MATEMATIQKI VESNIK originalni nauqgni rad
66,1 (2014),73—83 research paper
March 20 1 4
ON 7- CONVERGENCE OF DOUBLE SEQUENCES
IN THE TOPOLOGY INDUCED BY RANDOM 2 - NORMS
Mehmet G i rdal and Mualla Birg i 1 Huban

Abstract . In this article we introduce the notion of Z— convergence and Z—
Cauchyness of
double sequences in the topology induced by random 2 - normed spaces and prove some important
results .

1. Introduction

Probabilistic metric ( PM ) spaces were first introduced by Menger [19] asa
generalization of ordinary metric spaces and further studied by Schweizer and Sklar
[26,27]. The idea of Menger was to use distribution function instead of non - negative
real numbers as values of the metric , which was further developed by several other
authors . In this theory , the notion of distance has a probabilistic nature . Namely ,
the distance between two points x and y is represented by a distribution function
Fyy; andfort > 0, the value Fy,(t) is interpreted as the probability that the
distance from z to y is less than t.  Using this concept , Serstnev [ 29 | introduced
the concept of probabilistic normed space , which provides an important method of
generalizing the deterministic results of linear normed spaces , also having very useful
applications in various fields , among which are continuity properties [1],
topological spaces [ 3 ] , linear operators [ 7|, study of boundedness [ 8 ] , convergence
of random variables [ 9 | , statistical and ideal convergence of probabilistic normed
space or 2 - normed space [ 14,2 1—23, 25,32 ] as well as many others .

The concept of 2 - normed spaces was initially introduced by G @ hler [ 5, 6 | in
the 1 960 ’ s . Since then , many researchers have studied these subjects and obtained
various results [10-13,28 ,31].

P . Kostyrkoet al . (cf. [17]; asimilar concept was invented in [ 1 5] ) introduced
the concept of Z— convergence of sequences in a metric space and studied some prop -
erties of such convergence . Note that Z— convergence is an interesting generalization
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of statistical convergence . The notion of statistical convergence of sequences of real
numbers was introduced by H . Fast in [ 2 | and H . Steinhaus in [ 30 ] .

There are many pioneering works in the theory of Z— convergence .  The aim of
this work is to introduce and investigate the idea of Z— convergence and Z— Cauchy of
double sequences in a more general setting , i . e . , in random 2 - normed spaces .

2. Definitions and notations
First we recall some of the basic concepts , which will be used in this paper .
DEFINITION 1. [2, 4] A subset E ofN is said to have
density O(E) if
§(E) =limpeen ' Y1, xE(k) exists . A number sequence (z,)nen is said to

be statistically convergent to L if for every ¢ > 0,0({n € N:| x,, — L |>¢}) = 0. If
(Zn)nen is statistically convergent to L we write st - lim x,, = L, which is necessarily
unique .
DEFINITION 2 . [16, 17]A family Z C 2¥ of subsets of a nonempty set Y’

is
said to be anideal in Yif:  (i)@e€Z;(i1)A,BeZimply AUB€eZ;(iii)AecT,
B C Aimply B € Z. A non - trivial ideal Z in Y is called an admissible ideal if it is
different from P(N) and it contains all singletons , i . e .,{z} € Z for each z € Y.

Let Z C P(Y) be a non - trivial ideal . A class F(Z)={M CY :3A€T:
M =Y \ A}, called the filter associated with the ideal Z, is a filter on Y.

DEFINITION 3 . [17,18] Let ZC 2N be a nontrivial ideal in N. Then a
sequence
(n)nen in X is said to be Z— convergent to ¢ € X, ifforeache > 0 the set

|| n — & [|> e}belongstoZ. A(e)={neN:

DEFINITION 4 . [5, 6] Let X be areal vector space of dimension d, where

2<d<oo. A2-normon X isafunction | --| :X xX — R which satisfies : (

i) |lz,y|| =0ifand only if z and y are linearly dependent ; (i) | z,y| =]

gl (1) Jazyl =lallzyl,acR(iv)[zy+z[<|zyll+zz].
The pair (X, || -,- ||) is then called a 2 - normed space .

As an example of a 2 - normed space we may take X = R? being equipped with the

2 -norm || x,y | := the area of the parallelogram spanned by the vectors x and y,

which may be given explicitly by the formula

|,y l|=| 21y2 — 22yl |, 2= (21,22), y= (yl,y2).

Observe that in any 2 - normed space (X, || -,- ||) we have | z,y || > 0and || z,y+ax ||
= a,y | forallz,y € X and « € R.  Also, if 2,y and z are linearly dependent , then
[zy+zll = eyl + lazl o |zy—z] = lzyll + [=z2].
Given a 2 - normed space (X, || -, - ||), one can derive a topology for it via the following
definition of the limit of a sequence :  a sequence (z,) in X is said to be convergent
to x in X if

= Oforeveryy € X. lim, oo || Tn — 2,y ||

All the concepts listed below are studied in depth in the fundamental book by
Schweizer and Sklar [ 27 ] .
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DEFINITION 5 . Let R denote the set of real numbers ,R; = {x € R: z > 0}

and S = [0,1] the closed unit interval . A mapping f : R — S is called a distri -
bution function if it is nondecreasing and left continuous with inf;cg f(¢) = 0 and

sup f(t) = 1.
teR

We denote the set of all distribution functions by DT such that f(0) =0. If

a € Ry, thenH, € DV, where

Ho(t) = 1 ift > a,
“r 0 ift <a.

It is obvious that Hg > f for all f € DT.

DEFINITION 6 . A triangular norm (t— norm ) is a continuous mapping * : S
S — S such that (5, *) is an abelian monoid with unit one and cxd < axbif c <a
and d < b for all a,b,c,d € S. A triangle function 7 is a binary operation on DT
which is commutative , associative and 7(f, Hy) = f for every f € DT.

DEFINITION 7 . Let X be a linear space of dimension greater than one , 7 is a
triangle function , and F': X x X — DT, Then F' is called a probabilistic 2 - norm
and (X, F, 1) a probabilistic 2 - normed space if the following conditions are satisfied :

(1)F(z,y;t) = Ho(t) if z and y are linearly dependent , where F'(x,y;t) denotes
the value of F(z,y) at t € R,
(i1)F(x,y;t) # Ho(t) if x and y are linearly independent ,
(11l )F(z,y;t) = F(y,x;t) for all z,y € X,
(iv )F(azx,y;t) = F(x,y;| ta |) for every t > 0, # 0 and z,y € X,
(v)F(z+y,zt) > 7(F(z,2t), F(y, #;t)) whenever z,y,z € X, and t > 0.
If (v ) is replaced by

(vi) F(x4uy,z;t1+ta) > F(x,z;t1) % F(y,z;t2) for allz,y,z € X

and

t1,t2 € R+;
then (X, F, %) is called a random 2 - normed space ( for short , RTN space ) .
REMARK 1 . Note that every 2 - norm space (X, || -, - ||) can be made a random
2 - normed space in a natural way , by setting
(1)F(x,y;t) = Ho(t— || x,y ||), for every z,y € X,t >0 and a * b = min {a, b},
a,b e S;or

(11)F(z,y;t) =t+ ||' z,y || for every z,y € X,t >0 and a*b = ab for a,b € S.
Let (X, F,*) be an RTN space .  Since * is a continuous t— norm , the system
of (g, \)— neighborhoods of §( the null vector in X) {Ng(e,\) :e >0, e (0,1)},
where

No(g, ) ={x € X : Fy(e) >1— A},



determines a first countable Hausdorff topology on X, called the F— topology . Thus ,
the F— topology can be completely specified by means of F'— convergence of sequences

It is clear that x — y € Ny means y € N, and vice - versa .
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A double sequence z = (x;;) in X is said to be F'— convergence to L € X if for
every € > 0, € (0, 1) and for each nonzero z € X there exists a positive integer N such
that

Tk, 2z — L € Ny(e, \)foreachj, k > N

or , equivalently ,

Tk, z € Ni(g, N)foreachj, k > N.

In this case we write F'— lim x;,2 = L.

LEMMA 1. Let (X,] - -|) beareal 2 - normed space and (X, F,*) be
an RTN space induced by the random norm Fy ,(t) =t+ ||ty ||, where z,y € X
and t > 0. Then for e very double s equence = = (x;i) and nonzero y in X

lim|z—L,y|[|=0=F —lim(x — L),y =0.
Proof . Suppose that lim || z — L,y || =0. Then for every ¢t > 0 and for every
y € X there exists a positive integer N = N (t) such that
| zjx — L,y ||< tforeachj, k > N.
We observe that for any given € > 0,
e+ |zjg—Ly| <e+t
€ €

which is equivalent to

e+ || ejke — Ly || > eet+t =1 — et+t.
Therefore , by letting A = t+.t € (0,1) we have

Fy,.—1y(e) > 1 — Moreachj,k > N.

This implies that x5,y € N1(e,\) for each j, k > N as desired .
2.7f and Ig *— convergence for double sequences in RTN spaces

In this section we study the concept of Z and Z*— convergence of a double sequence
in (X, F, *) and prove some important results . Throughout the paper we
take ZF' as a nontrivial admissible ideal in N x N.

DEFINITION 8 . Let (X, F,*) be an RTN space and Z be a proper ideal in

N x N. A double sequence x = () in X is said to be ZJ'— convergent to L € X
(Zf — convergent to L € X with respect to F'— topology ) if for each ¢ > 0,\ € (0,1)
and each nonzero z € X,

{(4,k) € N x N : xji, zelement — slashNp (g, \)} € T,.

In this case the vector L is called the ZJ'— limit of the double sequence z = () and
we write ZJ'— lim z,z = L.
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LEMMA 2 . Let (X,F,x) be an RTN space . If a double s equence
z=(zj5) s
TIF — convergent with respect to th e random 2 - norm F, then TY — limit is unique .
Proof . Letusassume that Z'— limx,z = L; andZ{—limz,z = Lo
where Ly # Ls. Since Ly # Lo, select € > 0, € (0,1) and each nonzero z € X such
that Nz, (e, ) and N, (g, A) are disjoint neighborhoods of L; and L. Since L; and Ly
both are ZZ'— limit of the sequence (z5), we have

A={(j,k) e NxN:zj, zelement — slashNp, (e, \)}

and

B ={(j,k) € Nx Nz, zelement — slashNp, (e, \) }
both belong to Z&'. This implies that the sets

A ={(j,k) e NxN:zjp,z € N, (e, \)}

and B¢ = {(j, k) e Nx N: zji,z € Np,(g,\)} belong to F(Zy). In this way we
obtain a contradiction to the fact that the neighborhoods N, (¢, ) and Ny, (g, \)
of Ly and Lo are disjoint . Hence we have Ly = Ly. This completes the proof .
LEMMA 3 . Let (X, F,x) be an RTN space . Then we have
(i)F— lim zjx, 2z = L, then Z¥— lim a3, 2 = L.
(ii) If Z¥—lim a5, 2 = Ly and I — lim y;p, 2 = Lo, th en I1'— lim
(zjk +y5k), 2 =

Ly + Lo.
(iii) If Z¥—lim zj5, 2 =L and « € R, then I¥ — lim axjr, 2z = oL. (iv) If Z§ -
lim zj5,2=Li and ZF — lim yjk,z = Lo, th en ZF — lim (Tjh — Yjr)s 2
=L — Lo.

Proof . (1) Suppose that F—lim ;5,2 = L. Lete >0, € (0,1) and nonzero
z € X. Then there exists a positive integer N such that zji,z € Np(e,\) for each
j,k > N. Since the set
A={(j,k) € NxN: zi, zelement—slashNy(e,\)} C {1,2,.., N—1} x{1,2,..., N—1}

and the ideal a 71" is admissible , we have A € Z%. This shows that Z4 — lim zj, 2

=L
(ii)Lete>0,A€ (0,1) and nonzero z € X. Choose n € (0,1) such that

—-n)*x(1—-—n)> —A). ince — lim 25,2 = L an — lim y;x, 2 = Lo, the
1 1 1—A Si I{ li F L dIcf li ' Lo, th
sets

A={(j,k) € NxN: zji, zelement — slashNp, (5, \)}



and

B ={(j,k) € Nx N : y;j, zelement — slashNr,(5, )}

belong to Z&". Let C' = {(j, k) € N x N : (z; + y;x), zelement — slashNp, 1 1,(e,\)}.
Since Z£ is an ideal , it is sufficient to show that C € AU B. This is equivalent to
show



78 M .G i rdal, M. B . Huban that C¢° O A°N = w h — notdef — e — notdef r
e — notdef F Anotde f — existential a d — existential braceleft — B — negationslash —
notde f —notde fnotde f —existential —c—notde f b1 — existential,_potdef—notdetr0tde f —
notde f —Ngnotde funion—tnotdef FI—parenleft2). L t(,k) € Acnarrowdblright—
¢ — commaperiod — i — notdefnotde frotde f—comma notdef Fnotdef

)€ Acnd (jk) € notdef Bc — comma an d we n av e

Since(j, k) € C° D> A° N arrowdblright — ¢ € F — notde fparenleft — notdef — Itwo — Frarenright—notdef g, ¢

i)Itistriviafora=.0 Nowl—eta#0 >0 Xe(,1) ad nnzero
z€ X.nce ZF — hyphen lim zk 2z =L, wech ve

= ({j,k) €NxN:zkz element— slashN(e,\)} € 12

h—isim l—pi—estat

c={j.k) € azkz €N(e N} e Fparenleft — 12).
t (k) €A Th—enwehve

zj —al,z() = Fjk_pz e|al)
ZFa:jkLz(E)*FO( © )
’ la| —e
>(1=XN)x1=(1-M).
So {(j, k) € Nx N : azji, zelement — slashN,r(e,\)} € Zo. Hence I — lim aw;y, 2 =
al.
(iv ) The result follows from (ii) and (1ii) .

We introduce the concept of Ig *— convergence closely related to ZJ"— convergence
of double sequences in random 2 - normed space and show that Z4™*— convergence
implies Z'— convergence but not conversely .

DEFINITION 9 . Let (X,F,x) bean RTN space. We say that a
sequence
z = (zjx) in X is ZJ™*— convergent to L € X with respect to the random 2 - norm F if
there exists a subset

K = {(jm,km):j1<j2<--+ k <ky<---}CNxN
such that K € F(Zz) (i.e . ,NxN\K €7,)and F — lim,, xj,, ,,, 2 = L for each

nonzeroz € X.

In this case we write Z&™*— lim x, z = L and L is called the Z2™*— limit of the

doublesequencex = ().

THEOREM 1 . Let (X, F,%) be an RTN space and Iy  be an admissible ideal
If



IZF*—lim x,2 = L, then I¥ — lim 2,2 = L.
Proof . Suppose that ZZ*— lim x, z = L. Then by definition , there exists

K ={m,km) 1 jl<j2<--+ ki<ko<--}€F(Ip)
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e >0, €(0,1) and nonzero z € X be given .

Since F — lim,, xj, k,., 2 = L, there exists N € N such that z; , ,2z € Np(e,\) for

m)

m?

everym > N.Since

A={Jm:km) € K : xj, 1, , zelement — slashNp(e,\)}

m?

is contained in

B:{]17]2,,jN71, kl,kg,...,kN_l}

and the ideal 75 is admissible , we have A € Z,. Hence

{(4,k) € Nx N : zji, zelement — slashNp(e,\)} C K UB € I,

for ¢ > 0,\ € (0,1) and nonzero z € X. Therefore , we conclude that Z'— lim x, z =

L.
The following example shows that the converse of Theorem 1 need not be true .
ExXaMPLE 1. Consider X = R? with | z,y]| := |z1y2— 22yl |
where x =

(r1,22),y = (y1,y2) € R? and let a * b = ab for all a,b € S. For all (z,y) € R? and
t > 0, consider

Foy(t) =t+ "=yl

Then (R? F,«) is an RTN space .  Consider a decomposition of N x N as N x N =

U, ; Aij such that for any (m,n) € NxN each A;; contains infinitely many (4, j) ' s where

12> maj > nand Aijm = n—notde fequal—notdef @notdefF—f—or - elementemistential7notdef(n0td€fj_
existentialynotde f—notde f —negationslashbracele ft—equal—negationslashparenleft — notdef — notdefnotde f -
mcomma — union — nyperiod — notdef- L.t Z2, et e casso

Isubsetso N XxXNwh—ichn—itersectat mo—sta fiitenotdef — existential,

ume—broAeiy Th—-—enZis an missibleid eal. W ed fine a d ublese

quence (xm n — parenright asfol—lows:zmn = 1;;0) € R? if (m,n) € A;.

Then for nonzero z € X, we have

mennwz(t) =i+ || t

asm,n — oo.HenceIé: — lim 2., 2 = 0.

m,n

z|| =1

Tmn )

Now , we show that I;* — limy, » Tymn, z # 0. Suppose that IQF* —limy, p Ty, 2 =0
. Then by definition , there exists a subset
K ={(mj,nj) :mi <ma<--+ ni<ny<---} CNxN

such that K € F(Z) and F' — lim; 2y, ;p;,2 = 0. Since K € F(Zy), there exists
H € 7, such that K = N x N\ H. Then there exists positive integers p and ¢ such that

m=1n=1

Hc | UAmn))UO
( ( q

p (o0

m

Apn))-

(@

3

(



Thus Api14g41 C Kandsozy,,, = (p+11)(g+1) > 0 forinfinitely many
values (mj,n;) s in K. This contradicts the assumption that F' —lim; z,n;, 2 = 0.
Hence

F. 1
Zy* — lim Ty, 2z # 0.
m,n

Hence the converse of Theorem 1 need not be true .
The following theorem shows that the converse holds if the ideal Z, satisfies
condition ( AP ) .
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DEFINITION 1 0 . [ 23 ] An admissible ideal Zo C P(N x N) is said to satisfy the
condition ( AP ) if for every sequence (A, )nen of pairwise disj oint sets from Zy there
are sets B, C N;n € N, such that the symmetric difference A,,AB,, is a finite set for
every n and J,, .y Bn € Zo.

THEOREM 2 . Let (X, F,«) be an RTN space and th e ideal Ty satisfy th e

condi -
tion (AP ). If x = (x;;) is a double s equence in X such that IY— lim 2,z = L,
then

Zf* —limz,z = L.

Proof . Since X' — lim z,2 = L, so for every e > 0, A € (0,1) and nonzero z € X,
the set

{(4,k) € Nx N: z;j, zelement — slashN(e,\)} € Io.
We define the set A, for p € N as

AP:{<Jak) ENXN:l_lpSijk,z—L < 1—p1+1}

Then it is clear that {41, As, ...} is a countable family of mutually disj oint sets
belonging to Zo and so by the condition ( AP ) there is a countable family of sets
{Bi1, Ba,...} € I such that the symmetric difference A;AB; is a finite set for each
i€ Nand B = |J;2, B; € I,. Since B € I, there is a set K € F(Z,) such that
K = Nx N\ B. Now we prove that the subsequence (ijk)(j,k)eK is convergent to L with
respect to the random 2 - norm F. Let n € (0,1),e > 0 and nonzero z € X. Choose a
positive ¢ such that ¢~! < 1. Then

{(4,k) € Nx N: z;, zelement — slashN(e,n)}
1 i=1
cq )} C —quidi

3

C {(j, k) € Nx N: zi, zelement — slashNp, (

Since A;AB; is a finite set for each i = 1,2, ..., ¢ — 1, there exists (50, ko) € N x N such
that

féq:&lBi)ﬁ = (notdef — j element — k)element — elementN — x x=Ubracele ft — multiplyN : j > jOandk >

= —éf&lAi)ﬁ = (notdef — j element — k)element — elementN — x x=Ubraceleft — multiplyN : j > jOandk >

If j > jO,k > ko and (j,k) € K, then (j, k)element — slash Uf:_ll B; and (j, k)slash —
element Uf;ll A;. Hence for every j > jO,k > ko and (j,k) € K we have
xjk, zelement — slashNp, (e, n).

Since this holds for every ¢ > 0,7 € (0,1) and nonzero z € X, so we have I2F*— lim
x,z = L. This completes the proof of the theorem .
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4.7 and T[*— double Cauchy sequences in RTN spaces
In this section we study the concepts of Zo— Cauchy and Z;_ Cauchy double
sequences in (X, F, *). Also , we will study the relations between these concepts .
DEFINITION 1 1 . Let (X, F,*) be an RTN space and Z be an admissible ideal
of N x N. Then a double sequence z =  (z5) of elements in X is called a ZJ'—
Cauchy sequence in X if for every € > 0, A € (0,1) and nonzero z € X, there exists

s = s(e),t = t(e)suchthat
{(4,k) e Nx N:z;, — xg, zelement — slashNy(e,\)} € I,

DEFINITION 1 2 . Let (X, F, %) be a RTN space and Z be an admissible ideal of
N x N. We say that a double sequence & = (x;i) of elements in X is a If*f Cauchy
sequence in X if for every € > 0, A € (0,1) and nonzero z € X, there exists a set

K ={(jmkm):jl<j2<--+ ki <ka<---}CNxN

such that K € F(Z,) and (xj,, ,,) is an ordinary F'— Cauchy in X.

The next theorem gives that each If *— double Cauchy sequence is a ZJ"— double
Cauchy sequence .

THEOREM 3 . Let (X,F,x) be an RTN space and T be a nontrivial ideal of
NxN. If o= (zj5) isa II*— double Cauchy s equence ,  then z = (zj5) 1is
a IX— double Cauchy s equence , too .

Proof . Let (zjx) be a Z*— Cauchy sequence .  Then for e > 0, A € (0,1) and
nonzero z € X, there exists

K={(jm,bm):jl<j2<--+ ki<ky<---}€F(I)
and a number N € N such that

xjnzkrrz - xjpkp’z € N0(€’ )\)
for every m,p > N. Now , fix p = jN + 1,7 = knxy1. Then for every ¢ > 0, € (0,1)
and nonzero z € X, we have
Tj, ke — Tprs 2 € Np(e,\) foreverym > N.
Let H =N x N\ K. It is obvious that H € Z, and
Ae,N) ={(J, k) e Nx N: 2 — xp,, zelement — slashNy(e, \)}
CHU{jl<j2<---<jN; ki <ka<---<kn}€D.

Therefore , for every € > 0, € (0,1) and nonzero z € X, we can find (p,r) € Nx N
such that A(e,\) € Ia, 1. e ., (x;1) is a Z&' — double Cauchy sequence .

Now we will prove that Ig *— convergence implies ZJ'— Cauchy condition in a
2 - normed space .

THEOREM 4 . Let (X,F,x) be an RTN space and T be an admissible ideal
of
N x N. If a s equence x = (zj5) is IL*— convergent , then it is a & — double
Cauchy

§ equence .
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K ={(m,km) :jl<j2<--+ ki<ka<---}CNxN

such that K € F(Z) and F — lim,, z;,, &,.,2 = L for each nonzero z in X, i. e.
, there exists N € N such that z;, .,z € Np(e, ) for every e > 0,X € (0,1), each
nonzero z in X and m > N. Choose n € (0,1) such that (1 —n)* (1 —n) > (1 —\).
Since

F:ijkm —x]-pkp,z(g) 2 Fx.jmkm - L? Z(;) * Fafjpkp - L7 Z(;)
>A-n)*x1-n)>1-2A
for every ¢ > 0,A € (0,1), each nonzero z in X and m > N,p > N, we have
Tk — Tjyk,» z€lement — slashNp (e, \) for every m,p > N and each nonzero z € X,
i.e.,
(zjx) in X is an ZZ™*— double Cauchy sequence in X. Then by Theorem 3(z ;) is a

ZF — double Cauchy sequence in the RTN space .
THEOREM 5 . Let (X, F,*) be an RTN space and I be an admissible ideal

of
N x N. If a s equence x = (x;1) of e lements in X is IX¥— convergent , then it is a
¥ — double Cauchy s equence .

Proof .  Suppose that (z;;) is ZJ'— convergent to L € X. Let e >0, € (0,1)
and nonzero z € X be given . Then we have

A={(j,k) € Nx N: i, zelement — slashNy(5,\)} € Lo
This implies that

A°={(j,k) e NxN:ajp,ze N5, N} € F(Z,)
Choose 1 € (0,1) such that (1 —n) (1 —n) > (1 —A). Then for every (j,k), (s,t) €

A°,
Frjkfrst,Z(e) > Frjka,Z(g) *Fpy1,:5) >0 —=n)*(1—n)>(1-A).

Hence {(j,k) € Nx N : zj; — 24,2 € Ng(e,\)} € F(Z) for nonzero z € X. This
implies that

{(j,k) € Nx N: 2, — x5, zelement — slashNy(e,\)} € T,

i.e. (x;,)is a Z{'— double Cauchy sequence .
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