesis bar x comma y plus z bar less or equal bar x comma
y bar plus bar x comma z bar period The pair open parenthesis X comma bar times comma times bar closing
parenthesis

is then called a 2 hyphen normed space period
As an example of a 2 hyphen normed space we may take X = R to the power of 2 being equipped with
the 2 hyphen norm .. bar x comma y bar : = the area of the parallelogram spanned by the vectors x and
y comma which may be given explicitly by the formula
bar x comma y bar = bar x sub 1 y 2 minus x sub 2 y 1 bar comma x = open parenthesis x sub 1 comma x

sub 2 closing parenthesis comma y = open parenthesis y 1 comma y 2 closing parenthesis period
Observe that in any 2 hyphen normed space open parenthesis X comma bar times comma times bar closing

parenthesis we have bar x comma y bar greater equal 0 and bar x comma y plus alpha x bar =
bar x comma y bar for all x comma y in X and alpha in R period .. Also comma if x comma y and z are

linearly dependent comma then
bar x comma y plus z bar = bar x comma y bar plus bar x comma z bar .. or .. bar x comma y minus z bar

= bar x comma y bar plus bar x comma z bar period .. Given a 2 hyphen normed
space open parenthesis X comma bar times comma times bar closing parenthesis comma one can derive a

topology for it via the following definition of the
limit of a sequence : .. a sequence open parenthesis x sub n closing parenthesis in X is said to be convergent

to x in X if
Equation: limint sub n right arrow infinity bar x sub n minus x comma y bar .. = 0 for every y in X period
All the concepts listed below are studied in depth in the fundamental book by
Schweizer and Sklar open square bracket 27 closing square bracket period
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of statistical convergence . The notion of statistical convergence of sequences of real
numbers was introduced by H . Fast in [ 2 ] and H . Steinhaus in [ 30 ] .

There are many pioneering works in the theory of I− convergence . The aim of
this work is to introduce and investigate the idea of I− convergence and I− Cauchy of
double sequences in a more general setting , i . e . , in random 2 - normed spaces .

2 . Definitions and notations
First we recall some of the basic concepts , which will be used in this paper .
Definition 1 . [ 2 , 4 ] A subset E of N is said to have

density δ(E) if
δ(E) = limn→∞ n−1

∑n
k=1 χE(k) exists . A number sequence (xn)n∈N is said to

be statistically convergent to L if for every ε > 0, δ({n ∈ N :| xn − L |≥ ε}) = 0. If
(xn)n∈N is statistically convergent to L we write st - lim xn = L, which is necessarily
unique .

Definition 2 . [ 1 6 , 1 7 ] A family I ⊂ 2Y of subsets of a nonempty set Y
is
said to be an ideal in Y if : ( i )∅ ∈ I; ( i i )A,B ∈ I imply A ∪B ∈ I; ( i ii )A ∈ I,
B ⊂ A imply B ∈ I. A non - trivial ideal I in Y is called an admissible ideal if it is
different from P (N) and it contains all singletons , i . e ., {x} ∈ I for each x ∈ Y.

Let I ⊂ P (Y ) be a non - trivial ideal . A class F(I) = {M ⊂ Y : ∃A ∈ I :
M = Y \A}, called the filter associated with the ideal I, is a filter on Y.

Definition 3 . [ 1 7 , 1 8 ] Let I ⊂ 2N be a nontrivial ideal in N. Then a
sequence
(xn)n∈N in X is said to be I− convergent to ξ ∈ X, if for each ε > 0 the set

‖ xn − ξ ‖≥ ε}belongstoI. A(ε) = {n ∈ N :

Definition 4 . [ 5 , 6 ] Let X be a real vector space of dimension d, where
2 ≤ d <∞. A 2 - norm on X is a function ‖ ·, · ‖ : X ×X → R which satisfies : (
i ) ‖ x, y ‖ = 0 if and only if x and y are linearly dependent ; ( ii ) ‖ x, y ‖ =‖
y, x ‖; ( i ii ) ‖ αx, y ‖ =| α |‖ x, y ‖, α ∈ R; ( iv ) ‖ x, y + z ‖≤‖ x, y ‖ + ‖ x, z ‖ .
The pair (X, ‖ ·, · ‖) is then called a 2 - normed space .

As an example of a 2 - normed space we may take X = R2 being equipped with the
2 - norm ‖ x, y ‖ := the area of the parallelogram spanned by the vectors x and y,
which may be given explicitly by the formula

‖ x, y ‖=| x1y2− x2y1 |, x = (x1, x2), y = (y1, y2).

Observe that in any 2 - normed space (X, ‖ ·, · ‖) we have ‖ x, y ‖ ≥ 0 and ‖ x, y+αx ‖
= ‖ x, y ‖ for all x, y ∈ X and α ∈ R. Also , if x, y and z are linearly dependent , then
‖ x, y+ z ‖ = ‖ x, y ‖ + ‖ x, z ‖ or ‖ x, y− z ‖ = ‖ x, y ‖ + ‖ x, z ‖ .
Given a 2 - normed space (X, ‖ ·, · ‖), one can derive a topology for it via the following
definition of the limit of a sequence : a sequence (xn) in X is said to be convergent
to x in X if

= 0foreveryy ∈ X. limn→∞ ‖ xn − x, y ‖

All the concepts listed below are studied in depth in the fundamental book by
Schweizer and Sklar [ 27 ] .
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D e f i n i t i o n 5 . \quad Let $ R $ denote the s e t o f r e a l numbers $ , R { + } =
\{ x \ in R : x \geq 0 \} $

and $ S = [ 0 , 1 ] $ the c l o s e d un i t i n t e r v a l . \quad A mapping $ f
: R \rightarrow S $ i s c a l l e d a d i s t r i −
bution func t i on i f i t i s nondecreas ing and l e f t cont inuous with $ \ inf { t \ in

R } f ( t ) = 0 $ and

\begin { a l i g n ∗}
\sup { t \ in R } f ( t ) = 1 .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }We denote the s e t o f a l l d i s t r i b u t i o n f u n c t i o n s by $ D ˆ{ + }$ such that
$ f ( 0 ) = 0 . $ \quad I f

\begin { a l i g n ∗}
a \ in R { + } , then H { a } \ in D ˆ{ + } , where \\ H { a } (

t ) = \ l e f t \{\ begin { a l i gned } & 1 i f t > a , \\
& 0 i f t \ leq a . \end{ a l i gned }\ right .

\end{ a l i g n ∗}

\noindent I t i s obvious that $ H { 0 } \geq f $ f o r a l l $ f \ in D ˆ{ + }
. $

\hspace ∗{\ f i l l }D e f i n i t i o n 6 . \quad A t r i a n g u l a r norm $ ( t − $ norm ) i s a cont inuous mapping
$ ∗ : S \times $

\noindent $ S \rightarrow S $ such that $ ( S , ∗ ) $ i s an abe l i an monoid with un i t one and
$ c ∗ d \ leq a ∗ b $ i f $ c \ leq a $

\noindent and $ d \ leq b $ f o r a l l $ a , b , c , d \ in S . $
\ h f i l l A t r i a n g l e func t i on $ \tau $ i s a binary opera t ion on $ D ˆ{ + }$

\noindent which i s commutative , a s s o c i a t i v e and $ \tau ( f , H { 0 } )
= f $ f o r every $ f \ in D ˆ{ + } . $

\hspace ∗{\ f i l l }D e f i n i t i o n 7 . \quad Let $ X $ be a l i n e a r space o f dimension g r e a t e r than one
$ , \tau $ i s a

\noindent t r i a n g l e func t i on , and $ F : X \times X \rightarrow D ˆ{ + }
. $ \ h f i l l Then $ F $ i s c a l l e d a p r o b a b i l i s t i c 2 − norm

\noindent and $ ( X , F , \tau ) $ a p r o b a b i l i s t i c 2 − normed space i f the f o l l o w i n g c o n d i t i o n s are s a t i s f i e d :

\hspace ∗{\ f i l l }( i $ ) F ( x , y ; t ) = H { 0 } ( t ) $
i f $ x $ and $ y $ are l i n e a r l y dependent , where $ F ( x , y ; t
) $ denotes

\noindent the value o f $ F ( x , y ) $ at $ t \ in R , $

\centerline {( i i $ ) F ( x , y ; t ) \ne H { 0 } ( t ) $
i f $ x $ and $ y $ are l i n e a r l y independent , }

\centerline {( i i i $ ) F ( x , y ; t ) = F ( y , x ;
t ) $ f o r a l l $ x , y \ in X , $ }

\centerline {( i v $ ) F ( \alpha x , y ; t ) = F ( x ,
y ; \mid t { \alpha } \mid ) $ f o r every $ t > 0 , \alpha \ne
0 $ and $ x , y \ in X , $ }

\centerline {( v $ ) F ( x + y , z ; t ) \geq \tau ( F
( x , z ; t ) , F ( y , z ; t ) ) $ whenever $ x
, y , z \ in X , $ and $ t > 0 . $ }

\noindent I f ( v ) i s r ep laced by

\hspace ∗{\ f i l l }( v i $ ) F ( x + y , z ; t { 1 } + t { 2 }
) \geq F ( x , z ; t { 1 } ) ∗ F ( y , z ; t { 2 }
) $ \quad f o r \quad a l l $ x , y , z \ in X $ \quad and

\begin { a l i g n ∗}
t { 1 } , t { 2 } \ in R { + } ;
\end{ a l i g n ∗}

\noindent then $ ( X , F , ∗ ) $ i s c a l l e d a random 2 − normed space ( f o r shor t , RTN space ) .

\hspace ∗{\ f i l l }Remark 1 . \quad Note that every 2 − norm space $ ( X , \paral le l
\cdot , \cdot \paral le l ) $ can be made a random

\noindent 2 − normed space in a natura l way , by s e t t i n g

\hspace ∗{\ f i l l }( i $ ) F ( x , y ; t ) = H { 0 } ( t −
\paral le l x , y \paral le l ) , $ f o r every $ x , y \ in X ,
t > 0 $ and $ a ∗ b = $ min $ \{ a , b \} , $

\begin { a l i g n ∗}
a , b \ in S ; or
\end{ a l i g n ∗}

\centerline {( i i $ ) F ( x , y ; t ) = t + \paral le l ˆ{ t }
x , y \paral le l $ \quad f o r every $ x , y \ in X , t > 0 $
and $ a ∗ b = ab $ f o r $ a , b \ in S . $ }

\hspace ∗{\ f i l l }Let $ ( X , F , ∗ ) $ be an RTN space . \quad Since $ ∗ $
i s a cont inuous $ t − $ norm , the system

\noindent o f $ ( \varepsilon , \lambda ) − $ neighborhoods o f $ \theta
( $ the n u l l vec to r in $ X ) \{ N { \theta } ( \varepsilon , \lambda
) : \varepsilon > 0 , \lambda \ in ( 0 , 1 ) \} , $

where

\ [ N { \theta } ( \varepsilon , \lambda ) = \{ x \ in X : F { x }
( \varepsilon ) > 1 − \lambda \} , \ ]

\noindent determines a f i r s t countable Hausdor f f topology on $ X , $ c a l l e d the
$ F − $ topology . Thus ,

the $ F − $ topology can be complete ly s p e c i f i e d by means o f $ F − $ convergence o f sequences .

\noindent I t i s c l e a r that $ x − y \ in N { \theta }$ means $ y \ in
N { x }$ and v i c e − versa .
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Definition 5 period .. Let R denote the set of real numbers comma R sub plus = open brace x in R : x greater

equal 0 closing brace
and S = open square bracket 0 comma 1 closing square bracket the closed unit interval period .. A mapping f

: R right arrow S is called a distri hyphen
bution function if it is nondecreasing and left continuous with inf sub t in R f open parenthesis t closing

parenthesis = 0 and
supremum sub t in R f open parenthesis t closing parenthesis = 1 period
We denote the set of all distribution functions by D to the power of plus such that f open parenthesis 0 closing

parenthesis = 0 period .. If
a in R sub plus comma then H sub a in D to the power of plus comma where H sub a open parenthesis t

closing parenthesis = Case 1 1 if t greater a comma Case 2 0 if t less or equal a period
It is obvious that H sub 0 greater equal f for all f in D to the power of plus period
Definition 6 period .. A triangular norm open parenthesis t hyphen norm closing parenthesis is a continuous

mapping * : S times
S right arrow S such that open parenthesis S comma * closing parenthesis is an abelian monoid with unit one

and c * d less or equal a * b if c less or equal a
and d less or equal b for all a comma b comma c comma d in S period .... A triangle function tau is a binary

operation on D to the power of plus
which is commutative comma associative and tau open parenthesis f comma H sub 0 closing parenthesis = f

for every f in D to the power of plus period
Definition 7 period .. Let X be a linear space of dimension greater than one comma tau is a
triangle function comma and F : X times X right arrow D to the power of plus period .... Then F is called a

probabilistic 2 hyphen norm
and open parenthesis X comma F comma tau closing parenthesis a probabilistic 2 hyphen normed space if the

following conditions are satisfied :
open parenthesis i closing parenthesis F open parenthesis x comma y semicolon t closing parenthesis = H sub

0 open parenthesis t closing parenthesis if x and y are linearly dependent comma where F open parenthesis x
comma y semicolon t closing parenthesis denotes

the value of F open parenthesis x comma y closing parenthesis at t in R comma
open parenthesis i i closing parenthesis F open parenthesis x comma y semicolon t closing parenthesis equal-

negationslash H sub 0 open parenthesis t closing parenthesis if x and y are linearly independent comma
open parenthesis i ii closing parenthesis F open parenthesis x comma y semicolon t closing parenthesis = F

open parenthesis y comma x semicolon t closing parenthesis for all x comma y in X comma
open parenthesis iv closing parenthesis F open parenthesis alpha x comma y semicolon t closing parenthesis =

F open parenthesis x comma y semicolon bar t alpha bar closing parenthesis for every t greater 0 comma alpha
equal-negationslash 0 and x comma y in X comma

open parenthesis v closing parenthesis F open parenthesis x plus y comma z semicolon t closing parenthesis
greater equal tau open parenthesis F open parenthesis x comma z semicolon t closing parenthesis comma F open
parenthesis y comma z semicolon t closing parenthesis closing parenthesis whenever x comma y comma z in X
comma and t greater 0 period

If open parenthesis v closing parenthesis is replaced by
open parenthesis vi closing parenthesis F open parenthesis x plus y comma z semicolon t sub 1 plus t sub 2

closing parenthesis greater equal F open parenthesis x comma z semicolon t sub 1 closing parenthesis * F open
parenthesis y comma z semicolon t sub 2 closing parenthesis .. for .. all x comma y comma z in X .. and

t sub 1 comma t sub 2 in R sub plus semicolon
then open parenthesis X comma F comma * closing parenthesis is called a random 2 hyphen normed space

open parenthesis for short comma RTN space closing parenthesis period
Remark 1 period .. Note that every 2 hyphen norm space open parenthesis X comma bar times comma times

bar closing parenthesis can be made a random
2 hyphen normed space in a natural way comma by setting
open parenthesis i closing parenthesis F open parenthesis x comma y semicolon t closing parenthesis = H sub

0 open parenthesis t minus bar x comma y bar closing parenthesis comma for every x comma y in X comma t
greater 0 and a * b = min open brace a comma b closing brace comma

a comma b in S semicolon or
open parenthesis i i closing parenthesis F open parenthesis x comma y semicolon t closing parenthesis = t plus

bar to the power of t x comma y bar .. for every x comma y in X comma t greater 0 and a * b = ab for a comma
b in S period

Let open parenthesis X comma F comma * closing parenthesis be an RTN space period .. Since * is a continuous
t hyphen norm comma the system

of open parenthesis epsilon comma lambda closing parenthesis hyphen neighborhoods of theta open parenthesis
the null vector in X closing parenthesis open brace N sub theta open parenthesis epsilon comma lambda closing
parenthesis : epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis closing brace
comma

where
N sub theta open parenthesis epsilon comma lambda closing parenthesis = open brace x in X : F sub x open

parenthesis epsilon closing parenthesis greater 1 minus lambda closing brace comma
determines a first countable Hausdorff topology on X comma called the F hyphen topology period Thus comma
the F hyphen topology can be completely specified by means of F hyphen convergence of sequences period
It is clear that x minus y in N sub theta means y in N sub x and vice hyphen versa period

On I− convergence of double sequences 75
Definition 5 . Let R denote the set of real numbers ,R+ = {x ∈ R : x ≥ 0}

and S = [0, 1] the closed unit interval . A mapping f : R → S is called a distri -
bution function if it is nondecreasing and left continuous with inft∈R f(t) = 0 and

sup
t∈R

f(t) = 1.

We denote the set of all distribution functions by D+ such that f(0) = 0. If

a ∈ R+, thenHa ∈ D+,where

Ha(t) =

{
1 ift > a,

0 ift ≤ a.

It is obvious that H0 ≥ f for all f ∈ D+.
Definition 6 . A triangular norm (t− norm ) is a continuous mapping ∗ : S×

S → S such that (S, ∗) is an abelian monoid with unit one and c ∗ d ≤ a ∗ b if c ≤ a
and d ≤ b for all a, b, c, d ∈ S. A triangle function τ is a binary operation on D+

which is commutative , associative and τ(f,H0) = f for every f ∈ D+.
Definition 7 . Let X be a linear space of dimension greater than one , τ is a

triangle function , and F : X ×X → D+. Then F is called a probabilistic 2 - norm
and (X,F, τ) a probabilistic 2 - normed space if the following conditions are satisfied :

( i )F (x, y; t) = H0(t) if x and y are linearly dependent , where F (x, y; t) denotes
the value of F (x, y) at t ∈ R,

( i i )F (x, y; t) 6= H0(t) if x and y are linearly independent ,
( i ii )F (x, y; t) = F (y, x; t) for all x, y ∈ X,

( iv )F (αx, y; t) = F (x, y; | tα |) for every t > 0, α 6= 0 and x, y ∈ X,
( v )F (x+ y, z; t) ≥ τ(F (x, z; t), F (y, z; t)) whenever x, y, z ∈ X, and t > 0.

If ( v ) is replaced by
( vi ) F (x+ y, z; t1 + t2) ≥ F (x, z; t1) ∗ F (y, z; t2) for all x, y, z ∈ X

and

t1, t2 ∈ R+;

then (X,F, ∗) is called a random 2 - normed space ( for short , RTN space ) .
Remark 1 . Note that every 2 - norm space (X, ‖ ·, · ‖) can be made a random

2 - normed space in a natural way , by setting
( i )F (x, y; t) = H0(t− ‖ x, y ‖), for every x, y ∈ X, t > 0 and a ∗ b = min {a, b},

a, b ∈ S; or

( i i )F (x, y; t) = t+ ‖t x, y ‖ for every x, y ∈ X, t > 0 and a ∗ b = ab for a, b ∈ S.
Let (X,F, ∗) be an RTN space . Since ∗ is a continuous t− norm , the system

of (ε, λ)− neighborhoods of θ( the null vector in X) {Nθ(ε, λ) : ε > 0, λ ∈ (0, 1)},
where

Nθ(ε, λ) = {x ∈ X : Fx(ε) > 1− λ},



determines a first countable Hausdorff topology on X, called the F− topology . Thus ,
the F− topology can be completely specified by means of F− convergence of sequences
.
It is clear that x− y ∈ Nθ means y ∈ Nx and vice - versa .
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\hspace ∗{\ f i l l }A double sequence $ x = ( x { jk } ) $ in $ X $ i s sa id to be
$ F − $ convergence to $ L \ in X $ i f f o r

\noindent every $ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and f o r each nonzero
$ z \ in X $ there e x i s t s a p o s i t i v e i n t e g e r

$ N $ such that

\ [ x { jk } , z − L \ in N { \theta } ( \varepsilon , \lambda
) f o r each j , k \geq N \ ]

\noindent or , e q u i v a l e n t l y ,

\ [ x { jk } , z \ in N { L } ( \varepsilon , \lambda ) f o r each
j , k \geq N . \ ]

\noindent In t h i s case we wr i t e $ F − $ l im $ x { jk } , z = L . $

Lemma \quad 1 . \quad Let $ ( X , \paral le l \cdot , \cdot \paral le l
) $ \quad be a r e a l 2 − normed space and $ ( X , F , ∗ ) $ \quad be an RTN

space induced by the random norm $ F { x , y } ( t ) = t + \paral le l
t { x } { , y } \paral le l , $ \quad where $ x , y \ in X $ and $ t
> 0 . $

Then f o r e very double s equence $ x = ( x { j k } ) $ and nonzero $ y $
in $ X $

\ [ \ lim \paral le l x − L , y \paral le l = 0 \Rightarrow F −
\ lim ( x − L ) , y = 0 . \ ]

Proof . \quad Suppose that l im $ \paral le l x − L , y \paral le l = 0
. $ \quad Then f o r every $ t > 0 $ and f o r every

$ y \ in X $ there e x i s t s a p o s i t i v e i n t e g e r $ N = N ( t ) $ such that

\ [ \paral le l x { j k } − L , y \paral le l < t f o r each j ,
k \geq N . \ ]

\noindent We observe that f o r any given $ \varepsilon > 0 , $

\ [\ begin { a l i gned } \varepsilon + \paral le l x { j k } − L , y \paral le l
< \varepsilon + t \\
\varepsilon \varepsilon \end{ a l i gned }\ ]

\noindent which i s equ iva l en t to

\ [ \varepsilon + \paral le l \varepsilon{ jk { x }} − L , y \paral le l
> \varepsilon \varepsilon{ + } t = 1 − \varepsilon t { + } t . \ ]

\noindent There fore , by l e t t i n g $ \lambda = t { + { \varepsilon }} t \ in
( 0 , 1 ) $ we have

\ [ F { x { j k } − L , y } ( \varepsilon ) > 1 − \lambda
f o r each j , k \geq N . \ ]

\noindent This i m p l i e s that $ x { j k } , y \ in N { L } ( \varepsilon
, \lambda ) $ f o r each $ j , k \geq N $ as d e s i r e d .

\centerline{ $ 2 . I ˆ{ F } { 2 }$ and $ I ˆ{ F { ∗ }} { 2 } − $ convergence f o r double sequences in RTN spaces }

In t h i s s e c t i o n we study the concept o f $ I $ and $ I ˆ{ ∗ } − $ convergence o f a double
sequence in $ ( X , F , ∗ ) $ and prove some important r e s u l t s . Throughout the paper we

\noindent take $ I ˆ{ F } { 2 }$ as a n o n t r i v i a l admi s s ib l e i d e a l in $ N \times
N . $

\hspace ∗{\ f i l l }D e f i n i t i o n 8 . \quad Let $ ( X , F , ∗ ) $ be an RTN space and
$ I $ be a proper i d e a l in

\noindent $ N \times N . $ \ h f i l l A double sequence $ x = ( x { jk }
) $ in $ X $ i s sa id to be $ I ˆ{ F } { 2 } − $ convergent to $ L \ in X $

\noindent $ ( I ˆ{ F } { 2 } − $ convergent to $ L \ in X $ with r e s p e c t to
$ F − $ topology ) i f f o r each $ \varepsilon > 0 , \lambda \ in (
0 , 1 ) $

and each nonzero $ z \ in X , $

\ [ \{ ( j , k ) \ in N \times N : x { jk } , z element−s l a s h
N { L } ( \varepsilon , \lambda ) \} \ in I { 2 } . \ ]

\noindent In t h i s case the vec to r $ L $ i s c a l l e d the $ I ˆ{ F } { 2 } − $ l i m i t o f the double sequence
$ x = ( x { j k } ) $

and we wr i t e $ I ˆ{ F } { 2 } − $ l im $ x , z = L . $
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A double sequence x = open parenthesis x sub jk closing parenthesis in X is said to be F hyphen convergence

to L in X if for
every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis and for each nonzero

z in X there exists a positive integer
N such that
x sub jk comma z minus L in N sub theta open parenthesis epsilon comma lambda closing parenthesis for each

j comma k greater equal N
or comma equivalently comma
x sub jk comma z in N sub L open parenthesis epsilon comma lambda closing parenthesis for each j comma k

greater equal N period
In this case we write F hyphen lim x sub jk comma z = L period
Lemma .. 1 period .. Let open parenthesis X comma bar times comma times bar closing parenthesis .. be a

real 2 hyphen normed space and open parenthesis X comma F comma * closing parenthesis .. be an RTN
space induced by the random norm F sub x comma y open parenthesis t closing parenthesis = t plus bar t x

sub comma y bar comma .. where x comma y in X and t greater 0 period
Then for e very double s equence x = open parenthesis x sub j k closing parenthesis and nonzero y in X
limint bar x minus L comma y bar = 0 double stroke right arrow F hyphen limint open parenthesis x minus

L closing parenthesis comma y = 0 period
Proof period .. Suppose that lim bar x minus L comma y bar = 0 period .. Then for every t greater 0 and for

every
y in X there exists a positive integer N = N open parenthesis t closing parenthesis such that
bar x sub j k minus L comma y bar less t for each j comma k greater equal N period
We observe that for any given epsilon greater 0 comma
Line 1 epsilon plus bar x sub j k minus L comma y bar less epsilon plus t Line 2 epsilon epsilon
which is equivalent to
epsilon plus bar epsilon jk x minus L comma y bar greater epsilon epsilon plus t = 1 minus epsilon t plus t

period
Therefore comma by letting lambda = t plus epsilon t in open parenthesis 0 comma 1 closing parenthesis we

have
F sub x sub j k minus L comma y open parenthesis epsilon closing parenthesis greater 1 minus lambda for

each j comma k greater equal N period
This implies that x sub j k comma y in N sub L open parenthesis epsilon comma lambda closing parenthesis

for each j comma k greater equal N as desired period
2 period I sub 2 to the power of F and I sub 2 to the power of F sub * hyphen convergence for double sequences

in RTN spaces
In this section we study the concept of I and I to the power of * hyphen convergence of a double
sequence in open parenthesis X comma F comma * closing parenthesis and prove some important results period

Throughout the paper we
take I sub 2 to the power of F as a nontrivial admissible ideal in N times N period
Definition 8 period .. Let open parenthesis X comma F comma * closing parenthesis be an RTN space and I

be a proper ideal in
N times N period .... A double sequence x = open parenthesis x sub jk closing parenthesis in X is said to be I

sub 2 to the power of F hyphen convergent to L in X
open parenthesis I sub 2 to the power of F hyphen convergent to L in X with respect to F hyphen topology

closing parenthesis if for each epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis
and each nonzero z in X comma
open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk comma z element-slash N

sub L open parenthesis epsilon comma lambda closing parenthesis closing brace in I sub 2 period
In this case the vector L is called the I sub 2 to the power of F hyphen limit of the double sequence x = open

parenthesis x sub j k closing parenthesis
and we write I sub 2 to the power of F hyphen lim x comma z = L period
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A double sequence x = (xjk) in X is said to be F− convergence to L ∈ X if for
every ε > 0, λ ∈ (0, 1) and for each nonzero z ∈ X there exists a positive integer N such
that

xjk, z − L ∈ Nθ(ε, λ)foreachj, k ≥ N

or , equivalently ,

xjk, z ∈ NL(ε, λ)foreachj, k ≥ N.

In this case we write F− lim xjk, z = L.
Lemma 1 . Let (X, ‖ ·, · ‖) be a real 2 - normed space and (X,F, ∗) be

an RTN space induced by the random norm Fx,y(t) = t+ ‖ tx,y ‖, where x, y ∈ X
and t > 0. Then for e very double s equence x = (xjk) and nonzero y in X

lim ‖ x− L, y ‖= 0⇒ F − lim(x− L), y = 0.

Proof . Suppose that lim ‖ x−L, y ‖ = 0. Then for every t > 0 and for every
y ∈ X there exists a positive integer N = N(t) such that

‖ xjk − L, y ‖< tforeachj, k ≥ N.

We observe that for any given ε > 0,

ε+ ‖ xjk − L, y ‖ < ε+ t

ε ε

which is equivalent to

ε+ ‖ εjkx − L, y ‖ > εε+t = 1− εt+t.

Therefore , by letting λ = t+εt ∈ (0, 1) we have

Fxjk−L,y(ε) > 1− λforeachj, k ≥ N.

This implies that xjk, y ∈ NL(ε, λ) for each j, k ≥ N as desired .

2.IF2 and IF∗2 − convergence for double sequences in RTN spaces
In this section we study the concept of I and I∗− convergence of a double sequence

in (X,F, ∗) and prove some important results . Throughout the paper we
take IF2 as a nontrivial admissible ideal in N× N.

Definition 8 . Let (X,F, ∗) be an RTN space and I be a proper ideal in
N× N. A double sequence x = (xjk) in X is said to be IF2 − convergent to L ∈ X
(IF2 − convergent to L ∈ X with respect to F− topology ) if for each ε > 0, λ ∈ (0, 1)
and each nonzero z ∈ X,

{(j, k) ∈ N× N : xjk, zelement− slashNL(ε, λ)} ∈ I2.

In this case the vector L is called the IF2 − limit of the double sequence x = (xjk) and
we write IF2 − lim x, z = L.



On I− convergence of double sequences 77
Lemma 2 . Let (X,F, ∗) be an RTN space . If a double s equence

x = (xjk) is
IF2 − convergent with respect to th e random 2 - norm F, then IF2 − limit is unique .

Proof . Let us assume that IF2 − lim x, z = L1 and IF2 − lim x, z = L2

where L1 6= L2. Since L1 6= L2, select ε > 0, λ ∈ (0, 1) and each nonzero z ∈ X such
that NL1(ε, λ) and NL2(ε, λ) are disjoint neighborhoods of L1 and L2. Since L1 and L2

both are IF2 − limit of the sequence (xjk), we have

A = {(j, k) ∈ N× N : xjk, zelement− slashNL1
(ε, λ)}

and

B = {(j, k) ∈ N× N : xjk, zelement− slashNL2
(ε, λ)}

both belong to IF2 . This implies that the sets

Ac = {(j, k) ∈ N× N : xjk, z ∈ NL1(ε, λ)}

and Bc = {(j, k) ∈ N× N : xjk, z ∈ NL2
(ε, λ)} belong to F(I2). In this way we

obtain a contradiction to the fact that the neighborhoods NL1
(ε, λ) and NL2

(ε, λ)
of L1 and L2 are disjoint . Hence we have L1 = L2. This completes the proof .

Lemma 3 . Let (X,F, ∗) be an RTN space . Then we have
( i )F− lim xjk, z = L, then IF2 − lim xjk, z = L.

( i i ) If IF2 − lim xjk, z = L1 and IF2 − lim yjk, z = L2, th en IF2 − lim
(xjk + yjk), z =

L1 + L2.

( i ii ) If IF2 − lim xjk, z = L and α ∈ R, then IF2 − lim αxjk, z = αL. ( iv ) If IF2 −
lim xjk, z = L1 and IF2 − lim yjk, z = L2, th en IF2 − lim (xjk − yjk), z

= L1 − L2.

Proof . ( i ) Suppose that F− lim xjk, z = L. Let ε > 0, λ ∈ (0, 1) and nonzero
z ∈ X. Then there exists a positive integer N such that xjk, z ∈ NL(ε, λ) for each
j, k > N. Since the set

A = {(j, k) ∈ N×N : xjk, zelement−slashNL(ε, λ)} ⊆ {1, 2, ..., N−1}×{1, 2, ..., N−1}

and the ideal a IF2 is admissible , we have A ∈ IF2 . This shows that IF2 − lim xjk, z

= L.

( i i ) Let ε > 0, λ ∈ (0, 1) and nonzero z ∈ X. Choose η ∈ (0, 1) such that
(1− η) ∗ (1− η) > (1− λ). Since IF2 − lim xjk, z = L1 and IF2 − lim yjk, z = L2, the
sets

A = {(j, k) ∈ N× N : xjk, zelement− slashNL1
(ε2, λ)}
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\hspace ∗{\ f i l l }Lemma 2 . \quad Let $ ( X , F , ∗ ) $ \quad be an RTN space . \quad I f a double s equence
$ x = ( x { j k } ) $ \quad i s

\noindent $ I ˆ{ F } { 2 } − $ convergent with r e s p e c t to th e random 2 − norm
$ F , $ then $ I ˆ{ F } { 2 } − $ l i m i t i s unique .

Proof . \quad Let us assume that $ I ˆ{ F } { 2 } − $ l im $ x , z = L { 1 }$
\quad and $ I ˆ{ F } { 2 } − $ l im $ x , z = L { 2 }$ \quad where

$ L { 1 } \ne L { 2 } . $ S ince $ L { 1 } \ne L { 2 } , $ s e l e c t
$ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and each nonzero
$ z \ in X $ such that

$ N { L { 1 }} ( \varepsilon , \lambda ) $ and $ N { L { 2 }} (
\varepsilon , \lambda ) $ are d i s j o i n t neighborhoods o f $ L { 1 }$ and $ L { 2 }
. $ S ince $ L { 1 }$ and $ L { 2 }$

\noindent both are $ I ˆ{ F } { 2 } − $ l i m i t o f the sequence $ ( x { j k }
) , $ we have

\ [ A = \{ ( j , k ) \ in N \times N : x { jk } , z element−s l a s h
N { L { 1 }} ( \varepsilon , \lambda ) \} \ ]

\noindent and

\ [ B = \{ ( j , k ) \ in N \times N : x { j k } , z
element−s l a s h N { L { 2 }} ( \varepsilon , \lambda ) \} \ ]

\noindent both belong to $ I ˆ{ F } { 2 } . $ This i m p l i e s that the s e t s

\ [ A ˆ{ c } = \{ ( j , k ) \ in N \times N : x { j k }
, z \ in N { L { 1 }} ( \varepsilon , \lambda ) \} \ ]

\noindent and $ B ˆ{ c } = \{ ( j , k ) \ in N \times N :
x { jk } , z \ in N { L { 2 }} ( \varepsilon , \lambda ) \} $
belong to $ F ( I { 2 } ) . $ \ h f i l l In t h i s way we

\noindent obta in a c o n t r a d i c t i o n to the f a c t that the neighborhoods $ N { L { 1 }}
( \varepsilon , \lambda ) $ and $ N { L { 2 }} ( \varepsilon , \lambda
) $

\noindent o f $ L { 1 }$ and $ L { 2 }$ are d i s j o i n t . Hence we have $ L { 1 }
= L { 2 } . $ This completes the proo f .

\centerline{Lemma 3 . \quad Let $ ( X , F , ∗ ) $ be an RTN space . \quad Then we have }

\centerline {( i $ ) F − $ l im $ x { j k } , z = L , $ then $ I ˆ{ F } { 2 }
− $ l im $ x { jk } , z = L . $ }

\hspace ∗{\ f i l l }( i i ) I f $ I ˆ{ F } { 2 } − $ l im $ x { jk } , z = L { 1 }$
and $ I ˆ{ F } { 2 } − $ l im $ y { jk } , z = L { 2 } , $ th en $ I ˆ{ F } { 2 }
− $ l im $ ( x { j k } + y { j } k ) , z = $

\begin { a l i g n ∗}
L { 1 } + L { 2 } .
\end{ a l i g n ∗}

\noindent ( i i i ) I f $ I ˆ{ F } { 2 } − $ l im $ x { jk } , z = L $ and
$ \alpha \ in R , $ then $ I ˆ{ F } { 2 } − $ l im $ \alpha x { jk } ,
z = \alpha L . $

( iv ) I f $ I ˆ{ F } { 2 } − $ l im $ x { j k } , z = L { 1 }$ \quad and
$ I ˆ{ F } { 2 } − $ l im $ y { j } k , z = L { 2 } , $ th en $ I ˆ{ F } { 2 }
− $ l im $ ( x { jk } − y { jk } ) , z $

\begin { a l i g n ∗}
= L { 1 } − L { 2 } .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }Proof . \quad ( i ) Suppose that $ F − $ l im $ x { jk } , z
= L . $ \quad Let $ \varepsilon > 0 , \lambda \ in ( 0 , 1
) $ and nonzero

\noindent $ z \ in X . $ Then there e x i s t s a p o s i t i v e i n t e g e r $ N $ such that
$ x { jk } , z \ in N { L } ( \varepsilon , \lambda ) $ f o r each

$ j , k > N . $ Since the s e t

\ [ A = \{ ( j , k ) \ in N \times N : x { j k } , z
element−s l a s h N { L } ( \varepsilon , \lambda ) \} \subseteq \{
1 , 2 , . . . , N − 1 \} \times \{ 1 , 2 , .
. . , N − 1 \} \ ]

\noindent and the i d e a l a $ I ˆ{ F } { 2 }$ i s admi s s ib l e , we have $ A \ in
I ˆ{ F } { 2 } . $ \ h f i l l This shows that $ I ˆ{ F } { 2 } − $ l im $ x { jk }
, z $

\begin { a l i g n ∗}
= L .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }( i i ) Let $ \varepsilon > 0 , \lambda \ in ( 0 ,
1 ) $ and nonzero $ z \ in X . $ \quad Choose $ \eta \ in ( 0 ,
1 ) $ such that

\noindent $ ( 1 − \eta ) ∗ ( 1 − \eta ) > ( 1 − \lambda
) . $ \quad Since $ I ˆ{ F } { 2 } − $ l im $ x { j k } , z = L { 1 }$
and $ I ˆ{ F } { 2 } − $ l im $ y { jk } , z = L { 2 } , $ the

s e t s

\ [ A = \{ ( j , k ) \ in N \times N : x { j k } , z
element−s l a s h N { L { 1 }} ( ˆ{ \varepsilon } { 2 } , \lambda ) \} \ ]

\noindent and

\ [ B = \{ ( j , k ) \ in N \times N : y { jk } , z element−s l a s h
N { L { 2 }} ( ˆ{ \varepsilon } { 2 } , \lambda ) \} \ ]

\noindent belong to $ I ˆ{ F } { 2 } . $ Let $ C = \{ ( j , k )
\ in N \times N : ( x { jk } + y { jk } ) , z element−s l a s h
N { L { 1 } + L { 2 }} ( \varepsilon , \lambda ) \} . $ \quad Since
$ I ˆ{ F } { 2 }$

i s an i d e a l , i t i s s u f f i c i e n t to show that $ C \subset A \cup B . $ \quad This i s equ iva l en t to show
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Lemma 2 period .. Let open parenthesis X comma F comma * closing parenthesis .. be an RTN space period

.. If a double s equence x = open parenthesis x sub j k closing parenthesis .. is
I sub 2 to the power of F hyphen convergent with respect to th e random 2 hyphen norm F comma then I sub

2 to the power of F hyphen limit is unique period
Proof period .. Let us assume that I sub 2 to the power of F hyphen lim x comma z = L sub 1 .. and I sub 2

to the power of F hyphen lim x comma z = L sub 2 .. where
L sub 1 equal-negationslash L sub 2 period Since L sub 1 equal-negationslash L sub 2 comma select epsilon

greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis and each nonzero z in X such that
N sub L sub 1 open parenthesis epsilon comma lambda closing parenthesis and N sub L sub 2 open parenthesis

epsilon comma lambda closing parenthesis are disjoint neighborhoods of L sub 1 and L sub 2 period Since L sub
1 and L sub 2

both are I sub 2 to the power of F hyphen limit of the sequence open parenthesis x sub j k closing parenthesis
comma we have

A = open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk comma z element-slash
N sub L sub 1 open parenthesis epsilon comma lambda closing parenthesis closing brace

and
B = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-slash

N sub L sub 2 open parenthesis epsilon comma lambda closing parenthesis closing brace
both belong to I sub 2 to the power of F period This implies that the sets
A to the power of c = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k

comma z in N sub L sub 1 open parenthesis epsilon comma lambda closing parenthesis closing brace
and B to the power of c = open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk

comma z in N sub L sub 2 open parenthesis epsilon comma lambda closing parenthesis closing brace belong to F
open parenthesis I sub 2 closing parenthesis period .... In this way we

obtain a contradiction to the fact that the neighborhoods N sub L sub 1 open parenthesis epsilon comma
lambda closing parenthesis and N sub L sub 2 open parenthesis epsilon comma lambda closing parenthesis

of L sub 1 and L sub 2 are disjoint period Hence we have L sub 1 = L sub 2 period This completes the proof
period

Lemma 3 period .. Let open parenthesis X comma F comma * closing parenthesis be an RTN space period ..
Then we have

open parenthesis i closing parenthesis F hyphen lim x sub j k comma z = L comma then I sub 2 to the power
of F hyphen lim x sub jk comma z = L period

open parenthesis i i closing parenthesis If I sub 2 to the power of F hyphen lim x sub jk comma z = L sub 1
and I sub 2 to the power of F hyphen lim y sub jk comma z = L sub 2 comma th en I sub 2 to the power of F
hyphen lim open parenthesis x sub j k plus y sub j k closing parenthesis comma z =

L sub 1 plus L sub 2 period
open parenthesis i ii closing parenthesis If I sub 2 to the power of F hyphen lim x sub jk comma z = L and

alpha in R comma then I sub 2 to the power of F hyphen lim alpha x sub jk comma z = alpha L period
open parenthesis iv closing parenthesis If I sub 2 to the power of F hyphen lim x sub j k comma z = L sub 1

.. and I sub 2 to the power of F hyphen lim y sub j k comma z = L sub 2 comma th en I sub 2 to the power of F
hyphen lim open parenthesis x sub jk minus y sub jk closing parenthesis comma z

= L sub 1 minus L sub 2 period
Proof period .. open parenthesis i closing parenthesis Suppose that F hyphen lim x sub jk comma z = L period

.. Let epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis and nonzero
z in X period Then there exists a positive integer N such that x sub jk comma z in N sub L open parenthesis

epsilon comma lambda closing parenthesis for each
j comma k greater N period Since the set
A = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-

slash N sub L open parenthesis epsilon comma lambda closing parenthesis closing brace subset equal open brace
1 comma 2 comma period period period comma N minus 1 closing brace times open brace 1 comma 2 comma
period period period comma N minus 1 closing brace

and the ideal a I sub 2 to the power of F is admissible comma we have A in I sub 2 to the power of F period
.... This shows that I sub 2 to the power of F hyphen lim x sub jk comma z

= L period
open parenthesis i i closing parenthesis Let epsilon greater 0 comma lambda in open parenthesis 0 comma 1

closing parenthesis and nonzero z in X period .. Choose eta in open parenthesis 0 comma 1 closing parenthesis
such that

open parenthesis 1 minus eta closing parenthesis * open parenthesis 1 minus eta closing parenthesis greater
open parenthesis 1 minus lambda closing parenthesis period .. Since I sub 2 to the power of F hyphen lim x sub
j k comma z = L sub 1 and I sub 2 to the power of F hyphen lim y sub jk comma z = L sub 2 comma the

sets
A = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-slash

N sub L sub 1 open parenthesis sub 2 to the power of epsilon comma lambda closing parenthesis closing brace
and
B = open brace open parenthesis j comma k closing parenthesis in N times N : y sub jk comma z element-slash

N sub L sub 2 open parenthesis sub 2 to the power of epsilon comma lambda closing parenthesis closing brace
belong to I sub 2 to the power of F period Let C = open brace open parenthesis j comma k closing parenthesis

in N times N : open parenthesis x sub jk plus y sub jk closing parenthesis comma z element-slash N sub L sub 1
plus L sub 2 open parenthesis epsilon comma lambda closing parenthesis closing brace period .. Since I sub 2 to
the power of F

is an ideal comma it is sufficient to show that C subset A cup B period .. This is equivalent to show

and

B = {(j, k) ∈ N× N : yjk, zelement− slashNL2
(ε2, λ)}

belong to IF2 . Let C = {(j, k) ∈ N × N : (xjk + yjk), zelement − slashNL1+L2
(ε, λ)}.

Since IF2 is an ideal , it is sufficient to show that C ⊂ A ∪ B. This is equivalent to
show



78 M . G ü rdal , M . B . Huban that Cc ⊃ Ac∩ ⇒ w h− notdef − e− notdef r
e− notdefFAnotdef − existential a d− existential braceleft−B − negationslash−
notdef−notdefnotdef−existential−c−notdef b l− existentialo−notdef−notdefnotdef−
notdef−ngnotdefunion−tnotdefFI−parenleft2). L t (, k) ∈ Ac∩arrowdblright−
c− commaperiod− i− notdefnotdefnotdef−comma notdef Fnotdef
) ∈ Ac nd (jk) ∈ notdefBc− comma an d we n av e

k + yjk)− (L1 + L)comma−z
(

ε) ≥ Fjx − L1, z 2) ∗ Fyjk−L2,z(
ε
2)

> (1− η) ∗ (1− η) > (1− λ).

Since(j, k) ∈ Cc ⊃ Ac ∩ arrowdblright− c ∈ F − notdefparenleft− notdef − Itwo− Fparenright−notdef , notdef − existentialwe− notdefexistential − hv − braceleftnotdef−notdef−enotdefCnotdef − propersubset− notdefA− notdef − notdefunion− notdefunion−Belement− notdefIF − period

i ) I t is tr ivialfo r α = .0 N ow l− e t α 6= 0ε > 0 λ ∈ (, 1) a d n nzero
z ∈ X. nce IF − hyphen li m xk,z = L, w eh ve

= ({j, k) ∈ N× N : xk,z element− slashN (ε, λ)} ∈ I2

h− i sim l− pi− e s t at

c = ({j, k) ∈ xk,z ∈ N (ε, λ)} ∈ Fparenleft− I2).

t (, k) ∈ A. T h− e n w eh ve

xjk − αL, zε( ) = Fjk−L,z ε | α |)

≥ Fxjk−L,z(ε) ∗ F0

(
ε
| α | −ε

)
> (1− λ) ∗ 1 = (1− λ).

So {(j, k) ∈ N× N : αxjk, zelement− slashNαL(ε, λ)} ∈ I2. Hence IF2 − lim αxjk, z =
αL.

( iv ) The result follows from ( i i ) and ( i ii ) .
We introduce the concept of IF∗2 − convergence closely related to IF2 − convergence

of double sequences in random 2 - normed space and show that IF∗2 − convergence
implies IF2 − convergence but not conversely .

Definition 9 . Let (X,F, ∗) be an RTN space . We say that a
sequence
x = (xjk) in X is IF∗2 − convergent to L ∈ X with respect to the random 2 - norm F if
there exists a subset

K = {(jm, km) : j1 < j2 < · · ·; k1 < k2 < · · ·} ⊂ N× N

such that K ∈ F(I2) ( i . e .,N× N \K ∈ I2) and F − limm xjm,km , z = L for each

nonzeroz ∈ X.

In this case we write IF∗2 − lim x, z = L and L is called the IF∗2 − limit of the

doublesequencex = (xjk).

Theorem 1 . Let (X,F, ∗) be an RTN space and I2 be an admissible ideal
. If



\noindent 78 \quad M . G $ \ddot{u} $ rda l , M . B . Huban
that $ C ˆ{ c } \supset A ˆ{ c } \cap \Rightarrow $ w $ h−notdef−e−notde f $

r $ e−notde f F A notdef−e x i s t e n t i a l $ a $ d−e x i s t e n t i a l b r a c e l e f t−B−negat i ons l a sh−notdef−notde f
notdef−e x i s t e n t i a l −c−notde f $ b $ l−e x i s t e n t i a l { o−notdef−notde f } notdef−notdef−n { g
notde f union−t } notde f F I−p a r e n l e f t 2 ) . $ \quad L \quad t $ (
, k ) \ in A c \cap arrowdblr ight−c−comma period−i−notde f notde f { notdef−comma }
notde f F notde f $

\noindent $ ) \ in A c $ nd $ ( jk ) \ in notde f B c−comma $ an d we n av e

\begin { a l i g n ∗}
k + y { j k } ) − ( L 1 + L ) ˆ{ comma−z ˆ{ ( }} \varepsilon

) \geq F j { x } − L { 1 } , z 2 ˆ{ ) } ∗ F { y { j } k −
L { 2 } , z } ( ˆ{ \varepsilon } { 2 } ) \\ > ( 1 − \eta ) ∗ (
1 − \eta ) > ( 1 − \lambda ) . \\ Since ( j , k ) \ in
C ˆ{ c } \supset A ˆ{ c } \cap arrowdblr ight−c \ in F−notde f p a r e n l e f t−notdef−I
two−F ˆ{ parenr ight−notde f } , notdef−e x i s t e n t i a l w e−notde f e x i s t e n t i a l −h
v−b r a c e l e f t { notdef−notdef−e notde f C } notdef−propersubset−notde f A−notdef−notde f
union−notde f union−B element−notde f I F−per iod
\end{ a l i g n ∗}

\noindent i ) I t i s t r i v i a l f o r $ \alpha = . 0 $ \quad N ow $ l−e $ t
$ \alpha \ne 0 \varepsilon > 0 \lambda \ in ( , 1 ) $ \quad a d \quad n nzero
$ z \ in X . $

nce $ I F−hyphen $ l i m $ x k { , } z = L , $ w eh ve

\ [ = ( \{ j , k ) \ in N \times N : x k { , } z element−s l a s h
N ( \varepsilon , \lambda ) \} \ in I 2 \ ]

\noindent $ h−i $ sim \quad $ l−p i−e $ s t at

\ [ c = ( \{ j , k ) \ in x k { , } z \ in N ( \varepsilon
, \lambda ) \} \ in F p a r e n l e f t−I 2 ) . \ ]

\noindent t $ ( , k ) \ in A . $ T $ h−e $ n w eh ve

\ [\ begin { a l i gned } x { jk } − \alpha L , z { ( }ˆ{ \varepsilon } ) =
F jk { − L , } z \varepsilon \mid \alpha \mid ) \\
\geq F { x { j k } − L , z } ( \varepsilon ) ∗ F { 0 } \ l e f t (\ begin { array }{ cc } \varepsilon \\

\mid \alpha \mid & − \varepsilon \end{ array }\ right )\\
> ( 1 − \lambda ) ∗ 1 = ( 1 − \lambda ) . \end{ a l i gned }\ ]

\noindent So $ \{ ( j , k ) \ in N \times N : \alpha x { jk }
, z element−s l a s h N { \alpha L } ( \varepsilon , \lambda ) \}
\ in I { 2 } . $ Hence $ I ˆ{ F } { 2 } − $ l im $ \alpha x { jk } , z
= \alpha L . $

\centerline {( i v ) The r e s u l t f o l l o w s from ( i i ) and ( i i i ) . }

\hspace ∗{\ f i l l }We int roduce the concept o f $ I ˆ{ F { ∗ }} { 2 } − $ convergence c l o s e l y r e l a t e d to
$ I ˆ{ F } { 2 } − $ convergence

\noindent o f double sequences in random 2 − normed space and show that $ I ˆ{ F
∗ } { 2 } − $ convergence

\noindent i m p l i e s $ I ˆ{ F } { 2 } − $ convergence but not conve r s e l y .

\hspace ∗{\ f i l l }D e f i n i t i o n \quad 9 . \quad Let \quad $ ( X , F , ∗ ) $
\quad be an RTN space . \quad We say that \quad a sequence

\noindent $ x = ( x { jk } ) $ in $ X $ i s $ I ˆ{ F ∗ } { 2 } − $
convergent to $ L \ in X $ with r e s p e c t to the random 2 − norm $ F $

i f the re e x i s t s a subset

\ [ K = \{ ( j { m } , k { m } ) : j 1 < j 2 < \cdot
\cdot \cdot ; k { 1 } < k { 2 } < \cdot \cdot \cdot \} \subset
N \times N \ ]

\noindent such that $ K \ in F ( I { 2 } ) ( $ i . e $ . , N \times
N \setminus K \ in I { 2 } ) $ and $ F − \ lim { m } x { j { m }
, k { m }} , z = L $ f o r each

\begin { a l i g n ∗}
nonzero z \ in X .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l } In t h i s case we wr i t e $ I ˆ{ F ∗ } { 2 } − $ l im $ x , z
= L $ and $ L $ i s c a l l e d the $ I ˆ{ F ∗ } { 2 } − $ l i m i t o f the

\begin { a l i g n ∗}
double sequence x = ( x { jk } ) .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }Theorem 1 . \quad Let $ ( X , F , ∗ ) $ be an RTN space and
$ I { 2 }$ \quad be an admi s s i b l e i d e a l . \quad I f

\noindent $ I ˆ{ F ∗ } { 2 } − $ l im $ x , z = L , $ then $ I ˆ{ F } { 2 }
− $ l im $ x , z = L . $

\centerline{Proof . Suppose that $ I ˆ{ F ∗ } { 2 } − $ l im $ x , z =
L . $ Then by d e f i n i t i o n , the re e x i s t s }

\ [ K = \{ ( j { m } , k { m } ) : j 1 < j 2 < \cdot
\cdot \cdot ; k { 1 } < k { 2 } < \cdot \cdot \cdot \} \ in
F ( I { 2 } ) \ ]

78 .. M period G u-dieresis rdal comma M period B period Huban
that C to the power of c supset A to the power of c cap double stroke right arrow w h-notdef-e-notdef r

e-notdef F A notdef-existential a d-existential braceleft-B-negationslash-notdef-notdef notdef-existential-c-notdef
b l-existential sub o-notdef-notdef notdef-notdef-n sub g notdef union-t notdef F I-parenleft 2 closing parenthesis
period .. L .. t open parenthesis comma k closing parenthesis in A c cap arrowdblright-c-comma period-i-notdef
notdef sub notdef-comma notdef F notdef

closing parenthesis in A c nd open parenthesis jk closing parenthesis in notdef B c-comma an d we n av e
k plus y sub j k closing parenthesis minus open parenthesis L 1 plus L closing parenthesis to the power of

comma-z to the power of open parenthesis epsilon closing parenthesis greater equal F j x minus L sub 1 comma
z 2 to the power of closing parenthesis * F sub y sub j k minus L sub 2 comma z open parenthesis sub 2 to the
power of epsilon closing parenthesis greater open parenthesis 1 minus eta closing parenthesis * open parenthesis
1 minus eta closing parenthesis greater open parenthesis 1 minus lambda closing parenthesis period Since open
parenthesis j comma k closing parenthesis in C to the power of c supset A to the power of c cap arrowdblright-
c in F-notdef parenleft-notdef-I two-F to the power of parenright-notdef comma notdef-existential w e-notdef
existential-h v-braceleft sub notdef-notdef-e notdef C notdef-propersubset-notdef A-notdef-notdef union-notdef
union-B element-notdef I F-period

i closing parenthesis I t is tr ivialfo r alpha = period 0 .. N ow l-e t alpha equal-negationslash 0 epsilon greater
0 lambda in open parenthesis comma 1 closing parenthesis .. a d .. n nzero z in X period

nce I F-hyphen li m x k sub comma z = L comma w eh ve
= open parenthesis open brace j comma k closing parenthesis in N times N : x k sub comma z element-slash

N open parenthesis epsilon comma lambda closing parenthesis closing brace in I 2
h-i sim .. l-p i-e s t at
c = open parenthesis open brace j comma k closing parenthesis in x k sub comma z in N open parenthesis

epsilon comma lambda closing parenthesis closing brace in F parenleft-I 2 closing parenthesis period
t open parenthesis comma k closing parenthesis in A period T h-e n w eh ve
Line 1 x sub jk minus alpha L comma z sub open parenthesis to the power of epsilon closing parenthesis =

F jk sub minus L comma z epsilon bar alpha bar parenrightbigg Line 2 greater equal F sub x sub j k minus L
comma z open parenthesis epsilon closing parenthesis * F sub 0 Row 1 epsilon Row 2 bar alpha bar minus epsilon
. Line 3 greater open parenthesis 1 minus lambda closing parenthesis * 1 = open parenthesis 1 minus lambda
closing parenthesis period

So open brace open parenthesis j comma k closing parenthesis in N times N : alpha x sub jk comma z element-
slash N sub alpha L open parenthesis epsilon comma lambda closing parenthesis closing brace in I sub 2 period
Hence I sub 2 to the power of F hyphen lim alpha x sub jk comma z = alpha L period

open parenthesis iv closing parenthesis The result follows from open parenthesis i i closing parenthesis and
open parenthesis i ii closing parenthesis period

We introduce the concept of I sub 2 to the power of F sub * hyphen convergence closely related to I sub 2 to
the power of F hyphen convergence

of double sequences in random 2 hyphen normed space and show that I sub 2 to the power of F * hyphen
convergence

implies I sub 2 to the power of F hyphen convergence but not conversely period
Definition .. 9 period .. Let .. open parenthesis X comma F comma * closing parenthesis .. be an RTN space

period .. We say that .. a sequence
x = open parenthesis x sub jk closing parenthesis in X is I sub 2 to the power of F * hyphen convergent to L

in X with respect to the random 2 hyphen norm F
if there exists a subset
K = open brace open parenthesis j sub m comma k sub m closing parenthesis : j 1 less j 2 less times times

times semicolon k sub 1 less k sub 2 less times times times closing brace subset N times N
such that K in F open parenthesis I sub 2 closing parenthesis open parenthesis i period e period comma N

times N backslash K in I sub 2 closing parenthesis and F hyphen limint sub m x sub j sub m comma k sub m
comma z = L for each

nonzero z in X period
In this case we write I sub 2 to the power of F * hyphen lim x comma z = L and L is called the I sub 2 to the

power of F * hyphen limit of the
double sequence x = open parenthesis x sub jk closing parenthesis period
Theorem 1 period .. Let open parenthesis X comma F comma * closing parenthesis be an RTN space and I

sub 2 .. be an admissible ideal period .. If
I sub 2 to the power of F * hyphen lim x comma z = L comma then I sub 2 to the power of F hyphen lim x

comma z = L period
Proof period Suppose that I sub 2 to the power of F * hyphen lim x comma z = L period Then by definition

comma there exists
K = open brace open parenthesis j sub m comma k sub m closing parenthesis : j 1 less j 2 less times times

times semicolon k sub 1 less k sub 2 less times times times closing brace in F open parenthesis I sub 2 closing
parenthesis

IF∗2 − lim x, z = L, then IF2 − lim x, z = L.
Proof . Suppose that IF∗2 − lim x, z = L. Then by definition , there exists

K = {(jm, km) : j1 < j2 < · · ·; k1 < k2 < · · ·} ∈ F(I2)



On I− convergence of double sequences 79 such that F − limm xjm,km , z = L. Let
ε > 0, λ ∈ (0, 1) and nonzero z ∈ X be given .
Since F − limm xjmkm , z = L, there exists N ∈ N such that xjmkm , z ∈ NL(ε, λ) for

everym ≥ N.Since

A = {(jm, km) ∈ K : xjmkm , zelement− slashNL(ε, λ)}

is contained in

B = {j1, j2, ..., jN − 1; k1, k2, ..., kN−1}
and the ideal I2 is admissible , we have A ∈ I2. Hence

{(j, k) ∈ N× N : xjk, zelement− slashNL(ε, λ)} ⊆ K ∪B ∈ I2
for ε > 0, λ ∈ (0, 1) and nonzero z ∈ X. Therefore , we conclude that IF2 − lim x, z =

L.

The following example shows that the converse of Theorem 1 need not be true .
Example 1 . Consider X = R2 with ‖ x, y ‖ := | x1y2− x2y1 |

where x =
(x1, x2), y = (y1, y2) ∈ R2 and let a ∗ b = ab for all a, b ∈ S. For all (x, y) ∈ R2 and
t > 0, consider

Fx,y(t) = t+ ‖t x, y ‖ .
Then (R2, F, ∗) is an RTN space . Consider a decomposition of N × N as N × N =⋃
i,j ∆ij such that for any (m,n) ∈ N×N each ∆ij contains infinitely many (i, j) ’ s where

i ≥ m, j ≥ n and ∆ij∩ ⇒n−notdefequal−notdef ∅notdefF−f−or− elementexistential−notdef(notdefj−
existential)notdef−notdef−negationslashbraceleft−equal−negationslashparenleft− notdef − notdefnotdef−
mcomma− union− n)period− notdef· L t I2b et e c ass o
lsu bsets o N ×N w h− i ch n− i tersectat m o− s ta fi ite notdef −existentialn
um e− b r o ∆ e i′.s T h− e n I is a n missibleid eal . W ed fine a d ublese
quence (xm n − parenright a s fo l− l ow s : xmn = 1ij , 0) ∈ R2 if (m,n) ∈ ∆ij .
Then for nonzero z ∈ X, we have

Fxmn,z(t) = t+ ‖ txmn
, z ‖ → 1

asm,n→∞.HenceIF2 − lim
m,n

xmn, z = 0.

Now , we show that IF∗2 − limm,n xmn, z 6= 0. Suppose that IF∗2 − limm,n xmn, z = 0
. Then by definition , there exists a subset

K = {(mj , nj) : m1 < m2 < · · ·; n1 < n2 < · · ·} ⊂ N× N

such that K ∈ F(I2) and F − limj xmjnj
, z = 0. Since K ∈ F(I2), there exists

H ∈ I2 such that K = N×N \H. Then there exists positive integers p and q such that

H ⊂
m=1⋃
( p

n=1⋃
(∞

∆mn)) ∪
n=1⋃
( q

m=1⋃
(∞

∆mn)).
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such that $ F − \ lim { m } x { j { m } , k { m }} , z = L . $

Let $ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and nonzero
$ z \ in X $ be given .

\noindent Since $ F − \ lim { m } x { j { m } k { m }} , z = L , $
the re e x i s t s $ N \ in N $ such that $ x { j { m } k { m }} , z \ in
N { L } ( \varepsilon , \lambda ) $ f o r

\begin { a l i g n ∗}
every m \geq N . Since \\ A = \{ ( j { m } , k { m } ) \ in

K : x { j { m } k { m }} , z element−s l a s h N { L } ( \varepsilon
, \lambda ) \}
\end{ a l i g n ∗}

\noindent i s conta ined in

\ [ B = \{ j 1 , j 2 , . . . , j N − 1 ; k { 1 }
, k { 2 } , . . . , k { N − 1 } \} \ ]

\noindent and the i d e a l $ I { 2 }$ i s admi s s ib l e , we have $ A \ in I { 2 }
. $ Hence

\ [ \{ ( j , k ) \ in N \times N : x { jk } , z element−s l a s h
N { L } ( \varepsilon , \lambda ) \} \subseteq K \cup B \ in
I { 2 }\ ]

\noindent f o r $ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and nonzero
$ z \ in X . $ There fore , we conc lude that $ I ˆ{ F } { 2 } − $ l im $ x
, z = $

\begin { a l i g n ∗}
L .
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }The f o l l o w i n g example shows that the converse o f Theorem 1 need not be t rue .

\hspace ∗{\ f i l l }Example \quad 1 . \quad Consider $ X = R ˆ{ 2 }$ \quad with \quad
$ \paral le l x , y \paral le l : = \mid x { 1 } y 2 − x { 2 }
y 1 \mid $ \quad where $ x = $

\noindent $ ( x { 1 } , x { 2 } ) , y = ( y 1 , y 2 )
\ in R ˆ{ 2 }$ and l e t $ a ∗ b = ab $ f o r a l l $ a , b \ in S
. $ For a l l $ ( x , y ) \ in R ˆ{ 2 }$ and

$ t > 0 , $ con s id e r

\ [ F { x , y } ( t ) = t + \paral le l ˆ{ t } x , y \paral le l
. \ ]

\noindent Then $ ( R ˆ{ 2 } , F , ∗ ) $ i s an RTN space . \quad Consider a decompos it ion o f
$ N \times N $ as $ N \times N = $

$ \bigcup { i , j } \Delta { i j }$ such that f o r any $ ( m , n )
\ in N \times N $ each $ \Delta { i j }$ conta in s i n f i n i t e l y many $ ( i
, j ) $ ’ s
where $ i \geq m , j \geq n $ and $ \Delta { i j } \cap \Rightarrow { n−notde f

equal−notde f } \ varnothing notde f F−f−o r−element { e x i s t e n t i a l −notde f ( }
notde f j−e x i s t e n t i a l { ) } notdef−notdef−n e g a t i o n s l a s h b r a c e l e f t−equal−n e g a t i o n s l a s h
p a r e n l e f t−notdef−notde f notdef−m comma−union−n { ) } per iod−notde f \cdot $
L \quad t $ I 2 { b }$ et e \quad c as s o

\noindent l s u b s e t s o $ N \times N $ w $ h−i $ ch $ n−i $ t e r s e c t a t \quad m
$ o−s $ ta \quad $ f i $ i t e $ notdef−e x i s t e n t i a l { n }$ um $ e−b $ r o $ \Delta $
e $ i { ’ .{ s }}$ \quad T $ h−e $ n $ I $ i s \quad a n

m i s s i b l e i d e a l . W ed f i n e \quad a d ub l e s e quence $ ( x m n−parenr i ght $
a s f o $ l−l $ ow s $ : x mn = 1 { i j } , 0 ) \ in R ˆ{ 2 }$

i f $ ( m , n ) \ in \Delta { i j } . $ Then f o r nonzero $ z \ in
X , $ we have

\begin { a l i g n ∗}
F { x { mn } , z } ( t ) = t + \paral le l t { x { mn }} ,

z \paral le l \rightarrow 1 \\ as m , n \rightarrow \ infty . Hence
I ˆ{ F } { 2 } − \ lim { m , n } x { mn } , z = 0 .
\end{ a l i g n ∗}

Now , we show that $ I ˆ{ F { ∗ }} { 2 } − \ lim { m , n } x { mn } ,
z \ne 0 . $ Suppose that $ I ˆ{ F { ∗ }} { 2 } − \ lim { m , n } x { mn }
, z = $
0 . Then by d e f i n i t i o n , the re e x i s t s a subset

\ [ K = \{ ( m { j } , n { j } ) : m { 1 } < m { 2 } < \cdot
\cdot \cdot ; n { 1 } < n { 2 } < \cdot \cdot \cdot \} \subset
N \times N \ ]

\noindent such that $ K \ in F ( I { 2 } ) $ and $ F − \ lim { j }
x { m { j } n { j }} , z = 0 . $ \ h f i l l Since $ K \ in F ( I { 2 }
) , $ the re \ h f i l l e x i s t s

\noindent $ H \ in I { 2 }$ such that $ K = N \times N \setminus
H . $ Then there e x i s t s p o s i t i v e i n t e g e r s $ p $ and $ q $ such

that

\ [ H \subset \bigcup ˆ{ m = 1 } { ( p } \bigcup ˆ{ n = 1 } { ( \ infty }
\Delta { mn } ) ) \cup \bigcup ˆ{ n = 1 } { ( q } \bigcup ˆ{ m =
1 } { ( \ infty } \Delta { mn } ) ) . \ ]

\noindent Thus $ \Delta { p + 1 , q + 1 } \subset K $ and so $ x { m { j }
n { j }} = ( p + 1 1{ ) } ( q + 1 ) > 0 $ f o r i n f i n i t e l y many va lues

$ ( m { j } , n { j } ) $ ’ s in $ K . $ \quad This c o n t r a d i c t s the assumption that
$ F − \ lim { j } x { m { j } n { j }} , z = 0 . $ Hence

\begin { a l i g n ∗}
I ˆ{ F { ∗ }} { 2 } − \ lim { m , n } x { mn } , z \not= 0 .
\end{ a l i g n ∗}

\centerline{Hence the converse o f Theorem 1 need not be t rue . }

\hspace ∗{\ f i l l }The f o l l o w i n g theorem shows that the converse ho lds i f the i d e a l $ I { 2 }$
s a t i s f i e s

\noindent cond i t i on ( AP ) .
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such that F hyphen limint sub m x sub j sub m comma k sub m comma z = L period Let epsilon greater 0

comma lambda in open parenthesis 0 comma 1 closing parenthesis and nonzero z in X be given period
Since F hyphen limint sub m x sub j sub m k sub m comma z = L comma there exists N in N such that x sub

j sub m k sub m comma z in N sub L open parenthesis epsilon comma lambda closing parenthesis for
every m greater equal N period Since A = open brace open parenthesis j sub m comma k sub m closing

parenthesis in K : x sub j sub m k sub m comma z element-slash N sub L open parenthesis epsilon comma lambda
closing parenthesis closing brace

is contained in
B = open brace j 1 comma j 2 comma period period period comma j N minus 1 semicolon k sub 1 comma k

sub 2 comma period period period comma k sub N minus 1 closing brace
and the ideal I sub 2 is admissible comma we have A in I sub 2 period Hence
open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk comma z element-slash N

sub L open parenthesis epsilon comma lambda closing parenthesis closing brace subset equal K cup B in I sub 2
for epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis and nonzero z in X

period Therefore comma we conclude that I sub 2 to the power of F hyphen lim x comma z =
L period
The following example shows that the converse of Theorem 1 need not be true period
Example .. 1 period .. Consider X = R to the power of 2 .. with .. bar x comma y bar : = bar x sub 1 y 2

minus x sub 2 y 1 bar .. where x =
open parenthesis x sub 1 comma x sub 2 closing parenthesis comma y = open parenthesis y 1 comma y 2

closing parenthesis in R to the power of 2 and let a * b = ab for all a comma b in S period For all open parenthesis
x comma y closing parenthesis in R to the power of 2 and

t greater 0 comma consider
F sub x comma y open parenthesis t closing parenthesis = t plus bar to the power of t x comma y bar period
Then parenleftbig R to the power of 2 comma F comma * parenrightbig is an RTN space period .. Consider

a decomposition of N times N as N times N =
union of sub i comma j Capital Delta sub ij such that for any open parenthesis m comma n closing parenthesis

in N times N each Capital Delta sub ij contains infinitely many open parenthesis i comma j closing parenthesis
quoteright s

where i greater equal m comma j greater equal n and Capital Delta sub ij cap double stroke right arrow sub
n-notdef equal-notdef varnothing notdef F-f-o r-element sub existential-notdef open parenthesis notdef j-existential
sub closing parenthesis notdef-notdef-negationslash braceleft-equal-negationslash parenleft-notdef-notdef notdef-m
comma-union-n sub closing parenthesis period-notdef times L .. t I 2 sub b et e .. c ass o

lsu bsets o N times N w h-i ch n-i tersectat .. m o-s ta .. fi ite notdef-existential sub n um e-b r o Capital
Delta e i sub quoteright period s .. T h-e n I is .. a n

missibleid eal period W ed fine .. a d ublese quence open parenthesis x m n-parenright a s fo l-l ow s : x mn
= 1 sub ij comma 0 closing parenthesis in R to the power of 2

if open parenthesis m comma n closing parenthesis in Capital Delta sub ij period Then for nonzero z in X
comma we have

F sub x sub mn comma z open parenthesis t closing parenthesis = t plus bar t x sub mn comma z bar right
arrow 1 as m comma n right arrow infinity period Hence I sub 2 to the power of F hyphen limint sub m comma
n x sub mn comma z = 0 period

Now comma we show that I sub 2 to the power of F sub * hyphen limint sub m comma n x sub mn comma z
equal-negationslash 0 period Suppose that I sub 2 to the power of F sub * hyphen limint sub m comma n x sub
mn comma z =

0 period Then by definition comma there exists a subset
K = open brace open parenthesis m sub j comma n sub j closing parenthesis : m sub 1 less m sub 2 less times

times times semicolon n sub 1 less n sub 2 less times times times closing brace subset N times N
such that K in F open parenthesis I sub 2 closing parenthesis and F hyphen limint sub j x sub m sub j n sub

j comma z = 0 period .... Since K in F open parenthesis I sub 2 closing parenthesis comma there .... exists
H in I sub 2 such that K = N times N backslash H period Then there exists positive integers p and q such
that
H subset union of from m = 1 to parenleftbigg p union of from n = 1 to parenleftbigg infinity Capital Delta sub

mn parenrightbigg parenrightbigg cup union of from n = 1 to parenleftbigg q union of from m = 1 to parenleftbigg
infinity Capital Delta sub mn parenrightbigg parenrightbigg period

Thus Capital Delta sub p plus 1 comma q plus 1 subset K and so x sub m sub j n sub j = open parenthesis p
plus 1 1 closing parenthesis open parenthesis q plus 1 closing parenthesis greater 0 for infinitely many values

open parenthesis m sub j comma n sub j closing parenthesis quoteright s in K period .. This contradicts the
assumption that F hyphen limint sub j x sub m sub j n sub j comma z = 0 period Hence

I sub 2 to the power of F sub * hyphen limint sub m comma n x sub mn comma z negationslash-equal 0 period
Hence the converse of Theorem 1 need not be true period
The following theorem shows that the converse holds if the ideal I sub 2 satisfies
condition open parenthesis AP closing parenthesis period

Thus ∆p+1,q+1 ⊂ K and so xmjnj = (p+11)(q+1) > 0 for infinitely many
values (mj , nj) ’ s in K. This contradicts the assumption that F − limj xmjnj

, z = 0.
Hence

IF∗2 − lim
m,n

xmn, z 6= 0.

Hence the converse of Theorem 1 need not be true .
The following theorem shows that the converse holds if the ideal I2 satisfies

condition ( AP ) .
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D e f i n i t i o n 1 0 . \quad [ 23 ] An admi s s i b l e i d e a l $ I { 2 } \subset P ( N
\times N ) $ i s s a id to s a t i s f y the

cond i t i on ( AP ) i f f o r every sequence $ ( A { n } ) { n \ in N }$ o f pa i rw i s e d i s j o i n t s e t s from
$ I { 2 }$ there

\noindent are s e t s $ B { n } \subset N , n \ in N , $ such that the symmetric d i f f e r e n c e
$ A { n } \Delta B { n }$ i s a f i n i t e s e t

f o r every $ n $ and $ \bigcup { n \ in N } B { n } \ in I { 2 } . $

\hspace ∗{\ f i l l }Theorem 2 . \quad Let $ ( X , F , ∗ ) $ be an RTN space and th e i d e a l
$ I { 2 }$ s a t i s f y th e condi −

\noindent t i on ( AP ) . I f $ x = ( x { jk } ) $ i s a double s equence in
$ X $ such that $ I ˆ{ F } { 2 } − $ l im $ x , z = L , $ then

\begin { a l i g n ∗}
I ˆ{ F { ∗ }} { 2 } − \ lim x , z = L .
\end{ a l i g n ∗}

Proof . S ince $ I ˆ{ F } { 2 } − $ l im $ x , z = L , $ so f o r every
$ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and nonzero $ z
\ in X , $

the s e t

\ [ \{ ( j , k ) \ in N \times N : x { jk } , z element−s l a s h
N { L } ( \varepsilon , \lambda ) \} \ in I { 2 } . \ ]

\noindent We d e f i n e the s e t $ A { p }$ f o r $ p \ in N $ as

\ [ A { p } = \{ ( j , k ) \ in N \times N : 1 − 1 { p }
\ leq F { x { j k } , z − L } < 1 − p 1 { + } 1 \} . \ ]

\noindent Then i t i s c l e a r that $ \{ A { 1 } , A { 2 } , . . . \} $
i s a countable fami ly o f mutually d i s j o in t s e t s

\noindent be long ing to $ I { 2 }$ and so by the cond i t i on ( AP ) the re i s a countable fami ly o f s e t s
$ \{ B { 1 } , B { 2 } , . . . \} \ in I { 2 }$ such that the symmetric d i f f e r e n c e

$ A { i } \Delta B { i }$ i s a f i n i t e s e t f o r each
$ i \ in N $ and $ B = \bigcup ˆ{ \ infty } { i = 1 } B { i } \ in

I { 2 } . $ \quad Since $ B \ in I { 2 } , $ the re i s a s e t $ K \ in
F ( I { 2 } ) $ such that

$ K = N \times N \setminus B . $ Now we prove that the subsequence
$ ( x { jk } ) { ( j , k ) \ in K }$ i s convergent to

$ L $ with r e s p e c t to the random 2 − norm $ F . $ Let $ \eta \ in ( 0
, 1 ) , \varepsilon > 0 $ and nonzero $ z \ in X . $
Choose a p o s i t i v e $ q $ such that $ q ˆ{ − 1 } < \eta . $ Then

\ [\ begin { a l i gned } \{ ( j , k ) \ in N \times N : x { j k }
, z element−s l a s h N { L } ( \varepsilon , \eta ) \} \\
\subset \{ ( j , k ) \ in N \times N : x { j k } , z

element−s l a s h N { L } \ l e f t (\ begin { array }{ c} 1 \\ \varepsilon , q \end{ array }\ right )
\} \subset − ˆ{ i = 1 } { q \bigcup 1 } A { i } . \end{ a l i gned }\ ]

\noindent Since $ A { i } \Delta B { i }$ i s a f i n i t e s e t f o r each $ i =
1 , 2 , . . . , q − 1 , $ the re e x i s t s $ ( j 0 , k { 0 }
) \ in N \times N $

such that

\ [\ begin { a l i gned } − ˆ{ i = 1 } { ( ˆ{ q \bigcup 1 }} B { i } ) \cap
\Rightarrow ( notdef−j { , } element−k ) element−element N−notde f b r a c e l e f t−mult ip ly
N : j \geq j 0 and k \geq k { 0 } \} \\

= − ˆ{ i = 1 } { ( ˆ{ q \bigcup 1 }} A { i } ) \cap \Rightarrow
( notdef−j { , } element−k ) element−element N−notde f b r a c e l e f t−mult ip ly
N : j \geq j 0 and k \geq k { 0 } \} . \end{ a l i gned }\ ]

\noindent I f $ j \geq j 0 , k \geq k { 0 }$ and $ ( j , k
) \ in K , $ then $ ( j , k ) element−s l a s h \bigcup ˆ{ q − 1 } { i
= 1 } B { i }$ and $ ( j , k ) s la sh−element \bigcup ˆ{ q − 1 } { i
= 1 } A { i } . $ Hence

f o r every $ j \geq j 0 , k \geq k { 0 }$ and $ ( j , k )
\ in K $ we have

\ [ x { jk } , z element−s l a s h N { L } ( \varepsilon , \eta ) . \ ]

\noindent Since t h i s ho lds f o r every $ \varepsilon > 0 , \eta \ in (
0 , 1 ) $ and nonzero $ z \ in X , $ so we have $ I ˆ{ F { ∗ }} { 2 }
− $

l im $ x , z = L . $ This completes the proo f o f the theorem .

80 .. M period G u-dieresis rdal comma M period B period Huban
Definition 1 0 period .. open square bracket 23 closing square bracket An admissible ideal I sub 2 subset P

open parenthesis N times N closing parenthesis is said to satisfy the
condition open parenthesis AP closing parenthesis if for every sequence open parenthesis A sub n closing

parenthesis sub n in N of pairwise disj oint sets from I sub 2 there
are sets B sub n subset N comma n in N comma such that the symmetric difference A sub n Capital Delta B

sub n is a finite set
for every n and union of sub n in N B sub n in I sub 2 period
Theorem 2 period .. Let open parenthesis X comma F comma * closing parenthesis be an RTN space and th

e ideal I sub 2 satisfy th e condi hyphen
tion open parenthesis AP closing parenthesis period If x = open parenthesis x sub jk closing parenthesis is a

double s equence in X such that I sub 2 to the power of F hyphen lim x comma z = L comma then
I sub 2 to the power of F sub * hyphen limint x comma z = L period
Proof period Since I sub 2 to the power of F hyphen lim x comma z = L comma so for every epsilon greater 0

comma lambda in open parenthesis 0 comma 1 closing parenthesis and nonzero z in X comma
the set
open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk comma z element-slash N

sub L open parenthesis epsilon comma lambda closing parenthesis closing brace in I sub 2 period
We define the set A sub p for p in N as
A sub p = braceleftbigg open parenthesis j comma k closing parenthesis in N times N : 1 minus 1 p less or

equal F sub x sub j k comma z minus L less 1 minus p 1 plus 1 bracerightbigg period
Then it is clear that open brace A sub 1 comma A sub 2 comma period period period closing brace is a

countable family of mutually disj oint sets
belonging to I sub 2 and so by the condition open parenthesis AP closing parenthesis there is a countable

family of sets
open brace B sub 1 comma B sub 2 comma period period period closing brace in I sub 2 such that the

symmetric difference A sub i Capital Delta B sub i is a finite set for each
i in N and B = union of sub i = 1 to the power of infinity B sub i in I sub 2 period .. Since B in I sub 2 comma

there is a set K in F open parenthesis I sub 2 closing parenthesis such that
K = N times N backslash B period Now we prove that the subsequence open parenthesis x sub jk closing

parenthesis sub open parenthesis j comma k closing parenthesis in K is convergent to
L with respect to the random 2 hyphen norm F period Let eta in open parenthesis 0 comma 1 closing parenthesis

comma epsilon greater 0 and nonzero z in X period
Choose a positive q such that q to the power of minus 1 less eta period Then
Line 1 open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-

slash N sub L open parenthesis epsilon comma eta closing parenthesis closing brace Line 2 subset braceleftbigg
open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-slash N sub L Row 1 1
Row 2 epsilon comma q . bracerightbigg subset minus from i = 1 to q union of 1 A sub i period

Since A sub i Capital Delta B sub i is a finite set for each i = 1 comma 2 comma period period period comma
q minus 1 comma there exists open parenthesis j 0 comma k sub 0 closing parenthesis in N times N

such that
Line 1 minus from i = 1 to parenleftbigg to the power of q union of 1 B sub i parenrightbigg cap double

stroke right arrow open parenthesis notdef-j sub comma element-k closing parenthesis element-element N-notdef
braceleft-multiply N : j greater equal j 0 and k greater equal k sub 0 closing brace Line 2 = minus from i = 1 to
parenleftbigg to the power of q union of 1 A sub i parenrightbigg cap double stroke right arrow open parenthesis
notdef-j sub comma element-k closing parenthesis element-element N-notdef braceleft-multiply N : j greater equal
j 0 and k greater equal k sub 0 closing brace period

If j greater equal j 0 comma k greater equal k sub 0 and open parenthesis j comma k closing parenthesis in
K comma then open parenthesis j comma k closing parenthesis element-slash union of sub i = 1 to the power of
q minus 1 B sub i and open parenthesis j comma k closing parenthesis slash-element union of sub i = 1 to the
power of q minus 1 A sub i period Hence

for every j greater equal j 0 comma k greater equal k sub 0 and open parenthesis j comma k closing parenthesis
in K we have

x sub jk comma z element-slash N sub L open parenthesis epsilon comma eta closing parenthesis period
Since this holds for every epsilon greater 0 comma eta in open parenthesis 0 comma 1 closing parenthesis and

nonzero z in X comma so we have I sub 2 to the power of F sub * hyphen
lim x comma z = L period This completes the proof of the theorem period

80 M . G ü rdal , M . B . Huban

Definition 1 0 . [ 23 ] An admissible ideal I2 ⊂ P (N×N) is said to satisfy the
condition ( AP ) if for every sequence (An)n∈N of pairwise disj oint sets from I2 there
are sets Bn ⊂ N, n ∈ N, such that the symmetric difference An∆Bn is a finite set for
every n and

⋃
n∈NBn ∈ I2.

Theorem 2 . Let (X,F, ∗) be an RTN space and th e ideal I2 satisfy th e
condi -
tion ( AP ) . If x = (xjk) is a double s equence in X such that IF2 − lim x, z = L,
then

IF∗2 − limx, z = L.

Proof . Since IF2 − lim x, z = L, so for every ε > 0, λ ∈ (0, 1) and nonzero z ∈ X,
the set

{(j, k) ∈ N× N : xjk, zelement− slashNL(ε, λ)} ∈ I2.

We define the set Ap for p ∈ N as

Ap = {(j, k) ∈ N× N : 1− 1p ≤ Fxjk,z−L < 1− p1+1}.

Then it is clear that {A1, A2, ...} is a countable family of mutually disj oint sets
belonging to I2 and so by the condition ( AP ) there is a countable family of sets
{B1, B2, ...} ∈ I2 such that the symmetric difference Ai∆Bi is a finite set for each
i ∈ N and B =

⋃∞
i=1Bi ∈ I2. Since B ∈ I2, there is a set K ∈ F (I2) such that

K = N×N\B. Now we prove that the subsequence (xjk)(j,k)∈K is convergent to L with
respect to the random 2 - norm F. Let η ∈ (0, 1), ε > 0 and nonzero z ∈ X. Choose a
positive q such that q−1 < η. Then

{(j, k) ∈ N× N : xjk, zelement− slashNL(ε, η)}

⊂ {(j, k) ∈ N× N : xjk, zelement− slashNL
(

1
ε, q

)
} ⊂ −i=1

q
⋃

1Ai.

Since Ai∆Bi is a finite set for each i = 1, 2, ..., q − 1, there exists (j0, k0) ∈ N× N such
that

−i=1
(q

⋃
1Bi)∩ ⇒ (notdef − j,element− k)element− elementN−no≈fbraceleft−multiplyN : j ≥ j0andk ≥ k0}

= −i=1
(q

⋃
1Ai)∩ ⇒ (notdef − j,element− k)element− elementN−no≈fbraceleft−multiplyN : j ≥ j0andk ≥ k0}.

If j ≥ j0, k ≥ k0 and (j, k) ∈ K, then (j, k)element − slash
⋃q−1
i=1 Bi and (j, k)slash −

element
⋃q−1
i=1 Ai. Hence for every j ≥ j0, k ≥ k0 and (j, k) ∈ K we have

xjk, zelement− slashNL(ε, η).

Since this holds for every ε > 0, η ∈ (0, 1) and nonzero z ∈ X, so we have IF∗2 − lim
x, z = L. This completes the proof of the theorem .



\hspace ∗{\ f i l l }On $ I − $ convergence o f double sequences \quad 8 1

\centerline{ $ 4 . I ˆ{ F } { 2 }$ and $ I ˆ{ F { ∗ }} { 2 } − $ double Cauchy sequences in RTN spaces }

\hspace ∗{\ f i l l } In t h i s s e c t i o n we study the concepts o f $ I { 2 } − $ Cauchy and
$ I ˆ{ ∗ } { 2 ˆ{ − }}$ Cauchy double

\noindent sequences in $ ( X , F , ∗ ) . $ Also , we w i l l study the r e l a t i o n s between these concepts .

\hspace ∗{\ f i l l }D e f i n i t i o n 1 1 . \quad Let $ ( X , F , ∗ ) $ be an RTN space and
$ I $ be an admi s s ib l e i d e a l

\noindent o f $ N \times N . $ \ h f i l l Then a double sequence $ x = (
x { jk } ) $ o f e lements in $ X $ i s c a l l e d a $ I ˆ{ F } { 2 } − $

\noindent Cauchy sequence in $ X $ i f f o r every $ \varepsilon > 0 , \lambda
\ in ( 0 , 1 ) $ and nonzero $ z \ in X , $ there e x i s t s

\begin { a l i g n ∗}
s = s ( \varepsilon ) , t = t ( \varepsilon ) such that \\ \{

( j , k ) \ in N \times N : x { jk } − x { s t } , z
element−s l a s h N { \theta } ( \varepsilon , \lambda ) \} \ in I { 2
. }
\end{ a l i g n ∗}

D e f i n i t i o n 1 2 . Let $ ( X , F , ∗ ) $ be a RTN space and $ I $ be an admi s s i b l e i d e a l o f
$ N \times N . $ We say that a double sequence $ x = ( x { j k }

) $ o f e lements in $ X $ i s a $ I ˆ{ F { ∗ }} { 2 } − $ Cauchy
sequence in $ X $ i f f o r every $ \varepsilon > 0 , \lambda \ in (

0 , 1 ) $ and nonzero $ z \ in X , $ there e x i s t s a s e t

\ [ K = \{ ( j { m } , k { m } ) : j 1 < j 2 < \cdot
\cdot \cdot ; k { 1 } < k { 2 } < \cdot \cdot \cdot \} \subset
N \times N \ ]

\noindent such that $ K \ in F ( I { 2 } ) $ and $ ( x { j { m } ,
k { m }} ) $ i s an ord inary $ F − $ Cauchy in $ X . $

The next theorem g i v e s that each $ I ˆ{ F { ∗ }} { 2 } − $ double Cauchy sequence i s a
$ I ˆ{ F } { 2 } − $ double

Cauchy sequence .

\hspace ∗{\ f i l l }Theorem 3 . \quad Let $ ( X , F , ∗ ) $ \quad be an RTN space and
$ I $ be a n o n t r i v i a l i d e a l o f

\noindent $ N \times N . $ \quad I f $ x = ( x { jk } ) $ \quad i s a
$ I ˆ{ F ∗ } { 2 } − $ double Cauchy s equence , \quad then $ x = ( x { jk }
) $ \quad i s a $ I ˆ{ F } { 2 } − $

double Cauchy s equence , too .

Proof . \quad Let $ ( x { jk } ) $ be a $ I ˆ{ F ∗ } { 2 } − $ Cauchy sequence . \quad Then f o r
$ \varepsilon > 0 , \lambda \ in ( 0 , 1 ) $ and

nonzero $ z \ in X , $ there e x i s t s

\ [ K = \{ ( j { m } , k { m } ) : j 1 < j 2 < \cdot
\cdot \cdot ; k { 1 } < k { 2 } < \cdot \cdot \cdot \} \ in
F ( I { 2 } ) \ ]

\noindent and a number $ N \ in N $ such that

\ [ x { j { m } k { m }} − x { j { p } k { p }} , z \ in N { \theta }
( \varepsilon , \lambda ) \ ]

\noindent f o r every $ m , p \geq N . $ Now , f i x $ p = j N +
1 , r = k { N + 1 } . $ Then f o r every $ \varepsilon > 0 ,
\lambda \ in ( 0 , 1 ) $

and nonzero $ z \ in X , $ we have

\ [ x { j { m } k { m }} − x { pr } , z \ in N { \theta } ( \varepsilon
, \lambda ) f o r every m \geq N . \ ]

\noindent Let $ H = N \times N \setminus K . $ I t i s obvious that
$ H \ in I { 2 }$ and

\ [\ begin { a l i gned } A ( \varepsilon , \lambda ) = \{ ( j , k
) \ in N \times N : x { j k } − x { pr } , z element−s l a s h
N { \theta } ( \varepsilon , \lambda ) \} \\
\subset H \cup \{ j 1 < j 2 < \cdot \cdot \cdot < j

N ; k { 1 } < k { 2 } < \cdot \cdot \cdot < k { N } \} \ in
I { 2 } . \end{ a l i gned }\ ]

\noindent There fore , f o r every $ \varepsilon > 0 , \lambda \ in ( 0
, 1 ) $ and nonzero $ z \ in X , $ we can f i n d $ ( p , r ) \ in

N \times N $

\noindent such that $ A ( \varepsilon , \lambda ) \ in I { 2 } , $
i . e $ . , ( x { jk } ) $ i s a $ I ˆ{ F } { 2 } − $ double Cauchy sequence .

\hspace ∗{\ f i l l }Now we w i l l prove that $ I ˆ{ F { ∗ }} { 2 } − $ convergence i m p l i e s
$ I ˆ{ F } { 2 } − $ Cauchy cond i t i on in a

\noindent 2 − normed space .

\hspace ∗{\ f i l l }Theorem 4 . \quad Let $ ( X , F , ∗ ) $ \quad be an RTN space and
$ I $ be an admi s s ib l e i d e a l o f

\noindent $ N \times N . $ \ h f i l l I f a s equence $ x = ( x { j k }
) $ i s $ I ˆ{ F ∗ } { 2 } − $ convergent , then i t i s a $ I ˆ{ F } { 2 } − $
double Cauchy

\noindent s equence .
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4 period I sub 2 to the power of F and I sub 2 to the power of F sub * hyphen double Cauchy sequences in

RTN spaces
In this section we study the concepts of I sub 2 hyphen Cauchy and I sub 2 to the power of hyphen to the

power of * Cauchy double
sequences in open parenthesis X comma F comma * closing parenthesis period Also comma we will study the

relations between these concepts period
Definition 1 1 period .. Let open parenthesis X comma F comma * closing parenthesis be an RTN space and

I be an admissible ideal
of N times N period .... Then a double sequence x = open parenthesis x sub jk closing parenthesis of elements

in X is called a I sub 2 to the power of F hyphen
Cauchy sequence in X if for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing

parenthesis and nonzero z in X comma there exists
s = s open parenthesis epsilon closing parenthesis comma t = t open parenthesis epsilon closing parenthesis

such that open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk minus x sub s t
comma z element-slash N sub theta open parenthesis epsilon comma lambda closing parenthesis closing brace in
I sub 2 period

Definition 1 2 period Let open parenthesis X comma F comma * closing parenthesis be a RTN space and I be
an admissible ideal of

N times N period We say that a double sequence x = open parenthesis x sub j k closing parenthesis of elements
in X is a I sub 2 to the power of F sub * hyphen Cauchy

sequence in X if for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis
and nonzero z in X comma there exists a set

K = open brace open parenthesis j sub m comma k sub m closing parenthesis : j 1 less j 2 less times times
times semicolon k sub 1 less k sub 2 less times times times closing brace subset N times N

such that K in F open parenthesis I sub 2 closing parenthesis and open parenthesis x sub j sub m comma k
sub m closing parenthesis is an ordinary F hyphen Cauchy in X period

The next theorem gives that each I sub 2 to the power of F sub * hyphen double Cauchy sequence is a I sub
2 to the power of F hyphen double

Cauchy sequence period
Theorem 3 period .. Let open parenthesis X comma F comma * closing parenthesis .. be an RTN space and I

be a nontrivial ideal of
N times N period .. If x = open parenthesis x sub jk closing parenthesis .. is a I sub 2 to the power of F *

hyphen double Cauchy s equence comma .. then x = open parenthesis x sub jk closing parenthesis .. is a I sub 2
to the power of F hyphen

double Cauchy s equence comma too period
Proof period .. Let open parenthesis x sub jk closing parenthesis be a I sub 2 to the power of F * hyphen

Cauchy sequence period .. Then for epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing
parenthesis and

nonzero z in X comma there exists
K = open brace open parenthesis j sub m comma k sub m closing parenthesis : j 1 less j 2 less times times

times semicolon k sub 1 less k sub 2 less times times times closing brace in F open parenthesis I sub 2 closing
parenthesis

and a number N in N such that
x sub j sub m k sub m minus x sub j sub p k sub p comma z in N sub theta open parenthesis epsilon comma

lambda closing parenthesis
for every m comma p greater equal N period Now comma fix p = j N plus 1 comma r = k sub N plus 1 period

Then for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis
and nonzero z in X comma we have
x sub j sub m k sub m minus x sub pr comma z in N sub theta open parenthesis epsilon comma lambda closing

parenthesis for every m greater equal N period
Let H = N times N backslash K period It is obvious that H in I sub 2 and
Line 1 A open parenthesis epsilon comma lambda closing parenthesis = open brace open parenthesis j comma

k closing parenthesis in N times N : x sub j k minus x sub pr comma z element-slash N sub theta open parenthesis
epsilon comma lambda closing parenthesis closing brace Line 2 subset H cup open brace j 1 less j 2 less times
times times less j N semicolon k sub 1 less k sub 2 less times times times less k sub N closing brace in I sub 2
period

Therefore comma for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis
and nonzero z in X comma we can find open parenthesis p comma r closing parenthesis in N times N

such that A open parenthesis epsilon comma lambda closing parenthesis in I sub 2 comma i period e period
comma open parenthesis x sub jk closing parenthesis is a I sub 2 to the power of F hyphen double Cauchy sequence
period

Now we will prove that I sub 2 to the power of F sub * hyphen convergence implies I sub 2 to the power of F
hyphen Cauchy condition in a

2 hyphen normed space period
Theorem 4 period .. Let open parenthesis X comma F comma * closing parenthesis .. be an RTN space and I

be an admissible ideal of
N times N period .... If a s equence x = open parenthesis x sub j k closing parenthesis is I sub 2 to the power

of F * hyphen convergent comma then it is a I sub 2 to the power of F hyphen double Cauchy
s equence period

On I− convergence of double sequences 8 1
4.IF2 and IF∗2 − double Cauchy sequences in RTN spaces

In this section we study the concepts of I2− Cauchy and I∗2− Cauchy double
sequences in (X,F, ∗). Also , we will study the relations between these concepts .

Definition 1 1 . Let (X,F, ∗) be an RTN space and I be an admissible ideal
of N× N. Then a double sequence x = (xjk) of elements in X is called a IF2 −
Cauchy sequence in X if for every ε > 0, λ ∈ (0, 1) and nonzero z ∈ X, there exists

s = s(ε), t = t(ε)suchthat

{(j, k) ∈ N× N : xjk − xst, zelement− slashNθ(ε, λ)} ∈ I2.

Definition 1 2 . Let (X,F, ∗) be a RTN space and I be an admissible ideal of
N × N. We say that a double sequence x = (xjk) of elements in X is a IF∗2 − Cauchy
sequence in X if for every ε > 0, λ ∈ (0, 1) and nonzero z ∈ X, there exists a set

K = {(jm, km) : j1 < j2 < · · ·; k1 < k2 < · · ·} ⊂ N× N

such that K ∈ F (I2) and (xjm,km) is an ordinary F− Cauchy in X.

The next theorem gives that each IF∗2 − double Cauchy sequence is a IF2 − double
Cauchy sequence .

Theorem 3 . Let (X,F, ∗) be an RTN space and I be a nontrivial ideal of
N×N. If x = (xjk) is a IF∗2 − double Cauchy s equence , then x = (xjk) is
a IF2 − double Cauchy s equence , too .

Proof . Let (xjk) be a IF∗2 − Cauchy sequence . Then for ε > 0, λ ∈ (0, 1) and
nonzero z ∈ X, there exists

K = {(jm, km) : j1 < j2 < · · ·; k1 < k2 < · · ·} ∈ F(I2)

and a number N ∈ N such that

xjmkm − xjpkp , z ∈ Nθ(ε, λ)

for every m, p ≥ N. Now , fix p = jN + 1, r = kN+1. Then for every ε > 0, λ ∈ (0, 1)
and nonzero z ∈ X, we have

xjmkm − xpr, z ∈ Nθ(ε, λ) foreverym ≥ N.

Let H = N× N \K. It is obvious that H ∈ I2 and

A(ε, λ) = {(j, k) ∈ N× N : xjk − xpr, zelement− slashNθ(ε, λ)}
⊂ H ∪ {j1 < j2 < · · · < jN ; k1 < k2 < · · · < kN} ∈ I2.

Therefore , for every ε > 0, λ ∈ (0, 1) and nonzero z ∈ X, we can find (p, r) ∈ N× N
such that A(ε, λ) ∈ I2, i . e ., (xjk) is a IF2 − double Cauchy sequence .

Now we will prove that IF∗2 − convergence implies IF2 − Cauchy condition in a
2 - normed space .

Theorem 4 . Let (X,F, ∗) be an RTN space and I be an admissible ideal
of
N× N. If a s equence x = (xjk) is IF∗2 − convergent , then it is a IF2 − double
Cauchy
s equence .
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Proof . By assumption there e x i s t s a s e t

\ [ K = \{ ( j { m } , k { m } ) : j 1 < j 2 < \cdot
\cdot \cdot ; k { 1 } < k { 2 } < \cdot \cdot \cdot \} \subset
N \times N \ ]

\noindent such that $ K \ in F ( I { 2 } ) $ and $ F − \ lim { m }
x { j { m } , k { m }} , z = L $ f o r each nonzero $ z $ in $ X , $
\quad i . e . ,

the re e x i s t s $ N \ in N $ such that $ x { j { m } k { m }} , z \ in
N { L } ( \varepsilon , \lambda ) $ f o r every $ \varepsilon > 0 ,
\lambda \ in ( 0 , 1 ) , $ each

nonzero $ z $ in $ X $ and $ m > N . $ Choose $ \eta \ in ( 0
, 1 ) $ such that $ ( 1 − \eta ) ∗ ( 1 − \eta ) > (
1 − \lambda ) . $

\noindent Since

\ [\ begin { a l i gned } F { x { j { m } k { m }} − x { j { p } k { p }} ,
z } ( \varepsilon ) \geq F { x { j { m } k { m }}} − L , z ( ˆ{ \varepsilon } { 2 }
) ∗ F { x { j { p } k { p }}} − L , z ( ˆ{ \varepsilon } { 2 } ) \\
> ( 1 − \eta ) ∗ ( 1 − \eta ) > 1 − \lambda \end{ a l i gned }\ ]

\noindent f o r every $ \varepsilon > 0 , \lambda \ in ( 0 , 1 )
, $ each nonzero $ z $ in $ X $ and $ m > N , p > N , $ we have

$ x { j { m } k { m }} − x { j { p } k { p }} , z element−s l a s h
N { L } ( \varepsilon , \lambda ) $ f o r every $ m , p > N $ and each nonzero
$ z \ in X , $ i . e . ,

\noindent $ ( x { jk } ) $ in $ X $ i s an $ I ˆ{ F ∗ } { 2 } − $ double Cauchy sequence in
$ X . $ Then by Theorem $ 3 ( x { jk } ) $ i s a

\noindent $ I ˆ{ F } { 2 } − $ double Cauchy sequence in the RTN space .

\hspace ∗{\ f i l l }Theorem 5 . \quad Let $ ( X , F , ∗ ) $ \quad be an RTN space and
$ I $ be an admi s s ib l e i d e a l o f

\noindent $ N \times N . $ \ h f i l l I f a s equence $ x = ( x { j k }
) $ \ h f i l l o f e lements in $ X $ \ h f i l l i s $ I ˆ{ F } { 2 } − $ convergent , \ h f i l l then i t i s a

\noindent $ I ˆ{ F } { 2 } − $ double Cauchy s equence .

Proof . \quad Suppose that $ ( x { j k } ) $ i s $ I ˆ{ F } { 2 } − $ convergent to
$ L \ in X . $ \quad Let $ \varepsilon > 0 , \lambda \ in ( 0
, 1 ) $
and nonzero $ z \ in X $ be given . Then we have

\ [ A = \{ ( j , k ) \ in N \times N : x { j k } , z
element−s l a s h N { L } ( ˆ{ \varepsilon } { 2 } , \lambda ) \} \ in I { 2 }\ ]

\noindent This i m p l i e s that

\ [ A ˆ{ c } = \{ ( j , k ) \ in N \times N : x { j k }
, z \ in N { L } ( ˆ{ \varepsilon } { 2 } , \lambda ) \} \ in F
( I { 2 } ) \ ]

\noindent Choose $ \eta \ in ( 0 , 1 ) $ such that $ ( 1 − \eta
) ∗ ( 1 − \eta ) > ( 1 − \lambda ) . $ Then f o r every $ (
j , k ) , ( s , t ) \ in $

\begin { a l i g n ∗}
A ˆ{ c } , \\ F { x { j k } − x { s t } , z } ( \varepsilon )
\geq F { x { j k } − L , z } ( ˆ{ \varepsilon } { 2 } ) ∗ F { x { s
t } − L , z } ( ˆ{ \varepsilon } { 2 } ) > ( 1 − \eta ) ∗
( 1 − \eta ) > ( 1 − \lambda ) .
\end{ a l i g n ∗}

\noindent Hence $ \{ ( j , k ) \ in N \times N : x { jk } −
x { s t } , z \ in N { \theta } ( \varepsilon , \lambda ) \}
\ in F ( I { 2 } ) $ f o r nonzero $ z \ in X . $ \quad This

i m p l i e s that

\ [ \{ ( j , k ) \ in N \times N : x { j k } − x { s t }
, z element−s l a s h N { \theta } ( \varepsilon , \lambda ) \} \ in
I { 2 } , \ ]

\noindent i . e $ . , ( x { j k } ) $ i s a $ I ˆ{ F } { 2 } − $ double Cauchy sequence .

\hspace ∗{\ f i l l }Acknowledgement . \quad The authors would l i k e to thank anonymous r e f e r e e s

\noindent on s u g g e s t i o n s to improve t h i s t ex t .

\noindent REFERENCES

\hspace ∗{\ f i l l } [ 1 ] C . Als ina , B . Schweizer , A . Sk lar , \quad Continuity p r o p e r t i e s o f pro bab i l i s t i c norms , J . Math .

\centerline{Anal . Appl . 208 ( 1 997 ) , 446 −− 452 . }

\centerline { [ 2 ] H . Fast , Sur l a convergence s t a t i s t i q u e , Col loq . Math . 2 ( 1 95 1 ) , 241 −− 244 . }

\centerline { [ 3 ] M . J . Frank , Pro bab i l i s t i c t o p o l o g i c a l spaces , J . Math . Anal . Appl
$ . 34 ( 1 971 ) , 67 endash−e i g h t 1 . $ }

\hspace ∗{\ f i l l } [ 4 ] A . R . Freedman , J . J . Sember , D e n s i t i e s and summabil ity , P a c i f i c J . Math . 95 ( 1 98 1 ) , 293 −− 305 .

82 .. M period G u-dieresis rdal comma M period B period Huban
Proof period By assumption there exists a set
K = open brace open parenthesis j sub m comma k sub m closing parenthesis : j 1 less j 2 less times times

times semicolon k sub 1 less k sub 2 less times times times closing brace subset N times N
such that K in F open parenthesis I sub 2 closing parenthesis and F hyphen limint sub m x sub j sub m comma

k sub m comma z = L for each nonzero z in X comma .. i period e period comma
there exists N in N such that x sub j sub m k sub m comma z in N sub L open parenthesis epsilon comma

lambda closing parenthesis for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing
parenthesis comma each

nonzero z in X and m greater N period Choose eta in open parenthesis 0 comma 1 closing parenthesis such
that open parenthesis 1 minus eta closing parenthesis * open parenthesis 1 minus eta closing parenthesis greater
open parenthesis 1 minus lambda closing parenthesis period

Since
Line 1 F sub x sub j sub m k sub m minus x sub j sub p k sub p comma z open parenthesis epsilon closing

parenthesis greater equal F sub x sub j sub m k sub m minus L comma z open parenthesis sub 2 to the power of
epsilon closing parenthesis * F sub x sub j sub p k sub p minus L comma z open parenthesis sub 2 to the power
of epsilon closing parenthesis Line 2 greater open parenthesis 1 minus eta closing parenthesis * open parenthesis
1 minus eta closing parenthesis greater 1 minus lambda

for every epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing parenthesis comma each
nonzero z in X and m greater N comma p greater N comma we have

x sub j sub m k sub m minus x sub j sub p k sub p comma z element-slash N sub L open parenthesis epsilon
comma lambda closing parenthesis for every m comma p greater N and each nonzero z in X comma i period e
period comma

open parenthesis x sub jk closing parenthesis in X is an I sub 2 to the power of F * hyphen double Cauchy
sequence in X period Then by Theorem 3 open parenthesis x sub jk closing parenthesis is a

I sub 2 to the power of F hyphen double Cauchy sequence in the RTN space period
Theorem 5 period .. Let open parenthesis X comma F comma * closing parenthesis .. be an RTN space and I

be an admissible ideal of
N times N period .... If a s equence x = open parenthesis x sub j k closing parenthesis .... of e lements in X

.... is I sub 2 to the power of F hyphen convergent comma .... then it is a
I sub 2 to the power of F hyphen double Cauchy s equence period
Proof period .. Suppose that open parenthesis x sub j k closing parenthesis is I sub 2 to the power of F

hyphen convergent to L in X period .. Let epsilon greater 0 comma lambda in open parenthesis 0 comma 1 closing
parenthesis

and nonzero z in X be given period Then we have
A = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k comma z element-slash

N sub L open parenthesis sub 2 to the power of epsilon comma lambda closing parenthesis closing brace in I sub
2

This implies that
A to the power of c = open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k

comma z in N sub L open parenthesis sub 2 to the power of epsilon comma lambda closing parenthesis closing
brace in F open parenthesis I sub 2 closing parenthesis

Choose eta in open parenthesis 0 comma 1 closing parenthesis such that open parenthesis 1 minus eta closing
parenthesis * open parenthesis 1 minus eta closing parenthesis greater open parenthesis 1 minus lambda closing
parenthesis period Then for every open parenthesis j comma k closing parenthesis comma open parenthesis s
comma t closing parenthesis in

A to the power of c comma F sub x sub j k minus x sub s t comma z open parenthesis epsilon closing parenthesis
greater equal F sub x sub j k minus L comma z open parenthesis sub 2 to the power of epsilon closing parenthesis
* F sub x sub s t minus L comma z open parenthesis sub 2 to the power of epsilon closing parenthesis greater
open parenthesis 1 minus eta closing parenthesis * open parenthesis 1 minus eta closing parenthesis greater open
parenthesis 1 minus lambda closing parenthesis period

Hence open brace open parenthesis j comma k closing parenthesis in N times N : x sub jk minus x sub s
t comma z in N sub theta open parenthesis epsilon comma lambda closing parenthesis closing brace in F open
parenthesis I sub 2 closing parenthesis for nonzero z in X period .. This

implies that
open brace open parenthesis j comma k closing parenthesis in N times N : x sub j k minus x sub st comma

z element-slash N sub theta open parenthesis epsilon comma lambda closing parenthesis closing brace in I sub 2
comma

i period e period comma open parenthesis x sub j k closing parenthesis is a I sub 2 to the power of F hyphen
double Cauchy sequence period
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82 M . G ü rdal , M . B . Huban Proof . By assumption there exists a set

K = {(jm, km) : j1 < j2 < · · ·; k1 < k2 < · · ·} ⊂ N× N

such that K ∈ F(I2) and F − limm xjm,km , z = L for each nonzero z in X, i . e .
, there exists N ∈ N such that xjmkm , z ∈ NL(ε, λ) for every ε > 0, λ ∈ (0, 1), each
nonzero z in X and m > N. Choose η ∈ (0, 1) such that (1− η) ∗ (1− η) > (1− λ).
Since

Fxjmkm−xjpkp ,z
(ε) ≥ Fxjmkm

− L, z(ε2) ∗ Fxjpkp
− L, z(ε2)

> (1− η) ∗ (1− η) > 1− λ

for every ε > 0, λ ∈ (0, 1), each nonzero z in X and m > N, p > N, we have
xjmkm−xjpkp , zelement−slashNL(ε, λ) for every m, p > N and each nonzero z ∈ X,
i . e . ,
(xjk) in X is an IF∗2 − double Cauchy sequence in X. Then by Theorem 3(xjk) is a
IF2 − double Cauchy sequence in the RTN space .

Theorem 5 . Let (X,F, ∗) be an RTN space and I be an admissible ideal
of
N×N. If a s equence x = (xjk) of e lements in X is IF2 − convergent , then it is a
IF2 − double Cauchy s equence .

Proof . Suppose that (xjk) is IF2 − convergent to L ∈ X. Let ε > 0, λ ∈ (0, 1)
and nonzero z ∈ X be given . Then we have

A = {(j, k) ∈ N× N : xjk, zelement− slashNL(ε2, λ)} ∈ I2
This implies that

Ac = {(j, k) ∈ N× N : xjk, z ∈ NL(ε2, λ)} ∈ F(I2)

Choose η ∈ (0, 1) such that (1− η) ∗ (1− η) > (1− λ). Then for every (j, k), (s, t) ∈

Ac,

Fxjk−xst,z(ε) ≥ Fxjk−L,z(
ε
2) ∗ Fxst−L,z(

ε
2) > (1− η) ∗ (1− η) > (1− λ).

Hence {(j, k) ∈ N × N : xjk − xst, z ∈ Nθ(ε, λ)} ∈ F(I2) for nonzero z ∈ X. This
implies that

{(j, k) ∈ N× N : xjk − xst, zelement− slashNθ(ε, λ)} ∈ I2,

i . e ., (xjk) is a IF2 − double Cauchy sequence .
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