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Abstract
In the present paper , we introduce and study topological properties of 6— derived
,0— border ,0— frontier and 60— exterior of a set using the con -
cept of O— open sets and study also other properties of the well known notions of
60— closure and 60— interior .
Key words and phrases : 60— open ,0— closure ,60— interior ,6— border
,0— frontier , 60— exterior .
Resumen
En el presente ert 7 culo se introducen y estudian las propiedades to -
pol 6 gicas del #— derivedo ,f— borde ,f— fronteray 6— exterior de un conjunto
usando el concepto de conj unto 6— abierto y estudiando tambi ¢é n otras propiedades
de las nociones bien conocidas de 6— clausura y 6— interior .
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0 — frontera, § — exterior.
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1  Introduction

The notions of 6— open subsets ,0— closed subsets and §— closure where intro-
duced by Veli ¢ ko [ 14 ] for the purpose of studying the important class of H -
closed spaces in terms of arbitrary fiberbases . Dickman and Porter [ 2 ], [ 3 ]
, Joseph [ 9 | and Long and Herrington [ 1 1 ] continued the work of Veli ¢ ko .
Recently Noiri and Jafari [ 1 2 ] and Jafari [ 6 ] have also obtained several new
and interesting results related to these sets .  For these sets , we introduce the
notions of 6—

derived ,0— border ,f0— frontier and 60— exterior of a set and show that some
of their properties are analogous to those for open sets . Also , we give some
additional properties of §— closure and 6— interior of a set due to Veli ¢ ko |
14]. In what follows (X,7)( or X) denotes topological spaces . We de-
note the interior and the closure of a subset A of X by Int ( A ) and CI(A),
respectively . A point x € X is called a 6— adherent point of A [14], if
Annotdef —parenle ftnotde f —V )netdef—notdef L emptyset —notde fnotdef — f
r notde fnotdef — notdef — enotdef — enotdef — r y negationslash — notdef —
notdef{ en s t V c ntaining 2 T h—e stoallf adherent p ints o
As—i cl—levdtec—losureo Aoads—i dmnotedby CI(A).—x
shset Ao X i—s cl—led #6Hc—1losed A = Cl(A).np o—n tchev a
d M k—ai]], L emma 3nine— bracketright h f ve s own t atif Ad B
a esu bsets o a s—p ace (X7),t hen CI(AUB) = Cl(A)U CI(B) ad
0(A N notde fequal — notdef — notdefCnotde fg A — notde f)notde fintersection —
notdef theta—notdef—notdef—notde fnotdef—notde f —Bperiod — notdef — notdef — negationslash — notde
bracele ftnotde f —notde f —notde f — N"otdef —o—notdef =t o ¢ g — notdef — notdef — notdef — notdef — lL,pzde -
notde f —negationslash—notde f —a{notde f —notde f —tnotde fnotde f —helement—
€Enotdef—thetanotde f —notdefC — notdef — nOtdeantdef70union—snOtdef77‘cnotdef9notdef—ofa
gvensetot b a6fhyphen —c; sdseperiod—tButi isalw®ay cl—osed
.Dickm anad-nPor—te[2]

dthata com p ctsubsp ce tof, Haus—dr—og spacei—s #—cosd. M
ore e—vy,

howe dthata #— cl sd saubspce ofa Haudo—rg spaces 1l—cosed.
Jank o v —is ve  dthata spac e (X,7) isH ausd o —rgr—; and on lyi ev ip y
compctse—t""d. The cm pemen—tofa fco—1sdsetisalled
a 0— op e nse t — period T he f miy

-open set—so—frmsato—poo—lgy onX anidenotdbyr. T
isto—pologysrerthan 7andiis ewl-kn—own tht—aasspae
(X, 7) isr eg lu a rifa nd

T=10.tlsa so :) bvio sth ataset Asfcosdin (X,7)ifandonly cosed
in (X,70.
that a poitaxz € Xisa—ledthe §cuser pointf—0o A C
X AfNnotdef(notdef — Cparenleft —notdef a 1 n 1t clsterp
A C Xi

ca led 0—



( X,T)is
so me tim we hav e
deno e
A C Int®

pl ment
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a— closed ) . The intersection of all semi - closed ( resp . a— closed ) sets
contain - ing A is called the semi - closure (resp. «a— closure ) of A and is
denoted by sCI(A)( resp . «aCl(A)). Recall also that a space (X, 7) is called
extremally disconnected if the closure of each open set is open .  Ganster et al .
[[5], Lemma 0 . 3] have shown that For A C X, we have A C sCI(A) C Cly(A)
and also if (X, 7) is extremally disconnected and A is a semi - open set in X, then
sCI(A) = Cl(A) = Clg(A). Moreover , it is well - known that if a set is preopen
, then the concepts of a— closure ,d— closure , closure and #— closure coincide .
In[13],M. Steiner has obtained some results concerning some characterizations
of some generalizations of T spaces by utilizing 6— open and d— open sets . Also

, quite recently Cao et al . [ 1] obtained , among others , some substantial
results concerning the #— closure operator and the related notions .  In general
, we do

not know much about — open sets and dealing with them are very difficult .

2  Properties of s-open Sets

Definition 1 . Let A be a subset of a space X. A point z € X is
said to be #— limit point of A if for each 86— open set U containing z,U N
notde fbackstash—braceleft=notdef y by ceright —notde fnotde f —parenrightnotde f #
emptyset — notdef — notdef — notde fnotdefnotdef h—e e—stofallf—1—1i
mitpo intsof A s—icale dt—he 6 derivede—stof A a dis de noted

yD(A).

horem 21. F rsu bsets A,B o a s—pace X, hefo l—1o
wing s—tatem n—etshl d—colon )®Dparenleft — A) C D(A o ) w ere
DA — parenleft) is fthe dr i—ved e—stof A .)If A CBth
en D(A) C D(Bparenright — period

D(B) =D(AUB)ad D(AnNnotdef — parenrightnotdef — propersubsetnotdef — Dnotde fnotdef — Anotde.
)D(A)U

(A

(1)Tt sufficestoobere thate very §— ope nsetis ope n . (AU B) =
DHA(U D(Bisam oic—ationofte—hstandardprooff—ore—r,open
etsa rere pac ed by 6— pe nset period — s

r € D D (A)parenright—backslashplypn g Uis a -0 e nst—e
cnta ningz,thn U ND—notdef parenleft — notdefparenright — notdef



6 6 6 p iy e U, U\

x € A.Hnce
D)g(Aparenright — backslashA, thn
T — hys
U) N Abackslash — notdef{x — notdef — bracerightnotdef #
f — rom
notde f
) tha U A Abackslash — notde fbracele ft — notdef,
(
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DQ(A U Dg(A)) C AU DQ(A)

In general the equality of ( 1) and ( 3 ) does not hold .
Ezample 2 . 2. (1) Let X = I x 2 has the product topology , where
I =< 0,1 > has the Euclidean topology and 2 = {0,1} has the Serpi 7 ski
topology with the singleton { 0 } open . Then A C X is #— closed (— open ,
respectively ) if and only if A = B x 2, where B C [ is closed ( open , respectively

Observe that if A C X is @— closed , then Clg(A) = A. Let B = w;(A) C I. Ob-
viously ,A C Bx2. Let (z,y) € Bx2. Thenz € B, so there is some (2/,y') €
A, such that 7r(2',y") = z. Hence 2’ = x, so (z,3’) € A. Let H be a closed neigh-
borhood of (z,y). Then H contains both of the points (z,0), (x, 1) and so H con-
tains (x,y) aswell . Tt follows that HNnotde f —negationslash—equalnotde f —
emptyset—notde fnotde f —ad — notdefnotde ft — notdef e n — notdef ,,otde f—notde frotdef
,y) € Cl(A) = A He—-neA =Bx2 Ltz €I\B.Te—hn
(,O) element — slashA. S nce i—sf— closed , t hereeiste > 0scht at
(< z—,z+¢e > xparenright — twoN notdef — equalemptyset — notde fnotde f
T notdef — hnotdefnotdef —n  notdefnotdef — notde f

—ez 4+ e > Nnotdef — equalnotde fnotdef — comma — notde fnotde fwnotdef — i — cpynotde fm — notdef e, o4

A=x{1.ThenDI(A) =X ubt(A)=cA HnceDI(A) ¢ D(A.

conerexam p | —el —i ust rating t hat
DO(AN)notde feaual—negationslash—notdef o1 de fnotde f (parenright — notdefintersection—
notde f —notde fparenleft —notdef —notdefn0tde f — Brotdel =notdel notde frotde f —notde f —
negationslashfnfnotdefnotdeffnotdeffnotdefmtdefnotdef""tdef’”Otdefnotdefnotdeff
notde fnotdef — notdef — notde f
nbeeas—ilyoundin egula saces(eg.inR ),fo Dyi—hch opn

) not;lef nd notdef

s(and hence D nd D)oinde. .

.three — period Let (Z, K) be the dgt —i, In- pa ce —t h edigt al 1 — i, eor the
soc al ed yine. Thiist hes—et of theint ger comma—s Z,equippe—d
withthet opol gyt —eq by : s

1}:neZ} The—nd:f -1 A={x} n—1,2n,2+

Y# Cl(A) fisevn.)=Cl(A)ifzisodd.

) C Cy(A). mtwo — period, AU Dy(A
A)C Co(A)A  UDI(A) C CylA). ceDO



y 2.five — period f—TAi—sa -coedsubset, th enitc on a—ty, st
heset of i—ts O—1lim t—i
n2. A pot x Xissi—dt beafinerrpointof Aif tere
openset U cotaii—ngax suchtha UC ClI()CA Thst fl—g
pointsof A isnsidt—o bethef—ntro—i, of AU9 andi deno—t
edby

oust hat anopen etU in X 60— oe—nf—ilnt—theta(U) = U|[one~bracketleft]
1].

Divulgaciones Matem @ ticas Vol . 1 2 No. 2 (2004) ,pp. 161169



Some Properties of #— open Sets 1 65 Theorem 2 . 6 . For subsets A, B
of a space X, th e following s tatements are

true :

(1)Intg(A) is the union of al l open s e ts of X whose ¢ losures are contained
in A.(2)Ais 0— open if and only if A = Inty(A).

(8)Intg(A) N notde fnotdef (B — notde fnotdefrotdef —parenrisht — potde fntnotdef (notdef — notdef — Anotd

f-(3)

ni t—ion 3.0 A)=A\Inb(A)issiad tobethef— bre—d, of A orem
2period —seven For a u—sbet Aoaspae X, heoll owing S

t—atemen s—thol:
b(A) C b(A) whe e  b—parenleftA ) den testhe  bor er of A.

A = TItn(A) UbH().
Int(A) N (notde fnotdef — parenright = notde femptyset — notde f.notde fnotde fnotde fnotde f — notde f

isa Qopensetifand o n—lyi bi(notdefA)notdef—_notdefreriod=emrtysetnotdef notdef

6
parenleft — b4(A))

(A) = AN bOpotaesnotdef — Xnotdef — backslashA — notdef — parenright.notde fnotde fnotdefrnotde f — not

5)If € In(bA)),thenxz € b(A.Onth ohr hand,snce

(4,2 € InBbA)) C IntA.Hence x € InfAernotdef—parenteft,notde frotdel —parenrightyy _ notdefnotde f -
hnotde f —cynotde fnotdef notdef—notdefnotdefnotde fnegationslash—notde f—

notdef s (3 ). T hus In(;parenleft — bp(Aparenright — parenright =@. )

notde fnotde fnegationslash — notdef — notde f{
O A\ (X \ 1p(X \ A) = AN notdef(notdef \ notdef A — notdefperiod — notdefnotde fnotdefnotdef — notdef

. Let X={a becwht 7={{a}{},{a,b},X}. Thenitcanifidtha
for .o =}{b} , (A)propersubset —negationslashb(A),i —periodeingene al
e qu lty of Th°"° re m 2.(one — parenright does n o t



0
four — period Fry(A) =C 1(A)\ Int(A)s—is—aidtobe tef—rotir]

6 of A period —nine. Foraubse Ao faspac X,thefolo i—w, gst
te mentsh o ld :

CFr(A) w h—ee Fr(A) deno es the rontier of A.

Nnotde fOnotde f — parenle ft,orde f— Aynotdepequal — notdefnotde f Snotde fnotde frnotde f — notde fnotde frnot

notde fnotdef — notde fnotde fnotde fnot
ClOA) Nnotde fO X notde fbackslash — notdef — Aparenright — notdefnotdef — periodnotde f
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(6)Fre(A) = Fro(X \ A).

(7T)Fry(A) is clos ed .

Proof.
(3)Inte(A) Nnotde fnotdef — parenleft anotde fnotde fnotdef — equalninotdef — t,otde f(notdef—notdef—A)NO

\Fr(4) = A\ C(

erl,theequaltesin(1l)and () o—ftheT heoem2.9d mnothlda

s ho®nwn byth e f —ol —1ow ing examp le . 4
D — le2one—periodo- C 0 n's  d— ey eto pol gicalspa ce (X,7) i—g, en in Ex
am p — 1e2eig;ht—pe1riod. I

b — braceright. T hen  Fry() = b — braceleft, i 7° {c} = FrA(andaso

Fro() = braceleft — b, i ad

A
)

k two —periodll.Let A andiB sube—ss o—fX. Thn—-e A C
B d o s otim ply that I r(B) C Fr() or Fr(A) C Fr(). Th—er ade rcan b
eve f —1i, this

bo(

0 y — period

i—to_in 5. FEty A)=IntfX\ A) saidt obebea—x—et riorof
A.

r—-e m2. 12 Fora sub e Aofasace X, th folowing sta
e—tmentsho | —d: athA) C Ex() w h* " e Ext(A)de o—nts t—he
€ex te i —1 orof A xtbA)is o—pen.



xtfA) = Int(y X \ A) =

xtﬂAﬂ)notdefp”’p”wp”“t_""tdefnotdef — Exz — notdef — tnotdef — thetanotdef — Aintersection — notdef

X)(= o.

IntgA)U
VExt

A)parenright — period

to(X \ A)) C Int(X
nA) C .Intd(C(A)) = Int(XT \ nt(X \ A)parenright — parenright = Int(X

(4))-
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3 Aplications of s-open Sets

Definition 6 . Let X be a topological space . A set A C X is said to be 6—
saturated if for every x € A it follows Clg({z}) C A. The set of all §— saturated
sets in X we denote by By(X).

Theorem 3. 1. Let X  be a topological space . Then Bp(X)
s a complete Boolean s e t alg e bra .
Proof . We will prove that all the unions and complements of elements of

By(X) are members of By(X). Obviously , only the proof regarding the com -
plements is not trivial . Let A € Byg(X) and suppose that Clp({z}) ¢ X \ A for
some ¢ € X \ A.  Then there exists y € A such that y € Cly({z}). It follows
that x,y have no disj oint neighbourhoods . Then x € Clp({y}). But thisis a
contradiction , because by the definition of By(X) we have Clg({y}) C A. Hence
,Clg({z}) € X\ A for every z € X \ A, which implies X \ A € By(X).
Corollary 3.2. By(X) contains every union and every inters ectio n
of 60— clos ed and 0— open s e tsin X.

A filter base ® in X has a 6— cluster point x € X if x €N Cly(F) | F € D}.
The filter base ®6— converges to its — limit z if for every closed neighbourhood
H of x there is F' € ® such that F C H. A net f(B,>) has a §— cluster point
(a0— limit )z € X if x is a 0— cluster point ( a §— limit ) of the derived filter
base

{fl@)[a=p|p e B}

Recall that a topological space X is said to be ( countably )§— regular [ 5],
[ 7] if every ( countable ) filter base in X with a 6— cluster point has a cluster
point . Obviously , a space X is 0— regular if and only if every — convergent
net in X has a cluster point .

Theorem 3 . 3 . Let X be a 06— regular topological space . Then every
e lement of By(X) is 0— regular .
Proof . Let f(B,>) be anet in Y € By(X), which 6— converges to y € Y in

the topology of Y. Then f(B,>)0— converges to y in X and hence , f(B, >)
has a cluster point x € X. One can easily check that x,y have no disj oint
neighbourhoods in X, which implies that x €  Clp({y}) and hence x € Y. Then
every — convergent net in Y has a cluster point in Y, which implies that

Yisf — regular.

Recall that a subspace of a topological space is 0 F, if it is a union of countably
many f— closed sets . A subspace of a topological space called 0Gy if it is an
intersection of countably many #— open sets .

Divulgaciones Matem @ ticas Vol . 12 No . 2 ( 2004 ),pp.-161-169
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FEzample 3.4 . Thereis a compact topological space X containing an F,—
subspace Y which even is not countably 6— regular .
Proof . Let YV = {2,3,..},U, = {n-2 | n = 1,2,..} for every z € Y.

The family S = {U, : x € Y} defines a topology ( as its base ) on Y. Since
U, Nnotdef # notdef

frev—eryz,y€Y,ee—vryopennonempt—ystU CY hasClYU =Y.
t llo wst h a —t t hen t — ei(dP, > parenright — comma whr—e,Pi thesto

falpr—imenumb r—e .
swi — th

he—iynt—aur—alordr—e>,i cearlyf conv—ergencomma-—t
butwi—t hln ocuster pontinY. tf llo wst hat Y i n otc ouna by 6
reguar . L e—tX = {1} UY a ndt akeo n t het opoo gyo fA 1—e xand
o—rﬂ?quoteright—siompat_C ific—agonofY. T osetht—aYi an-s
ubspac—eof X, 1t Kr=Y\Jy>aVyoree—vryreY. Eve—1y Ku;
c osed ,

nte, andhenc—ecompa'~CintopoogyofV.Itfllowstha—tKx; c
osed in X.

n'c—ex € K,Y =Y z — infinity = 2K.

oro l-lary35. Incntrastt o F—s b—u s paces, eery 0F— s u
bspace o a 0 re gular

a c—ei Oregular.

oro 1-lary36. E  e—v.,0G— s u bspace o a 0 regular s ace i
0 r e gular .
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